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Introduction

The principle that an event with very high probability is morally cer-

tain is known since the beginning of the history of probability. Bernoulli was

the �rst to mention it in his �Ars Conjectandi� published in 1713 [1, 24].

In this book Bernoulli also proved his celebrated theorem: in a su�ciently

long sequence of independent trials of an event, there is a very high proba-

bility that the frequency with which the event happens will be close to its

probability. Bernoulli explained that we can treat the very high probability

as moral certainty and so use the frequency of the event as an estimate of

its probability. This consideration gives to the concept of moral certainty a

great importance, since it actually links the probability theory to the reality.

During the nineteenth century Cournot [7, 24] put the concept of moral

certainty in the context of geometric probability that was borning in that

period. Recalling the weak law of large numbers in this context: it is physically

impossible for the frequency of an event in a long sequence of trials to di�er

substantially from the event's probability ([7], pages 57 and 106).

From this perspective, in the second half of the nineteenth century, the

principle that an event with a vanishingly small probability will not happen

took on a real role in physics, most saliently in Ludwig Boltzmann's statis-

tical understanding of the second law of thermodynamics [5]. As Boltzmann

explained in the 1870s, dissipative processes are irreversible because the prob-

ability of a state with entropy far from the maximum is vanishingly small.

Therefore a macroscopic system tends to increase its entropy with time ap-

proaching in the end to equilibrium, which is the macroscopic con�guration

with maximum entropy associated. To denote this kind of behavior Boltz-

mann introduced the concept of �typicality�, which can be therefore regarded

as the physical counterpart of the concept of �moral certainty�.
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From its introduction by Boltzmann, the concept of typicality has played

a fundamental role during the development of classical statistical mechanics.

The aim of this thesis is to present some possible applications of this concept

for the quantum extension of statistical mechanics. We shall see, indeed, that

it is possible to de�ne some �typical� properties also for macroscopic quantum

systems.

This work starts from presenting a theorem on the asymptotic behavior

of unitary matrices [17]. This theorem states that the joint distribution of the

upper left (or, in fact, any) k × k entries of a random unitary n× n matrix,

multiplied for a normalization factor
√
n, in the limit n → ∞ converges in

probability (or, in other words, typically) to a k×k matrix whose entries are

independent complex gaussian random variables. This result has been �rst

established by Petz and Ré�y in [19], who showed the convergence of the

joint distribution of the eigenvalues of a k× k submatrix of a unitary matrix

to the corresponding distribution for a k × k Gaussian matrix. Here it is

presented an alternative elementary proof based on the geometric properties

of Gaussian random variables.

This theorem is particularly interesting since, in general, unitary matrices

play an important role in quantum statistical mechanics, as we shall see in

the rest of this work. In particular, this theorem is a crucial ingredient to

provide a rigorous proof (in this work only sketched) for a statement proven

(but not rigorously) in [11], which states that, and formulates the precise

sense in which, wave functions indeed have typically a thermal equilibrium

distribution, and this distribution is a GAP measure [12].

The family of GAPmeasures is a family of probability measures on Hilbert

spaces, introduced in [11] as a candidate for the thermal equilibrium distri-

bution of the wave function of a quantum system, in a roughly similar way

as the canonical Gibbs distribution on the phase space of a classical system

is the thermal equilibrium distribution of the phase point. There is one GAP

measure for every density matrix ρ, denoted GAP (ρ). The measures relevant

to thermal equilibrium are those associated with canonical density matrices.

In more detail, the result sketched here asserts that, for a system cou-

pled to a heat bath and a typical wave function of system and bath in a

given small energy range, the conditional wave function of the system has
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a distribution near the GAP measure associated with the canonical density

matrix of the system; where the conditional wave function can be regarded

as the formalization of the collapsed wave function. Finally, to complete the

framework, it will be studied the existence, uniqueness and continuity of the

GAP measure, also in in�nite-dimensional spaces.

In the �nal part of this thesis it is treated the problem of the typical

approach to equilibrium of a macroscopic quantum system [13]. This prob-

lem is studied starting from the well know analysis of von Neumann [28],

who de�ned the macroscopic observable for a quantum system as a set of

commuting operators, and the macrostates as the eigenspaces associated to

this set. In terms of this framework it is posed the problem of convergence

to equilibrium, de�ning a su�cient condition on the stationary states (and,

therefore, on the Hamiltonian) of the system which guarantees the approach

to equilibrium regardless of the initial state. It will be show, in fact, that, to

have convergence to equilibrium, it is su�cient that all the stationary states

of the system have probability near one to be into the equilibrium macrostate.

This condition is studied in the case of a simple system composed by two

coupled subsystem, and, within this case, it is de�ned in terms of the uni-

tary matrix which connects the exact Hamiltonian eigenvectos basis with the

�uncoupled� Hamiltonian eigenvectors basis. By neglecting the interaction

potential on macroscopic scale, the subsystems Hamiltonian can be regarded

as the set of macroscopic observables of the system, and the �uncoupled�

Hamiltonian eigenvectors forms an eigenbasis for this set. Therefore, this

setup can be generalized to every macroscopic system, by considering the

unitary matrix which connects the exact Hamiltonian eigenvectos basis with

the eigenvectors basis of the macroscopic observables. Within this general-

ized framework it will be shown that, under suitable condition, for typical

Hamiltonians a macroscopic quantum system spends the overwhelming ma-

jority of time instants in equilibrium.

Summary

Chapter 1 will be concerned with giving an alternative, elementary proof

of a theorem �rst established by Petz and Ré�y in [19], concerning the joint

distribution of the upper left k× k entries of a random unitary n×n matrix
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in the limit n→∞. This proof it will be useful in Chapter 2 and furthermore

it will show a �typical� behavior for unitary matrices.

Chapter 2 will be based on the characteristic of the GAP measure. The

main goal of this Chapter is to provide a partial proof for a statement sketched

in [11], which states that wave functions have a thermal equilibrium distri-

bution, and this distribution is a GAP measure.

Chapter 3 will deal with the approach to equilibrium for macroscopic

quantum systems. We shall show that such a system reaches equilibrium for

a �typical� Hamiltonian, regardless of the initial state.
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Chapter 1

Asymptotics for Large

Haar-Distributed Unitary

Matrices

In this chapter it is shown an alternative, elementary proof of a theorem

�rst established by Petz and Ré�y in [19], concerning the joint distribution

of the upper left k× k entries of a random unitary n× n matrix in the limit

n→∞ and formulated as Theorem 1 below. This work has been done in joint

work with Roderich Tumulka of Rutgers University [17]. The theorem treated

in this chapter is of particular interest in quantum statistical mechanics,

where one often studies the behavior of a small system (corresponding to

dimension k) coupled to a heat bath�a much larger system corresponding to

dimension n. Speci�cally, Theorem 1 can be used for studying the distribution

of the conditional wave function of a system coupled to a heat bath in the

relevant limit (in which the size of the heat bath tends to in�nity). As it will

be shown in the Chapter 2, this distribution should typically converge, as a

consequence of Theorem 1, to the so-called �GAP� measure [11], which can

thus be regarded as the thermal equilibrium distribution of the conditional

wave function.
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1.1 Statement of the Theorem

We �x some notation and terminology. Let P denote probability and E
expectation, U(n) the group of unitary n× n matrices, and Haar(U(n)) the

(normalized) Haar measure on this group, representing the �uniform� prob-

ability distribution over U(n). We write (aij) for the matrix with entries

aij. The relevant notion of convergence of probability distributions is weak

convergence, also known as �convergence in distribution� of the random vari-

ables [2, Sec. 25]. By a complex Gaussian random variable G with mean 0

and variance σ2 we mean G = X + iY , where X and Y are independent real

Gaussian random variables with means EX = 0 and EY = 0 and variances

EX2 = σ2/2 and EY 2 = σ2/2.

Theorem 1.1.1. If (Uij) is Haar(U(n)) distributed, then the upper left (or, in

fact, any) k×k submatrix, multiplied by a normalization factor
√
n, converges

in distribution, as n → ∞, to a random k × k matrix (Gij) whose entries

Gij are independent complex Gaussian random variables with mean 0 and

variance E|Gij|2 = 1.

To understand the factor
√
n, note that a column of a unitary n × n

matrix is a unit vector, and thus a single entry should be of order 1/
√
n.

A random k × k matrix such as (Gij), consisting of independent complex

Gaussian variables with mean 0 and variance 1, is also called �
√
k times a

standard non-selfadjoint Gaussian matrix.�

Theorem 1 is a generalization of the familiar fact that the �rst k entries

of a random unit vector in Rn (with uniform probability distribution over

the unit sphere), multiplied by a normalization factor
√
n, converge in dis-

tribution to a vector whose k entries are independent real Gaussian random

variables with mean 0 and variance 1.1 This fact (with Rn replaced by Cn)

1As a physical interpretation of this fact, consider N classical particles without inter-

action in a box Λ ⊆ R3; a given energy corresponds to a surface in phase space ΛN ×R3N

given by ΛN ×S, where S is the sphere of appropriate radius ∝
√

N in momentum space

R3N ; assuming a random phase point with micro-canonical distribution (i.e., uniform on

ΛN × S), the marginal distribution of the momentum of the �rst particle is, in the limit

N →∞, Gaussian. This fact is part of the justi�cation of Maxwell's law of the Gaussian

distribution of momenta.
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is contained in Theorem 1 by specializing to just the �rst columns of the

matrices (Uij) and (Gij).

The proof of Petz and Ré�y is based on the convergence of the joint

distribution of the eigenvalues of a k×k submatrix of an unitary matrix to the

corresponding distribution for a k×k Gaussian matrix. Our proof, in contrast,

is based on the geometric properties of Gaussian random matrices. While

it involves some more cumbersome estimates, it employs only elementary

methods.

1.2 First Part of the Proof: Construction of Uij

We write Mj for the j-th column of any n× n matrix (Mij) and

〈Mj|M`〉 =
n∑
i=1

M∗
ijMi` , ‖Mj‖2 =

n∑
i=1

|Mij|2 . (1.1)

For i, j = 1, . . . , n let Gij be i.i.d. complex Gaussian random variables

with mean 0 and variance 1. To the n columns of the matrix (Gij) apply the

Gram�Schmidt orthonormalization procedure, and call the resulting matrix

(Uij). That is,

Uij =
Gij −∆ij

‖Gj −∆j‖
(1.2)

with

∆ij =

j−1∑
`=1

〈Gj|U`〉Ui` . (1.3)

The procedure fails if the columns of (Gij) are linearly dependent, but this

event has probability 0. Then, as also remarked in [19], (Uij) is Haar(U(n))

distributed because its �rst column is uniformly distributed over the unit

sphere in Cn, the distribution of the second column conditional on the �rst

column is uniform over the unit sphere in the orthogonal complement of the

�rst column, ..., the distribution of the j + 1-st column conditional on the

�rst j columns is uniform over the unit sphere in the orthogonal complement

of the �rst j columns�and this is exactly the Haar measure.
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Our method of proof is to show that |
√
nUij −Gij| is in fact small if n is

large. More precisely, we show that for every ε > 0,

P

(
k∑

i,j=1

|
√
nUij −Gij| < ε

)
→ 1 (1.4)

as n → ∞. This is called convergence in probability, and to obtain the

claim of the theorem we use the known fact [2, Theorem 25.2, p. 284] that

convergence in probability implies weak convergence (of the joint distribution

of
√
nUij for i, j = 1, . . . , k), provided that all random variables are de�ned

on the same probability space. Here, we can assume that for all i, j ∈ N, the
Gij are de�ned on the same probability space.

1.3 Second Part of the Proof:

Probable Geometry

The proof of (1.4) is based on the following observations:

• Any two di�erent columns of (Gij) tend to be nearly orthogonal.

• Every column of (Gij) tends to have norm close to
√
n.

• The size of every single entry, |Gij|, stays bounded as n grows.

These statements are to be understood in the sense that they are ful�lled

with high probability for su�ciently large n. We now make them precise.

