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Modeling Experimental Magnetization Cycles
of Thin Superconducting Strips by

Finite-Element Simulations
G. Iannone, S. Farinon, G. De Marzi, P. Fabbricatore, and U. Gambardella

Abstract—To broaden the use of an adaptive resistive algorithm
(ARA), we present a 3-D model able to reproduce the experimental
magnetic moment loop for a finite-size superconducting strip in
a perpendicular field. We also develop the same model by using
H-formulation, to strengthen the ARA results. We find that 2-D
models computed with the two different approaches, i.e., ARA and
H-formulation, provide similar results, and both well compare
to approximate analytical solutions. Then, we verify that the
computed magnetic moment loop by using either 3-D numerical
approaches reproduces the experimental curve, i.e., the magnetic
loops of a commercial YBCO-coated conductor sample measured
at 5 K. Instead, the 2-D numerical data need a scaling factor
to match the experimental ones. The 3-D computations provide
support to the hypotheses on the current surface profile that has
been used to find the scaling factor.

Index Terms—Critical state, finite-element analysis, hysteresis
losses, magnetization loop.

I. INTRODUCTION

IN THE LAST FEW years, the use of finite-element methods
(FEMs) became gradually more extended, thus allowing to

address complex problems, such as the current distribution and
the magnetic field inside the superconductors in a variety of
geometries, and great attention has been also given to the study
of high-temperature superconducting coils [1]–[6]. In order to
optimize the design of a superconducting device, a key role is
played by the precise computation of the current density and
the magnetic field distribution inside the conductors induced
by the magnetic fields or resulting from transport currents. In
addition, to predict the performance of superconducting devices
and achieve a reliable use of them, it is very important to give
an accurate estimate of the energy losses induced by the irre-
versible motion of the magnetic flux within the superconductor.

In the past years, in order to compute the current density and
magnetic field profiles within a superconducting sample, the
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Bean critical state model (CSM) [7], [8] has been widely used.
Within this framework, the computation by means of analytical
expressions is usually limited to either simple geometries or
reduced descriptions of the material’s properties. For general
shapes, analytical expressions became more complicated to
solve; hence, numerical methods are often preferred, such as
the ones based on variational principles [6], [9], [10], the
integrodifferential numerical method [11], and the FEM.

In numerical models, a FEM is used in order to solve
the Maxwell equations in two dimensions, (2-D), or three
dimensions, (3-D). Three major numerical approaches, featur-
ing different equations, have been developed so far: the A–V
formulation, based on the magnetic vector potential [12]; the
T–Ω formulation, based on the current vector potential [13];
and the H-formulation, based on the magnetic field [14], [15].
To solve the electromagnetic problems, the relation between
electric field, i.e., E, and the current density, i.e., J , is also
required. For a superconducting material, a nonlinear E–J
characteristic can be adopted, which takes into account the
behavior of a superconducting material near its critical current
value. Alternative algorithms were also developed, such as
the adaptive resistive algorithm (ARA) [16]–[20] to model
2-D superconducting strips, which provided good results with
respect to the analytical approximate solutions.

In this paper, we extend the ARA approach in order to
model an actual 3-D isotropic finite-size superconducting strip
placed in an applied magnetic field perpendicular to its surface
and compare a computed 2-D and 3-D magnetic moment loop
with the experimental one, measured in a finite-size YBCO
superconducting sample at 5 K. Furthermore, we implement,
for the same model, also the H-formulation by using COM-
SOL, whereas for the ARA approach, we use ANSYS. We
first introduce H-formulation in Section II used to make the
same comparisons between H-formulation and the analytical
approximate solutions, used as a benchmark. In Section III, we
compare the results of an H-formulation 2-D model in terms
of magnetic field and current density profiles, hysteresis loop,
and losses, with analytic solutions [21]–[23]. In Section IV,
we compare the magnetization cycle numerically computed
for a finite rectangular strip of superconducting material (both
2-D and 3-D models) to the actual measured magnetization
loop of a commercial YBCO-coated conductor tape placed in
a magnetic field perpendicular to its surface. In Section V, we
conclude that both the ARA approach and the H-formulation
method can reproduce all the features experimentally observed
in a real thin-film configuration in 3-D numerical computation.
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Moreover, 2-D models, which save computation time, provide
similar good results when suitably scaled to account for the
finite size of the real sample.

