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In this paper we extensively analyze the magnetization of superconducting bulk cylinders in parallel and
transverse magnetic field. We use analytic formulations with different Jc(B) dependencies, and compare
the magnetization to 2D and 3D numerical computations for finite geometries with different aspect
ratios. This subject is a basic study for understanding the hysteretic losses in a cylindrical geometry,
which is the typical geometry occurring in superconducting wires and cables. The shift of the peak of
the magnetization cycle is always reproduced by FEM 2D and 3D, as a consequence of considering the
local field in the Jc(B). Using different Jc(B) dependencies and different cylinder aspect ratio, we have
reproduced the behavior of the magnetization in parallel fields, checking simulation results versus ana-
lytical calculations. In this framework we also developed the analytic behavior of the magnetization in
parallel fields using the generalized Kim model. Finally, for a cylinder in a perpendicular magnetic con-
figuration, we found that 2D numerical simulations, once suitably scaled, are in agreement to 3D
simulations.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Type II superconducting materials showmagnetic irreversibility
features leading to low temperature dissipations [1,2]. These hys-
teretic losses are crucial in the design of superconducting devices,
thus the precise computation of the current density and the mag-
netic field distribution inside a conductor induced by an external
magnetic field, or resulting from transport currents, is a common
need.

In this context the use of numerical analyses based on Maxwell
equations is mainly performed in the framework of the Bean’s crit-
ical state model [3,4]. Within this framework, the computation by
means of analytical expressions is usually either limited to simple
geometries or to limited descriptions of the material’s properties.
For general shapes, analytical expressions can be hardly found, so
numerical methods are to be preferred.

Finite Element Method (FEM) is a powerful tool to compute
field profiles and current distributions inside a superconductor,
thus it allows to evaluate the superconducting hysteresis losses.
Four major numerical approaches, featuring different equations,
have been developed so far: the A–V formulation, based on the
magnetic vector potential [5]; the T–X formulation, based on the
current vector potential [6]; the H-formulation, based on the mag-
netic field [7–9]; and the Adaptive Resistive Algorithm (ARA) [10–
12]. Further to FEM also calculation based on Variational Principles
have been shown to be very powerful in several situations [13–16].

In order to perform a simulation able to reproduce the experi-
mental behavior of Type II superconductors, the critical current
density Jc, and its dependence on the internal magnetic field, is
one of the key parameters that have to be taken into account. In
general, the Jc(B) dependence could be obtained either by electrical
transport or magnetization measurements. In the electrical mea-
surement the currents circulating through the sample generate a
magnetic field that modifies the applied field in an inhomogeneous
way. In the magnetic measurements, Jc is extracted from magnetic
moment m(Ba) of isothermal magnetization loops, where Ba is the
external applied field, as:

JcðBÞ ¼ k � DMðBÞ ð1Þ

where k is a parameter depending on the sample geometry and DM
is the width of the magnetization hysteresis loop, i.e. the magnetic
moment per unit volume. For a cylinder of radius R with magnetic
field parallel to its axis, we have k = 3/(2R).
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This relation follows from the critical-state model in the
approximation of infinitely long samples and Jc independent of
the magnetic field [4]. Unfortunately, in a real sample this
approximation is often not fully satisfied. Then, what is obtained
from the width of the loop is not the required intrinsic Jc(|B|) func-
tion, but a different function, Jc(|Ba|).

In previous papers [17,18], we numerically reproduced the
magnetization loops of a real superconducting sample in thin
strips, disks and spherical geometries using the Jc(|Ba|) dependence
by the means of the Adaptive Resistive Algorithm (ARA) approach
and the H-formulation, and we found a full agreement between
these two FEM approaches.

In this paper we extensively analyze the magnetization of a
bulk superconductor having a cylindrical shape with radius R and
a finite length L, when a varying magnetic field Ba(t) is applied par-
allel or transverse to its axis. To better describe the features of the
magnetization loop we use the local field value in the dependence
of Jc(|B|). 2D numerical simulations are based on the H-formulation,
while 3D numerical simulations are performed using the ARA
approach.

The numerical simulations were done using two different hard-
ware: the H-formulation was implemented under the COMSOL�

Multiphysics version 4.3 installed on a 2.3 GHz six core dual Intel
Xeon E52630 Lenovo Thinkstation with 64 GB RAM; the ARA
approach was implemented within ANSYS� version 16.2 installed
on a 3.5 GHz two core Intel Xeon Processor E5-1650 v3 with
64 GB RAM [19].

