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Intr oduction

Seeothertalksfor justifying potentialmodelsasa limit of

theexactQCD dynamics.

Born–Oppenheimertypeof approximation:many other

degreesof freedom(light-quarkpairs,gluons)integrated

out. Theheavy
�

and �� evolve in aeffectivepotential,sum

of their directinteractionandtheenergy of thegluonfield.

In this limit: Fictitiousworld with simplifiedquark

dynamics:staticpotentialwith flavour independenceand

non-relativistic kinematics.

Many regularitypatternsof thespectrumreproducedfrom

thepropertiesof Schr̈odingerequation.

Dramaticprogresson theSchr̈odingerequationwith

confiningandflavour-independentforces.

Applicationsto otherfields, in particular

Atomic physics. Here,also,thesamepotentialis

experiencedby differentmasses( ��� , �� , ��� , ..).

Alreadysomeresultsfor relativistic equations,or

spin-dependentforces.
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Charmonium spectrum-1

Figure1: Experimentalstatesof Charmonium(Figurebor-

rowedfrom thebookby Martin andGrosse).
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Charmonium spectrum-2 �
	 ��������
��� �������������� � ���!�"�

�#� �%$'&�()�+* � �
Figure2: Spin-averagedCharmoniumspectrum,for thefirst

levels: 1Sand2S(red),1P(blue)and1D (green).
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Level order 1, �-�
�.��/ , �0� �1�
observedin quarkonium.

Notation
�23�54
�

: theradialwave functionhas
2 6 �

nodes,

theprincipalnumberof atomicphysicsis
287 4

.

Coulombtheorem
, ��297 ���54
�!/ , �21�:4!7 �;�

if <>= ? @ ,
thereverseif <>= / @ .
Note: Gausstheorem:<>= indicateswhetherthecharge� �AB�

seenatdistance
A

increases(asymptoticfreedom),

decreases,or remainsconstant(gravitationor

electrostatics).

Klein–Gordonequation.Theoremextendedononeside.

Also
, �-��	C� ? , �%�D�1�

observed.

H.O. theorem

H.O. degeneracy
, �287 ���54
�3E , �23�54F7 �D�

broken

accordingto thesignof GIHJ= & G �A H � H .

5



Level order 2
Phenomenologicalpotentials

Theseresultsexplainwhy potentialswith different

functionaldependencereproducethemainfeaturesof the

spectrum:

-
�

statesbelow
(K�

-
4LE �

states(
� �M�

, etc. ) above
� �

(
� �

)

Amongthesepotentials:thefamousCoulomb+ linear= �AB�3E 6ONA 7 PQAR7 S#T
or moresophisticated: A.F. N>U N ��AD� , screeningof

confinement,etc.

or simpler = �AB�1E V ADW.7 XO�
(1)

with = E N!Y[Z AL7 P
, for \ U @ .
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ComparisonCb./H.O./ ] ^]

Figure 3: Comparison of levels of Charmonium vs.

Coulombandharmonicoscillator (borrowed from a paper

by theCornellgroup).
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Method of inverseproblem-1

In ordinaryM.Q., two canonicalproblems:_ # 1. Reconstructtheradialpotentialfrom thebound

statesandthephase-shift̀ba � , �
from

, E @ to, U c ._ # 2. Reconstructthecentralpotentialfrom the

phase-shifts̀ a � , �
at given

,
from

4LE @ to c .

Severalattempts:Thacker, Quigg,Rosner;Miller and

Olsson,McWilliams, etc.

Haveadaptedtheformalism# 1 to thecaseof confining

interaction.

Reproducethecurrentpotentialswithin theuncertainties.
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Method of inverseproblem-2

Figure4: Resultsby OlssonandMiller.
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Method of inverseproblem-3

Figure5: Resultsby Thacker, QuiggandRosner.
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Method of inverseproblem-4

Figure6: Resultsby Thacker, QuiggandRosner(cont.).
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Bottomonium-1

Figure 7: Levels of heavy
� �� mesons,as predictedby

EichtenandGottfried.
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Bottomonium-2

Figure8: Experimentalstatesof Bottomonium(Figurebor-

rowedfrom thebookby Martin andGrosse).
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Flavour independence1

The
� �� gamebecomesmoreinterestingif thesame

potentialis usedwith differentmasses.

