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EXTREMAL COVARIANT POSITIVE OPERATOR VALUED MEASURES:
THE CASE OF A COMPACT SYMMETRY GROUP

CLAUDIO CARMELI, TEIKO HEINOSAARI, JUHA-PEKKA PELLONPAA, AND ALESSANDRO TOIGO

ABSTRACT. Given a unitary representation U of a compact group G and a transitive G-space
), we characterize the extremal elements of the convex set of all U-covariant positive operator
valued measures.

1. INTRODUCTION

In the modern theory of quantum mechanics, observables are represented as normalized
positive operator valued measures (POVMs). The set of all POVMs having the same outcome
space has natural convex structure. A convex mixture of two POVMs corresponds to a random
choice between two measurement apparatuses. An extremal POVM thus describes an observable
which is unaffected by this kind of randomness.

In many applications one is interested in observables having some symmetry property. This
is conventionally formulated as a covariance requirement with respect to a symmetry group.
The covariance can arise from the symmetry of a particular problem [I] or the covariance can
also be the defining property of some class of observables [2]. In this kind of situations the
relevant set of observables is therefore the set of all covariant observables.

The determination of extremal covariant POVMs has long been a problem [3]. In the case of
a compact symmetry group G the following results have been obtained earlier: When G = T
acts on itself and the representation of GG has no multiplicities, the characterization of extremal
covariant operator valued measures follows from [4, Theorem 1] if the representation space is
finite-dimensional; in the infinite-dimensional case, the characterization is given in [5, Theo-
rem 1]. If a compact group G has a finite-dimensional representation, the determination of
extremals is solved in [0, Theorem 2] in the case of G acting on itself and in [7, Theorem 3] in
the case of a transitive G-space. In this work we give a complete characterization of extremal
covariant POVMs in the case of a compact group G and an arbitrary representation (Theorem [
and Corollary @]).

Our analysis of this problem proceeds in the following way. In Section 2] we fix the notations
and recall some concepts which are essential for our investigation. In Section [3] we give two
characterizations of the structure of covariant POVMs. We remark that the characterization by
means of families of sesquilinear forms (Section B.3]) was already estabilished by Holevo in [§].
Finally, Section [4] contains the main results which characterizes the extremal covariant POV Ms.
These are obtained by setting up a correspondence between the set of covariant POVMs and

a family of reproducing kernel Hilbert spaces (RKHSs) of vector valued functions. In this
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way, a POVM is extremal if and only if its associated RKHS satisfies a particular property
(Corollary M]). In the finite dimensional case, such property is the algebraic condition found in
[6] and [7]. We also show that a specific class of kernels, so-called rank 1 kernels, are always
extremal.

2. BASIC DEFINITIONS

For any complex Banach space X', we denote by ||-|| its norm and by X™* its topological dual
space. If ) is another Banach space, we let £(X’;)) be the Banach space of bounded linear
operators from X to ), endowed with the uniform norm. If X = ), we use the abbreviated
notation £L(X) = L(X,X), and we denote by O and I the zero element and the identity of
L(X), respectively. If A € L(X;)Y), we write A" € L(V*; X*) for its adjoint.

If X = H is a Hilbert space, we always assume that it is separable. We denote by (-| -) the
scalar product of H, and we take it linear in the second entry. When more than one space are
involved and some confusion could arise, we add an index to norms and scalar products referring
to the space under consideration. If K is another Hilbert space and A € L(H;K), we denote
by A* € L(K;H) the Hilbert space adjoint of A. For two selfadjoint operators A, B € L(H),
the relation A < B means that (| Ay) < (| By) for all » € H. We denote by T (H)
the Banach space of trace class operators on H with the trace class norm ||-||,,. An operator
T € T(H) is a state if T is positive and tr (7)) = 1.