The analysis, is carried out with two different aspect ratios
b = R/L, i.e. b = 2 and b = 10. In Section 2 we first present the ana-
lytical expressions for the magnetization derived from the Bean,
exponential, Kim, and generalized Kim dependence of Jc(B) in
parallel field. In particular, the analytical expressions for gener-
alized Kim dependence of Jc(B), is originally developed in this
paper. The analytical solution for the magnetization in perpen-
dicular field only exists for Jc(B) = constant, i.e. the Bean model.
In Section 3 we show how numerical 2D and 3D simulations
compare to the analytical solutions, in the case of parallel field,
for each considered Jc(B) behavior. In the perpendicular field
configuration we first compare numerical simulation to the only
analytical case available, i.e. Jc(B) = const., finding the scaling fac-
tor which allows to use faster 2D simulations to reproduce the
3D results. In these simulations, we use the local field in the
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Jc(B) behavior and, consequently, we reproduce the actual shift
of the peak of the magnetization in the m(B) cycle. Then we
compare the 3D and 2D simulation performed in the exponential
and generalized Kim dependence of the Jc(B), showing that the
same scaling factor may be used in a 2D numerical computation
to reproduce the 3D simulation result. In Section 4 the conclu-
sions are drawn.

2. Analytic long cylinder in parallel and transverse magnetic
field

The simplest way to describe a type-II superconductor subject
to a varying magnetic field is the Bean critical state model [3,4].
This model assumes that the local magnetic field inside a sample
is associated to a constant critical current density Jc by means of

the Ampere’s law: r�~B ¼ l0Jc . In order to take into account the
dependence of the Jc on the magnetic field, in the past years, sev-
eral enhancements to the Bean critical state model have been pro-
posed. In particular, we are going to investigate analytically the
behavior of a long cylinder, R in radius and L in length, exposed
to a varying magnetic field Ba(t) = B0sin(xt) with the following
Jc(B) dependence: the Bean model Jc(B) = Jc0, the exponential model
JcðBÞ ¼ Jc0e

�B=B0 [20], the Kim model JcðBÞ ¼ Jc0=ð1þ B=B0Þ, and the
generalized Kim model JcðBÞ ¼ Jc0=ð1þ B=B0Þc [21].

2.1. Analytic long cylinder in parallel magnetic field

The analytic model for a long cylinder with magnetic field par-
allel to its axis has been solved by Brandt for the Bean model [4,22],
Chen et al. [23,24], and by Johansen and Bratsberg [25] for the
exponential and Kim models.

In the Bean model, the virgin magnetic moment is found to be:

m ¼ �pJcR3Lðba � b2
a � b3

a=3Þ 0 < ba < 1

�pJcR3L=3 ba P 1

(
ð2Þ

where ba = Ba/Bp and Bp = l0JcR is the full penetration field. Remind-
ing that Ba = B0sinxt, the other branches of the magnetization curve
can be found using the usual relations [22]:

m#ðBa;B0Þ ¼ mðB0Þ � 2m
B0 � Ba

2

� �
ð3Þ

m"ðBa;B0Þ ¼ �mðB0Þ þ 2m
B0 þ Ba

2

� �
ð4Þ

According to [25], the solution of the exponential model is given
by:
where m ¼ pR2LM, k ¼ BP=B0, bp ¼ lnð1þ kÞ and
bm ¼ lnð2þ k� e�ba Þ.

Following the same calculation scheme proposed in [25], we
also derived the solution for the generalized Kim model:
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and

m ¼ pR2LM; k ¼ l0Jc0R=B0; bp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðcþ 1Þkcþ1

q
� 1:

In all the previous cases, it is possible to demonstrate that the
saturated magnetic moment (ba � bp) is given by msat = �pJc(B)
R3L/3, where Jc(B) is the critical current density as function of the
magnetic field for the considered model.
Fig. 1. Cross section view of the cylinder showing the current penetration front.
2.2. Analytic long cylinder in transverse magnetic field

The solution of the problem of a long cylinder subject to a trans-
verse magnetic field perpendicular to the cylinder axis, is usually
found through an approximated approach to the Bean critical state
model. The inner boundary of the shielding currents is aprioristi-
cally assumed to be an ellipse whose ellipticity follows the varying
field. In this framework, an interesting solution has been proposed
by Gömöry et al. [26] for a superconducting strip with an elliptic
cross section in a perpendicular magnetic field. In the cylinder case,
the current carrying region extends up to a boundary which can be
described by a one-parameter family of closed curves given by:

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
¼ Rnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� n2�2=nÞ sin2 h
q ð9Þ

where n is a parameter, h is the polar angle, and n represents the posi-
tion of the front on the x axis as illustrated in Fig. 1. This corresponds
to the assumption that flux fronts are ellipses with semi-axis Rn e
Rn1=n. The solution to the same problem found by Bhagwat and Chad-
dah in [27] is included in this description and corresponds to n = 2.

