
1

Practically Incorporating 
Theoretical Innovations into 

Experimental Amplitude Analyses

Ryan Mitchell
Indiana University

ATHOS 2012 (Camogli)
June 21, 2012



The Issue:  Previously...
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The previous generation of amplitude analysis fitting tools:

•  commonly assumed the “isobar model” with 2-body Breit-Wigner resonance decays
     (for example, π1 → ρπ; ρ → ππ)

•  were often easy to use 
     (just input the number of Breit-Wigner amplitudes and their parameters)

•  but were also a sort of black box 
     (where in the code can you even find the Breit-Wigner form?)

•  offered little flexibility to incorporate new amplitudes 
     (code had to be hacked to add new ππ S-waves, for example)

•  were model-dependent with unquantifiable effects
     (how much would answers change if we went beyond the isobar model?)



The Issue:  Currently...
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The current generation of amplitude analysis fitting tools:

•  allow more flexibility when defining amplitudes
     (in fact in some cases there are NO predefined amplitudes)

•  force the user to do more work
     (at least writing amplitudes and possibly also defining kinematics)

•  but are therefore less of a black box
     (amplitude definitions are made explicit)

•  incorporate state of the art technology to increase fit speeds
     (for example, Graphical Processor Units (GPU))

•  allow systematic studies of model dependencies
     (try the K-matrix, for example, and see how answers change versus the isobar model)

⇒  there are no longer technological or experimental barriers to
        incorporating theoretical innovations into experimental analyses...



The IU AmpTools Framework (as an example)
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DataReader: read data (any format, any experiment) and pack it into a 
Kinematics object

DataWriter:  take a Kinematics object and write data

Amplitude:  take kinematics and output a complex number (user supplies as 
many of these as needed)

PlotGenerator:  make plots from fit results

AmpTools is a set of C++ classes that can be used for amplitude analyses.

Then the user writes applications (for fitting, MC generation, plotting, etc.) that use the 
above classes.

The user supplies classes that are derived from AmpTools classes:

source:  http://sourceforge.net/projects/amptools/  (documentation in progress)

http://sourceforge.net/projects/amptools/
http://sourceforge.net/projects/amptools/


Writing Amplitudes in AmpTools (I)
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A user-defined BreitWigner class, deriving from the AmpTools Amplitude class.

Class definition:

for GPU 
calculation

initialization

calculation

for GPU 
calculation
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Writing Amplitudes in AmpTools (II)
A user-defined BreitWigner class, deriving from the AmpTools Amplitude class.

Initialization methods:

initialized with mass, 
width, and daughters

mass and width are 
variable parameters
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Writing Amplitudes in AmpTools (III)
A user-defined BreitWigner class, deriving from the AmpTools Amplitude class.

Calculation method (CPU):
input kinematics

pack kinematics 
into 4-vectors

do the calculation

(The GPU calculation, if enabled, is done in a separate function.)



Using Amplitudes with the AmpTools Framework (I)
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Use “configuration files” to set up amplitudes:

define a reaction

define a coherent sum define two 
amplitudes

initialize 
amplitude

coefficients
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Using Amplitudes with the AmpTools Framework (II)
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(d)

Physics -- Finite Acceptance

Write a simple application to generate MC based on defined amplitudes 
(using accept/reject on phase-space generated events):

A fictitious decay of a 
3.0 GeV/c2 particle to 
three 200 MeV/c2 particles 
according to the defined 
amplitudes...



Example Models of Implementation
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(1) The Adam (Szczepaniak) Model:

  (a theorist writing amplitudes in FORTRAN, then implemented in AmpTools 
by someone else (me))

(2) The Peng (Guo) Model:

  (a theorist writing amplitudes in C++ and using AmpTools independently)

(3) The Mihajlo (Kornicer) Model:

  (an experimentalist working closely with theorists to do an experimental 
analysis with AmpTools)



(1) The Adam Model:  from FORTRAN...
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excerpt of FORTRAN 
code for Veneziano 
ψ → 3π amplitudes:



(1) The Adam Model:  ... to C++
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after conversion to AmpTools framework: input kinematics

pack kinematics 
into 4-vectors

do the calculation

helper functions
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 using Veneziano Amplitudes! 3" #J/  using Veneziano Amplitudes! 3" #J/

0

10

20

30

40

50

60

70

)2)  (GeV/c3!2!(
2Mass

0 2 4 6 8 10 12 14

)2
)  

(G
eV

/c
2
! 1

!(2
M

as
s

0

2

4

6

8

10

12

14

 using Veneziano Amplitudes! 3"(2S) #  using Veneziano Amplitudes! 3"(2S) #
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(1) The Adam Model:  plots from AmpTools

generate distributions using AmpTools and fit parameters provided by Adam:



(2) The Peng (Guo) Model:  theorist coding in C++
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Role of P-wave inelasticity in J=c ! !þ!"!0

Peng Guo,1 Ryan Mitchell,1 and Adam P. Szczepaniak1,2
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We discuss the importance of inelasticity in the P-wave !! amplitude on the Dalitz distribution of 3!
events in J=c decay. The inelasticity, which becomes sizable for !! masses above 1.4 GeV, is attributed

to K !K ! !! rescattering. We construct an analytical model for the two-channel scattering amplitude and

use it to solve the dispersion relation for the isobar amplitudes that parametrize the J=c decay. We present

comparisons between theoretical predictions for the Dalitz distribution of 3! events with available

experimental data.