Fix a (small) δ > 0. Choose R > 0 so large that

P
(
|Gij| < R

)
≥ 1− δ . (1.5)

De�ne the following events corresponding to the three bullets above:

Anj` :=

{∣∣〈Gj|G`〉
∣∣ <√n

δ

}
(1.6)

Bn
j :=

{∣∣∣‖Gj‖2

n
− 1
∣∣∣ <√ 2

nδ

}
(1.7)

Cn
ij := {|Gij| < R} (1.8)
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for i, j, ` ≤ k. (Cn
ij actually does not depend on n, but never mind.) Each

of these events has at least probability 1 − δ: Anj` and Bn
j by Chebyshev's

inequality and Cn
ij by (1.5). Thus, the event

Dn :=
k⋂

j,`=1
j 6=`

Ani` ∩
k⋂
j=1

Bn
j ∩

k⋂
i,j=1

Cn
ij (1.9)

has at least probability 1− 2k2δ, as 2k2 is the number of intersecting sets.

We now show that for su�ciently large n, Dn ⊆ En, where

En :=

{
k∑

i,j=1

|
√
nUij −Gij| < ε

}
(1.10)

is the event in the brackets of (1.4). Since δ was arbitrary, this fact implies

(1.4). The remainder of the proof makes no reference to probabilities, but

concerns only the inclusion Dn ⊆ En, which can be regarded as an inclusion

between subsets of Cn2
. Also Anj`, B

n
j , and C

n
ij will from now on be regarded as

subsets of Cn2
. (Now the upper index n in the notation Cn

ij becomes useful.)

We thus regard Gij as �xed numbers, and assume that the matrix (Gij) lies

in the set Dn. When we refer to �the condition Anj`� we mean the condition

that the n× n matrix (Gim) lies in the set Anj`.

We proceed to show, by induction over j ∈ {1, . . . , k}, that for su�ciently

large n we have that for all (Gij) ∈ Dn, and for all i = 1, . . . , k,∣∣√nUij −Gij

∣∣ < ε

k2
(1.11)

and there are constants C1, . . . , Ck > 0 such that for su�ciently large n∥∥√nUj −Gj

∥∥ < Cj . (1.12)

From (1.11) we see that (Gij) ∈ En, which is what we need to show. This

induction is the contents of the next, and last, section.

1.4 Third Part of the Proof: Estimates

For j = 1, note that U1 = G1/‖G1‖. By conditions Bn
1 and Cn

i1,∣∣√nUi1 −Gi1

∣∣ =
∣∣∣ √n‖G1‖

− 1
∣∣∣ |Gi1| <

2√
δn
R <

ε

k2
(1.13)
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for su�ciently large n. By condition Bn
1 ,∥∥√nU1 −G1

∥∥ =
∣∣∣ √n‖G1‖

− 1
∣∣∣ ‖G1‖ <

2√
δn

2
√
n =

4√
δ

=: C1 . (1.14)

We now collect four estimates. For ` < j and su�ciently large n we �nd∣∣〈Gj|
√
nU`〉

∣∣ ≤ ∣∣∣〈Gj|
√
nU` −G`〉

∣∣∣+ ∣∣∣〈Gj|G`〉
∣∣∣ ≤ (1.15)

≤ ‖Gj‖ ‖
√
nU` −G`‖+

√
n/δ < 2

√
nC` +

√
n/δ =: C ′

`

√
n (1.16)

where we have used the Cauchy�Schwarz inequality, Anj`, B
n
j , and the induc-

tion hypothesis (1.12). As the next estimate, for i ≤ k,

|∆ij| ≤
j−1∑
`=1

∣∣〈Gj|
√
nU`〉

∣∣
√
n

|
√
nUi`|√
n

≤ (1.17)

≤
j−1∑
`=1

C ′
`

1√
n

(
|
√
nUi` −Gi`|+ |Gi`|

)
< (1.18)

<
( j−1∑
`=1

C ′
`

)( ε
k2

+R
) 1√

n
=:

C ′′
j√
n

(1.19)

using (1.16), the induction hypothesis (1.11), and Cn
i`. As the third estimate,

for j ≤ k

‖∆j‖2 =
n∑
i=1

|∆ij|2 ≤
1

n

n∑
i=1

j−1∑
`=1

∣∣〈Gj|
√
nU`〉

∣∣2 |Ui`|2 < (1.20)

<
1

n

j−1∑
`=1

(C ′
`)

2n‖U`‖2 =

j−1∑
`=1

(C ′
`)

2 =: C ′′′
j (1.21)

using (1.16) and the fact that U` is a unit vector. As the last estimate,∣∣∣∣ √
n

‖Gj −∆j‖
− 1

∣∣∣∣ <
(

2

√
2

δ
+ 2
√
C ′′′
j

)
1√
n

=:
C̃j√
n
, (1.22)

which is easily obtained from ‖Gj‖−‖∆j‖ ≤ ‖Gj −∆j‖ ≤ ‖Gj‖+ ‖∆j‖ and
(1.21) in the following way:

√
n

‖Gj −∆j‖
− 1 ≤

√
n

‖Gj‖ − ‖∆j‖
− 1 < (1.23)
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<

√
n

‖Gj‖ −
√
C ′′′
j

− 1 =
1

‖Gj‖/
√
n−

√
C ′′′
j /n

− 1 . (1.24)

Since, using Bn
j , ‖Gj‖/

√
n >

√
1−

√
2/nδ > 1−

√
2/nδ, and since

1

1− x
< 1 + 2x (1.25)

for su�ciently small x > 0, we obtain that, for su�ciently large n,

√
n

‖Gj −∆j‖
− 1 <

1

1−
√

2/nδ −
√
C ′′′
j /n

− 1 < 2

√
2

nδ
+ 2

√
C ′′′
j

n
. (1.26)

Together with an (even narrower) lower bound obtained by similar argu-

ments, this yields (1.22).

From these four estimates, the �rst induction claim (1.11) follows for

j ≤ k because, for su�ciently large n,

∣∣√nUij −Gij

∣∣ =
∣∣∣ √

n

‖Gj −∆j‖
(Gij −∆ij)−Gij

∣∣∣ ≤ (1.27)

≤
∣∣∣ √

n

‖Gj −∆j‖
− 1
∣∣∣ |Gij|+

√
n

‖Gj −∆j‖
|∆ij| < (1.28)

<
C̃j√
n
R + 2

C ′′
j√
n
<

ε

k2
, (1.29)

where we have used (1.22), Cn
ij, (1.22) with C̃j/

√
n < 1, and (1.19). The

second induction claim (1.12) follows from

∥∥√nUj −Gj

∥∥ ≤ ∣∣∣ √
n

‖Gj −∆j‖
− 1
∣∣∣ ‖Gj‖+

√
n

‖Gj −∆j‖
‖∆j‖ < (1.30)

<
C̃j√
n

2
√
n+ 2

√
C ′′′
j = 2C̃j + 2

√
C ′′′
j =: Cj . (1.31)

This completes the proof.
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1.5 Final Remark

The parenthesis in Theorem 1�the upper left (or, in fact, any) k × k

submatrix�needs one further remark. In particular the meaning of �any�

needs some further discussions. To select a k×k submatrix means to select k

rows and k columns. This selection must be deterministic (i.e., non-random,

or at least independent of the Uij) but may depend on n. Indeed, if the

selection depended on the Uij, one could, for example, select those rows

and columns where Uij happens to be exceptionally close to zero, which

would lead to a di�erent asymptotic distribution. On the other hand, for a

selection depending on n, Theorem 1 remains true: to see this, recall that for

a compact group such as U(n), the Haar measure is both left-invariant and

right-invariant; as a consequence, Haar(U(n)) is invariant under any (non-

random) permutation of either the rows or the columns, and thus all k × k

submatrices have the same distribution.



Chapter 2

Measure of Typicality in

Equilibrium Quantum Statistical

Mechanics

The main goal of this chapter is to provide a partial proof for a statement

sketched in [11], here called Theorem 2.4.1, which states that, and formulates

the precise sense in which, wave functions indeed have a thermal equilibrium

distribution, and this distribution is a GAP measure. The work of this chapter

has been done jointly with Sheldon Goldstein, Joel Lebowitz and Roderich

Tumulka of Rutgers University and Nino Zanghì of University of Genoa.

2.1 An introduction to the problem

The family of GAPmeasures is a family of probability measures on Hilbert

spaces, introduced in [11] as a candidate for the thermal equilibrium distri-

bution of the wave function of a quantum system, in a roughly similar way

as the canonical Gibbs distribution on the phase space of a classical system

is the thermal equilibrium distribution of the phase point.

There is one GAP measure for every density matrix ρ, denoted GAP (ρ).

The measures relevant to thermal equilibrium are those associated with

canonical density matrices

ρβ =
1

Z
e−βH , (2.1)
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where Z = Tr e−βH is the normalization constant, β the inverse temperature

and H the Hamiltonian. A detailed discussion of GAP measures can be found

in [11]. See [26] for a study about the support of GAP measures, that is, about

what GAP (ρβ)-distributed wave functions look like.

The main object of this chapter, Theorem 2.4.1, asserts that, for a system

coupled to a heat bath and a typical wave function of system and bath in a

given small energy range, the conditional wave function of the system has a

distribution near a GAP measure (i.e., one that converges � in the sense of

the Weak Law of Large Numbers � to a GAP measure in the thermodynamic

limit in which the heat bath becomes in�nite). This statement involves two

concepts that deserve explanation:

• The concept of typical wave function means that the statement refers

to the overwhelming majority of wave functions, while exceptional wave

functions may exist. As already mentioned typicality is strictly related

to the concept of convergence in probability.

• The concept of conditional wave function is a precise version of the col-

lapsed wave function, which is normally what is meant when speaking

of �the� wave function of a particle or system. We recall the de�nition

of conditional wave function in Section 2.2.2 below.

Theorem 2.4.1 rests on two main ingredients, which can be formulated

separately:

(i) The typicality of the GAP measure, given the reduced density ma-

trix. This fact was proven in Section 5.1.3 of [11] but not in a rigorous

way, and the main steps for a rigorous proof are shown here as Theo-

rem 2.3.1. In more detail, Theorem 2.3.1 asserts that the conditional

wave function of a small subsystem of a big system is asymptotically

GAP (ρ)-distributed if the wave function of the big system is typical

among those wave functions with reduced density matrix of the sub-

system equal to ρ.

The proof of Theorem 2.3.1 is based on the result of Petz and Ré�y

[19] that for a random m×m unitary matrix with distribution given by

the Haar measure on the unitary group U(m), the upper left (or any
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other) k × k submatrix converges in distribution, as m→∞ and after

multiplying by a normalization factor
√
m, to a matrix of independent

complex Gaussian random variables with mean 0 and variance 1. (To

understand the factor
√
m, note that a column of a unitary m × m

matrix is a unit vector, and thus a single entry should be of order

1/
√
m.) An alternative, elementary proof of the Petz�Ré�y theorem is

given in [17] and presented in Chapter 1.

(ii) Canonical typicality [14, 10, 20, 21], i.e., the fact that for a typical

wave function from the microcanonical ensemble of a system plus an

heat bath, the reduced density matrix of the system is (approximately)

of the canonical form (2.1).

As a more general version of canonical typicality, we use, in the proof

of Theorem 2.4.1, a beautiful theorem of Popescu, Short, and Winter

[20]. The canonical form (2.1) arises in the limit of small interaction

between the system and the heat bath. To achieve greater generality

and allow any interaction, we follow [20] in de�ning the generalized

canonical density matrix as the partial trace (over the heat bath) of

the microcanonical density matrix for system and bath, which then

includes (2.1) in the special case of no interaction.

