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Abstract
Recent progress in the development of methods used to predict AC loss in
superconducting conductors is summarized. It is underlined that the loss is
just one of the electromagnetic characteristics controlled by the time
evolution of magnetic field and current distribution inside the conductor.
Powerful methods for the simulation of magnetic flux penetration, like
Brandt’s method and the method of minimal magnetic energy variation,
allow us to model the interaction of the conductor with an external magnetic
field or a transport current, or with both of them. The case of a coincident
action of AC field and AC transport current is of prime importance for
practical applications. Numerical simulation methods allow us to expand the
prediction range from simplified shapes like a (infinitely high) slab or
(infinitely thin) strip to more realistic forms like strips with finite rectangular
or elliptic cross-section. Another substantial feature of these methods is that
the real composite structure containing an array of superconducting
filaments can be taken into account. Also, the case of a ferromagnetic
matrix can be considered, with the simulations showing a dramatic impact
on the local field. In all these circumstances, it is possible to indicate how
the AC loss can be reduced by a proper architecture of the composite. On
the other hand, the multifilamentary arrangement brings about a presence of
coupling currents and coupling loss. Simulation of this phenomenon
requires 3D formulation with corresponding growth of the problem
complexity and computation time.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Since the discovery of superconductivity, the disappearance
of electrical resistivity motivated many scientists to think
about the application of superconductors in electric power
engineering. When hard superconductors as materials
reaching the demand for competitive current transport
capability appeared in the early 1960s, a new problem emerged:
it was soon realized that the ability to lead persistent electrical
currents is linked with the appearance of dissipation in the

AC regime, i.e. at transporting AC current or during exposure
to AC magnetic field. This phenomenon, called the AC loss
in superconductors, has occupied a significant sector of the
superconducting research until now.

In the era of low-temperature superconductors (LTSs), a
typical structure of a superconducting wire was established. It
contained superconducting filaments in a metallic matrix. The
cross-section of such a composite wire had the form of a circle
or a rectangle with the aspect ratio of the sides rarely exceeding
two, i.e. close to a square. For this metal–superconductor
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structure, the fundamental principles of the AC loss mechanism
were revealed. It was found that the heat generation can
be attributed to electrical currents induced in the composite
structure. Several significant paths for current loops have been
identified, and two loss dissipation mechanisms distinguished:
in the case of screening current forming a loop entirely within
the superconducting filament, its creation will cost energy due
to the pinning of magnetic flux in the superconductor. This loss
component is called the hysteresis loss. Another mechanism
is the so-called coupling loss, ascribed to the current flowing
in a loop that is mostly formed by superconducting paths, but
also contains portions with normal resistance [1–5].

This terminology remains valid in the investigation of
wires made from high-temperature superconductors (HTSs).
However, several factors have pushed the research of AC loss
significantly forward in the recent period. First, the most used
HTS wire has the form of a tape, to achieve good alignment
of HTS grains. The aspect ratio of the sides of its rectangular
cross-section typically exceeds 10. Then, the approximation
of an infinite slab in parallel magnetic field, fruitfully applied
to the wires and windings from LTS wires, becomes rather
doubtful. Also, the composite structure of HTS wires is far
less regular than in the case of LTSs. Then, instead of the
effective medium approach that successfully explained many
of the effects observed in LTS wires, one has to take into
consideration the real structure of the composite. On the other
hand, tremendous increase of the computing power accessible
on a personal computer made available numerical methods that
are adequate to cope with the aforementioned complications.
It is the main purpose of this paper to encourage non-specialists
in numerical simulations to utilize these methods in the
investigation of AC applications of superconductors.