DOI: 10.1103/PhysRevD.82.094002 PACS numbers: 13.25.Gv, 11.55.Fv, 11.80.Et, 11.80.Gw

I. INTRODUCTION

One of the most outstanding difficulties of experimental
light quark spectroscopy—like in studies of charmonium
decays to light quark mesons at BES III [1] or future
studies of photoproduction at GlueX—is in the disentan-
glement of overlapping and interfering meson states, which
often have widths of several hundreds of MeV. This re-
quires amplitude analyses, where experimental distribu-
tions are described by a series of theoretical amplitudes
(decay amplitudes) with each amplitude generally multi-
plied by a freely fit parameter (production amplitudes). In
the past, decay amplitudes were generally written using the
isobar model, i.e. assuming a multiparticle decay pro-
ceeded through a series of two-body resonance decays
with the resonance decays usually parametrized as Breit-
Wigner amplitudes. This model, however, is known to
violate unitarity. With high-statistics data samples now
available at BES III and later in GlueX, as well as in other
current and future experiments, more careful attention
must now be paid to the theoretical descriptions of the
decay amplitudes, and phenomena such as final-state re-
scattering and inelasticity must be considered.

The decay J=c ! !þ!"!0, which is observed to pro-
ceed dominantly through "!, provides a simple context
in which rescattering effects can be studied. Here the !!
system is limited to either JPC ¼ 1"" (P wave) or 3""

(F wave). Neglecting the small 3"" component, this reac-
tion thus provides clean access to P-wave !! scattering.
The decay J=c ! !þ!"!0 has previously been studied
experimentally by BES II [2] and BABAR [3], but limited
statistics prevented any detailed analysis of the 3! sub-
structure. BES III will soon have a set of J=c decays many
times larger than what is now available, and this data set
could be used to greatly improve many of the theoretical
uncertainties associated with rescattering effects.

In this work, we present a coupled channel analysis of
J=c ! !þ!"!0 decays in which we consider both !!
andK !K isospin-1 intermediate states. In particular, we take
advantage of unitarity constraints to reconstruct the ampli-

tudes based on their analytical properties. Unitarity relates
the discontinuity of the isobar amplitude to the scattering
amplitude and we use the available data on P-wave !!
scattering to construct analytical !! and K !K scattering
amplitudes.We show that available data on the 3! decay of
the J=c is inconsistent with the single channel parametri-
zation. The effect of the intermediate K !K pairs is to
enhance the contribution from the tail of the "ð770Þ while
reducing contributions from higher-mass " excitations.
This paper is organized as follows. In the following

section, we discuss the analytical properties of the produc-
tion and scattering amplitudes. We also construct an ana-
lytical model for two-channel !! and K !K scattering and
finally compare theoretical predictions with the experi-
mental data. A summary is given in Sec. III.

II. P-WAVE !! EFFECTS
IN J=c ! !þ!"!0 DECAY

For each helicity state, #, of the J=c , the amplitude to
decay to three pions is a function of three angles and two
invariant masses. In the rest frame of the J=c , the angles
may be chosen to specify the orientation of the plane
formed by the momenta of the three produced pions with
respect to the direction of polarization of the J=c . The
invariant masses correspond then to the Dalitz variables
describing the 3! system. Denoting the four-momenta by
p&;0, P for !&, !0 and J=c , respectively, the general
expression for the amplitude is given by

h!0!þ!"; outjJ=c ð#Þ; ini ¼ð 2!Þ4$4

! X

i¼0;&
pi " P

"
iT#;

(1)

with, in the rest frame of the J=c ,

T# ¼ "i"ð#Þ ' ðp̂þ ( p̂"ÞFðsþ"; s0þ; s"0Þ: (2)

Here " is the polarization vector of the J=c , the Dalitz
invariants are defined by sij ¼ ðpi þ pjÞ2 for i, j ¼ &; 0
and satisfy sþ" þ s0þ þ s"0 ¼ M2 þ 3m2

!, p̂i ¼ pi=jpij,
and the scalar form factor F describes the dynamics of the
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amplitudes developed and coded by Peng Guo