2.2 Review of Relevant De�nitions

We begin by introducing some notation. For any complex Hilbert space

H , let D(H ) be the set of all density operators, i.e., of all positive operators

with trace 1. On D(H ) and on the trace class of H , the norm we use is the

trace norm

‖M‖1 = Tr|M | = Tr
√
M∗M . (2.2)

For the unit sphere in H we write

S(H ) = {ψ ∈ H : ‖ψ‖ = 1} . (2.3)

We write µn ⇒ µ to denote that the sequences of measures µn (on a Hilbert

space) converges weakly to µ. This means that µn(f) → µ(f) for every
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bounded continuous function f such that µ(D(f)) = 0, where D(f) is the

set of discontinuities of f and we have written

µ(f) :=

∫
µ(dψ)f(ψ) . (2.4)

As pointed out in [11] the density matrix ρ associated to a measure µ is its

covariance matrix:

ρ =

∫
µ(dψ)|ψ〉〈ψ| (2.5)

2.2.1 De�nition of the GAP Measure

The measure GAP (ρ) on (the Borel σ-algebra of) S(H ) is built starting

from the measure G(ρ), which is the Gaussian measure on H with covariance

matrix ρ. Let's assume H = Cn (we will discuss in section 2.5.2 some aspects

related to in�nite-dimensional Hilbert spaces), and there G(ρ) can be de�ned

as follows: let S be the subspace of H on which ρ is supported, i.e., its

positive spectral subspace, or equivalently the orthogonal complement of its

kernel, or equivalently its range; let k = dimS and ρ+ the restriction of ρ to

S; then G(ρ) is a measure on H supported on S with the following density

relative to the Lebesgue measure λ on S:

dG(ρ)

dλ
(ψ) =

1

πk det ρ+

exp(−〈ψ|ρ−1
+ |ψ〉) . (2.6)

Now we de�ne the adjusted Gaussian measure GA(ρ) on H as:

GA(ρ)(dψ) = ‖ψ‖2G(ρ)(dψ) (2.7)

If ΨGA is a GA(ρ)-distributed vector, then GAP (ρ) is the distribution of the

vectors projected on the unit sphere, namely:

ΨGAP :=
ΨGA

‖ΨGA‖
(2.8)

Like G(ρ), but not like GA(ρ), the covariance matrix of GAP (ρ) is ρ.

More generally, one can de�ne for any measure µ on H the �adjust-and-

project� procedure. We denote by Aµ the adjusted measure

Aµ(dψ) = ‖ψ‖2 µ(dψ) (2.9)
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and the projection on the unit sphere is de�ned as:

P : H \ {0} → S(H ) , P (ψ) =
ψ

‖ψ‖
. (2.10)

Then the adjusted-and-projected measure is P∗(Aµ) = Aµ ◦ P−1, where P∗

denotes the action of P on measures, thus de�ning a mapping P∗ ◦ A from

the measures on H with
∫
µ(dψ) ‖ψ‖2 = 1 to the probability measures on

S(H ).

2.2.2 Conditional Wave Function

Consider a composite system in a pure state ψ ∈ H1⊗H2, and ask what

might be meant by the wave function of system 1, i.e., the subsystem with

Hilbert space H1. For this we use the notion of conditional wave function,

which was introduced in [8] for Bohmian mechanics, a theory of quantum me-

chanics with particle trajectories, as follows. The conditional wave function

Ψ1 of the system is de�ned as

Ψ1(x) = N ψ(x, Y ) (2.11)

for all x in the con�guration space of system 1, where N is a normalizing

factor and Y is the actual con�guration of system 2. We adopt here the more

general de�nition of the conditional wave function given in [11]: Let {bj} be
a (generalized) orthonormal basis of H2. For each choice of bj, the (partial)

scalar product 〈bj|ψ〉, taken in H2, is a vector belonging to H1. Regarding

|bj〉 as random, we are led to consider the random vector Ψ1 ∈ H1 given by

Ψ1 = N 〈bj|ψ〉 (2.12)

where N = N (ψ, bJ) =
∥∥〈bJ |ψ〉∥∥−1

is the normalizing factor and |bJ〉 is a
random element of the basis {|bj〉}, chosen with the quantum distribution

P(bJ = bj) =
∥∥〈bj|ψ〉∥∥2

. (2.13)

We refer to Ψ1 as the conditional wave function of system 1. It is interesting

to note that this can be regarded has a kind of collapsed wave function, in

fact if we consider system 2 as the apparatus, |bj〉 would be an outcome (i.e.
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a measurement) of this apparatus and therefore Ψ1 would be the state of

system 1 after such a measurement result.

The distribution of Ψ1 corresponding to (2.12) and (2.13) is given by the

probability measure on S(H1),

µ1 = P(Ψ1 ∈ ·) =
∑
bj

∥∥〈bj|ψ〉∥∥2
δ 〈bj |ψ〉

‖〈bj |ψ〉‖2
, (2.14)

where δφ denotes the Dirac �delta� measure (a point mass) concentrated at

φ. While the density matrix ρµ1 associated with µ1 always equals the reduced

density matrix ρred
1 of system 1, given by

ρred
1 = Tr2|ψ〉〈ψ| =

∑
j

〈bj|ψ〉〈ψ|bj〉 , (2.15)

the measure µ1 itself usually depends on the choice of the basis {bj}. It
turns out, nevertheless, as we show in Section 2.3, that the distribution of

the conditional wave function µ1(dψ1) is a universal function of ρred
1 in the

special case that system 2 is large and ψ is typical (with respect to the uniform

distribution on all wave functions), namely GAP (ρred
1 ). Thus GAP (ρ) has a

distinguished, universal status among all probability measures on S(H ) with

density matrix ρ.

2.3 Typicality of the GAP Measure for a Sub-

system of a Large System

2.3.1 Setup

Let H = H1 ⊗H2, where H1 and H2 have respective dimension k and

m, with k < m <∞. For any given density matrix ρ1 on H1, let

Rm(ρ1) = {ψ ∈ S(H ) : ρred1 (ψ) = ρ1}, (2.16)

where ρred1 (ψ) = Tr2|ψ〉〈ψ| is the reduced density matrix of system 1.

Our typicality theorem concerns typical wave functions in Rm(ρ1), i.e.,

typical wave functions with �xed reduced density matrix. For this we need

to de�ne the measure umρ1 that serves as the uniform distribution on Rm(ρ1).
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For this de�nition, we proceed as follows. According to the Schmidt decom-

position, every ψ ∈ H can be written in the form

ψ =
k∑
i=1

ci χi ⊗ φi (2.17)

where {χi} is an orthonormal basis in H1, {φi} is an orthonormal system in

H2 (i.e. a set of orthonormal vectors not necessarily complete) and the ci are

coe�cients which can be assumed real and non-negative. Thus, the reduced

density matrix of the system 1 is

ρred1 =
∑
i

c2i |χi〉〈χi| . (2.18)

As the reduced density matrix is given, ρred1 = ρ1, the orthonormal basis {χi}
(up to a phase) and the coe�cients ci are determined (when ρ1 is nondegener-

ate) as the eigenvectors and the square-roots of the eigenvalues of ρ1. Besides,

Rm(ρ1) is in a natural one-to-one correspondence with the set ONS(H2, k)

of all orthonormal systems {φi} in H2 of cardinality k, provided that ρ1 has

no vanishing eigenvalues. (If some of the eigenvalues of ρ1 vanish, the one-

to-one correspondence is with ONS(H2, k
′) where k′ = dim support(ρ1).) In

the following we will assume for simplicity that ρ1 has no vanishing eigenval-

ues, then the Haar measure on the unitary group of H2 de�nes the uniform

distribution on the set of orthonormal basis of H2, of which the uniform

distribution on ONS(H2, k) is a marginal, and thus de�nes the uniform dis-

tribution umρ1 on R(ρ1). (When ρ1 is degenerate, umρ1 does not depend upon

how the eigenvectors χi of ρ1 are chosen.)

2.3.2 Typicality Theorem

Theorem 2.3.1. For any weak neighborhood N of GAP (ρ1),

umρ1

{
ψ ∈ Rm(ρ1) : µψ1 ∈ N

}
→ 1 as m→∞, (2.19)

where µψ1 is the distribution of the conditional wave function Ψ1 of system 1

relative to the basis {b1, . . . , bm}, regardless of how the basis {bj} is chosen.
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We note that this statement is equivalent to say

µψ1
umρ1−→ GAP (ρ1) as m→∞ (2.20)

where
umρ1−→ indicates (generalized) convergence in measure.

To obtain Theorem 2.3.1 we need the following lemma about the Gaussian

measures G(ρ1).

Lemma 2.3.2. For every ε > 0 and every bounded continuous function

f : H1 → R,

umρ1

{
ψ ∈ Rm(ρ1) : |µ̄ψ1 (f)−G(ρ1)(f)| < ε

}
→ 1 as m→∞, (2.21)

where µ̄ψ1 is the distribution of
√
m〈bJ |ψ〉 ∈ H1 (not normalized) with respect

to the uniform distribution of J ∈ {1, . . . ,m}, regardless of how the basis

{bj} is chosen.

A trivial consequence of Lemma 2.3.2 is the corresponding statement of

Theorem 2.3.1 about the Gaussian measures G(ρ1):

Lemma 2.3.2′. For any weak neighborhood N of G(ρ1),

umρ1

{
ψ ∈ Rm(ρ1) : µ̄ψ1 ∈ N

}
→ 1 as m→∞, (2.22)

where µ̄ψ1 is the distribution of
√
m〈bJ |ψ〉 ∈ H1 (not normalized) with respect

to the uniform distribution of J ∈ {1, . . . ,m}, regardless of how the basis

{bj} is chosen.

As for Theorem 2.3.1 this statement is equivalent to say

µ̄ψ1
umρ1−→ G(ρ1) as m→∞ (2.23)

where
umρ1−→ indicates (generalized) convergence in measure.

A few comments about notation. In [11], the notation for the basis

{b1, . . . , bm} was {|1〉, . . . , |m〉}. For enumerating the basis, we will use the

letter j, and thus write bj; in [11], the notation was q2 for j (subscript 2 be-

cause it refers to H2). For a random choice of j, we write J ; the corresponding

notation in [11] was Q2.
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2.3.3 Proof of Lemma 2.3.2

We note that µ̄ψ1 is the average of m delta measures with equal weights,

µ̄ψ1 =
1

m

m∑
j=1

δψ1(j) , (2.24)

located at the points

ψ1(j) =
√
m〈bj|ψ〉 =

k∑
i=1

ci
√
m〈bj|φi〉χi (2.25)

Now we regard ψ as random with distribution uρ1 ; then the ψ1(j) are m

random vectors, and µ̄ψ1 is their empirical distribution.

As noted above {φi} is a random orthonormal system distributed as a

marginal of the Haar measure; in other words, the expansion coe�cients

〈bj|φi〉 of

φi =
m∑
j=1

〈bj|φi〉bj

form a k × m matrix that arises as the �rst k rows of a unitary m × m

matrix distributed according to the Haar measure. It is therefore interesting

to us how a submatrix of a Haar distributed unitary matrix is distributed.

The relevant fact for us is the following theorem of Petz and Ré�y [19, 17]

which is also stated in Chapter 1 as Theorem 1.1.1: If (Uij) is Haar(U(m))

distributed, then the joint distribution of the upper left (or, in fact, any)

k × k submatrix, multiplied by the normalization factor
√
m, converges in

distribution, as m → ∞, to
√
k times a standard non-selfadjoint Gaussian

matrix, i.e., converges to a random k× k matrix (Gij) whose entries Gij are

independent complex Gaussian random variables with mean 0 and variance

E|Gij|2 = 1.

We will use two consequences of this theorem. First, if (Uij) is Haar

distributed in U(m) then the �rst k entries of the �rst column, Ui1 for i =

1, . . . , k, multiplied by a normalization factor
√
m, converge in distribution,

as m → ∞, to a vector of complex random variables Gi, i = 1, . . . , k, that

are independent and have Gaussian distribution with mean 0 and variance

E|Gi|2 = 1. In particular, if g : Ck → R is any bounded continuous function
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then

Eg(
√
mU11, . . . ,

√
mUk1) −→ Eg(G1, . . . , Gk) as m→∞ . (2.26)

Second, if (Uij) is Haar distributed in U(m) then the �rst k entries of

the �rst two columns, Ui1 and Ui2 for i = 1, . . . , k, multiplied by the normal-

ization factor
√
m, converge in distribution, as m→∞, to two independent

vectors of complex random variables Gi1 and Gi2, i = 1, . . . , k, all of which

are independent with Gaussian distribution with mean 0 and variance 1. In

particular, if g : Ck → R is a bounded continuous function then

Eg(
√
mU11, . . . ,

√
mUk1) g(

√
mU12, . . . ,

√
mUk2) −→

Eg(G11, . . . , Gk1) g(G12, . . . , Gk2) =
(
Eg(G11, . . . , Gk1)

)2

(2.27)

as m→∞. We now proceed with the proof of Lemma 2.3.2.