Definition 1. Let Q be a topological space and B(f2) the Borel o-algebra on 2. A mapping
E:B(Q2) — L(H) is a normalized positive operator valued measure (POVM) on € if
(1) O <E(X) <[ for any X € B(Q);
(2) E() = I;
(3) E(U;:X;) = >, E(X;), the sum converging in the weak operator topology, for any se-
quence (X;) of disjoint Borel sets.

We remark that, by Ref. [9], p. 318, the sum in item (3) converges in the weak operator
topology if and only if it converges in the strong operator topology.

We shortly recall the physical interpretation of a POVM as an observable. Loosely speaking,
an observable is something which attaches a measurement outcome probability distribution to
every state. If E is a POVM and T a state, then the formula

pr(X) = tr (TE(X)), X € B(Q),

defines a probability measure pZ. on . Hence, E determines a mapping 7+ p%. from the set of
states into the set of probability measures. This mapping is affine, i.e., it maps convex combi-
nations of states to convex combinations of corresponding probability measures. Moreover, all
affine mappings from the set of states into the set of probability measures can be represented
as POVMs and this correspondence is one-to-one.

A special case of a POVM is a normalized projection valued measure (PVM). We recall that
a POVM E is a PVM exactly when E(X NY) = E(X)E(Y) for all X,Y € B(2). PVMs are
often referred as sharp observables.
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In the following, G is a fixed compact topological group, which is Hausdorff and satisfies the
second axiom of countability. We also fix a closed subgroup H of G and, in the rest of this
investigation, 2 is the quotient space G/H. The sets H and 2 are compact, Hausdorff and
second countable topological spaces in a natural way. We denote by ¢ the canonical projection
from G onto €, and we also write § = ¢(g). The normalized Haar measures of G and H are
denoted by pg and py, respectively. The normalized G-invariant measure on ) is denoted by
po- The following relation (see e.g. [10]) will be used later:

[ 1@ ancto) = [ [ rah) dunth anota) 1)

Definition 2. Let U be a (strongly continuous) unitary representation of GG in a Hilbert space
H. A POVM E: B(Q2) — L(H) is covariant with respect to U (or U-covariant, for short) if

U(g)E(X)U(9)" = E(9X) (2)

for all f € LY(G, ug).

for all g € G and X € B(f2).

As an example of U-covariant POVMs we recall the following result of Davies [11 Section
4.5]. Assume that the dimension of the Hilbert space H is finite. Then the non normalized (i.e.
not necessarily satisfying E(Q2) = I') U-covariant POVMs are in one-to-one correspondence with
the positive operators C' € L(H) such that CU(h) = U(h)C for all h € H. The correspondence
is given by the formula

E(X) = / V00U drclo). 3)
-1(x
The normalization condition now reads
/ U(g)CU ()" duci(g) = I. (4)
G

If dimH = oo, the formula (3) still defines a U-covariant POVM. However, this is not an
exhaustive characterization anymore.

3. STRUCTURE OF COVARIANT POVMSs

3.1. Preliminaries and notations. We denote by G the unitary dual of G, i.e. the (de-
numerable) set of (equivalence classes of) irreducible unitary representations of G. For each
T E @, we let H, be the representation space of m and set d, = dim H, < oo.

Let U be a unitary representation of G acting in the Hilbert space H. Then there exists a
sequence of Hilbert spaces (KCr), s such that

H=®,.H,®K; and U= o7 ® Ig,.

The dimension of I, is the multiplicity of m in U, which is uniquely determined.
For convenience, if A, € L(H, ® K, ), we denote by A, also the bounded operator on ‘H that
is 0 on (H, ® K;)* and equals A; on H, @ K.
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Fix 7 € G. Since dim H, < oo, we have the identifications H, @ H: = L(H,) = T(H,), and
the trace try, : H, ® Hi — C is bounded. Let K be a Hilbert space. The mapping