The magnetic moment can be calculated as:
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where SJc is the region of the screening currents. To calculate the
strength of the external field needed to give rise to the flux front
u(n,h) we consider the property that the screening field must be
exactly equal and opposite to the external field change, in order
to achieve perfect screening of the interior. Since the field of the
interior must be uniform, we may simply calculate it in the origin
using the Biot-Savart law:
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As expected, the full penetration field, corresponding to n = 0, is
given by Bp ¼ 2

pl0JcR.
The saturated magnetic moment for an infinitely long

cylinder can be deduced from Eq. (10) at n = 0 and is given by
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msat = �4JcR3L/3. In [26] it is suggested that optimum value for n
exponent, at least at low field, can be found by imposing [28]:

v0 ¼ lim
n!1

va ¼ lim
n!1

MðnÞ
BðnÞ ¼ 2 ð12Þ

where v0 is the susceptibility in the Meissner state, va is the ampli-
tude susceptibility and

MðnÞ ¼ l0mðnÞ
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¼ � 4
3p

JcRð1� n2þ1=nÞ ð13Þ

Unfortunately the limit in Eq. (12) results to be 2 regardless of
the value of the n exponent. A possible way round, is to impose
the value for v0 in the more general case of an elliptic strip (with
semi-axis a and b) of aspect ratio C = b/a:

v0 ¼ lim
n!1
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Then, it is possible to obtain the n value from the previous
equation:

nðCÞ ¼ 2C� 5þ 3k
1� 4Cþ 3C2k

; k ¼
arcsinh

ffiffiffiffiffiffiffiffiffi
1�C2
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q
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and finally get the limit for a cylinder as

nopt ¼ lim
b!1

nðCÞ ¼ 7
2

ð16Þ

In order to compare the results coming from the 2D model to
the 3D models, we are looking for a correction factor which allows
the calculation of the magnetic moment for a finite long cylinder
just by performing 2D simulation, as occurred for the supercon-
ducting strip geometry [17]. We can start from the logic assump-
tion that the currents have, on each section normal to the y axis,
a strip-like behavior as shown in Fig. 2.

As shown in Fig. 3, this behavior is not perfectly followed, i.e.
currents do not turn at fixed a = 45� on each cutting plane by vary-
ing h. We found the opposite: currents turn at constant h by vary-
ing a. The longitudinal location where the current starts turning, h,
has to be found.

On each section of the cylinder we have a different angle a
given by the relation h = L/2�a/tana, and on each infinitesimal
Fig. 2. Cut planes perpendicular (left) and parallel (right) to the cylinder axis where
the screening currents circulates.
layer with thickness dy, the corresponding infinitesimal saturated
magnetic moment is given by:

dmsat ¼ 4 � 1
2
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The total saturated magnetic moment can be obtained by
replacing a = Rcosh, y = Rsinh, dy = Rcoshdh and integrating, where
h is the angle in polar coordinates:

msat ¼ �2 � 1
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where we made the replacement h = L/2�X. To get the value of x we
impose that limL!1msat ¼¼ � 4

3 JcR
3L, so that:

3pXþ 8R
16R

¼ 1; X ¼ 8R
3p

ð19Þ

which corresponds on the mid plane to an angle of current turn
a ¼ tan�1 R

X ¼ tan�1 3p
8 ¼ 49:7�.

The saturated moment is then finally given by:

msat ¼ �4
3
JcR

3L 1� 16
9p

R
L

� �
ð20Þ

It may be worth noting that same calculation, in the thin strip
case (width a, thickness d and length L), lead to a = 45� as reported
in [17].

In conclusion, for a cylinder in the transverse magnetic field, we
can assume msat =msat[L=1]⁄g where the coefficient:

g ¼ 1� 16
9p

R
L

ð21Þ

represents the correction which must be applied to the moment
computed for an infinitely long cylinder when dealing with a finite
length cylinder. In the next section we shall use this g for the Kim
and exponential model of the cylinder in transverse magnetic field,
where, to our knowledge, it does not yet exists any analytical
expression for the magnetization.