Proof. We use the basis {χi} to identify H1 with Ck. Let f : Ck → R be a

bounded continuous function, and let ci ≥ 0 be as before (the square roots

of the eigenvalues of ρ1). Set

g(z1, . . . , zk) = f(c1z1, . . . , ckzk) . (2.28)

Then g, too, is bounded and continuous. As we said above, the distribution

of the 〈bj|φi〉 is the same as that of Uij with j ∈ {1, . . . ,m}, that is, the �rst
k columns of a Haar distributed unitary m ×m matrix. We thus write Uij

instead of 〈bj|φi〉, and obtain

µ̄ψ1 (f) =: µ̄(f) =
1

m

m∑
j=1

g(
√
mU1j, . . . ,

√
mUkj) . (2.29)

For the expression to be estimated, we have by the triangle inequality that∣∣∣µ̄(f)−G(ρ1)(f)
∣∣∣ ≤ ∣∣∣µ̄(f)− Eµ̄(f)

∣∣∣+ ∣∣∣Eµ̄(f)−G(ρ1)(f)
∣∣∣ (2.30)

Note that the second contribution in (2.30) is nonrandom.

We �rst check that |Eµ̄(f)−G(ρ1)(f)| < ε/2 if m is su�ciently large: In

our present notation,

G(ρ1)(f) = Ef(c1G1, . . . , ckGk) = Eg(G1, . . . , Gk) , (2.31)



Typicality of the GAP Measure for a Subsystem of a Large System19

and, by (2.29),

Eµ̄(f) =
1

m

m∑
j=1

Eg(
√
mU1j, . . . ,

√
mUkj) = Eg(

√
mU11, . . . ,

√
mUk1) (2.32)

because each column of (Uij) has the same distribution (because the columns

are exchangeable because of the invariance of the Haar measure). By (2.26),

(2.32) converges to (2.31) as m→∞.

Concerning the �rst contribution in (2.30), Chebyshev's inequality (see,

e.g., [2, p. 65]) asserts that

P
(∣∣µ̄(f)− Eµ̄(f)

∣∣ > ε/2
)
<

4

ε2
var(µ̄(f)) , (2.33)

where P is the Haar measure for Uij and var(X) is the variance of X. Now

it only remains to be shown that

var(µ̄(f)) → 0 as m→∞ . (2.34)

We �nd that

var(µ̄(f)) = Eµ̄(f)2 − (Eµ̄(f))2

=
1

m2

m∑
j,j′=1

Eg(
√
mU1j, . . . ,

√
mUkj)g(

√
mU1j′ , . . . ,

√
mUkj′)−

− (Eµ̄(f))2 . (2.35)

Since the columns of (Uij) are exchangeable, the joint distribution of any

two di�erent columns is the same as the joint distribution of the �rst two

columns, so that all summands with j 6= j′ are equal (and all summands with

j = j′ are equal), and we can write

var(µ̄(f)) =
m2 −m

m2
Eg(

√
mU11, . . . ,

√
mUk1) g(

√
mU12, . . . ,

√
mUk2) +

+
m

m2
Eg(

√
mU11, . . . ,

√
mUk1)

2 − (Eµ̄(f))2 . (2.36)

As m→∞, these expressions converge in the following way: (m2−m)/m2 →
1, the subsequent expectation according to (2.27), m/m2 → 0, the sub-

sequent expectation (by applying (2.26) to the bounded continuous func-

tion g2 instead of g) to the �nite number Eg(G1, . . . , Gk)
2 ≤ ‖g‖2

∞, and
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(Eµ̄(f))2 → (G(ρ1)(f))2 by (2.26). Thus,

var(µ̄(f)) −→
(
Eg(G11, . . . , Gk1)

)2

−G(ρ1)(f)2 = 0 , (2.37)

proving (2.34) and thus completing the proof of Lemma 2.3.2.

Proof of Theorem 2.3.1

We �rst check that µ̄ψ1
(
‖ · ‖2

)
= 1. We have that∫

H

µ̄ψ1 (dψ1)‖ψ1‖2 = E
(
m‖〈bj|ψ〉‖2

)
=

m∑
j=1

‖〈bj|ψ〉‖2 = ‖ψ‖2 = 1 . (2.38)

Now we consider that: the mapping P∗A is continuous on the set of measures

µ on H1 such that
∫
µ(dψ)‖ψ‖2 = 1 by Lemma 2.5.2 and the weak continuity

if P∗. The distribution of the conditional wave function is

µψ1 = P∗A(µ̄ψ1 ). (2.39)

Then if µψ1 is in a neighborhood N of GAP (ρ) we have that:{
µψ1 ∈ N

}
=
{
P∗A(µ̄ψ1 ) ∈ N

}
=
{
µ̄ψ1 ∈ (P∗A)−1N

}
=
{
µ̄ψ1 ∈ N ′

}
(2.40)

where N ′ is a neighborhood of G(ρ1), since (P∗A)G(ρ1) = GAP (ρ1). By

Lemma 2.3.2′ this completes the proof.

2.3.4 Random Basis

As already explained in [11], instead of considering a typical wave function

and a �xed basis one can consider a �xed wave function and a typical basis.

Let ONB(H2) be the set of all orthonormal bases of H2.

Corollary 2.3.3. For any weak neighborhood N of GAP (ρ1),

ν
{
(b1, . . . , bm) ∈ ONB(H2) : µb1 ∈ N

}
→ 1 as m→∞, (2.41)

where ν is the uniform probability measure on ONB(H2), corresponding to

the Haar measure on U(m), regardless of how ψ ∈ Rm(ρ1) is chosen.
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Proof. Note that for any unitary U on H2

〈U−1bj|ψ〉 = 〈bj| I1 ⊗ U ψ〉 . (2.42)

From this fact it follows that when ψ ∈ Rm(ρ1) is umρ1� distributed the

distribution of the conditional wave function µψ1 actually doesn't depend on

the choice of the basis {bj}. It similarly follows from (2.4) (and the fact that

the Haar measure is invariant under U 7→ U−1) that for �xed ψ ∈ Rm(ρ1), Uψ

is umρ1� distributed. Thus the statement is equivalent to Theorem 2.3.1.

2.4 The GAP Measure as the Thermal Equi-

librium Distribution

Here it will be stated the fundamental theorem of this chapter. This

theorem has been already anticipated in [11] and there were shown the

fundamental ingredients of its proof. In the previous part of the chapter

there are rigorously stated all the necessary steps to arrive to the proof of

this statement. Unfortunately the proof of the following theorem is simply

sketched, since Theorem 2.3.1 and Corollary are valid only for those ψ such

that ρ1 = Tr2|ψ〉〈ψ| is �xed, but a varying ρ1 is a necessary condition for

Theorem 2.4.1. Suppose we have a given Hilbert space H1 of dimension k,

and for every positive integer m a Hilbert space H2 of dimension m, and a

subspace HR of H = H1 ⊗H2 such that

dR := dim HR →∞ as m→∞ . (2.43)

Let ρR be 1/dR times the projection to HR, uR = GAP (ρR) = uS(HR), and

Ωm := Tr2 ρR. Suppose that

Ωm → Ω as m→∞ . (2.44)

Then for every bounded continuous function f : S(H1) → R

uR × ν
{(
ψ, b
)
∈ S(H )×ONB(H2) :

∣∣µψ, b1 (f)−GAP (Ω)(f)
∣∣ < ε

}
→ 1

(2.45)

as m→∞.
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To understand the importance of this theorem let's consider an important

example: choose for every m a Hamiltonian H on H and a suitable energy

Em, such as corresponding to a �xed energy per particle or per volume,

and let HR be the microcanonical subspace, i.e., the spectral subspace of H

associated with the interval [Em, Em + δ]. It is a standard fact that when

the interaction energy is negligibly small then Ω is of the exponential form

Z−1 exp(−βH) with Z = Tr exp(−βH) for suitable β > 0, i.e. the canonical

density matrix ρβ. Then by Theorem 2.4.1 in this �special case� of negligible

interaction we have that

µψ, b1

uR×ν−→ GAP (ρβ) (2.46)

This fact leads to consider GAP (ρβ) as the thermal equilibrium distribution

of the wave functions of the system 1.

Proof of Theorem 2.4.1. Sketched. In the case that Corollary 2.3.3 is valid

also for varying ρ1, we would obtain that for an arbitrary probability measure

λ on S(H ), depending on m in an arbitrary way,

(λ× ν)(A) → 1 (2.47)

as m→∞ for

A :=
{(
ψ, b
)
∈ S(H )×ONB(H2) :

∣∣µψ1 (f)−GAP (ρψ1 )(f)
∣∣ < ε

}
(2.48)

where ρψ1 = Tr2|ψ〉〈ψ|. Fix f and ε. Theorem 2.5.1 provides us with r > 0 so

that for every ψ with ‖ρψ1 − Ω‖1 < r, we have that∣∣GAP (ρψ1 )(f)−GAP (Ω)(f)
∣∣ < ε . (2.49)

Let B := {ψ ∈ S(H ) : ‖ρψ1 − Ω‖1 < r} × ONB(H2). Thus, for every pair

(ψ, b) ∈ A ∩B, we have that∣∣µψ1 (f)−GAP (Ω)(f)
∣∣ ≤ ∣∣µψ1 (f)−GAP (ρψ1 )(f)

∣∣+∣∣GAP (ρψ1 )(f)−GAP (Ω)(f)
∣∣

< 2ε . (2.50)

Therefore, A∩B is contained in the set mentioned in Theorem 2.4.1 (with ε

replaced by 2ε).
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It remains to show that for λ = uR, (λ× ν)(A∩B) → 1, which follows if

(λ × ν)(A) → 1 and (λ × ν)(B) → 1. The �rst statement was (2.47) above,

and the second follows from

uR{ψ ∈ S(H ) : ‖ρψ1 − Ω‖1 < r} → 1 , (2.51)

which we now derive from Theorem 1 of [20]. It asserts, in a somewhat spe-

cialized and simpli�ed form that su�ces for our purposes: Given a Hilbert

space H1 of dimension k, another Hilbert space H2 of �nite dimension and

a subspace HR ⊆ H1⊗H2 of dimension dR. Let ρR again be 1/dR times the

projection to HR. Then for every ε > 0,

uR

{
ψ ∈ S(H ) :

∥∥∥Tr2|ψ〉〈ψ| − Tr2ρR

∥∥∥
1
≥ ε+

k√
dR

}
≤ 2 exp(−CdRε2) ,

(2.52)

where C is a positive constant.

By the assumptions of Theorem 2.4.1, in our case dR → ∞. Thus, pro-

vided m is so large that k/
√
dR < r/4 and setting ε = r/4, we obtain that

uR{ψ ∈ S(H ) : ‖ρψ1 − Ωm‖1 < r/2} ≥ 1− 2 exp(−CdRr2/4) → 1 . (2.53)

Since Ωm → Ω, ‖Ωm − Ω‖1 < r/2 for su�ciently large m, and therefore the

last equation implies (2.51). This completes the proof of Theorem 2.4.1.

2.5 Further Results on GAP Measure

2.5.1 Continuity in Finite Dimension

Here we show that (in �nite dimension) GAP (ρ) is continuous as a func-

tion of ρ. (A corresponding theorem for in�nite dimension is established in

section 2.5.2.)

Theorem 2.5.1. ρ→ GAP (ρ) is continuous as a map from D(H ) to the set

of the probability measures on S(H ): suppose ρn ∈ D(Ck) for every n ∈ N,
then if ρn → ρ, GAP (ρn) ⇒ GAP (ρ).

To show this, we �rst establish the continuity of the mapping A de�ned in

the previous section. For any topological space X let B(X) denote its Borel

σ-algebra.
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Lemma 2.5.2. A is continuous on the set of probability measures µ on H

such that
∫
µ(dψ) ‖ψ‖2 = 1: suppose that for every n ∈ N, µn is a probability

measures on (H ,B(H )) such that
∫
µn(dψ) ‖ψ‖2 = 1. If µn ⇒ µ with∫

µ(dψ) ‖ψ‖2 = 1 Aµn ⇒ Aµ.

