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Abstract The adaptive resistivity method is a special algo-
rithm that allows approaching the Bean critical state by an
iterative adjustment of the material’s resistivity and can be
quite easily implemented in commercially available finite-
element codes. Its main advantage is that the critical-state
model does not depend on time (or frequency of the applied
loads) so that the critical-state description is uniquely deter-
mined by the field profiles at the peak value of the applied
loads. We proved its validity in the simulation of complex
superconducting systems comparing its results either with
analytical descriptions, where they exist, or the well-known
edge-element model based on direct magnetic field formu-
lation.

Keywords Critical state · Ac losses · Finite element ·
ANSYS

1 Introduction

The magnetic flux penetration is a necessary basic knowl-
edge for determining the electromagnetic features of type-II
superconducting materials. Once established that the mag-
netic field is shielded by the superconductors through the
generation of bulk currents with density JC(B) [1–3], the
problem moves to the solution of the Maxwell equations
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with the Ampère-Maxwell law modified according the ex-
pression �∇ × �B = μ0 �JC(B). Even if the problem could be
simplified by removing the magnetic field dependence of the
critical current density [1], a relatively simple solutions can
be found only for some regular shapes, e.g. slab, cylinder,
sphere, or infinitely thin tape or regular tape arrays (see for
example [4, 5]).

In facts the modern high temperature superconductors
such as multi-filamentary tapes, possibly involving the pres-
ence of ferromagnetic materials, or multi-tape conductors,
constitute a hard, if not impossible, task for analytical solu-
tions due to the irregular shape and distribution of the tapes
and to the magnetic properties of the materials.

One way around this problem is passing through the use
of numerical methods, possibly based on finite-element ap-
proaches. There are several different ways to attack the prob-
lem, among them: (a) a modified eddy current approach,
consisting in solving the electromagnetic problem through
the introduction of an electrical resistivity of the supercon-
ducting material depending on the current according to a
power law [6–8], (b) a critical-state formulation using the
vector potential of the magnetic field for forcing the local
current to be null or having the value JC [9], (c) an itera-
tive method adapting progressively the resistivity in a way
that the maximum current density is JC [10, 11]. These ap-
proaches are all generally valid but the solution of a prob-
lem could involve a considerable computation time. Some
of the authors have developed the third method, based on
an adaptive resistivity algorithm. This method has demon-
strated to be very effective in describing the critical state of
complex systems when an external magnetic field or a cur-
rent is monotonically increased. In this paper a further step
in the method development is done, showing how it works
with complete field or current cycles and with presence of
ferromagnetic materials.
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2 The Adaptive Resistivity Algorithm

The adaptive resistivity algorithm has been presented and
widely described in [10, 11]. It is based on the Bean critical-
state model, simulating a superconducting material through
its critical current density, JC , which is a constant upper
limit to the current density that can flow in the supercon-
ductor itself. It can be demonstrated [12, 13] that this cor-
responds to a flux penetration from the superconductor’s
edges, such that the magnetic field is null where the cur-
rent density is less than JC , and it can assume values dif-
ferent from zero only when | �J | = JC . The main advantage
of the Bean critical-state model is that it does not depend
on time (or frequency of the applied load) and its results
are uniquely determined by the field and current profiles at
the peak value of the applied load (either current or exter-
nal magnetic field). The model can be summarized in the
following way:{ | �B| = 0

ρ = ρ0
if | �J | < JC,

{ | �B| > 0
ρ > ρ0

if | �J | = JC (1)

where ρ0 is the resistivity of the fully superconducting state.
Equation (1) corresponds to the well-known power law ρ =
ρ0(J/JC)n with n → ∞.