II. NUMERICAL FORMULATIONS

The H-formulation meets a high level of popularity, with
both 2-D and 3-D models being developed so far [24]–[27].
Among the main advantages of the H-formulation one can
cite is its excellent ability to converge, combined with ease of
imposition of the boundary conditions.

In H-formulation, both the Ampere law ∇∧H = J and
the Faraday law ∇∧ E = −μ0(∂(μr(H))/∂t) are solved in
terms of the three components of the magnetic field vector
H = [Hx, Hy, Hz]

T . Since in the following no ferromagnetic
materials are present, we assume μr = 1; hence, Faraday law
reduces to ∇∧ E = −μ0(∂H/∂t).

The current density as J = [Jx, Jy, Jz]
T and the electrical

field vectors E = [Ex, Ey, Ez]T are related by an exponential
E–J characteristic, i.e.,

E = E0

(
J

Jc(B)

)n

(1)

where n is a feature related to the broadening of the E–J
curve (n-index), E0 is the electrical field criterion used in
determining Jc (usually in the range 10−4 ÷ 10−5 Vm−1), and
Jc(B) represents the magnetic field dependence of the critical
current density. In CSMs, Jc(B) can be kept constant (Bean [7],
[8]) or can be analytically defined (Fixed Pinning [28], Square
Root [29], Kim [30], Exponential models [31]). Strictly speak-
ing, the CSM assumption implies that n = ∞, but as a matter
of fact, such a condition can be already achieved when n>500
(i.e., the E–J curve assumes a very steep profile) [32].

In this paper, CSM is first used to compare the numerical
model to the approximate analytical models by adopting a
pure Bean model (Jc does not depend on the applied field,
i.e., Jc(B) = Jc0). Then, in order to make a comparison with
experimental magnetization loops, in the calculations, we use
the experimental Jc(B) inferred from the hysteresis cycle loops
where the sample is not biased, neglecting the self-field contri-
bution.

Substituting Ampere law and (1) into Faraday law, we ob-
tain a set of three partial differential equations for magnetic
field H, i.e.,

μ0
∂H

∂t
+∇∧ (ρ∇∧H) = 0 (2)

where

� =
E0

Jc

(
J

Jc

)n−1

. (3)

Equation (2) is solved by applying a time-dependent uniform
magnetic field in the z-direction (i.e., along the thickness direc-
tion). Dirichlet boundary conditions are imposed on a boundary
area ten times larger than the largest sample dimension: Hx =
Hy = 0, Hz = H0 sin(ωt). The applied field is varied at the
frequency of 1 Hz.

In the ARA approach, the solution is reached through an it-
erative adjustment of material resistivity [16]. In this approach,

the superconductor can be subdivided into many elements
with a starting value for the resistivity, i.e., ρ0, which is then
iteratively changed according to

ρk+1
l = max

{
ρki

|Jk
i |
Jc

, ρ0

}
, until

|ρk+1
i − ρki
ρki

< ε (4)

where i is the element label, k is the cycle index, ε is the
convergence parameter, and ρ0 is the minimum value of the
resistivity. The iterative solution corresponds to the resistivity
distribution among the elements that satisfy J ≤ Jc everywhere
in the superconductor, as prescribed by the CSM.

ARA calculations are carried out with a Dell Precision T5600
with a two-core Intel Xeon processor E52609 and 64-GB RAM
and H-formulation calculation with a Lenovo ThinkStation
dual six-core Intel Xeon E52630 (2.3 GHz) with 64-GB RAM.