BESII
data

ππ → ππ
P-wave

scattering

ππ → ππ
+

KK → ππ
P-wave

scattering



(3) The Mihajlo (Kornicer) Model:  partial theory help
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Amplitude analyses of the decays !c1 ! "#þ#" and !c1 ! "0#þ#"
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Using a data sample of 2:59# 107 c ð2SÞ decays obtained with the CLEO-c detector, we perform

amplitude analyses of the complementary decay chains c ð2SÞ ! !"c1; "c1 ! #$þ$" and c ð2SÞ !
!"c1; "c1 ! #0$þ$". We find evidence for an exotic P-wave #0$ amplitude, which, if interpreted as a

resonance, would have parameters consistent with the $1ð1600Þ state reported in other production

mechanisms. We also make the first observation of the decay a0ð980Þ ! #0$ and measure the ratio of

branching fractions Bða0ð980Þ ! #0$Þ=Bða0ð980Þ ! #$Þ ¼ 0:064' 0:014' 0:014. The $$ spectrum

produced with a recoiling # is compared to that with #0 recoil.

DOI: 10.1103/PhysRevD.84.112009 PACS numbers: 13.25.Gv, 14.40.Be, 14.40.Pq, 14.40.Rt

I. INTRODUCTION

Hadronic charmonium decays, in which charm and anti-
charm quarks annihilate into gluons, provide an excellent
opportunity to study light mesons. The combination of

well-defined initial states and the availability of a wide
variety of final states allows for the strategic selection of
reactions to isolate and study different light meson sys-
tems. The decays "c1 ! #$þ$" and "c1 ! #0$þ$", in
particular, have two interesting characteristics.
First, since the quark and SU(3) flavor of the # and #0

are relatively well-known, one could, in principle,
model these decays using what is known about the

*Present address: Pacific Northwest National Laboratory,
Richland, WA 99352, USA
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separate the various ð!!ÞS"ð0Þ contributions given in
Eq. (10). In the fits to the #c1 ! "0!þ!$ sample, we fix
the !! S-wave parameter c in Eq. (10) to zero; allowing
this parameter to float yields a value that is statistically
consistent with both zero and the value obtained in the
higher-statistics #c1 ! "!þ!$ fits. In all cases, the pa-
rameters describing the masses and widths of the inter-
mediate resonances are fixed in our baseline fits to enhance
the stability of the fit. Both the !1ð1600Þ and f4ð2050Þ
parameters are fixed to values that maximize the likeli-
hood. We systematically explore uncertainties on the pa-
rametrization of the amplitudes as discussed in Sec. V.

A quantitative summary of the baseline fits appears in
Table III. From the fit, one can compute the total
acceptance-corrected event yield in either the "0!þ!$

or "!þ!$ final states, which is the denominator of
Eq. (16). If we denote this quantity Nð"!þ!$Þ or
Nð"0!þ!$Þ, respectively, then we can compute the
branching fractions for #c1 to these final states, Bð#c1 !
"!þ!$Þ and Bð#c1 ! "0!þ!$Þ, as

Bð#c1!"ð0Þ!þ!$Þ¼ pNð"ð0Þ!þ!$Þ
Nc ð2SÞBðc ð2SÞ!$#c1Þ

P
i
Bið"ð0ÞÞ

;

(17)

where Nc ð2SÞ is the number of initial c ð2SÞ, 2:59& 107,
and we useBðc ð2SÞ ! $#c1Þ ¼ ð9:2' 0:4Þ & 10$2 [13].
The sum over " and "0 branching fractions encompasses
all " and "0 decay modes in our signal MC sample,
indicated in Table I. The value p is the purity of the data
sample in the #c1 region in Fig. 3, which is obtained as
discussed in Sec. II.
In what follows, we discuss the results of the fits to each

of the samples in detail, highlighting the key results ob-
tained from each fit. For each #c1 decay mode, we also
compute the product Bð#c1 ! "ð0Þ!þ!$Þ &F , which
can be interpreted as the branching fraction for the #c1

decay to the isobar and spectator multiplied by the branch-
ing fraction for the isobar to decay to the "ð0Þ!' or !þ!$

FIG. 8 (color online). Invariant mass projections from the analysis of the #c1 ! "!þ!$ (a,b) and #c1 ! "0!þ!$ (c,d) decays.

AMPLITUDE ANALYSES OF THE DECAYS . . . PHYSICAL REVIEW D 84, 112009 (2011)

112009-9

Two-body amplitudes:

(1) ππ → ππ and KK → ππ 
S-wave scattering (from theory)

(2) 3-channel Flatte 
formalism for a0(980) → ηʹ′π

(3) Breit-Wigner forms for 
other resonances (including first 
evidence for an exotic state in 
charmonium decays)

χc1 → ηʹ′π+π− χc1 → ηʹ′π+π−



Summary
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We’ve reached an important milestone:

⇒  there are no longer technological or experimental barriers to
        incorporating theoretical innovations into experimental analyses

(but of course there is always room for improvement)

⇒  the more pressing issue (in my opinion) is the further development of 
theoretical amplitudes for the description of experimental data