With the aim of solving the Bean critical model through a
finite-element analysis, it is possible to iteratively converge
on the correct spatial distribution of the resistivity by follow-
ing a very simple algorithm. First, the transient electromag-
netic problem is solved for a constant resistivity ρ0 equal in
all i = 1, . . . ,M regions in which the wire cross section is
divided. Next, the resistivity of each i-element is iteratively
changed according to

ρk+1
i = max

{
ρk

i

|J k
i |

JC

,ρ0

}
(2)

until:

|ρk+1
i − ρk

i |
ρk

i

< ε (3)

where k is the cycle index, ε the convergence parameter and
ρ0 the minimum value of the resistivity. This procedure cor-
responds to finding a resistivity distribution among elements
that makes the current density to be everywhere less or equal
to the critical current density, as prescribed by the critical-
state model.

In a previous paper [10] we assessed the applicability of
the adaptive resistivity method by comparing its results with
specific cases, for which there exist analytical solutions. In
particular, we focused on the isolated thin strip in either
transport current or perpendicular field, concentrating on the
information acquired when the load is applied to the “virgin
state”, i.e. where I or H are increased from zero. Simulat-
ing the thin strip using the finite-element code ANSYS [14],
we compared the adaptive resistivity method results with the

Brandt theory [15] in terms of field and current density pro-
files and ac losses, proving that the proposed algorithm fol-
lows the Bean critical-state model. Moreover, we were able
to simulate with good accuracy the magnetization loss of
a Bi-2223/Ag wire with a complex filament structure after
heavy deformation processing [16–20] by using the critical
current density JC as a fitting parameter.

Since the adaptive resistivity algorithm does not descend
from any physical equation or theory, if we want to con-
clusively assess its validity we still need to check its ability
to describe the full hysteretic cycle, not only the monotonic
increase of the load from the “virgin state”, then to simu-
late a superconductor both carrying a transport current and
exposed to a perpendicular magnetic field and finally to de-
scribe more complex systems, possibly including ferromag-
netic structures. The results coming from the adaptive re-
sistivity algorithm will be compared with either analytical
descriptions, where they exist, or the well-known and as-
sessed edge-element model based on direct magnetic field
formulation [6–8].

To this aim, in this paper we will analyze the following
examples:

– thin strip with transport current and exposed to transverse
magnetic field, compared to the analytical solution by
Brandt [15];

– thin strip on ferromagnetic substrate, compared to the an-
alytical solution by Mawatary for an ideal soft magnetic
substrate (μr → ∞) [21];

– z-stack of thin strips compared to the analytical solution
of an equivalent isolated thin strip [22];

– strip with C-shaped nonlinear ferromagnetic shielding
compared to the numerical solutions from the equivalent
edge-element model based on direct magnetic field for-
mulation.

3 Thin Strip with Transport Current Exposed to a
Transverse Magnetic Field

Let us consider a thin strip, 2a in width and d in thickness
(d � a), having JC (A m−2) as critical current density, car-
rying a transport current Ia in a perpendicular magnetic field
Ha , both of them fully cycled at the same frequency and
with the same phase. It can be demonstrated [15] that the
field and current profiles when both Ia and Ha are increased
from zero simultaneously are given by

J (x) = JC

[
j (x + w,a + w,b)

+ pj (−x − w,a − w,b)
]

(4)

H(x) = HC

[
h(x + w,a + w,b)

− ph(−x − w,a − w,b)
]

(5)

where
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Fig. 1 Normalized current density (a) and magnetic field (b) profiles
of a thin strip (a = 6 mm, d = 1 µm, JC = 2.5 · 1010 A/m2) with trans-
port current (Ia = 0.7 · IC = 210 A) and exposed to a perpendicular

magnetic field (Ba = BC = 0.01 T) as function of the normalized tape
width at various percentages of the cycle as calculated by the adaptive
resistivity algorithm (lines) and the Brandt thin strip theory (dots)

j (x, a, b) =

⎧⎪⎨
⎪⎩

1 b ≤ x ≤ a
1
2 − 1

π
arctan[ b2−ax√

|x2−b2|(a2−b2)
] |x| < b

0 x ≤ −b

(6)

h(x, a, b) =
{

0 |x| ≤ b

x
2|x|arctanh[

√
|x2−b2|(a2−b2)

ax−b2 ] |x| > b
(7)

with b = a
√

1 − f 2
√

1 − c2,w = af c,p = sign(f −c), f =
Ia/IC = Ia/(2adJC), c = tanh(Ba/BC) = tanh(πBa/

μ0JCd).
It is worth noting that J (x = a) = JC and J (x = −a) =

pJC , i.e. depending on the sign of (f − c) we could have
a “current-like” state, with both edges carrying JC , and a
“field-like” state, with one edge carrying JC and the other
−JC .