Proof. Fix ε > 0 and an arbitrary bounded, continuous function f : H → R.
Set g(ψ) = ‖ψ‖2. Since, by hypothesis, µ(g) = 1 in the notation (2.4), there

exists R > 0 so large that

µ(1BRg) =

∫
BR

µ(dψ) ‖ψ‖2 > 1− ε

6‖f‖∞
, (2.54)

where 1BR denotes the indicator function of the set BR = {ψ ∈ H : ‖ψ‖ <
R}. Let the �cut-o� function� χ : H → R be any continuous function such

that χ = 1 on BR, χ = 0 outside B2R, and 0 ≤ χ ≤ 1. Because χg is a

bounded continuous function, and because µn ⇒ µ, we have that µn(χg) →
µ(χg), that is, there is an n1 ∈ N such that for all n > n1,

|µn(χg)− µ(χg)| < ε

6‖f‖∞
. (2.55)

Therefore, using that χ ≥ 1BR ,

µn(χg) > µ(χg)− ε

6‖f‖∞
≥ µ(1BRg)−

ε

6‖f‖∞
> 1− ε

3‖f‖∞
, (2.56)

and thus that∣∣∣µn(f(1− χ)g
)∣∣∣ ≤ µn

(
|f(1− χ)g|

)
≤ ‖f‖∞µn

(
(1− χ)g

)
= (2.57)

= ‖f‖∞
(
µn(g)− µn(χg)

)
< ‖f‖∞

(
1− 1 +

ε

3‖f‖∞

)
= ε/3 . (2.58)

Likewise,∣∣∣µ(f(1− χ)g
)∣∣∣ ≤ µ

(
|f(1− χ)g|

)
≤ ‖f‖∞µ

(
(1− χ)g

)
≤ (2.59)

≤ ‖f‖∞
(
µ(g)− µ(1BRg)

)
< ‖f‖∞

(
1− 1 +

ε

6‖f‖∞

)
= ε/6 < ε/3 . (2.60)

Because fχg is a bounded continuous function, and because µn ⇒ µ, we have

that µn(fχg) → µ(fχg), that is, there is an n2 ∈ N such that for all n > n2,

|µn(fχg)− µ(fχg)| < ε/3 . (2.61)
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Thus,

|Aµn(f)− Aµ(f)| = |µn(fg)− µ(fg)| ≤ (2.62)

≤ |µn(fχg)− µ(fχg)|+
∣∣µn(f(1− χ)g

)∣∣+ ∣∣µ(f(1− χ)g
)∣∣ < ε . (2.63)

We remark that the hypothesis
∫
µ(dψ)‖ψ‖2 = 1 cannot be dropped, that

is, does not follow from
∫
µn(dψ)‖ψ‖2 = 1. An example is µn = (1−1/n)δ0 +

(1/n)δψn , where δφ means the Dirac delta measure at φ and ψn is any vector

with ‖ψn‖2 = n; then µn is a probability measure with
∫
µn(dψ)‖ψ‖2 = 1

but µn ⇒ δ0, which has
∫
δ0(dψ)‖ψ‖2 = 0.

The following lemma is the analog of Theorem 2.5.1 for G(ρ).

Lemma 2.5.3. ρ→ G(ρ) is continuous as a map from D(H ) to the set of

the probability measures on S(H ): suppose ρn ∈ D(Ck) for every n ∈ N,
then if ρn → ρ, G(ρn) ⇒ G(ρ).

Proof. We use characteristic functions; as usual, the characteristic function

µ̂ : R2k → C of a probability measure µ on R2k is de�ned by

µ̂(t1, . . . , t2k) =

∫
µ(dx1 · · · dx2k) exp

(
i

2k∑
j=1

xjtj

)
, (2.64)

or, in our notation on H = Ck,

µ̂(φ) =

∫
µ(dψ) exp

(
iRe〈ψ|φ〉

)
, (2.65)

where Re denotes the real part. We write µn = G(ρn) and µ = G(ρ); their

characteristic functions are:

µ̂n(ψ) = exp
(
−〈ψ|ρn|ψ〉

)
, µ̂(ψ) = exp

(
−〈ψ|ρ|ψ〉

)
. (2.66)

If ρn → ρ then 〈ψ|ρn|ψ〉 → 〈ψ|ρ|ψ〉 for every ψ and thus µ̂n → µ̂ pointwise.

Since (e.g., [2]), pointwise convergence of the characteristic functions is equiv-

alent (in �nite dimension) to weak convergence of the associated measures,

it follows that G(ρn) ⇒ G(ρ), which is what we wanted to show.
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Proof of Theorem 2.5.1. Suppose ρn → ρ, we have that GAP (ρn) =

P∗A(G(ρn)), that
∫
‖ψ‖2G(ρ) = 1 and that (AG(ρ)) (0) = 0. Since ψ 7→ Pψ

is continuous for ψ 6= 0, Theorem 2.5.1 follows from Lemma 2.5.2 and

Lemma 2.5.3.

2.5.2 The GAP Measure in In�nite Dimension

Although in the other sections we have considered GAP measures only on

�nite-dimensional spaces, for the sake of completeness we discuss in this sec-

tion the rigorous de�nition of GAP measures on in�nite-dimensional Hilbert

spaces. Let H be a separable complex Hilbert space, and for any topological

space X let B(X) denotes its Borel σ-algebra.

Existence and Uniqueness

De�nition. A probability measure µ on (H ,B(H )) is a Gaussian measure

if for every ψ ∈ H , the random variable H 3 ω 7→ 〈ψ|ω〉 ∈ C has Gaussian

distribution in C.

The existence and uniqueness of a Gaussian measure with given mean

and covariance operator is guaranteed by the following theorem due to Pro-

horov [22] (cited from [15, p. 29]): Every Gaussian measure on H is uniquely

determined by its mean, which is a point in H , and its covariance operator,

which is a positive trace-class operator on H . Conversely, for every point ψ0

in H and every positive trace-class operator ρ on H , there is a Gaussian

measure µ with mean ψ0 and covariance ρ. Its characteristic function is

µ̂(ψ) = exp
(
iRe〈ψ0|ψ〉 − 〈ψ|ρ|ψ〉

)
, (2.67)

where Re denotes the real part. We write G(ρ) for the unique Gaussian mea-

sure with mean 0 and covariance ρ.

Now the adjust-and-project procedure can be applied in the same way as

in �nite dimension, and we obtain:

Corollary 2.5.4. For every positive operator ρ with Tr ρ = 1 the measure

GAP (ρ) exists on B(S(H )) and is uniquely de�ned.
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We think it is helpful to see the following alternative, more direct proof of

existence and uniqueness of the Gaussian measure with given covariance ρ,

which does not make use of characteristic functionals. Given ρ =
∑
pn|n〉〈n|,

the desired random vector ΨG has coe�cients Zn = 〈ΨG|n〉 in the eigenbasis

of ρ which should be independent Gaussian random variables with mean 0

and variances pn. By the Kolmogorov extension theorem [2], there exists such

a random sequence (Zn)n. The following lemma asserts that the σ-algebras

�t in the right way:

Lemma 2.5.5. Let CN be the vector space of all complex sequences, and C
the σ-algebra generated by the cylinder sets. Then B(`2) ⊆ C. (Here, `2 is

understood, on the one hand, as a Hilbert space, and on the other hand as a

subset of CN.)

Proof. The Borel σ-algebra of a Polish space (and a separable Hilbert space is

a Polish space) has the property that any countable family of Borel sets that

separates points generates the full σ-algebra [29]. There is clearly a countable

family of cylinder sets that separates points.

We now continue the construction of G(ρ). The random sequence Z =

(Zn)n lies almost surely in `2 because the expectation of ‖Z‖2
2 is �nite,

E
∑
n

|Zn|2 =
∑
n

E|Zn|2 =
∑
n

pn = Tr ρ = 1, (2.68)

and therefore ‖Z‖2
2 is almost surely �nite. We can thus form the random

vector

ΨG :=
∑
n

Zn|n〉 (2.69)

whose distribution is G(ρ) because it is Gaussian and has covariance ρ.

Concerning uniqueness of G(ρ) the only non-uniqueness arises from the

choice of the orthonormal basis diagonalizing ρ. But since every eigenspace

with eigenvalue di�erent from zero is �nite-dimensional, and since on �nite-

dimensional space the Gaussian measure is uniquely determined by its co-

variance, all eigenbases of ρ lead to the same distribution of ΨG.
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Continuity

The following theorem expresses that GAP (ρ) depends continuously on

ρ, and thus forms an in�nite-dimensional analog of Theorem 2.5.1.

Theorem 2.5.6. If ρ, ρn ∈ D(H ) for every n ∈ N, H is a separable Hilbert

space, and ‖ρn − ρ‖1 → 0 then GAP (ρn) ⇒ GAP (ρ).

The following lemma is the corresponding statement about G(ρ).

Lemma 2.5.7. If ρ, ρn ∈ D(H ) for every n ∈ N and ‖ρn − ρ‖1 → 0 then

G(ρn) ⇒ G(ρ).

Proof. As in the proof Lemma 2.5.3, we use characteristic functions. As usual,

the characteristic function µ̂ of a probability measure µ on H is de�ned as

µ̂(φ) =

∫
µ(dψ) exp

(
iRe〈ψ|φ〉

)
. (2.70)

We use Lemma VI.2.1 on p. 153 of [18], which implies that if a sequence µn

of measures on H is conditionally compact and the characteristic functions

µ̂n converge pointwise to µ̂, then µn ⇒ µ. Here, µ = G(ρ) and µn = G(ρn).

The second condition, pointwise convergence of the characteristic func-

tions, is the same as in the �nite-dimensional case. Due to (2.67), the char-

acteristic functions are given by the same formula (2.66) as in the �nite-

dimensional case. Now the pointwise convergence of µ̂n to µ̂ follows from

that of 〈ψ|ρn ψ〉 to 〈ψ|ρψ〉, which follows from the convergence of ρn to ρ in

the operator norm, which follows from the convergence in the trace norm.

What di�ers from the �nite-dimensional case is the requirement of con-

ditional compactness. According to Theorem VI.2.2 on p. 154 of [18], the

sequence µn is conditionally compact if

sup
n∈N

∞∑
i=k

〈bi|ρn bi〉 → 0 as k →∞ , (2.71)

where ρn is the covariance operator of µn and {bi} an orthonormal basis of

H . To see that this is the case, �x any orthonormal basis {bi} and note that

for the operator ∆n := |ρn − ρ| our hypothesis says Tr∆n → 0 or, in other

words, that for any ε > 0 there is N ∈ N such that, for all n > N ,

0 ≤ Tr∆n < ε . (2.72)
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Since Tr∆n <∞ for all n ∈ N, there is K ∈ N such that

∞∑
i=K

〈bi|∆n bi〉 < ε for all n ≤ N . (2.73)

Moreover,

0 ≤
∞∑
i=k

〈bi|ρn bi〉 ≤
∞∑
i=k

〈bi|ρ bi〉+
∞∑
i=k

〈bi|∆n bi〉 , (2.74)

where the �rst term on the right hand side is less than ε if k is large enough

because Tr ρ <∞, and the second term is less than ε for all n ∈ N if k > K,

either because of (2.73) (if n ≤ N) or because of (2.72) (if n > N).

Proof of Theorem 2.5.6. The claim follows in the same way from

Lemma 2.5.7 as Theorem 2.5.1 follows from Lemma 2.5.3. This is because

Lemma 2.5.2 holds as well in in�nite dimension, and the projection P to the

unit sphere de�ned in (2.10) is continuous also in in�nite dimension.

2.6 Final Remark

A �nal remark concerns the role of interaction (between the system and

the heat bath) for obtaining the thermal equilibrium distribution. Interaction

is relevant for creating typical wave functions, as it helps evolve atypical wave

functions into typical ones. But once the composite of system and bath has a

typical wave function, the presence or absence of interaction is irrelevant to

the distribution of the conditional wave function. After all, the distribution

of the conditional wave function at time t is determined by the total wave

function at time t, and thus does not refer to the Hamiltonian. As some of our

theorems assume a typical wave function by hypothesis, they need not, and

do not, even mention interaction. Then again, interaction plays another role,

namely for determining the system's canonical density matrix, which we take

to be de�ned as the partial trace (over the bath) of the microcanonical density

matrix of the composite. In the limit of negligible interaction, the canonical

density matrix has the famous form ρ = (1/Z)e−βH , while interaction makes

the canonical density matrix deviate from this exponential form. This resolves

the apparent paradox that we consider a system coupled to a heat bath, and

then neglect the interaction.