In section 2, the properties of simple shapes will be
summarized in order to show the general rules that govern
the AC loss. The importance of the demagnetizing field to
the AC loss will be illustrated. In section 3, the use of
two powerful numerical methods allowing us to simulate the
behaviour of a superconducting wire in arbitrary conditions
will be demonstrated for several cases of practical importance.
We will show how the treatment of superconducting material
as a conductor with a highly non-linear current–voltage curve
allows us to solve the problem of current distribution into
parallel paths and to simulate the flux distribution in a cable
consisting of a single layer of superconducting tapes. The
influence of tape arrangement, in particular the width of
gaps between tapes, on the AC loss can be investigated in
this way. Also, the method of minimum magnetic energy
variation (MMEV) will be presented as a tool to understand
the dissipation in the case of simultaneous action of AC field
and AC current for a wire with rectangular cross-section. We
also show that this method allows us to simulate the critical
state and accompanied dissipation in a superconducting wire
with ferromagnetic matrix. In section 4 we briefly summarize
the presented results.

2. AC loss in hard superconductors with simple
shapes

The appearance of dissipation in hard superconductors exposed
to a changing magnetic field was recognized simultaneously

with the formulation of the critical-state model. This model has
served as an excellent approximation of the electromagnetic
behaviour of these materials since then [6]. The simplest shape
allowing us to derive analytical expressions for the distribution
of local magnetic field, current density and electrical field is
that of a slab (infinitely high) in a parallel magnetic field.
Dissipation in the cyclic regime of external magnetic field
Bac = Ba sin ωt is easily calculated, showing the following
fundamental features.

The dissipation depends on the volume of the sample
affected by the movement of flux lines. In the beginning part
of the magnetization process, there remains a portion of the
sample untouched by the field change because the screening
currents, starting from the sample surface, are able to shield the
change of applied field completely. This shielding capability is
exhausted when the applied field has reached the value called
the penetration field Bp. For low fields, i.e. smaller than Bp,
the AC loss is proportional to B3

a . Beyond Bp, the pattern of
induced currents is saturated, and the loss increase with Ba is
just linear, creating in this way a kink in the AC loss dependence
on Ba. The value of penetration field depends on the sample
thickness, thus the AC loss is not solely a material property.
This was further underlined when samples in perpendicular
magnetic field (e.g. single crystals of HTS) started to attract
attention. Interestingly, the value of Bp remained roughly
the same as that found in parallel field [7], but the losses
increased dramatically. Taking into account the enhancement
of local magnetic field in perpendicular geometry due to the
demagnetizing effect, this observation can be easily explained.
The results achieved for AC loss in superconductors of simple
shapes exposed to a cyclic AC field can be generally expressed
by the following formula [8]:

q = S
π

µ0
χ0 B2

a χ ′′
int(y) (1)

where q is the loss per metre length of a superconducting
wire, S is its cross-section, µ0 = 4π × 10−7 H m−1, χ0 is
the initial susceptibility that will be discussed later on and
χ ′′

int is the imaginary part of the internal complex magnetic
susceptibility. As indicated in the formula, it depends on the
variable y = Ba

Bmax
, i.e. the AC field amplitude scaled by the

value where the susceptibility curve reaches its maximum.
For the slab in parallel field Bmax ≈ Bp; however, in the
perpendicular geometry, e.g. that of a thin strip or disc in a
transversal field, the AC susceptibility reaches its maximum
well before the complete saturation of the sample cross-
section by the critical current density. In theoretical papers
dealing with magnetic flux penetration into superconductors
of various shapes [6, 9–11], the corresponding χ ′′

int(
Ba

Bmax
) curve

can be found as well as the value of χ0. Interestingly, this
dependence is rather similar for all the investigated simple
shapes, indicating that a significant loss reduction cannot be
reached by a simple shape optimization of the conductor [8].
This is illustrated in figure 1. However, the shape factor χ0 for
all the simple shapes can be roughly estimated by the formula

χ0 = 1 +
a

b
(2)

where a is the wire dimension perpendicular to the applied
field and b is the dimension parallel to the applied field. In the
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Figure 1. Theoretical prediction of AC loss behaviour—in applied
magnetic field—for hard superconductors of various simple shapes.
The loss is characterized by the imaginary part of AC susceptibility
according to the formula (1). To allow direct comparison of the
dependences, the both axes are normalized to make the curves meet
at (1, 1).