The full cycle can be obtained by a linear superposition
of solutions of the form (4) and (5). For instance, when both
loads are decreased from Ia and Ha to, respectively, −Ia

and −Ha , the resulting current and field profiles are given
by

J↓(x, I,B,JC)

= J (x, Ia,Ba, JC) − J (x, Ia − I,Ba − B,2JC) (8)

H↓(x, I,B,JC)

= H(x, Ia,Ba, JC) − H(x, Ia − I,Ba − B,2JC) (9)

As an example, we compare the Brandt theory with the
adaptive resistivity method for a thin strip 12 mm in width
(a = 6 mm) and 1 µm in thickness (d = 1 µm), with JC =
2.5 · 1010 A/m2. The two parameters governing the algo-
rithm are set to ρ0 = 1 · 10−16 �m and ε = 10−4. The value

of ρ0 is chosen in such a way that a further reduction would
affect no more the final result within the desired accuracy of
the convergence parameter ε. The strip is meshed with 1000
elements of the same size.

In Fig. 1 the normalized current density and magnetic
field profiles are shown as functions of the normalized tape
width when the transport current and the applied field are
cycled from zero with amplitudes Ia = 0.7 · IC = 210 A and
Ba = BC = 0.01 T. The agreement with the Brandt theory is
excellent, which confirms the validity of the proposed algo-
rithm to simulate mixed loading conditions.

The ac losses in a thin strip exposed to ac transport cur-
rent and magnetic field have been analytically calculated by
Schönborg in [23]. Since our numerical data did not agree
with his analytical expression, we performed again the inte-
gration for the ac losses:

P = 4d

∫ a

−a

J (x)φ(x) dx,

φ(x) =

⎧⎪⎪⎨
⎪⎪⎩

μ0
∫ x

b−w
H(u)du x ≥ b − w

0

μ0
∫ −b−w

x
H(u)du

−b − w < x < b − w

x ≤ −b − w

(10)

The resulting energy per unit length per cycle dissipated in
the strip is given by

P = μ0I
2
C

4π

(
b

a

)2

(P1 − pP2)

P1 = αA arcoshα − α2 + βB arcoshβ − β2 + 2

P2 = −A(α + 2β) arcoshβ − B(2α + β) arcoshα

+ 2(α + β)2 arctanh AB
αβ+1 − 2AB

(11)
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where α = (a + w)/b, β = (a − w)/b, A = √
α2 − 1 and

B = √
β2 − 1.

As shown in [10], due to the particular characteristic of
the Bean critical-state model, the ac losses are uniquely de-
termined by the field profile at peak values of the applied
loads. This property can be extended to the adaptive resistiv-
ity method, so that if �B is the magnetic field at peak values
of the applied loads, the ac losses can be calculated as

P = 4JC

∑
all element with J=JC

(∫
�B · �nd	

)

S (12)

If, using the Norris terminology, we define the “kernel” as
a location where J �= JC and B = 0, it follows that φ(x) =∫ �B · �nd	 is the magnetic flux calculated with respect to the
kernel, where 	 is a line connecting the generic Cartesian co-
ordinates (x, y) to the kernel, �n the unit vector normal to this
line and 
S the cross-sectional area of each element. In gen-
eral, we can select any location between the two fronts of the
field penetration, −b − w and b − w, as a kernel to perform
the summation in Eq. (12). In order to choose a single loca-
tion valid for the whole range of variation of Ha and Ia , we
have to determine the position where the two fronts collapse:
it happens when Ia → IC (f → 1) or Ha → ∞ (c → 1),
i.e. when b → 0. Under these conditions, the two fronts of
penetration converge to x = −w = −af c, which is then the
kernel for the integration in (12). This location can be nu-
merically determined by running a simulation at full satura-
tion.