3. Results and discussion

In order to compare our simulations against the analytical
results, reported in Section 2, we choose to study two different
cylindrical shapes. The first one is a cylinder with L = 10 mm and
R = 1 mm, while the second one is a cylinder with L = 2 mm and
R = 1 mm. We decided to choose this two aspect ratios in order
to explore the differences in the magnetization loops against
b = L/R. In all the numerical simulations the Jc0 value is fixed to
5 � 108 A/m2, and the c exponent in the generalized Kim model is
fixed to c = 4.

The 2D FEM analyses are carried out in the axisymmetric mode.
The cylinder is meshed with 400 elements and the analysis lasts
about 2 h. The 3D analyses are carried out in 1/8 symmetry. The
cylinder is meshed with about 5000 elements and the analyses
require about 20 h computation.

3.1. Magnetic field parallel to the cylinder axis

In Fig. 4a are shown the curves computed in the Bean model, by
using Eqs. (2)–(4), and the corresponding 2D numerical computa-



Fig. 5. Analytical and numerical plots of the magnetic moment in parallel field for a
cylinder with b = 10 assuming an Exponential dependence in Jc(B). The analytical
solution follow from Eq. (5).

Fig. 6. Analytical and numerical plots of the magnetic moment in parallel field for a
cylinder with b = 10 assuming a Kim dependence in Jc(B). The analytical solution
follow from Eq. (6) with c = 1.

Fig. 3. 3D FEM current paths in the x-z planes at different y (i.e. field direction) in 1/4 symmetry (I quadrant shown on right part of Fig. 2) for a cylinder with L = 2R under
B = 1T and Jc = 5 � 108 A/m2.

Fig. 4. Plot of Eqs. (2)–(4) compared to 2D FEM simulation: (a) whole cycle with L = 10; (b) enhanced region showing the effect of increasing L in the 2D FEM.
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tion performed using the H-formulation. The difference arises from
the fact that the analytical solution reported in [22] is developed
for an infinitely long cylinder, i.e. b?1. This feature is more
explicitly summarized in Fig. 4b), where it is shown how the incre-
ment of b moves the FEM curves towards the analytical one.
Considering the Jc(B) exponential dependence, we show the
comparison between the analytical solution derived from Eq. (5),
and the FEM simulation in Fig. 5. It is useful to note that using
the local field for Jc(B), the agreement is complete both in the virgin
magnetization state and in the whole magnetization cycle,



Fig. 7. Analytical and numerical plots of the magnetic moment in parallel field for a
cylinder with b = 10 assuming a generalized Kim dependence in Jc(B). The analytical
solution follow from Eq. (6) with c = 4.

Fig. 8. Analytical and numerical plots of the magnetic moment in parallel field for a
cylinder with b = 2 and 10 assuming a generalized Kim model with c = 4 for Jc(B).

Fig. 9. Analytical and numerical plots of the magnetic moment in perpendicular
field for a cylinder with b = 10 assuming a Bean model for Jc(B). Both theory and 2D
simulation are scaled with the same factor g = 0.943.

Fig. 10. Numerical plots of the magnetic moment in perpendicular field for a
cylinder with b = 10 assuming a exponential dependence in Jc(B).

Fig. 11. Numerical plots of the magnetic moment in perpendicular field for a
cylinder with b = 10 assuming a Kim dependence in Jc(B).
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including the peak positions of the magnetization cycles. In Figs. 6
and 7 we show the plot of the analytical solution derived from Eq.
(6), and the corresponding FEM simulations in the case of both Kim
model, and generalized Kim model, respectively.

Again the agreement is more than satisfactory using these two
Jc(B) dependencies. Thus we could conclude that the 2D FEM
numerical simulations are able to compute the magnetization
cycles, and hence the losses associated with the considered model.
In these specific cases we only used H-formulation, but we already
demonstrated the full agreement between ARA approach and
H-formulation [17,18].

In order to investigate the effect of decreasing b in this parallel
configuration, we also analyzed the behavior of the magnetization
peak position on the applied magnetic field. In Fig. 8 we show the
magnetization cycle in the framework of the generalized Kim
model with c = 4 and b = 2. In this case there is a partial agreement
between the analytical and FEM curves. Again this effect can be
ascribed to the finite nature of the sample respect to the infinite
sample considered in the theory.