case of a slab in a parallel field b � a, thus χ0 ≈ 1. When
the field is rotated by 90◦, the same slab in a perpendicular
field will exhibit χ0 ≈ a

b � 1. Thus, the rule of thumb
for the magnetization loss reduction is ‘avoid perpendicular
magnetic field’. This conclusion also remains valid for a
rough estimation of magnetization hysteresis loss in an array
of filaments [12]. Rigorous analytical derivation of AC loss
formulae for an infinite stack or a horizontal array of filaments
can be found in [13]. Extensive numerical calculations of
AC loss in two-dimensional matrices of filaments have been
published [14]. Valuable comparison of AC loss measured
on a horizontal array with theoretical predictions obtained by
different methods has been published recently [15].

In the case of transporting AC current, the result is even
simpler: save very thin strips, with the side aspect ratio
exceeding 100, the shape of the superconducting wire does not
influence the loss notably [16]. Nevertheless, the distribution
of critical current density—or the density of filaments in the
case of a multifilamentary wire—would lead to the deviation
of this unique behaviour. Generally, the conductor with better
properties of the surface filaments will exhibit at low currents
a lower AC loss then predicted by the Norris formula [17, 18].

3. Flux penetration into complex shapes

The approximation of superconductors in real windings by
one of the models mentioned in the previous paragraph,
successfully applied in the LTS era, faces serious problems
in the case of HTS wires. The perpendicular geometry
was found as the critical arrangement, and the study of
tape conductors in perpendicular field became the standard
experiment. Fortunately, at the same time the performance of
common personal computers increased in a way that allows us
to carry out the numerical simulations taking into account the
real structure of composite wires.

Systematic investigation for a series of Bi-2223/Ag
composites demonstrated the possibility of determining χ0

with the help of a finite element simulation of the diamagnetic
state of superconducting filaments as a linear problem [19].
However, the substantial progress in understanding the loss
behaviour of composite HTS wires has been reached thanks to
the use of two simulation methods, allowing us to develop the
distribution of local current density, electrical and magnetic
field in the whole range of applied magnetic fields and/or
transport currents.

The first method treats the hard superconductor as a
conductive medium with highly non-linear current–voltage
relation, and allows us to predict nicely the flux penetration.
This approach is in agreement with experimental evidence that
the relation between the electrical field, E , and the current
density can be fairly approximated by the power law relation
E = E0(

j
j0
)n , where E0 is the conventional criterion for

the determination of the critical current density, j0, and the
exponent n reflects the smoothness of the transition. For an
HTS at 77 K, typical values of n are in the range between 15
and 30. This idea was successfully used to predict the influence
of the conductor shape on the AC loss [20], to simulate
the distribution of currents and AC loss in multifilamentary
wires [21] and to calculate the AC loss at in a wire transporting
AC current with simultaneous exposure to AC magnetic
field [22]. The state equation

∇ × 1

µ0
∇ × A = σ(E) · E (3)

where

E = −∂A
∂t

− ∇V

is to be resolved for the magnetic vector potential A and
the electric potential V . In the case of two-dimensional
problems—e.g. for an infinite wire exposed to a perpendicular
magnetic field—the cross-section of a superconducting wire is
divided into rectangular regions where the conductivity of the
superconductor obeys the power law

σ(E) = j0
E0

(
E

E0

) 1−n
n

. (4)

An alternative formulation [23] uses the current vector
potential T and magnetic scalar potential �. Thorough
discussion about the advantages and drawbacks of various
formulations for the nonlinear-resistivity approach to
the simulation of electromagnetic phenomena in hard
superconductors has been published recently [24].