III. INFINITE THIN STRIP WITH 2-D SIMULATIONS

As we are dealing with a rectangular strip of superconducting
film, we first set 2-D simulations as they offer a fast response
compared with the 3-D ones. In fact, even if the 2-D model
just considers only an infinite length of the conductors, we can
compare it with the results of analytical models, and then, the
infinite length may be scaled out for taking into account the
finite-size sample. The critical state of a thin superconducting
strip having width 2a, thickness d � a, and infinite length
along the y-direction has been previously analyzed with a 2-D
ARA approach [16]. Here, we perform the same computation
using H-formulation in 2-D, considering the same thin strip
with a constant critical current density Jc exposed to a magnetic
flux density Ba(t) = B0 sin(ωt) perpendicular to its width,
i.e., along the z-direction, as sketched in Fig. 1. We remind
that both the current density and magnetic field profiles inside
the infinite-length strip have been analytically computed as
[21]–[23]

J(x) =

{ xJc
|x| , b < |x| < a

2Jc

π atan
[

cx√
b2−x2

]
, |x| < b

(5a)

B(x) =

{
Bc atanh

[√
x2−b2

c|x|

]
, b < |x| < a

0, |x| < b
(5b)

where the following relations hold:

Bc =μ0Jcd/π

b = a/ cosh

(
Ba

Bc

)

c = tanh

(
Ba

Bc

)
. (6)

Here, Bc is the critical field, whereas b and c are model
parameters. Similar to that in [16], we compare the analytical
solutions to the results of H-formulation. We study the
same model case of a thin strip with a = 200 μm along the
x-direction, d = 2 μm along the z-direction (aspect ratio α =
d/a = 0.01), Jc = 107 A/m2, so that Ic = 2ad Jc = 8 mA.

A comparison of the magnetic field profiles and current
density inside the strip, as calculated by the FEM analysis
and by the corresponding analytical expressions by Brandt and
Indebom [21], is shown in Fig. 2(a) and (b), respectively. In
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Fig. 1. Infinite-length thin strip along the y-direction. The x origin is in the
middle of the strip, and the external magnetic field H is perpendicular to the
wide surface.

Fig. 2. (a) Magnetic field profile and (b) current density of a thin strip
(a = 200 μm, d = 2 μm, Jc = 107 A/m2) in a perpendicular magnetic field
computed by H-formulation, for various values of the ratio Ba/Bc. Moreover,
the analytical solutions, according by Brandt and Indebom [21], are reported.

Fig. 2(a), the magnetic field profile computed inside the sample
decreases following the atanh(x) shape, as expected for this
aspect ratio, and in Fig. 2(b), the current profiles also reproduce
the atanh(x) shape, inverting its direction at the center of the
sample. In Fig. 3, the 2-D current distribution across the strip
section (one fourth of the geometry) is reported by using a
different number of mesh elements across the strip thickness.

Thus, a good agreement is found with the analytical solution,
as it occurred when using the ARA approach on the same
model.

Fig. 3. Critical current distribution in one fourth of the geometry computed at
Ba = 8 μTG. The number of horizontal elements is 200. From top to bottom,
the number of elements across the thickness is increased: 1, 2, 4, 8, 100. The
y-scale is magnified by 10.

To further analyze the H-formulation capabilities, we also
consider the same geometry, carrying a transport current in zero
applied magnetic field Ia = Ia(t) varying from 0 to Ic. More-
over, this situation has been analytically solved by Brandt and
Indebom [21] and Norris [33], and the solution for the current
density and field profiles inside the strip when increasing the
current from 0 to Ia is the following:

J(x) =

{
Jc, b < |x| < a
2Jc

π atan
[√

a2−b2√
b2−x2

]
, |x| < b

(7a)

B(x) =

{
xBC

|x| atanh
[√

x2−b2√
a2−b2

]
, b < |x| < a

0, |x| < b
(7b)

where

Bc =μ0Jcd/π

Ia =2Jcd
√

a2 − b2

b = a

√
1− I2a

I2max

. (8)

In this occurrence, the Dirichelet boundary condition on the
circular external domain for the H-formulation are the field
values Hx and Hz , which, according to Ampere’s law, induce
the required current on the strip. In Fig. 4(a), the magnetic field
profile computed inside the sample goes to zero toward the
center of the strip according to the atanh(x) behavior, while
having opposed directions at the sides. Fig. 4(a) and (b) shows
a good agreement with the analytical solution, as it occurred
when using the ARA approach [16]. Thus, we can conclude
that both FEMs provide the same results.