In Fig. 2 the ac losses per cycle per unit length of the in-
vestigated strip are shown as function of the applied mag-
netic field when the transport current is Ia = 0.7 · IC =
210 A. The maximum difference between the adaptive re-
sistivity algorithm and Eq. (11) is found to be 1.5 %. For
comparison the expression proposed by Schönborg in [23] is
also shown. The evidenced discrepancy near magnetic field
saturation (25 % at Ba = 0.1 T) can also be found in an-
other paper [25], even if it is attributed to the fact that the
current density formulas for thin strips are only valid for
monotonic penetration of current fronts, which appears only
for the low-field high-current regime.

4 Thin Strip on Ferromagnetic Substrate

The response to a perpendicular ac magnetic field of an in-
finitely thin strip (width 2a and thickness d) deposited on
an ideal soft ferromagnetic substrate (width 2a and thick-
ness dm) with μr → ∞ using the critical-state model with
constant JC has been determined by Mawatari in [21] by
introducing the complex magnetic field:

B(ζ ) = 2BC

[
arctanh

√
β0(η + a)

a(η + β0)

Fig. 2 Ac losses per cycle per unit length of a thin strip
(a = 6 mm, d = 1 µm, JC = 2.5 · 1010 A/m2) with transport current
(Ia = 0.7 · IC = 210 A) as function of the applied magnetic field as
calculated by the adaptive resistivity algorithm (dots) and the analyt-
ical expression (11) (continuous line). For comparison the expression
proposed by Schönborg in [15] is also shown (dotted line)

−
√

aβ0(η + a)(η + β0)

η(a + β0)

]
(13)

with ζ = x + iε, ε = max{d, dm} → 0, η = i
√

ζ 2 − a2 and
BC = μ0JCd/π . If Ba is the amplitude of the applied mag-
netic field, β0 is the solution of the equation:

arctanh

√
β0

a
−

√
aβ0

a + β0
= Ba

2BC

(14)

and the front of the penetration is b0 =
√

a2 − β2
0 . With

ε → 0, the field and current density profiles when the ex-
ternal field is increased from zero to Ha are given by

B(x) = Re
[
B(x + iε)

]
, J (x) = −Im

[
B(x + iε)

]
/μ0

(15)

It must be pointed out that Mawatari calculates the field pro-
files for the dc case (rather than ac) and then uses those re-
sults to compute the losses for the ac case as well. This is
possible because, as mentioned in the previous paragraphs,
the Bean critical-state model does not depend on time (or
frequency of the applied load) and its results are uniquely
determined by the field and current profiles at the peak value
of the applied magnetic field.

Introducing again a thin strip defined by a = 6 mm,
d = dm = 1 µm, JC = 2.5 · 1010 A/m2, using the adaptive
resistivity algorithm we can calculate the field and current
density profiles as function of the relative permeability of
the ferromagnetic substrate, as shown in Fig. 3. The ap-
plied field is Ba = 2BC = 0.02 T, so that the solution of
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Fig. 3 Normalized current density (a) and magnetic field (b) profiles
of a thin strip with ferromagnetic substrate (a = 6 mm, d = 1 µm,
JC = 2.5 · 1010 A/m2, dm = 1 µm) exposed to a perpendicular mag-
netic field (Ba = 2BC = 0.02 T) as function of the normalized tape

width as calculated by the Mawatari formulation (full symbols) and
the adaptive resistivity algorithm for different values of the substrate
relative permeability (lines)

Fig. 4 Ac losses per cycle per unit length of a thin strip with ferro-
magnetic substrate (a = 6 mm, d = dm = 1 µm, JC = 2.5 · 1010 A/m2)
as function of the applied magnetic field as calculated by the adaptive
resistivity algorithm (dots) and the analytical expression (18) (contin-
uous line). Ac losses are in the superconductor only

Eq. (14) is β0/a = 0.8185, and then the front of the pen-
etration is b0/a = 0.575. As expected, with μr → ∞, the
finite-element analysis tends to converge on the Mawatari
modelization, and for μr = 100000, we nearly get superpo-
sition. In facts, the Mawatari analytical solution is only valid

Fig. 5 Ac losses per cycle per unit length of a stack of 15 thin strips
(a = 6 mm, d = 1 µm, D = 2, 10 and 100 µm, JC = 2.5 · 1010 A/m2)
as function of the normalized applied transport current as calculated by
the adaptive resistivity algorithm (lines) and the analytical expression
(11) for the equivalent strip (dots)

in the μr → ∞ limit, no analytical solutions are available
for a finite relative permeability.