Ep: K — @M, @H, @K, ke Bk = I ®k

is thus bounded. We denote ctry,, := E; : @&, H, @ H; ® K — K, so ctry, is the contraction
with respect to H,. Clearly,

ctry, ($p) = Opr(trn, ® Ix)p, Vo, € H, @ H, @ K.
We define also bounded linear maps
& T(Ky) = T(H),  &Tr =1y, T,
and Try, = &L : L(H) — L(K;). Explicitly, if A, € L(H,) and B, € L(K,), then
Try, (A, ® B,) = 0pr(treg, Ay) By

3.2. First characterization.

Theorem 1. Fiz an infinite dimensional Hilbert space K. Let E : B(Q2) — L(H) be a U-

covariant POVM. Then there exists a family of isometries Vi : K — H: @ K labeled by 7 € G
such that

() ECO) =V, [ (et (0lo) ! @ V)| et (tx(6)”" @ Vo)) o)

(5)
for all X € B(2) and for all v, € H, @ Kr, w, € H, ® K,.
Conversely, if V. : K — HLQK is a family of isometries labeled by 7 € G, then equation ()
defines a U-covariant POVM on Q.

Before proving Theorem [l we recall some notions from the theory of induced representations.
Let A be the left regular representation of G in L?(G, ug), and P : B(Q) — L(L*(G, ug)) be
the following A-covariant PVM:

P(X)f1(9) = xo-10)(9) f(9), [ € L*(G, pe).

(Here x4-1(x) is the characteristic function of the set ¢~*(X) in G). If ¢ is a unitary repre-
sentation of H acting in the Hilbert space Ky, the representation of G induced by o is the left
regular representation A ® I, of G in L*(G, ug) ® Ko = L*(G, pa; Ko) restricted to the closed
invariant subspace

H” = {f € L*(G,ug;Ko) | Vh € H, f(gh) = o(h)~" f(g) for almost any g € G} .

We denote by A? such restriction. Clearly H is invariant for the PVM P ® Ix,, and the
restriction P? of P ® I, to ‘H7 is the canonical PVM induced by o. It is easy to see that P7 is
A?-covariant.



EXTREMAL COVARIANT POSITIVE OPERATOR VALUED MEASURES 5

Proof of Theorem[d. Let E be a U-covariant POVM on €. By the imprimitivity theorems of
Mackey [12] and Cattaneo [13], there exists a unitary representation o of the subgroup H acting
in a Hilbert space Ky, and an isometry W : ' H — H? intertwining U with \? such that

E(X)=W'P (X)W VX € B(0).

Let 2 : Ky — K be an injection of Hilbert spaces (¢ exists since dim K = oo is assumed).
Composing W with the injections H” — L*(G, pug) @ Ko and L* (G, ua) @ Ko & L*(G, pe) @K,
we find an isometry W : H — L?(G, ug; K) intertwining U with A ® I such that

E(X)=W*P(X)® Ix)W VX € B(Q). (6)

Conversely, if W:H— L*(G, pa; K) intertwines U with A ® Ix, then equation (B]) defines a
U-covariant POVM E on (). The problem of characterising all U-covariant POVMs on (2 is
thus seen to be equivalent to the problem of finding all intertwining isometries between U and
A® .

By Fourier-Plancherel theory, there is a unitary isomorphism

F o He QH: QK — LG, pue; K)

intertwining the representation @, »m® Iy ® Ix with A® I, whose action on ¢, € H,QHLRK
is

reC

F éx(g) = Vdx ctry, (( '@ In: @ Ix)¢r)

(F" is the inverse Fourier-Plancherel cotransform of LQ(G , ) tensored with the identity of KC).
For each 7 € @, let V;: Ky — H:® K be an isometry. Then V = @&, [, ® V; is an isometry
from H into &, H, ® H; ® K which intertwines the representations U and @7 ® I ® Ik.
Moreover, every isometry intertwining U and @7 ® I3;: ® Ix has this form for some choice of
the isometries V.