Another numerical simulation method of great practical
use is the minimum magnetic energy variation (MMEV)
method [25]. Its application is quite straightforward for two-
dimensional problems; however, the original formulation [26]
is three dimensional [27]. Similarly to the previous method,
the cross-section S of the superconductor is divided into
rectangular regions; each of them should be filled either with
+ jc, − jc, or left empty to minimize the functional

F[ j ] = 1
2

∫
S

j (r)A j(r) dS −
∫

S
j (r)A�j(r) dS

+
∫

S
j (r)(Aa(r) − A

�
a(r)) dS (5)
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Figure 2. Calculated normalized AC loss, i.e. divided by the loss
prefactor proportional to I 2

c , for three cores of superconducting
cable differing in the percentage of HTS occupation of the perimeter
of the core former. As expected, larger gaps between neighbouring
tapes, i.e. lower fill of the core perimeter by HTS tapes, lead to
higher AC loss when transporting AC. Kim’s dependence of jc(B)
with jc0 = 9.37 × 107 A m−2 and B0 = 14 mT was assumed.

where A j is the magnetic vector potential created by the
currents in the superconductor and Aa is that from the applied
field. The quantities with caps correspond to those obtained
by the solution in the previous time step. The minimization
should obey the constraints

I =
∫

S
j (r) dS

| j | � jc.

Thus, the MMEV follows the original idea of the critical state,
i.e. the availability of just one value for the current density. In
spite of the fact that this is a notable simplification for HTSs,
the method offers a distinct shape of the boundaries between
positive and negative current density, as well as the shape of
the current-free core being precisely found. Then, one can
understand the underlying physics of the flux penetration in a
given configuration.

3.1. Influence of gaps in transmission cable on its AC loss

Here we show how one can assess the importance of permitting
minimum gaps between neighbouring tapes of the single-layer
cable as a model arrangement for the power transmission
cable. High packing factor—defined as the percentage of
the perimeter of the central cylindrical mandrel occupied by
the tapes—is not reached easily in the factory production,
leading to a significant increase of the manufacturing cost when
trying to minimize the gaps. Simulations following Brandt’s
method [20] allowed us to calculate the quantitative prediction
presented in figure 2. We considered 14 tapes placed straight
in parallel on the central mandrel of 21 mm diameter. Three
cables made from tapes of the same superconducting material
but different widths have been compared. The decrease of the
tape width leads to a reduction of the cable critical current due
to two independent mechanisms: the first is a simple reduction
of the superconductor’s cross-section, the second is the change
of local magnetic field distribution. Therefore, we compare
the normalized values of transport AC loss, i.e. divided by

0.2 0.6 1

0.6 -0.2 -1

-0.6 0.2 1

Figure 3. Distribution of current density in the rectangular
cross-section of wire made from hard superconductor during
simultaneous transport of AC current and application of AC field,
calculated with the help of the minimum magnetic energy variation
(MMEV) method. AC current amplitude is 60% of the wire critical
current, and the magnetic field amplitude is 72% of the penetration
field. The sequence of distributions, each characterized by the
number indicating the ratio of actual transport current with respect
to the amplitude value of AC current, goes from left to right and
from top to bottom.

the factor proportional to I 2
c . Also, the transport current is

normalized with respect to the critical current of the cable
in figure 2. In the simulations, the critical current density
dependence on local magnetic field was assumed to follow
the Kim’s relation jc(x, y) = jc0

1+ |B(x,y)|
B0

. As one can see, the

gaps between tapes can significantly influence the AC loss
performance of a power transmission cable.