The dissipated energy per cycle per unit length in the su-
perconductor can be calculated introducing the ac suscepti-
bility χ = χ ′ + iχ [24]:
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Fig. 6 (a) Normalized integral
current density distribution at
Ia = 0.7 · IC = 210 A as
function of the normalized tape
width of a stack of 15 thin strips
(a = 6 mm, d = 1 µm, D = 2,
10 and 100 µm,
JC = 2.5 · 1010 A/m2) as
calculated by the adaptive
resistivity algorithm (lines) and
the analytical expression for an
equivalent strip (dots);
(b) current density map in 1/4
symmetry of the D = 10 µm
configuration (z-axis is 30 times
stretched)

P = π
B2

a

μ0
χ ′′ (16)

where from [21]

χ ′′ = 4a2 BC

B0

∫ β0/a

0

√
t(3 + t)

(1 + t)2

×
[

1 − 4
BC

B0

(
arctanh

√
t −

√
t

1 + t

)]
dt (17)

Equation (17) can be integrated, so that, if t0 = β0/a:

P = 4πa2 BCB0

μ0

[
2t

3/2
0

1 + t0
+ 4

BC

B0

(
arctanh t0 − t0

(1 + t0)2

− 2t0
√

t0 arctanh
√

t0

1 + t0

)]
(18)

Figure 4 shows the ac losses per cycle per unit length
of the proposed thin strip with ferromagnetic substrate as
function of the applied magnetic field as calculated by the
adaptive resistivity algorithm with μr = 100000 and the an-
alytical expression (18). The agreement is very good, evi-
dencing that the ac losses are still uniquely determined by

the field profile along the strip at peak values of the applied
loads, so that they can be calculated using (12), where �B is
the field profile at the peak value of the applied field. The
maximum difference between the adaptive resistivity algo-
rithm and Eq. (18) is found to be 5 %. This difference, larger
than in the previous case the mesh being equal, is partly due
to the fact that the finite-element model with μr = 100000
is not an exact description of an infinitely thin strip deposed
on an ideal soft ferromagnetic substrate (see also Fig. 3).

5 Z-stack of thin strips

This configuration, consisting in several thin strips stacked
along the axis perpendicular to the strip wide face, is par-
ticularly interesting because it can be interpreted as the 2D

cross section of a racetrack or pancake winding in the case
their parallel legs are enough distant one to each other to
ignore the corresponding electromagnetic interactions. If D

is the stacking interval and Ia the total current in the wind-
ing, it has been shown [22] that, in the limit of small D/a
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Fig. 7 Sketch of the
ferromagnetic shielding:
d1 = 3.076 mm, d2 = 1 µm,
t1 = 75 µm, t2 = 3 µm,
t3 = 52 µm

ratios, ac losses in a thin stack of N thin strips are close to
the losses in an equivalent isolated thin strip having NJC

as critical current density and carrying the transport current
NIa . The z-stack arrangement can be modeled and solved
through the adaptive resistivity algorithm: each strip of the
stack is allowed a different resistivity distribution and is de-
coupled from all the other strips in such a way that each turn
carries exactly the applied current Ia .