Fixed the sequence of isometries {V}

L*(G, pg; K) is thus

rcc» the corresponding intertwining isometry W:H—

Wo, = F Vo, =+\/d = ctrag (( '® Vi)vg)

for v, € H, ® K.
If v, € H ® K and w, € H, ® IC,, equation () then gives

(w,| EQXen) = (W, | (P(X) © )W, )

:xﬁvj’ (ctrn, (p(g) ™ @ V,)w,) | ctrr, (((9)™ @ Vilun) ) duc(g)

as claimed. 0

To illustrate the content of Theorem [I we take a closer look on two special cases. We note
that in these cases of an abelian group, the characterization of covariant POVMs is also given
n [14].
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Example 1. Suppose that G is a compact abelian group. Then also () is a compact abelian
group in the natural way. For each 7 € G, the representation space H, is one dimensional and
G is a discrete abelian group, i.e. the character group of G. We denote by H* the annihilator
of the subgroup H, that is,

Hl:{weGM(h):lv}zeH}.

The annihilator H* is a subgroup of G and it can be identified with the character group Q, the
identification being 7(q(g)) := 7(g) for all g € G and 7 € H*. Finally, let Fo be the Fourier
transform of €, i.e. for f € L'(Q, uq),

(Faf)( /f Ydug(w) Vre H .

We have the identifications H, @K, = K, and H, @ H: QK = K. With the last identification
we have ctry, = Ix.

By Theorem [ if E is a U-covariant POVM on 2, there exists a family of isometries V; :
K. — K labeled by 7 € G, such that

(w,| E(X)o,) = / (70) (@) (Vyw, | Viws ) duc(g)
1)
by e @ = (Vyw,| Vavy) /X /H (v0) (g) duss (h) dpia(9)

= (Vywy| Vivs )by (nH ) /X (v"0) (9) dua(@)

= (Vyw, | Vavs) S (WHY) (Farxx) (o)

for v, € Kr, w, € K,. (In the above equation, ¢,z (H*+) = 1 if p and 7 are in the same
H*-coset, and is 0 otherwise; note that p~'m is in H* exactly when 8,51 (nHY) = 1).

Example 2. Consider the situation of Example [Ilin the case when there is a set ¥ C G such
that dim K, = 1 for all 7 € ¥ and dim K, = 0 otherwise. For each m € X, choose a unit vector
e, € Ky. Since V. is an isometry, there is a unit vector v, € K such that V, = |v;)(es|, and
we have

Cep] E(X)en) = (0] v ) s (R (Forxx) (o7 ')
In particular, if H = {e} the last equation is

(60| E(X)er) = (0] vr) (Faxx) (o7'7).

3.3. Second characterization. We proceed to give an alternative characterization of covari-
ant POVMs. Suppose E and {V;}, . are as in Theorem [l Let V = @[, ® V. Form,p € G,
we introduce the following sesquilinear form Il[p, 7] on H:

Hp, 7] (w,v) = \/d,rdp/H<0ter (VU(R)w) | ctry, (VU (R)v)) dpgr(h).



EXTREMAL COVARIANT POSITIVE OPERATOR VALUED MEASURES 7

Clearly, for all v, € H, @ Ky, w, € H, ® K,

Hlp, 7] (wp, vr) = \/drd, /H { ctry, ((p(h) @ V,)w,) | ctry, ((m(h) @ Vi)ox) ) duw(h).

If v, € He @ Ky, wyr € Hyr @ Kyry and o # m or o’ # p, then I[p, 7](wyr, v,) = 0.
Equation () can be rewritten as

(| X)) = VA, [ dpaa) [ Getmn, (0o ™) @ Vi)
i, (r(h~)rlg™) @ Va)ow)) dpun(h)
= VA, [ dal) [ {etm, (ph) @) ol ™) @ 1 )|
|ctry, ((m(h™1) @ Vi) (m(g7™") @ Iic, )vx)) dpu(h)
= [ Tl (U10) 0 U0) 0r) ol

where we have used the measure decomposition (I]) and invariance of piy.
The above defined sesquilinear form II[p, ] has the following properties:

(i) M[p, ] is a bounded sesquilinear form on H.
(ii) By invariance of py, we have