The FEM simulations also allow to evaluate the hysteresis
losses per cycle, for example, by integrating the instanta-
neous power

∫
V

	E · 	JdV over one period or by calculating the
integral Q =

∮
m(B) dB, provided that the magnetic moment

m(B) is known. In general, for a conductor, m(B) is induced
by the presence of an external applied magnetic field and may
be evaluated by the following volume integration [34]:

	m = −1

2

∫
V

	r × 	J dV. (9)

For a thin superconducting strip, the currents can only
flow onto the x–y plane and J(x, y) = [Jx, Jy]

T being the
y-direction of the infinite length. In this case, it is easy to
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Fig. 4. (a) Magnetic field profile and (b) current density of a thin strip (a =
200 μm, d = 2 μm, Jc = 107 A/m2) under a transport current Ia, computed
by H-formulation, for various values of the ratio Ia/Ic. Black smaller points
represent the analytical solution reported in [21].

prove that the magnetic moment has only one component along
the z-direction: mz = −(1/2)

∫∫∫
(xJy − yJx) dx dy dz.

We have verified that the magnetic moment, being integrated
across the strip thickness, is not really affected by the number
of mesh elements along the thickness. Thus, in the following
simulation, we used one element along the thickness to save
computation time.

In the limit of infinite y length, both terms in the integral
give the same contribution to mz [35], [36], since the condition
∇ · J = 0 must be fulfilled. Therefore, in the limit of an infinite
long thin strip, the magnetic moment per unit length can be
written as

mz = −
∫∫

xJy dx dz. (10)

The analytical solution for the virgin magnetic moment, per
unit length, in a perpendicular field is [37]

m(Ba) = Jcda
2 tanh

(
Baπ

Jcd

)
(11)

whereas the magnetic moments in ramp-up and ramp-down (m↑
and m↓) are

m↓(Ba, B0) =m(Ba)− 2m

(
Ba −B0

2

)

m↑(Ba, B0) = −m(Ba)− 2m

(
Ba +B0

2

)
. (12)

Fig. 5. Hysteresis moment per unit length for an infinitely long strip as
a function of the applied magnetic field as calculated by H-formulation at
different n values (20, 50, and 500) and by using the analytical solution [21],
[23]. The frequency of the applied magnetic field is 1 Hz.

The initial slope m′(Ba = 0) and the saturated moment
msat, for unit length, are respectively

m′(Ba = 0) = −πa2

msat = (Ba � Bc) = −Jcda
2. (13)

In Fig. 5, we show how the m(B) curves are affected
by the n-index in the H-formulation method. The solid line
corresponds to the analytical solution, whereas solid markers
are the curves calculated with n = 20, n = 50, and n = 500,
respectively. The computed magnetization cycles attain to the
analytical curve of the Bean model as the n-index increases,
according to the fact that E−J curves became steeper and
steeper. Formally, the Bean model would require n = ∞,
but at n = 500, we observed a good agreement. Once fixed
n = 500, we computed losses Q per cycle and unit length
as a function of the maximum applied magnetic field B0,
integrating Q =

∮
m(B)dB. Instead, the ARA approach com-

putes Q =
∫
V

	E · 	J dV , as described in [16]. In Fig. 6, the
Q(Ba) points calculated using ARA and H-formulation are
shown, in the B0 range (0.5 ÷ 3.0) Bc. In the same plot, the
analytical curve Q(B0) = (μ0/π)I

2
C(2 ln(cosh(B0/Bc))−

(B0/Bc) tanh(B0/Bc)) is also reported. As shown in Fig. 6,
we found an excellent agreement between the analytical so-
lution and the numerical 2-D models, both ARA and H-
formulation.