As an example, let us consider 15 thin strips (a = 6 mm,
d = 1 µm, JC = 2.5 ·1010 A/m2) stacked with different spac-
ings D = 2, 10 and 100 µm. Figure 5 shows the resulting
ac losses per cycle per unit length as a function of the ap-
plied transport current as calculated by the adaptive resistiv-
ity algorithm compared to the equivalent isolated thin strip.
As expected, the ac losses of the stack tend to converge on
the losses of the equivalent strip as the stacking interval de-
creases, confirming the validity of the adaptive resistivity
algorithm to describe multiple conductor arrangements. In
order to assess that the current density penetration is also
matched, Fig. 6 shows a comparison of the current density
distribution at Ia = 0.7 · IC = 210 A of the equivalent strip
with the integral current density calculated through the adap-
tive resistivity algorithm, together with a map of the current
density distribution of the D = 10 µm configuration. The
integral current density is defined as JΣ(x) = ∑N

i=1 Ji(x),
where Ji(x) is the current density distribution of the i-
strip.

6 Nonlinear ferromagnetic shielding

The crucial test of the present work consists of the descrip-
tion through the adaptive resistivity method of a thin strip
with a C-shaped ferromagnetic shielding enclosing its lat-
eral edges as shown in Fig. 7. As shown in [26], this config-
uration is potentially interesting for ac loss reduction. The
ferromagnetic material is supposed to be nonlinear, with its
permeability described as

μ(H) = 48.770 e−1.849·10−4·H 8.267·10−1

+ 69.969 e−4.214·10−5·H 1.186 + 1 (19)

Equation (19) fits measured data from [27]. The strip (a =
6 mm, d = 1 µm, JC = 2.5 ·1010 A/m2) is supposed to carry

Fig. 8 Normalized current density (a) and magnetic field (b) pro-
files of a thin strip (a = 6 mm, d = 1 µm, JC = 2.5 · 1010 A/m2)
with C-shaped ferromagnetic shielding with transport current
(Ia = 0.7 · IC = 210 A) and exposed to a perpendicular magnetic field
(Ba = BC = 0.01 T) as function of the normalized tape width at var-
ious percentages of the cycle as calculated by adaptive resistivity al-
gorithm (lines) and the edge-element model based on direct magnetic
field formulation (dots). Ac losses are in the superconductor only

a transport current Ia = 0.7IC in an applied field Ba = BC =
0.01 T, both cycled at the same frequency.

Despite the complexity of this highly nonlinear arrange-
ment, Fig. 8 shows a rather good agreement between the
two numerical finite-element approaches. This allows the
conclusion that the adaptive resistivity algorithm is quali-
fied to describe the Bean critical state of complex systems,
in presence of contemporary transport current and perpen-
dicular field, even if nonlinear ferromagnetic structures are
present.
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7 Conclusions

We have proved that the proposed adaptive resistivity
method, based on the commercial finite-element code AN-
SYS, is qualified to describe the Bean critical state of com-
plex systems, in presence of contemporary transport cur-
rent and perpendicular field, even if nonlinear ferromag-
netic structures are present. Its results have been success-
fully compared to the analytical expression for the isolated
thin strip, with or without soft ferromagnetic substrate, and
the edge-element solutions based on direct magnetic field
formulation, crucial when no analytical expressions were
available.
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Technol. 22, 034017 (2009)

10. Farinon, S., Fabbricatore, P., Gomory, F.: Supercond. Sci. Technol.
23, 115004 (2010)

11. Gu, C., Han, Z.: IEEE Trans. Appl. Supercond. 15(2), 2859
(2005)

12. Bean, C.P.: J. Appl. Phys. 41, 2482 (1970)
13. Norris, W.T.: J. Phys. D 3, 489 (1970)
14. ANSYS Multiphysics, Release 11, ANSYS Inc.
15. Brandt, E.H., Indebom, M.: Phys. Rev. B 48(17), 893 (1993)
16. Fabbricatore, P., Farinon, S., Innocenti, S.: Phys. Rev. B 61(9),

6413 (2000)
17. Fabbricatore, P., Farinon, S., Gömöry, F., Innocenti, S.: Super-

cond. Sci. Technol. 13(9), 1327 (2000)
18. Fabbricatore, P., Farinon, S., Gömöry, F., Seiler, E.: IEEE Trans.

Appl. Supercond. 11(1), 2776 (2001)
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