[p, ] (U(h)w,U(h)v) = U[p,n| (w,v) VheH

for all v, w € H.
(iii) If {v™}, . is a sequence of vectors in H such that v™ # 0 only for a finite number of
7’s, then

Z Hp, w|(v”,v™) > 0.

p,T
(iv) For v,,w, € H, ® K,

/G [, 7] (U(g)w,, U(g)v,) dpis(g)

— 5, / o, o] (U(g) w0y, U(g) " ,) dpia(@)
Q
— 5, (w, | E(Q)u,)
= Orp (wy | vp)- (7)

Remark 1. If {II[m, p|}, ¢ is a family of sesquilinear forms on H satisfyng conditions (i),
(iii) and (iv) above, then

Hp, 7](wer,v,) =0 if v, € Hy @ Ky, Wer € Hyr @ Koy, and o # 7 or 0’ # p. (8)
In fact, by (iii) and Cauchy-Schwarz inequality
[p, 7] (wor, vs)| < I[p, pl(wer, we )T [m, 7] (Ve v4 ) 2.
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If o # 7 then, by eq. (@),
| 1w, AW g)en Ug)en) dncto) =0
which implies I, 7|(v,,v,) = 0 since II[m, 7| is positive semidefinite and the integrand is a
continuous function. A similar discussion holds for the other factor.

Proposition 1. Suppose {Il[p, 7]}, ca is a set of sesquilinear forms on 'H satisfyng conditions
(1)-(iv) above. Then there is a U-covariant POVM E on Q such that

(wy] E(X)uy) = /X i, 7] (U(g) wp, U(g) "s) dpia(9) (9)

forv, e Ha @ Ky, w, € H, ® K,,.

Conversely, if E is a U-covariant POVM on Y, then there exist sesquilinear forms {Il[p, 7|}, ¢
on 'H satisfyng conditions (1)-(iv) and such that eq. ([4) holds. The family of sesquilinear forms
{p, 7]}, req 18 uniquely determined by E.

Proof. For uniqueness, we see from eq. (@) that my, .. (¢) = Hp, 7] (U(g)w,, U(g)vx) is the
density of the complex measure X +— (w,| E(X)v;) with respect to pg. Since my,,,, is a
continuous function and the support of yiq is the whole €, m,,, ., is unique. Hence, Il[p, 7](-,-) =
m..(e) is unique.

It remains to check that, given {II[m, p]}, .o as above, eq. (@) defines a POVM E. Let
Ho = span {vﬂ | v E Ha @ Ky w € @} For X € B(2), we introduce in H, the sesquilinear

form
(w] vy =Y [ Mo r(U(e) . Ulg) ) da(9)
P
(By eq. (8), the sum involves only a finite number of 7, p € G). By (iii), (-| - )y is positive

semidefinite. If {X;}icn is a sequence of disjoint sets, then (w| v), x = >, (w| v)y,, the

sum converging absolutely. Finally, for v =3 __ vy, with v, € H, ® K and J C G finite,

(o] v)g = 3 /G {p. 7)(U(9) " 0 Ulg) "vs) dpic(g)

by Schur lemma = Z/GH[W,W](U(g)_le,U(g)_lvﬂ)dug(g)

weJ
by (v) = Y (vel o)
weJ
= loall?,
Le. (-] “)g=1{(-]-)onHp. Since (v| v)y <(v] v)q, (-] -)y extends to a bounded sesquilin-

ear form on H. Thus, (-| -)y = (E(X)-| -) for some E(X) € L(H). Positivity, o-additivity
and normalisation of E follow from the similar properties of the family of sesquilinear forms
{1 ) xdxes) -
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From Theorem [Il and Proposition [Il we obtain the following.