Chapter 3

Typical Non-Equilibrium

Behavior of Macroscopic

Quantum Systems

After having considered a good candidate to be a typicality measure for

quantum system in equilibrium, in this chapter it will be treated the approach

to equilibrium for macroscopic quantum systems. Starting from a particular

case we shall show that it is possibile to �nd a formulation valid for a generic

quantum system. Our result states that, under suitable conditions, and for

a �typical� Hamiltonian, a quantum system reaches equilibrium regardless of

the initial state. The work presented in this chapter it has been done jointly

with Sheldon Goldstein, Joel Lebowitz and Roderich Tumulka of Rutgers

University and Nino Zanghì of University of Genoa.

3.1 The Problem of Convergence to Equilib-

rium

In a macroscopic quantum system described by an Hilbert space H , and

whose dynamic is governed by an Hamiltonian H with eigenstates |Eα〉, the
macroscopic observables form a (complete) set of commuting operators{

M̂i

}
i=1,...,N

, (3.1)
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according to the well known analysis of von Neumann[27, 28]. These observ-

ables have a common set of eigenspaces Hν identi�ed by the eigenvalues of

the operators M̂i. Therefore such a set of operators generates naturally a

linear decomposition of the Hilbert space

H =
⊕
ν

Hν , (3.2)

where each Hν represents a macroscopic state of the system. In the following

we shall denote by (Hν) orthogonal decomposition such as that given by

(3.2).

Let's assume that the Hilbert space H has �nite dimensionality D. This

is an adeguate assumption in the case of a system with �nite volume and

with bounded energy, which is the case for a macroscopic quantum system.

Let's furthermore consider the equilibrium macrostate Heq for which the

fundamental property

D ≈ deq (3.3)

holds (we recall that the quantum entropy of a macrostate represented by

Hν is given by kB log dν , where dν is the dimension of Hν and kB is the

Boltzmann constant).

Most of the vectors |ψ〉 ∈ H[E,E+δ] are practically in the equilibrium

macrostate, the precise sense of �most� is expressed by uE(dψ), the uniform

measure on H[E,E+δ]. In fact, since by (3.3)∫
〈ψ|Peq|ψ〉uE(dψ) =

1

D
Tr [Peq] =

deq
D

≈ 1 (3.4)

and the quantity 〈ψ|Peq|ψ〉 is upper bounded by 1, we have for most |ψ〉

〈ψ|Peq|ψ〉 ∼ 1 . (3.5)

From a microscopic point of view the state of the system at time t is

described as usual by a vector |ψ(t)〉 ∈ H . If the eigenstates |Eα〉 of the
Hamiltonian H are non-degenerate, |ψ(t)〉 can be expanded into the eigen-

states of H,

|ψ(t)〉 =
D∑
α=1

Aαe
−iEαt|Eα〉 , (3.6)
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where Aα = 〈ψ(0)|Eα〉.
The probability to �nd the quantum system in the equilibrium macrostate

at time t is

〈ψ(t)|Peq|ψ(t)〉 =
∑
α,β

A∗αAβ〈Eα|Peq|Eβ〉e−i(Eα−Eβ)t . (3.7)

If, in addition to non-degeneracy of H, we assume the absence of resonances

for its eigenvalues1, it is easy to see that the long time average of (3.7) is

〈ψ(t)|Peq|ψ(t)〉 =
1

T

∫ T

0

dt〈ψ(t)|Peq|ψ(t)〉 =
D∑
α=1

|Aα|2〈Eα|Peq|Eα〉 . (3.8)

The main goal of the present work is tho show the approach to equilibrium

for a macroscopic quantum system. It easy to see that a su�cient condition

for this is

〈ψ(t)|Peq|ψ(t)〉 ≈ 1 . (3.9)

In fact, since 〈ψ(t)|Peq|ψ(t)〉 is upper bounded by 1, having the long time

average nearly one means that, whatever is the initial state, the system will

reach the equilibrium macrostate in a short time, and it will remain in it for

most of its subsequent evolution.

By expliciting the left hand side of (3.8), (3.9) becomes

D∑
α=1

|Aα|2〈Eα|Peq|Eα〉 ≈ 1 . (3.10)

Clearly, this condition can be ful�lled by imposing �regularity� conditions on

at least one of the two terms involved: |Aα|2 or 〈Eα|Peq|Eα〉.
To demand a regularity condition on |Aα|2 amounts to a condition on the

initial state of the system,

|ψ(0)〉 =
∑
α

Aα|Eα〉 . (3.11)

On the other hand, a condition on 〈Eα|Peq|Eα〉 amounts to a condition on

the Hamiltonian (in addition to the two previous conditions that we have

already assumed on H).

1The absence of resonances means that the eigenvalues are not rationally related,

namely nEα 6= mEβ for all α, β and n, m ∈ N.
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Our goal is to show convergence to equilibrium for any initial state. Thus,

we shall investigate which conditions on 〈Eα|Peq|Eα〉 the system should sat-

isfy. To start this investigation, let us consider the following situation. Sup-

pose that the initial microstate (3.11) is such that the Aα are all equal to 0,

except for a small number of them that we shall denote with Aα∗ . If

〈Eα∗|Peq|Eα∗〉 ∼ 0 , (3.12)

where the |Eα∗〉 are the eigenstates of H associated with Aα∗ , then

〈ψ(t)|Peq|ψ(t)〉 =
∑
α∗

|Aα∗|2〈Eα∗|Peq|Eα∗〉 ∼ 0 . (3.13)

As consequence the system will stay out of equilibrium for most of the time.

Thus a su�cien condition for approach to equilibrium, is that

〈Eα|Peq|Eα〉 ≥ 1− δ (3.14)

with δ � 1. We stress that this condition is in general a condition on the

Hamiltonian H.

3.2 Setting the Stage of Convergence to Equi-

librium in a Concrete Case

To understand the problem of the approach to equilibrium for a macro-

scopic quantum system it is useful to start by focusing our attention on a

very simple, but physically relevant example.

Let's consider a system composed of two identical subsystems, designated

1 and 2, with Hilbert space H = H1 ⊗ H2. The Hamiltonian of the total

system is

H = H1 +H2 + εV , (3.15)

where H1 and H2 are the Hamiltonians of subsystems 1 and 2 respectively,

and εV is the interaction energy describing the coupling between the two sub-

systems. Under the assumptions of �nite dimensions of the systems Hilbert

spaces, we may regard V as a matrix with entries of order 1 and size of the

coupling determined by ε.



Setting the Stage of Convergence to Equilibrium in a Concrete Case34

Since the system is of macroscopic size and isolated, its state is in a shell

of energy [E,E + δ], where E is the constant thermodynamic energy of the

system and δ is small on a macroscopic scale, δ � E, but large enough for

the interval [E,E+ δ] to contain very many eigenvalues. Let H[E,E+δ] be the

subspace of H associated with the spectral interval [E,E + δ] and DE its

dimensionality. From now on, when no ambiguity will arise, we shall drop

the subscript E and simply denote by D the dimension of H[E,E+δ].

By neglecting on the macroscopic scale the interaction energy εV , one

may consider as macroscopic observables (3.1) the Hamiltonians H1 and H2.

The eigenvalues of H1 and H2 are denoted by E1
i and E2

j , respectively, and

|E1
i 〉 and |E2

j 〉 are their corresponding eigenvectors. Accordingly, |Eij〉0 =

|E1
i 〉 ⊗ |E2

j 〉 is an eigenstate of the unperturbed Hamiltonian

H0 = H1 +H2 . (3.16)

Clearly, since the system is isolated (and we are neglecting the contribution

of the potential energy to the total energy), when the system is in the state

|E1
i 〉 ⊗ |E2

j 〉 the total energy is

E ' E1
i + E2

j .

In equilibrium the energies E1
i and E2

j of the subsystems should be such

that E1
i ' E2

j ' E/2. Thus the equilibrium macrostate is associated with

the following subspace of H[E,E+δ]

H E
eq =

{
|ψ〉 ∈ H[E,E+δ] | |ψ〉 =

∑
ij

Cij|E1
i 〉 ⊗ |E2

j 〉, E1
i ' E2

j , E
1
i + E2

j ' E

}
.

(3.17)

In the following we shall call Peq the projection operator on H E
eq .

Let's consider the system starting from a non-equilibrium initial state

|ψ(0)〉 ∈ H[E,E+δ] of the following form

|ψ(0)〉 = |E1
in〉 ⊗ |E2

in〉 , (3.18)

where E1
in and E2

in are macroscopically di�erent energies. Considering that

the system is isolated, we have obviously that E1
in +E2

in ' E where E is the

energy of the shell. From an empirical point of view we can think of preparing
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two similar systems with di�erent energies, e.g., two metal blocks at di�erent

temperatures, and then to couple them.

The basic problem is to understand under what conditions the initial state

(3.18) reaches the equilibrium macrostate, in the sense of (3.9) and (3.10).

Since the macroscopic observables we are considering are the energies

of the two systems (with the initial microstate corresponding to a non-

equilibrium macrostate of macroscopically di�erent energies), it is convenient

to write the eigenvectors {|Eα〉} of H in terms of the eigenvectors {|Eβ〉0} of
H0, i.e.,

|Eα〉 =
D∑
β=1

Uαβ|Eβ〉0 . (3.19)

From equation (3.19) it follows that the quantity 〈Eα|Peq|Eα〉 can be

written in terms of the unitary matrix U , namely,

〈Eα|Peq|Eα〉 =
D∑
β=1

|Uαβ|2 0〈Eβ|Peq|Eβ〉0+
∑
β 6=β′

U∗αβ′Uαβ
0〈Eβ′|Peq|Eβ〉0 . (3.20)

Considering that the de�nition (3.17) of the equilibrium macrostate Heq is

given in terms of the unperturbed Hamiltonian eigenstates
{
|Eβ〉0

}
, clearly

we have
0〈Eβ′|Peq|Eβ〉0 = 0 for β′ 6= β . (3.21)

Therefore equation (3.20) becomes

〈Eα|Peq|Eα〉 =
D∑
β=1

|Uαβ|2 0〈Eβ|Peq|Eβ〉0 =

deq∑
β=1

|Uαβ|2 . (3.22)

Recalling (3.9), (3.10) and (3.14), one sees that a su�cient condition for

convergence to equilibrium is that

〈Eα|Peq|Eα〉 =

deq∑
β=1

|Uαβ|2 ≥ 1− δ , (3.23)

where δ � 1.

Since the unitary matrix U connects the eigenbasis {|Eα〉} ofH = H0+εV

with the eigenbasis {|Eα〉0} of H0, condition (3.23) expresses how the two

subsystems are coupled by εV , a property that one may call �goodness of the
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coupling.� Then to prove convergence to equilibrium, one could show (3.23)

for a speci�c model, i.e., for an explicit Hamiltonian H. Another approach is

to establish that (3.23) is indeed a typical property.

The relevant notion for expressing typicality of the unitary matrix U in

(3.23), is the Haar measure on the unitary group U(D), where D is the

dimension of the energy shell H[E,E+δ]. By normalizing this measure to 1,

one obtains a probability measure on U(D) that we shall denote by P. Thus,
(3.23) is typical if the set A of unitary matrices in U(D) that do satisfy (3.23),

for all α, has P-measure near one, i.e.,

P(A) = 1− δ , (3.24)

where δ � 1. Given that a typical U relates unitarily the eigenstates of H

with those ofH0, we may also regard P as providing a notion of typical energy

basis and, thus, of typical Hamiltonian.

If the interaction energy εV in (3.15) is not particularly contrived (and,

of course, ε is di�erent from 0 and not too small, see section 3.5), one expects

thatH, given by (3.15), is typical. Therefore to show (3.24), for this approach,

is the main step for proving that the composite system thermalizes, i.e., that

the two metal blocks do indeed reach the same �nal temperature.

3.3 A General Framework for Convergence to

Equilibrium

The concrete case considered in the previous section can be generalized

and one may arrive to a more general framework for studying the problem

of convergence to equilibrium. One should simply observe that the energy

H0, as macroscopic observable, does not play any special role in our analysis.

Therefore, the ideas put forward at the end of the previous section can be

extended to cover the case of an arbitrary set {M̂i} of N macroscopic com-

muting observables M̂i, as we have already mentioned at the beginning of

section 3.1.