3.2. AC–AC case for a wire with a rectangular cross-section

The circumstance that commonly a superconducting wire
experiences in a cable (made from more wires connected
in parallel) or a winding of an electromagnet is that of
AC transport under the simultaneous action of the AC field
produced by the currents in other wires. The transport
current and the magnetic field change in phase. Some
basic predictions for these conditions have been derived, but
only for the slab geometry [28] or that of an infinitely thin
strip [9, 29]. For HTS tapes, the empirical engineering
approach based on the fits of experimental data [30] is of
practical use; on the other hand, it does not explain why the
formulae seem to require modification in some cases. With
the help of the MMEV method, it is possible to visualize
the movement of flux fronts as the boundaries between zones
with different current densities. In figure 3 is shown the
evolution of current density distribution in rectangular cross-
section of a superconducting conductor with rectangular cross-
section (aspect ratio 1:5), calculated with the help of MMEV.
Details of the computation can be found elsewhere [31].
The overall picture resembles the results obtained by other
methods [22]. Because the boundaries between positive and
negative current density, as well as the shape of the current-free
core, are clearly determined, one can easily understand why
the predictions based on the assumption of a one-dimensional
flux penetration—where these boundaries are planar—would
not lead to satisfactory agreement with experiment. The
predictions of our calculations, performed under assumption
of magnetic-field-independent critical current density, have
been compared with experimental AC loss data obtained on
Bi-2223/Ag multifilamentary tape. In figure 4 is the result
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Figure 4. AC loss in Bi-2223 tape transporting AC current with the
amplitude Ia under simultaneous action of AC magnetic field with
the amplitude Ba. The loss is shown in terms of the loss factor,
i.e. the total AC loss divided by the electromagnetic energy, that is
proportional to I 2

a , on the AC current amplitude Ia (normalized to
Ic) at the condition that Ba increases in proportion to Ia . Theoretical
curves (lines) calculated for the proportionality coefficients k in the
formula Ba = k

w
µ0 Ia equal to 0, 0.05, 0.25, 0.5, 0.99, 2, and 4 (from

bottom to top) are compared with experimental data plotted by
squares.

of this comparison plotted as the normalized loss (sometimes
called the loss factor) versus the normalized current, assuming
that the applied AC field with the amplitude Ba increases in
proportion to the AC current amplitude, Ia. In other words,
Ba = k

w
µ0 Ia, where w is the tape width and k is the constant

of proportionality. This is the condition representing the most
important practical cases, with k � 1 characterizing the
case of prevailing self-field (as in the transmission cable) and
k > 1 corresponding to the situation met in an electromagnet
winding. An interesting feature of the theoretical prediction is
that, at low excitations, the loss factor always increases with
the first power of the current (thus also the first power of the
applied field), then in turn predicts a universal loss dependence
of a superconducting device at low energizing current as ∝I 3

a .
Save for the very low k, i.e. the nearly self-field case, the
experimental data obey this prediction quite well.

Another interesting situation to investigate in the AC–AC
case is the cyclic change of transport current and magnetic
field with a certain phase shift between them. This could
happen in some important applications like the three-phase
transmission line or a transformer winding. We have employed
both of the simulation methods mentioned in section 3 to
check the AC loss measured on the same Bi-2223/Ag tape.
The results are presented in figure 5. A certain deviation
between the theoretical predictions based on two different
models for superconducting media is not surprising: the loss
predicted for the critical-state-like simulation performed by
the MMEV method is systematically below the experimental
data, while the prediction of the calculation starting from a
smooth non-linear E( j ) curve with the power exponent n = 25
is mostly above them. Interestingly, for all three curves the
absolute loss maximum is not found for the in-phase condition.
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Figure 5. Dependence of AC loss on the phase shift between AC
transport current and AC magnetic field of the same frequency.
Simulations for a tape 4 mm wide, 0.2 mm thick with the critical
current of 38 A, exposed to 10 mT AC field when transporting
17.7 A of AC current, are compared with experimental data. The
maximum of dissipation obtained by two different simulation
methods as well as that found experimentally is clearly different
from the in-phase case.

We have found the shift of the loss maximum from zero
degrees reproducibly in both the experiments and simulations
performed for a wide range of current/field ratios [32].