This feature has been also studied by Sanchez and Navau [29]
by using a different approach. In our computation changing the b
values, we found the same behavior of the magnetization peak
observed in [29], i.e. the magnetization peak moves towards nega-
tive x-axis as the b grows.
3.2. Magnetic field perpendicular to the cylinder axis

When the magnetic field is perpendicular to the cylinder axis,
the axial symmetry is lost. In this case we expect that the finite



Fig. 12. Numerical plots of the magnetic moment in perpendicular field for a
cylinder with b = 10 assuming a generalized Kim dependence, c = 4, in Jc(B). Fig. 14. Numerical plots of the magnetic moment in perpendicular field for a

cylinder with b = 2 assuming a Kim dependence in Jc(B).
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length L plays a more important role in determining the shape of
the magnetization cycles. In this case the analytical solutions are
available just only for the Bean model [30] thus, our first step
was to make a comparison between this analytical solution and
the 2D simulation, both referred to an infinite long cylinder. This
comparison gives a perfect matching.

Dealing with 3D simulation, we note that analytical results and
2D simulation have to be scaled with the g factor defined in Eq.
(21), in order to match the 3D one. In fact g, defined in Eq. (21),
actually keeps into account of the current closure in a sample hav-
ing a finite length. The results obtained for the Bean model and
b = 10 are summarized in Fig. 9. In this graph we report the analyt-
ical solution and the 2D simulation (both scaled with factor
g = 0.943) together with the 3D simulation. It can be noted a good
agreement among curves with a maximum deviation of about 2%.

Concerning the exponential decay model in the Jc(B), where to
our knowledge no analytical theory have be developed so far, we
again find that 2D simulation, rescaled with the same factor
g = 0.943, reproduces the 3D simulation. This result is shown in
Fig. 10 where the 2D model provides a hysteretic cycle larger than
the one computed in the 3D model. When we apply the scaling fac-
tor g to the 2D results we find again that the 2D scaled curve over-
laps the 3D computed curve.
Fig. 13. Analytical and numerical plots of the magnetic moment in perpendicular
field for a cylinder with b = 2 assuming a Bean model for Jc(B). Both theory and 2D
simulation are scaled with the same factor g = 0.717.
The same occurrence is found in the Kim and generalized Kim
models for Jc(B), as shown in Figs. 11 and 12, respectively.

Being this occurrence evident for b = 10, we performed the
same numerical approach for a b = 2 in order to verify how the b
value affects the magnetization cycle even in this case. The result,
shown in Fig. 13, has to be compared to Fig. 9. As expected, the
moment scales with the superconducting volume, but the 2D
numerical solution is notably different from the analytical solution
or the 3D numerical simulation. Also in this case the correcting
coefficient g = 0.717, is again effective to overlap the 2D FEM scaled
curve to the correct 3D and analytical curves.

In this picture a small discrepancy (roughly 2%) is more evident
among curves, then in Fig. 9. This occurrence may be ascribed to
fact that in Eq. (20) only straight current paths are taken into
account. This is just an approximation as shown in Fig. 3. Of course
this is less evident in Fig. 9 because the magnetization became
lower upon the raising of L/R ratio as written in Eq. (20). In
Fig. 14 the same occurrence is shown, considering the Kim model
and b = 2.

In conclusion we have found that in the perpendicular condition
the 2D numerical approach can be suitably used to compute the
magnetization cycle of a finite length cylinder. Even if the g factor
has been derived analytically in the Bean model, we get evidence
that it can be used generally in the framework of other critical state
models. This approach saves computation time when compared to
the 3D numerical integration.
4. Conclusion

In order to analyze the magnetization cycle of a bulk supercon-
ductor having a cylindrical shape, we examined the possible ana-
lytical solution of m(B) for the magnetic field applied in parallel
and perpendicular configurations, using the local field in the Jc(B)
behavior.

Different critical state models are considered: Bean, exponen-
tial, Kim, and generalized Kim with c = 4. Concerning the latter
model, we also developed the m(B) analytical expression in the
parallel configuration. We then compared the available analytical
expression to 2D and 3D numerical simulations, performed for
two different cylinder aspect ratios: L/R = 10 and L/R = 2. The sim-
ulations compute the magnetic moment taking into account of the
local field for each of the Jc(B) model, and an excellent agreement is
found among analytic expressions and numerical simulations both
in parallel and in perpendicular field configuration. In particular, in
the latter configuration we find, from the analyses using the Bean
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model, a numerical factor that can be used to suitably scale the fast
2D computation, and reproduce the 3D simulation. We also
demonstrated that the same factor can be used to scale 2D simula-
tion also in all the other critical state models investigated.
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