One may write the eigenstates {|Eα〉} of Hamiltonian H in terms of the

eigenvectors {|mβ〉} of the macroscopic observables M̂i, which is a �xed basis



A General Framework for Convergence to Equilibrium 37

for the macroscopic decomposition (Hν) associated with the commuting set

{M̂i}, namely:

|Eα〉 =
∑
β

Uαβ|mβ〉 (3.25)

where U is a unitary matrix. Equation (3.25) is analogous to (3.19). Thus,

in a completely analogous way one arrives at the equation corresponding to

(3.22), not only for the equilibrium macrostate, but for a generic macrostate

Hν , i.e.,

〈Eα|Pν |Eα〉 =
D∑
β=1

|Uαβ|2 0〈Eβ|Pν |Eβ〉0 =
dν∑
β=1

|Uαβ|2 . (3.26)

where now Uαβ is given by (3.25).

Letting P be, as before, the normalized probability measure on U(D), we

have the following:

Lemma 3.3.1. There exist positive numbers k and C such that for 0 < ε < 2

for any δ > 0, there exists D0 such that for all D > D0, for all linear

decomposition (Hν) and for all Hν such that

dν > C/ε2 log(2kD/δ) (3.27)

is valid the following:

P
{ D⋂
α=1

{∣∣∣〈Eα|Pν |Eα〉 − dν
D

∣∣∣ < ε
}}

> 1− δ . (3.28)

The proof is given in section 3.3.1. We shall now provide some comments

and remarks concerning the above Lemma.

• For the case of the equilibrium macrostate Lemma 3.3.1 and condi-

tion (3.3) immediately implies condition (3.14) and therefore the over-

whelming majority of coupling are �good�.

• For general macrostates the meaning of Lemma 3.3.1 is that the prob-

ability to �nd any stationary state in a macroscopic state is typically

equivalent to the microcanonical probability of that speci�c macroscopic

state.
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• Lemma 3.3.1 is not valid for a generic Hν , but only for those which

satis�es the �macroscopicality� condition (3.27). In fact, if the subspace

Hν is not great enough, equation (3.28) is no longer valid. The condi-

tion (3.27) is indeed reasonable, since it links the dimensionality of a

macroscopic state to the dimensionality of the whole system. In general

it could even be regarded as a necessary condition for a given subspace

Hν to be considered a macrostate.

• Lemma 3.3.1 resembles to, in some way, the Schnirelman Theorem [6],

which states that, in the semiclassical limit and with suitable hypoth-

esis, the Wigner distribution corresponding to an eigenstate |Eα〉 is

the microcanonical measure. In fact, as we shall see in the proof, the

property (3.28) is a sort of �coarse grained� uniformity of the modulus

squared of Uαβ appearing in (3.25). Like in the Schnirelman theorem

we have a �coarse grained� (i.e. semiclassical) uniform distribution cor-

responding to these eigenstates. This analogy could be important to

understand the nature of the Lemma 3.3.1, in a di�erent context.

3.3.1 Proof of Lemma 3.3.1

Proof. Let's start observing that for the probability on the left hand side of

(3.28) is valid

P
{ D⋂
α=1

{∣∣∣〈Eα|Pν |Eα〉 − dν
D

∣∣∣ < ε
}}

= 1− P
{ D⋃
α=1

{
|〈Eα|Pν |Eα〉 −

dν
D
| > ε

}}
,

(3.29)

and considering that by (3.25)

P
{ D⋃
α=1

{
|〈Eα|Pν |Eα〉 −

dν
D
| > ε

}}
≤ D P

{
|〈Eα|Pν |Eα〉 −

dν
D
| > ε

}
=

= D P
{
|
dν∑
γ=1

|Uαγ|2 −
dν
D
| > ε

}
, (3.30)

we can conclude that for the left hand side of (3.28) we have

P
{ D⋂
α=1

{∣∣∣〈Eα|Pν |Eα〉− dν
D

∣∣∣ < ε
}}

≥ 1−D P
{
|
dν∑
γ=1

|Uαγ|2−
dν
D
| > ε

}
. (3.31)
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Secondly we recall that any random unit vector ~Uα, like the one present in

the right hand side of (3.31)2, can be regarded as

~Uα =
~Gα

‖~Gα‖
, (3.32)

where ~Gα is a random gaussian vector with entries of mean 0. We consider

for simplicity the element of ~Gα as complex gaussian random variables with

mean 0 and variance 1/D, the same of the entries of the unitary vector ~Uα.

As consequence we can reduce the calculation of the probability on the left

hand side of (3.28) in terms of gaussian probabilities, i.e.:

P
{ D⋂
α=1

{∣∣∣〈Eα|Pν |Eα〉− dν
D

∣∣∣ < ε
}}

≥ 1−D P
{
|
dν∑
γ=1

|Gα
γ |2

‖ ~Gα‖2
− dν
D
| > ε

}
. (3.33)

To calculate the probability on the right hand side of (3.33) we need to

introduce three di�erent events:

AD(η) :=
{∣∣‖ ~Gα‖2 − 1

∣∣ < η
}
, (3.34)

BD(η′) :=
{∣∣∣ dν∑

γ=1

|Gα
γ |2

‖ ~Gα‖2
− dν
D

∣∣∣/dν
D
< η′

}
, (3.35)

CD(η′′) :=
{

(1− η′′)
dν
D
≤

dν∑
γ=1

|Gα
γ |2 ≤ (1 + η′′)

dν
D

}
. (3.36)

where clearly our target is to �nd a lower bound for

P(BD(ε)) = 1− P
{
|
dν∑
γ=1

|Gα
γ |2

‖ ~Gα‖2
− dν
D
| > ε

}
. (3.37)

If we consider the event AD(η), we see that implies

1− η <
1

‖Gα‖2
< 1 + 2η for η <

1

2
, (3.38)

2More precisely it is a column of an unitary matrix U, and we are considering dν

component of such a column.
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and consequently AD(η) ∩ CD(η′′) implies

dν
D

(1− η)(1− η′′) <

∑dν
γ=1 |Gα

γ |2

‖Gα
γ‖2

<
dν
D

(1 + η)(1 + 2η′′) . (3.39)

It is easy to see that AD(η) ∩CD(η′′) ⊆ BD(2η + η′′ + 2ηη′′), so if we choose

η = η′′ = ε/4 we get

AD(ε/4) ∩ CD(ε/4) ⊆ BD(3/4ε+ ε2/8) ⊆ BD(ε) for ε < 2 (3.40)

and therefore we have a lower bound for the probability P(BD(ε)), i.e.:

P(AD(ε/4)) · P(CD(ε/4)) ≤ P(BD(ε)) for ε < 2 . (3.41)

To �nd an estimate of P(AD(ε/4)) and P(CD(ε/4)) we are going to use

the Large Deviations Principle [9]. It states that for a sequence of N i.i.d.

random variable Xi it is valid the following

P
(∣∣ N∑

i=1

XN

N
− E(X)

∣∣ > δ
)
≤ ke−NI(E(X)+δ) , (3.42)

where k is a suitable constant and I(x) is the rate function [9] associated to

distribution of the random variable X.

In the case of AD, considering the components Gα
1 , . . . , G

α
D of the vector

~Gα as a sequence of D i.i.d gaussians, by (3.42) we get:

P(Ω \ AD(ε/4)) = P
{∣∣‖ ~Gα‖2 − 1

∣∣ > ε/4
}

=

= P
{∣∣ D∑

γ=1

|Gα
γ |2 −D

1

D

∣∣ > ε/4
}
≤ ke−D ID[(1+ε/4)/D] , (3.43)

where we recall that E(|Gα
γ |2) = 1/D for all γ, and it is a simple exercise to

see that the rate function associated to the random variable |Gα
γ |2 is

ID(x) =
[(
Dx− 1

)
− log

(
Dx
)]
. (3.44)
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Therefore P(Ω \ AD(ε/4)) becomes

P
{∣∣‖ ~Gα‖2 − 1

∣∣ > ε

4

}
≤ k exp

(
−D

[ ε
4
− log(1 +

ε

4
)
])
≤

≤ k exp
(
−Dε

2

48

)
, (3.45)

from which follows

P(AD(ε/4)) ≥ 1− k exp
(
−Dε

2

48

)
, (3.46)

where k > 0.

It is possible to use a completely analogous argument also for

P(Ω \ CD(ε/4)) = P
{∣∣∣ dν∑

γ=1

|Gα
γ |2 −

dν
D

∣∣∣/dν
D
≥ ε/4

}
, (3.47)

and so we can obtain

P(CD(ε/4)) ≥ 1− k′ exp
(
−dνε

2

48

)
, (3.48)

with k′ > 0

We can now proceed to the �nal step of this proof. In fact by (3.41), (3.46)

and (3.48) it follows that

P(BD(ε)) ≥
(
1− k exp

(
−dνε

2

48

))(
1− k′ exp

(
−Dε

2

48

))
, (3.49)

therefore by (3.33) and (3.37) we �nally have

P
{ D⋂
α=1

{∣∣∣〈Eα|Pν |Eα〉 − dν
D

∣∣∣ < ε
}}

≥

≥ 1−D
(
1−

(
1− k exp

(
−dνε

2

48

))(
1− k′ exp

(
−Dε

2

48

)))
=

= 1−D
(
k exp

(
−dνε

2

48

)
+ k′ exp

(
−Dε

2

48

)
− k k′ exp

(
−
(
dν +D

)
ε2

48

))
.

(3.50)

Clearly, looking at the last two terms of the last line above, they approaches

0 when D tends to ∞, then ∃ δ > 0 such that ∀D > D′
0

D
(
k′ exp

(
−Dε

2

48

)
− k k′ exp

(
−
(
dν +D

)
ε2

48

))
<
δ

2
, (3.51)
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but for the �rst term inside the parenthesis we need to add a further condi-

tion, in fact ∃ δ > 0 such that ∀D > D0 > D′
0

k exp
(
−dνε

2

48
+ logD

)
≤ δ

2
, (3.52)

only if

dν ≥
C

ε2
log
(2kD

δ

)
, (3.53)

where C > 0 is a suitable constant. In such a case we get �nally

P
{ D⋂
α=1

{∣∣∣〈Eα|Pν |Eα〉 − dν
D

∣∣∣ < ε
}}

≥ 1− δ , (3.54)

which completes the proof.

3.4 The Main Theorem on Convergence to

Equilibrium

Since Lemma 3.3.1 gives an important information about the macroscopic

probability of stationary states, it is interesting to see what are the conse-

quences for the evolution in time of a generic |ψ〉 ∈ H . A very important,

preliminary step, is the following:

Lemma 3.4.1. There exist positive numbers k and C such that for 0 < ε < 2

and for any δ > 0, there exists D0 such that for all D > D0, for all linear

decomposition (Hν), for any Hν such that dν > C/ε2 log(2kD/δ) and for all

initial states |ψ(0)〉 is valid the following:

P
{∣∣∣ lim

T→∞

1

T

∫ T

0

dt
(
〈ψ(t)|Pν |ψ(t)〉 − dν

D

)∣∣∣ < ε
}
> 1− δ . (3.55)

Proof. Given the time evolution of a quantum microstate when there is no

degeneracy of the Hamltonian eigenstates (3.6), we can write the time average

of 〈ψ(t)|Pν |ψ(t)〉 as:

lim
T→∞

1

T

∫ T

0

〈ψ(t)|Pν |ψ(t)〉dt =
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= lim
T→∞

1

T

∫ T

0

∑
α,β

e−i(Eα−Eβ)tA∗βAα〈Eβ|Pν |Eα〉

In the case of no-resonances for the Hamiltonian in the time average only the

terms with Eα = Eβ survive, i.e.:

lim
T→∞

1

T

∫ T

0

〈ψ(t)|Pν |ψ(t)〉dt =
∑
α

|Aα|2〈Eα|Pν |Eα〉

Considering that
∑

α |Aα|2 = 1, clearly

P
{ D⋂
α=1

{∣∣∣〈Eα|Pν |Eα〉−dν
D

∣∣∣ < ε
}}

≥ P
{∣∣∣ lim

T→∞

1

T

∫ T

0

dt
(
〈ψ(t)|Pν |ψ(t)〉−dν

D

)∣∣∣ < ε
}

(3.56)

and by Lemma 3.3.1 this inequality su�ces to complete the proof.