Corollary 1. If V, : K, — H:® K (r € G) is a family of isometries, and V = @I @ Vi,
then

p, 7] (w,v) = \/d,rdp/H {ctry, (VU(h)w) | ctry, (VU(R)v)) dum(h)

defines a family of sesquilinear forms {Il[p,n|}, s on M satisfyng conditions (i)-(iv), and
every such family arises in this manner for some choice of the isometries {Vi} ca-
Remark 2. The characterisation of the most general U-covariant POVM given in Proposition[Il
is already contained in [§]. However, it can happen that the sesquilinear forms II[p, 7] are not
bounded uniformly in p, 7 € G, thus contradicting a part of the statement in Theorem 1 of [§]
as shown in the following example.

Suppose G = SU(2), so that {d.}, .4 = Z4 is an unbounded set. Let H = {1}, and fix U
such that K, = H} for all 7 € é’, so that H = @&, H, ® H:. Choose a vector k € K with
||| = 1, and for all 7w let V; : HE — H: ® K be the following isometry

Vihe =h.®k Vh, € H;.
Let v, = dr I € Hy ® Hy. Then ||vg|l,, = 1, and ctry, ((Ix, ® Vi)vg) = d¥*k. Tt follows
that
H[P> 7T] (Upa 'U7r) =V dwdp < Cter ((IHp ® ‘/p)vp) } CtrH7r ((IH7r ® Vﬂ)vw) > = dﬂdpa

thus showing that II is not bounded uniformly in p, 7 € G. Moreover, if, following the notations
of [§], we introduce the linear subspace

H! = {ZUHUW e H, K, ZHvﬂHp<ooforp:1,2} C H,

wed wed

it is easy to check that, for such II, also the corresponding sesquilinear form IT : H! x H! — C
is not defined.

We define K(p, ) : H — H by the relation
(w| K(p,m)v) =HUp,7](w,v) Yw,v e H.

The family of sesquilinear forms {II[p, 7]} p <cc:} is thus in one-to-one correspondence with the

family of operators {K(p,m)}, o}t on ‘H with the following properties:

(i’) K(p,m) are bounded operators on H.
(ii") Forall he H
K(p,m)U(h) = U(h)K(p, ).
(iii") K : G x G — L(H) is a kernel of positive type, i.e., if {v™}cq 1s a sequence of vectors
in H such that v™ # 0 only for a finite number of 7’s, then

>,V K(p,mem) > 0.
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(iv’)
Try, (K(m, 7)) = 6prd,Ixc, (10)
In fact, by eq. ), (ker K (m, 7)) = ran K(,7) € H,®QK,. In particular, Try, (K (7, 7)) =
0 if m # p. By Schur lemma
| V@ K. mU () dic(a) = b, 4,
G

with A € £(K,). It Ty € T(K,), then
(AT, = (B ® A) Dy, ©T3))
= a2 [ (o) @ e K m)n(9) @ i, ) ey 7)) (o)
cyclicity of tr = d 'tr (K(m,m) (I, ® Ty)) = d 'tr (Try, (K(7,7))T}),

ie. A=d '"Try, (K(m m)). Equation (I0) then follows from (7).

We denote by C the convex set of maps K : G x G — L(H) satisfying conditions (i’)-(iv’).
The following simple remarks will be useful later.

Remark 3. By eq. (B), if K € C, then (ker K (p,7))* C H, ® K, and ran K (p, 7) C H, @ K.
Remark 4. By Corollary [ the kernels K € C are the functions K : G x G — L(H) given by

(w| K(p,m)v) =+/dd / { ctry, (VU(h)w)| ctry, (VU(R)v)) dpp(h)
for V.=®&,1y, @ V; with V. : K; — H: ® K isometries. In particular
1K (p, )| < V/dnd, ||ctry, || [[ctrae, || = (11)

Proposition [Il can be restated in the following form.

Corollary 2. There is a convex isomorphism between C and the set of U-covariant POVMs on
Q. If K € C, the corresponding POVM E s given by

(w,| E(X)up) = / (U(g)w,| K(p,m)U(g)*vs) dpia(d)

X
forallv, € Hry @ Ky, w, € H, QK.