Anticipatedby EichtenandGottfried,etc.Becamehotter

when d andexcitationsdiscovered(Lederman).

A first consequenceof flavour independence:

In agivenpotential,deeperbindingfor heavier mass

This explains

– why first levelsof
� �� below theZweig-allowed

threshold
� � �e �f7 � �� e �

– why
P � P moredeeplyboundthan

S �S , while
P �e verysimilar

to
S �e : more

P �e boundstatesexpectedandseen!
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Flavour independence2

Severalsuccessfulfits of both
S �S and

P � P spectra:

Coulomb-plus-linear, Logarithmic,power-law potentials,

etc.

This shows thatdatado notcontradictflavour

independence.

Figure 9: Comparisonof a logarithmic and a Coulomb-

plus-linearpotential(borrowedfrom a paperby theCornell

group).

.
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Flavour independence3

Figure10: Fits to CharmoniumandUpsilonspectrawith the

Martin andBuchm̈uller potentials(borrowedfrom thebook

by GrosseandMartin).
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Flavour independence4

Also
,

concave functionof theinversereducedmass�gP �Sh� ? �gP � P37 S �SJ�i&j�
Upperboundalsowith mild restrictionson = �AB�

.G , & Gk���ml E n�o H�p &�� canbecontrolledalongits way from�%P � Ph� or
�gS �SJ� to

�%P �Sq�
Thus�gP �Sq�!r �gS �Sq�s7 �gP � Ph�� 6 tu ` , �gS �SJ�wvi�x6 y1z { 7 z |� z { } l-~��b�

7 � ` , �gP � Ph� v�y z { 7 z |� z | } l5~�� 6 � � �
resultinginto � T�� � / �gP �SJ��/ � T��B�����q�
Simplerupperbound�gP �Sh� ? �gP �� 7 �gS �Sq��6 �%S �� ��� � T�� ���K�q���
while experimentnot yet conclusive�gP �Sh��E � T��K� @ T������q�
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Short-rangecorrelations` l H E n%(�� `B� �Q� ��� l H ����( p �
needed,but its computationis difficult.

Possiblewayout: useacrudewave functionwith an
improvedmatrixelement.Schwingerruleand
generalisations.

Idea:V
and

V�� E V 7  ¢¡ �QX�£
havesameexpectationvalue

within any eigenstateof
¡

.
A suitablechoiceof

X
mightmake

n0(w¤ �¥V � ��(w¤ p
converging fasterthan

n%( ¤ �¥V>��( ¤ p to theexact
n0(��¥V���( p

asthesize ¦ of thebasisis increased.

2-body:V E ` � ��� ����� U Vw� § G�= & G A
For ¨ �AB�3E A

, perfect.Explainswhy `#©l H is thesamefor all�
-states,independentof theradialnumber

2
. More

general:̀#©l H increases(decreases)with
2

if = �M� ? @ (
/ @ ).

Generalization: 3-bodyor ª ? �
Additional (small)centrifugal termdueto internal
excitations.Usedfor parity-violationin atoms,annihilation
of exotic moleculeswith positrons,andshort-range
correlationsin baryons(hyperfineeffectsin Breit–Fermi
models,decayproperties).See:J.Sucher,
Hoffmann-Ostenoff et al., Fleck+ JMR,H.J.Lipkin, etc.
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Spin forces1: « states

Figure11: First levelsof Charmonium,with possibletran-

sitions,aspredictedin the pioneeringpaperof the Cornell

group.