IV. 2-D AND 3-D ANALYSES COMPARED WITH

EXPERIMENTAL DATA

One of the goal of our analyses is to extend the numerical
computation to real samples, which are finite and where the crit-
ical current density is affected by the magnetic field. Thus, we
first introduce the Jc(B) dependence in our models evaluated
from experimental data measured in thin-film superconducting
samples. We have measured an YBCO sample of rectangular
shape (dimensions: 2a = 4 mm l = 5 mm), cut from a 4-mm-
wide tape manufactured by SuNAM. In this coated conductor,
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Fig. 6. Hysteresis losses per unit length as a function of the ratio Ba/Bc as
calculated by FEM software Comsol (red closed rhombs) ANSYS (cyan open
circles) and by using the analytical solution (line) by Brandt and Indebom [21].

Fig. 7. Sketch of the simplified current path in a superconducting strip with
dimensions 2a× l under perpendicular magnetic field.

the d = 1 μm thick superconducting YBCO layer is deposited
onto a metallic nonmagnetic substrate by a novel reactive
coevaporation by deposition and reaction method [38], [39].
The magnetic moment is measured by means of an Oxford
MAGLAB Vibrating Sample Magnetometer system with a
magnetic field perpendicular to the film surface (up to 12 T
with a ramp rate varying from 0.4 to 0.2 T/min), whereas the
sample temperature is kept stable at T = 5 K. Measured curves
show a small paramagnetic contribution, which can be ascribed
to the sample holder.

In order to estimate Jc(B) from the m(B) loop, Bean’s crit-
ical state model [7], [8] is assumed for rectangular geometries
at each field value.

We consider a simplified Jc distribution as sketched in Fig. 7
(actually just one fourth of the total geometry), where the
components of J belong only to x and y in the two regions
delimited by a 90◦ turn of the currents.

This assumption is also supported by analytical computations
[11], [40]. In this case, m has just one component along the
z-direction, i.e., mz , and (9) becomes

mz =
1

2

∫
V

(xJy − yJx) dV. (14)

Fig. 8. Critical current behavior as determined by the experimental measure-
ment of the YBCO rectangular sample magnetic moment loop (inset) at 5 K in
perpendicular field.

This can be integrated in one fourth of the geometry, to get the
final relation for the full geometry, i.e.,

mz = −2d

∫∫
(xJy − yJx) dx dy. (15)

Assuming a full penetration of the magnetic field inside the
sample and using the proper integration limits, we obtain

msat = −dJc(B)a2l

(
1− 2a

3l

)
. (16)

Introducing the magnetization M as m/V for the Jc(B)
(A/m2) is

Jc(B) =
2Msat(B)

a
(
1− 2a

3l

) (17)

where 2Msat(B) (A/m) is the width of the magnetization
hysteresis loop for increasing and decreasing fields at a given
field value B, whereas 2a and l (with a < l) are the sample
dimensions and d its thickness. The same result has previously
been obtained in [41] with a different approach. It is worth
noting that (16) reduces to (13) in the limit of infinite length.
We also point out that (16) is strictly valid only if the supercon-
ductor is completely saturated by the shielding currents. In the
scientific literature, different formulas than (17) are sometimes
reported [42]–[44]. In particular, Msat is usually replaced by
ΔM , i.e., the differences of the magnetization between the
field-up and field-down branches.