The relevant aspect of this theorem is its validity for any initial micro-

scopic state |ψ(0)〉, since 〈Eα|Pν |Eα〉 ≈ dν/D is true for all α and not only

for most of them.

Since (3.3) implies straightforwardly (3.27) for a suitable choice of the

constants C and k, Lemma 3.3.1 and Lemma 3.4.1 are valid for the equilib-

rium macrostate. Therefore we have the following:

Theorem 3.4.2. For 0 < ε < 2 and for any δ > 0 there exists D0 such that

for all D > D0, for all initial states |ψ(0)〉 and for any linear decomposition

(Hν) which contains Heq (de�ned by (3.3)) is valid the following:

P
{∣∣∣ lim

T→∞

1

T

∫ T

0

dt
(
〈ψ(t)|Peq|ψ(t)〉 − deq

D

)∣∣∣ < ε
}
> 1− δ . (3.57)

By considering that 〈ψ(t)|Peq|ψ(t)〉 is upper bounded by 1, and recall-

ing (3.3), the important consequence of Theorem 3.4.2 is that for a typical

Hamiltonian a quantum system spends in the equilibrium macrostate most of

its time, regardless of the initial state.

3.5 A Simple Counter-Example to Conver-

gence to Equilibrium

We shall discuss here a simple example of atypical behavior in the concrete

framework provided by Hamiltonian (3.15) and initial state (3.18).
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Trivially in the case of ε = 0 the subsystems Hamiltonians H1 and H2

commute with H, therefore the system does not reach equilibrium. Suppose

now that ε 6= 0 but very small respect to the energy levels spacing ∆E. Then

also in this case it is easy to see that the system doesn't reach equilibrium,

and we shall give now a simple explanation of this fact.

For a macroscopic system (that is with a huge number of particles) the ∆E

is very small with respect to the total energy, so small that in many cases

we can regard the energy distribution as continuous. Then the condition

ε � ∆E means a coupling so weak to be practically negligible, so that it

becomes impossible for the system to approach equilibrium. More explixitly

one may argues as follows.

Let |ψ̂(0)〉 be the eigenstate ofH associated with the eigenvalue E ' E1
i +

E2
j (the perturbed eigenstate), and |ψ(0)〉 be the eigenvector of H0 associated

with the eigenvalues E = E1
i +E2

j (the unperturbed eigenstate). A very weak

assumption is continuity on ε of the function f(ε) = ‖|ψ(0)〉−|ψ̂(0)〉‖ (no need
to demand analyticity). Thus, for ε� ∆E we have that |ψ(0)〉 ' |ψ̂(0)〉, and
this is also true when the system evolves, then we can write |ψ(t)〉 ' |ψ̂(0)〉
for all t.

Let's now see that (3.14) is violated. Since the initial state is out of

equilibrium, i.e., 〈ψ(0)|Peq|ψ(0)〉 = 0, by continuity we have

〈ψ̂(0)|Peq|ψ̂(0)〉 ' 〈ψ(0)|Peq|ψ(0)〉 = 0 . (3.58)

Then also |ψ̂(0)〉 is out of equilibrium. Then, by the stationarity of |ψ̂(0)〉,
i.e., |ψ(t)〉 ' |ψ̂(0)〉, we have

〈ψ(t)|Peq|ψ(t)〉 ' 〈ψ̂(0)|Peq|ψ̂(0)〉 for all t (3.59)

whence, since |ψ(t)〉 the system has to stay near |ψ̂(0)〉, we have

〈ψ(t)|Peq|ψ(t)〉 ' 0 for all t . (3.60)

The foregoing provides a very simple example of �bad� couplings, but accord-

ing to Lemma 3.3.1, the �bad� Hamiltonians, i.e. those with �bad� couplings,

form a negligible set of all Hamiltonians (those characterized �good� cou-

plings).
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3.6 Comparing di�erent approaches to Conver-

gence to Equilibrium

To complete the framework it is interesting to see and compare the di�er-

ent approaches on the study of the convergence to equilibrium of macroscopic

quantum system.

3.6.1 An historical overview

Our work follows the line traced by von Neumann in his article about

the quantum H-Theorem [27] and continued by Bocchieri and Loinger [3, 4].

Their approach was based on studying the properties of macroscopic quantum

system by averaging with respect to the Haar measure on the Unitary group

U(D), since this group is isomorphic to the space of all the orthonormal basis

on H , as we shall explain next.

They noticed that given the �xed orthonormal basis {|m1〉, . . . , |mD〉} of
eigenstates of macrostates M̂i, which is also a basis for

H =
⊕
ν

Hν ,

the probability to �nd a given state |ψ〉 in macrostate Hν is

〈〈ψ|Pν |ψ〉〉U =

∫
U(D)

dU
dν∑
α=1

〈ψ|U |mα〉〈mα|U−1|ψ〉 , (3.61)

where Pν is the projection on Hν and the summation is intended over all

|mα〉 such that 〈mα|Pν |mα〉 = 1. Their aim was to calculate the long time

relative time frequency to be in the macrostate Hν , i.e.

〈ψ(t)|Pν |ψ(t)〉 =
1

T

∫ T

0

dt〈ψ(t)|Pν |ψ(t)〉 =
D∑
α=1

|Aα|2〈Eα|Pν |Eα〉 . (3.62)

To this end they used the formula (3.61) and other considerations that we

shall now explain.

Von Neumann's observed that any �macro-

scopic basis� {U |m1〉, . . . , U |mD〉}, where U ∈ U(D), can be associated to a
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so called �macroscopic observer� [27]. Indeed, by considering the right hand

side of equation (3.62), von Neumann demanded a �regularity� condition on

〈Eα|Peq|Eα〉, analogously to what we did (see equation (3.10) and below).

However, instead of a condition on the Hamiltonian, and in particular on the

stationary states, he assumed that the basis {|mα〉} is typical.
Under this condition together with the hypothesis of no-degeneracy and

no-resonances of the Hamiltonian H, von Neumann showed that for any H,

for any initial state |ψ(0)〉, for most of macroscopic basis {|mα〉}, for all Hν

and for most instants of time:

〈ψ(t)|Pν |ψ(t)〉 ≈ dν
D
. (3.63)

Where �most macroscopic basis {|mα〉}� is equivalent to �most linear decom-

positions (Hν)�.

It is convenient to introduce the symbol
∨
| to denote �for most of� , in

terms of which von Neumann's result can be expressed as

∀H ∀ψ0

∨
| (Hν) ∀ν

∨
| t : 〈ψ(t)|Pν |ψ(t)〉 ≈ dν

D
(3.64)

The use of the term �for most of� in combination with the almost equality

symbol ≈ in (3.64) requires a bit of explanation: let p(x, y, ε) be a proposition,

then the statement

∀x
∨
| y : p(x, y, ε)

means

∀ε > 0 ∀δ > 0 ∃D0 such that ∀D > D0 ∀x ∈ SD : µD{y : p(x, y, ε)} > 1−δ

where the domain SD and the measure µD can possibly depend by D.

For the case of (3.64) we have
∨
| t with respect to the uniform measure

on [0,∞); ∀ν in the set of all the subspaces Hν ;
∨
| (Hν) with respect to the

Haar measure on U(D); ∀ψo in the whole Hilbert space H and ∀H in the

set of all non-degenerate and non-resonant Hamiltonians. Finally

p(H,ψ0, (Hν), ν, t, ε) := |〈ψ(t)|Pν |ψ(t)〉 − dν
D
| < ε

Bocchieri and Loinger in [3] obtained the result

∀H ∀ψ0 ∀t
∨
| (Hν) ∀ν : 〈ψ(t)|Pν |ψ(t)〉 ≈ dν

D
(3.65)
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which implies (3.64). In addition, they criticized the notion of macroscopic

observer intorduced by von Neumann. Bocchieri and Loinger argued that

the physical relevant result should be based on a �typical� initial state and

not on a �typical� macroscopic observer. In accordance with this, they put

conditions on the |Aα|2 in equation (3.62) and obtained also the following

result:

∀H ∀(Hν)
∨
| ψ0

∨
| t ∀ν : 〈ψ(t)|Pν |ψ(t)〉 ≈ dν

D
(3.66)

Where
∨
| ψ0 is with respect to the Haar Measure on U(D).

A result related to (3.66), but obtained with a completely di�erent ap-

proach has been recently presented by Reimann in [23]. Instead of working

with unitary matrices Reimann focused his attention on the time evolution

of the expectation values:

Tr{ρ(t)A} (3.67)

where ρ(t) is the density matrix of the system at time t and A is a generic

operator. Making the very reasonable assumptions that the quantity

R :=
[∑

ρ2
nn(0)

]1/3
≤
[
max
n

ρ2
nn

]1/3
(3.68)

is negligibly small and that the observable A has a ��nite range�, i.e.

∆A := max
H+

〈ψ|A|ψ〉 −min
H+

〈ψ|A|ψ〉 = amax − amin (3.69)

where

H+ := span{|En〉|ρnn > 0} , (3.70)

he showed that

Prob(|Tr{ρ(t)A} − Tr{ρeqA}| ≥ R) (3.71)

where the equilibrium density matrix is the mixed state

ρeq :=
∑

ρnn(0)|En〉〈En| (3.72)

This result is related to (3.66). In fact the assumption (3.68) is valid �for

most of ψ0�, which means, looking a the right hand side of equation (3.62),

that (3.68) is a condition on the factors |Aα|2.
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3.6.2 Summary of our results

By using the notation previously introduced, our Lemma 3.3.1,

Lemma3.4.1 and Theorem 3.4.2 can be stated as follows.

Lemma 3.3.1.

∀(Hν)
∨
| H ∀α : 〈Eα|Pν |Eα〉 ≈ dν

D

Lemma 3.4.1

∀(Hν) ∀|ψ(0)〉 ∀ν ∈ SD
∨
| H : limT→∞

1
T

∫ T
0
〈ψ(t)|Pν |ψ(t)〉dt ≈ dν

D

(3.73)

where SD := {ν | dν > C/ε2 log(2kD/δ)}

Theorem 3.4.2

∀(Hν) ∀|ψ(0)〉 ∀ν ∈ SD
∨
| H

∨
| t : 〈ψ(t)|Peq|ψ(t)〉 ≈ deq

D
(3.74)

where SD := {ν | dν > C/ε2 log(2kD/δ)}

Our �nal goal is to establish the result

∀(Hν) ∀ψ0

∨
| H

∨
| t ∀ν : 〈ψ(t)|Pν |ψ(t)〉 ≈ dν

D
. (3.75)

where SD := {ν | dν > C/ε2 log(2kD/δ)}

However in this chapter we have shown (3.75) for the particular case of

ν = eq. This result implies the approach to equilibrium for any initial state

and for a �typical� Hamiltonian.



Chapter 4

Conclusions

In Chapter 1 it is provided an alternative, elementary proof of a theorem

�rst established by Petz and Ré�y in [19], concerning the joint distribution

of the upper left k× k entries of a random unitary n× n matrix in the limit

n → ∞. This proof it will be useful in Chapter 2 and furthermore it will

show a �typical� behavior for unitary matrices.

In Chapter 2 is given a sketch for the rigorous mathematical foundation

of the discussion of GAP measures in [11], in particular for justifying that the

thermal equilibrium distributions of wave functions are GAP measures. The

main result is a consequence of Theorem 2.4.1, according to which a system

weakly coupled to a heat bath has (asymptotically) GAP (ρβ)-distributed

conditional wave function, with ρβ = (1/Z) exp(−βH), if the wave function

of the composite is typical relative to the microcanonical distribution.

The key property that remain to be proven is an extended version of

Theorems 2.3.1, which states a similar result but not for �xed ρ1 = Tr2|ψ〉〈ψ|.
At the moment the most promising way to reach this goal is to extend the

convergence inside Theorems 2.3.1 from pointwise to uniform.

It is also studied the rigorous existence, uniqueness, and continuity of

GAP (ρ), also on in�nite-dimensional spaces.

Finally in Chapter 3 it is studied the problem of the approach to equilib-

rium for macroscopic quantum systems. Starting from a particular case it is

shown that it is possibile to �nd a formulation valid for a generic quantum

system. The result proven here states that, under suitable conditions, and for
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a �typical� Hamiltonian, a quantum system reaches equilibrium regardless of

the initial state.
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