3.3. Effect of ferromagnetic cover on AC loss

Another important problem that can be investigated with the
help of the MMEV method is that of a superconductor covered
by a ferromagnetic material. Several predictions have been
made that such a cover should decrease the AC loss [33, 34],
though none of these works has rigorously calculated the flux
penetration into hard superconductor put in such a composite
structure. Because the MMEV procedure of finding the
succession of flux front movements is equivalent to the critical-
state approach, the implementation of this method would allow
us to perform such a refinement. We have adopted the finite
element code FEMLAB to calculate the magnetic field in
the simulation box with dimensions ten times exceeding the
tape width. The consequence of placing a ferromagnetic strip
on a superconducting wire with rectangular cross-section is
illustrated in figure 6. The shape of the flux lines and hence
the flux penetration front completely changes with respect to
a bare superconducting wire. It seems that the ferromagnetic
sheath acts as a magnetic mirror, straightening the flux lines
inside the superconductor. This would influence the values
of penetration field Bp, the diamagnetic susceptibility χ0 and
also the shape of the χ ′′

int(y) dependence in formula (1). In
comparison to the previous work, performed using the ANSYS
code with constant permeability of iron [35], we have used the
non-linear dependence

µr = µmax

1 +
(

B
Bc

)2
+ 1 (6)

to approximate the non-linear magnetic permeability of the
ferromagnetic sheath. At this stage we have not been
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Figure 6. Effect of a ferromagnetic cover on the behaviour of a strip
from a hard superconductor exposed to perpendicular magnetic field
equal to 50% of the penetration field. A dramatic change of the
shape of the flux penetration front as well as a significant reduction
of magnetic field inside the superconductor is clearly visible.
Non-linear but reversible permeability of the ferromagnetic material
was approximated by expression (6) with µmax = 1000 and
Bc = 0.1 T.

able to insert the hysteresis of ferromagnetic material in the
calculations, and this remains one of the big challenges for
this kind of simulations. As an illustration of the predictions
we have achieved, we present here the influence of the width of
the ferromagnetic cover on the AC susceptibility χ ′′ = χ0χ

′′
int

dependence on the applied magnetic field. One can expect
that, depending on how much surface will be covered by a soft
magnetic material with necessary thickness, the effect will be
more or less visible. This is indeed what we have found, as
shown in figure 7. With the narrowing of the ferromagnetic
cover, the susceptibility increases approaching that of the bare
superconducting wire.

We should underline that, because no hysteresis is
considered for the ferromagnetic material, this part of the
conductor is not accounted for in the total loss. Such an
assumption should be modified when a comparison with
experimental data will is carried out. Otherwise, a net
reduction of the AC loss results from the covering of the
superconductor by a ferromagnetic material.

4. Conclusions

The numerical simulation methods available at the present
time to model the electromagnetic behaviour of a hard
superconductor represent a significant step forward with
respect to the analytical models. Nowadays, two-dimensional
problems can be tackled successfully using the Brandt’s
method or the minimum magnetic energy variation (MMEV)
method. This means that the hysteresis loss in single-core
wires from hard superconductors of any shape can be predicted
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Ba  [T]
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Figure 7. Effect of the completeness of the ferromagnetic sheath
cover on the AC loss in an external magnetic field, calculated by the
MMEV method. Assuming no hysteresis in the ferromagnetic
material, the AC loss—expressed through the imaginary part of AC
susceptibility, χ ′′—is reduced when the ferromagnetic material
better covers the superconducting strip.

at any combination of transport AC current and applied AC
magnetic field. In the case of arrays of filaments, the hysteresis
loss—i.e. that prevailing at low frequencies—can be calculated
as well.

When the coupling current flowing across the metallic
matrix in direction perpendicular to the filaments cannot be
neglected, the problem becomes three dimensional. For this
situation, the approach of representing the hard superconductor
as a normal conductor with non-linear current–voltage curve
should work as well, as the results achieved with the help of
physically justified simplifications have demonstrated [36, 37].
However, the requirements on computing power are still severe
and further development for 3D calculations is necessary.

Another field where significant progress is required is
the investigation of composites containing superconducting
filaments and ferromagnetic parts. Surprisingly, the simulation
methods for magnetic hysteresis in superconductors are now
better developed than those for ferromagnetic shapes when the
exact distribution of local magnetic field is regarded. It would
be interesting to see whether a general hysteresis simulation
method like the Preisach model [38] could be helpful in
resolving this problem.
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F Gömöry et al
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