Therefore, from the experimental amplitude ΔM of the
hysteresis loop measured on a finite-size superconducting strip,
the critical current density behavior as a function of applied
magnetic field can be extracted according to (17). This behavior
is shown in Fig. 8, together with the experimental magnetic
moment loop. We actually use this Jc(B) computed from the
experimental M(B) in the numerical model. As in the 2-D
simulation, the current only flows in the infinite y-direction,
the use of the Jc(B) curve leads to a higher-than-expected
magnetic moment. Thus, the computed m(B) curve has to be
scaled by the factor (1− 2a/3l), which takes into account the
finite size of the sample. Fig. 9 shows the computed m(B)
using the H-formulation in 2-D (circles) according to (10),
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Fig. 9. Comparison between the magnetic moment loop measured in a YBCO
rectangular sample (a = 2000 μm, l = 5000 μm, d = 1 μm) at T = 5 K
(solid dots) and the 2-D computations: H-formulation (red open rhombs) and
ARA (open green circles). Either numerical result has been scaled by the factor
(1− 2a/3l). The low-field regions are magnified in the upper and lower insets.

Fig. 10. Sheet current distribution computed from 3-D simulation: (a) one
fourth of the model geometry in the ARA approach and (b) full geometry in
H-formulation.

together with the analogous computation performed with the
ARA approach (squares) and superimposed to the experimental
m(B) cycle measured on the YBCO film (solid line). The
computed data follow the experimental one within 1% except
near the peak value in the virgin magnetization branch where
there is a maximum 8% discrepancy among curves. It is worth
noting that (17) is based on the CSM framework; thus, it is valid
for n approaching ∞. Although an n value for an actual YBCO
sample is depending on the temperature and applied magnetic
field and it has a value much less than the n = 500 used in the
numerical computation, we had to use the high n value to keep
the CSM approach.

In order to support the hypothesis, which leads to (17), we
also perform 3-D simulations, which are more time consuming
but can provide stronger support to our assumptions. Thus, in
this 3-D model, we just put the actual finite dimensions of the
measured sample and the Jc(B) in Fig. 8. In Fig. 10(a) and (b),
we show the surface current density distribution computed by
both the ARA approach and the H-formulation, respectively.
As expected, we observe a 90◦ turn of the surface current
density as sketched in Fig. 7, in agreement with the assumptions
that lead to (17). In addition, the models give out also the m(B)
curve, which implicitly include the features of a finite sample.

Fig. 11. Comparison between the magnetic moment measured in a YBCO
rectangular sample (a = 2000 μm, l = 5000 μm, d = 1 μm) at 5 K (solid
dots) and the 3-D computations: H-formulation (red open rhombs) and ARA
(open green circles). The low-field regions are magnified in the upper and lower
insets.

In Fig. 11, the ARA and the H-formulation computations of
the magnetic moment loop are shown, without any geometrical
correction factor, superimposed to the experimental curve as
measured before. Moreover, in this case, we have an excellent
agreement with experimental data.

V. CONCLUSION

Following previous works on the ARA algorithm [16]–[18],
in this paper, we have presented a further step of this approach
with the challenge of reproducing the experimental magnetiza-
tion hysteresis curve of a real YBCO sample. To add value to
this numerical result, we also used the H-formulation algorithm
for the same model case. As the ARA approach has been
validated, its previous results against the analytical solution
[21]–[23] for the transport current and magnetization cases, we
performed the same steps to validate also the H-formulation
method. Instead of ARA, the H-formulation is affected by the
n-index; hence, we also studied the dependence of computed
magnetization loops on n, finding that by using n = 500, the
Brandt behavior of Bean CSM is well reproduced.

To model the experimental magnetic moment measurements,
we first computed in 2-D the magnetization curve of a thin
superconducting strip using the Jc(B) obtained from experi-
mental data. We have shown that to achieve a good matching
among the measured and the 2-D computed m(B), a scaling
factor (1− 2a/3l) must be considered, in order to take into
account the finite size of the sample. We additionally found
that 3-D models for the same geometry do not require any
scaling factor to reproduce the experimental m(B) magnetic
moment loop for the YBCO sample. In addition, 3-D models
also provided the current density distribution, which confirmed
the surface current path onto the finite-size strip, very similar to
the one used to derive the scaling factor in the 2-D models.

Finally, we can conclude that we observed a good agreement
between ARA and H-formulation in 2-D and 3-D numerical
simulations of superconducting finite-size rectangular samples
and that both models can accurately reproduce the experimental
measurements.
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