19



Spin forces2: « states
Latest data

� l¬¯® �* � � � ��¬ l �g$'& (��
� l±° l �0���� � ��°²® ��� ®� �� ��° l ��� l� �� � ° H ��� H� �� � ¬ l ����"�� l¬ ® �* �� �

Figure12: Charmoniumspectrum,for the first levels: 1S

and2S(red),1P(blue)and1D (green),with fineandhyper-

finestructure.
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Spin forces3: LS and T

Reasonablyexplainedby spin-orbitandtensorforces.= E = �%³ 7 =I´Dµ�¶ T¸·97 =I¹ � l H �
with = �0³ beingthecentral-tripletpotential,and� l H E �1º l T�»�¼º H T�»�½6 º l T¾º H , onegets� °²¿�À'Á ³Â E ��°²® 7 � ��° l 7 � ��° Htn = ´Dµ p E 6½� ��°!® 6 � ��° l 7 � ��° H�#�n = ¹�p E �Ã � Ä 6½� � °!® 7 � � ° l 6 � ° HJÅ
Table1: Expectationvalues(in MeV) of spin-orbitandten-

sor potentials(assumedto be treatedat first order) for the4½E �
levelsof

S �S and
P � P .

State
� | � { ���{n = ´Bµjp 35 13 9n =I¹ p 10 3 2
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Spin forces4: ÆÈÇÊÉ Ë ÌÎÍ
Earlier300MeV disturbing.Betterunderstoodat117MeV.

Extrapolationto
P � P : small, explainswhy

* Ï
notyet seen.

Puzzling ÌsÐÍ
Otherproblemswith radialexcitations:missingmodesof� �

, S–Dorbitalmixing, etc.

Perhaps
� � 6 * ��

verysmall,if_ $'& ( 6 * | largerthanpurechromomagneticsplitting,

dueto mixing with a glueball(Anselmino)_ 2 E �
chromomagneticsplittingonly about60%of2 E �
._ Mixing to

	 �	 ,
	 �	 ÑJ7

c.c. unfavourable.e.g;,in the

Cornellmodel,ascompletedby Martin andJ.M.R.,� � 6 * ��
receivesabout

6½� @ MeV.

A wordaboutS–Dmixing in
���M�

. “Closestneighbour”

argument:1D mixedmainlywith 2S. May bealsosome

1S,dueto thefavourablenodestructure.
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Spin forces5: Ò�Ó Ò stateof ÔIÕÔ
A naive

º l T¾º H =ÊÖ�Ö associatedwith = µqµ § ` � ��� ����� gives� ° Â 6 l ° l E @ .
Experimentalmasses:

���×E � � � � T[�
, �h° Â E � � ���¯T¾�

MeV.

See,however, othertalks:
�k�

remainsto beconfirmed.

At this level, everythingcancontribute:detailsin

non-relativistic reduction,higher-orderQCD effect,etc.

Also whatis meantby centreof gravity of triplet states?

Theusual ��° ¿�À'Á ³Â E � ��°²® 7 � ��° l 7 � �° H �i& t assumesa

perturbative treatmentof =I´Dµ and =Ø¹ .

A non-perturbativetreatmentstartsfrom¡ � � ° Â �1E ¡ � ��° ® �s7 �1¡ � �° l �s7 �3¡ � ��° H �t T
Fromthevariationalprinciple� °�ÙÚÈÙF¿�À'Á ³Â Û � °!® 7 � � ° l 7 � � ° Ht
by a few MeV. Thenmy readingof datais� °�ÙÚÈÙ²¿�À:Á ³Â 6 l ° l � 7

a few MeV
�

(2)

23



Conclusions

Many developmentson few-bodyquantumsystems

stimulatedby problemsraisedin quarkmodelsstudiesof

hadronproperties.

In particular:

- Level patternof alkalinatoms

- Level patternof muonicatoms

- Spectroscopy of Antiproton-Heliumatomcules

- Systematicsof short-rangecorrelations

- Stabilityof 3-chargesystems
� z Ü l � z �H � z �� �

- Stabilityof 4-chargemolecules
� z Ü l � z ÜH � z �� � z �Ý �

- Relationsbetweenª -bodyand
� ª 6 �#�

-bodyenergies

(Hall–Postinequalities)

- etc.
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