4. EXTREMAL COVARIANT POVMSs

4.1. Topology on POVMs. The convex set of POVMs E : B(Q2) — L(H) has a natural com-
pact topology, under which U-covariant POVMs form a closed convex subset. Krein-Millman
theorem then asserts that every U-covariant POVM can be approximated by a convex sum of
extremal U-covariant POVMs. Moreover, if the convex set C introduced in the last section is
endowed with the topology of pointwise ultraweak convergence, the isomorphism estabilished
in Corollary 2] actually becomes a homeomorphism.
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The rest of this section is devoted to the definition and properties of the topologies on
covariant POVMs and on C. In the next section, we will characterize the extreme points of the
set of U-covariant POVMs.

Let M () be the partially ordered Banach space of the complex Borel measures on €2 with the
norm of the total variation. We will consider an element p € M(2) both as a map from B(f)
to C and as a bounded linear functional on the Banach space C(Q2) (the space of continuous
functions f : Q@ — C with the norm || f|| = max,cq |f(z)]).

Let us denote by £(7 (H); M(€2)) the Banach space of the bounded linear maps from 7 (H)
into M(2). The space L(7 (H); M(S2)) has a natural ordering arising from the definition that
amap M : T(H) — M(Q) is positive if M(T") > 0 for all T" > 0.

Definition 3. An operator valued measure (OVM) based on (2 is any element M € L(7 (H); M(2)).
We use the abbreviated notation M($2;H) := L(7 (H); M(2)).

A normalized positive operator valued measure (POVM) based on € is any positive element
E € M(Q2;H) such that E[T](Q) = tr (T) (equivalently, E[T](1) = tr(T)) for all T € T (H). We
denote by P(€;H) the set of POVMs on €.

A U-covariant POVM is an element € € P(Q; H) such that E[U(g)TU (g) (X)) = E[T] (g7 X)
for all X € B(Q) (equivalently, E[U(g)TU(g)~'(f) = E[T)(f9) for all f € C(Q), where
f9(z) = f(gz)) and for all T' € T(H), g € G. We denote by Py (£2;H) the set of U-covariant
POVMs on 2.

The above definition of POVM agrees with Definition [ in the following sense. If M is an
OVM, for all X € B(Q) it defines an element M(X) € L(H) such that tr (TM(X)) = M[T](X)
VT € T(H). POVMs in the sense of Definition 3] are then all the OVMs M such that M :
B(2) — L(H) is a POVM in the sense of Definition [Il. Moreover, M is U-covariant if and only
if M is U-covariant.

In M(Q;H) we define the following family of seminorms labeled by f € C(Q), T € T(H)
Ml = IMITIC)]-

Let M,,(92; H) be the set M (€; ’H) endowed with the locally convex topology generated by these
seminorms. It is easy to see that P(2; H) and Py (€2; H) are closed convex subsets of M,,(Q; H).
Moreover, P(€2;H) is norm bounded. In fact, let £ be a POVM, and, for T' € 7 (H), decompose
T = Tll — T12 + i(TQl — TQQ), with jjjk > 0 and ”7}1”tr + HI}QHH < HT”tr We have

IETTTI < Z 1€l = Z«‘?[Tjk](ﬁ) = Z 1 Tklle < 20T

thus showing ||E|| < 2, as claimed.
The following fact has a routine proof, which we omit (see, for instance, the proof of Theo-
rem 2.5.2 in [15]).

Proposition 2. The unit ball in M,,(Q;H) is compact.
By Krein-Millman theorem we then have the following corollary.

Corollary 3. Py(§;H) is the closed convex hull of its extreme points.
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Let B be the linear space of functions F' : GxG— L(H) endowed with the topology of
pointwise ultraweak convergence. In other words, B has the topology generated by the family
of seminorms .

[Fllgype = ltr (TF(p,m))|, T €T(H), p,m €G.

It is easy to check that the convex subset C C B is closed.

Lemma 1. Suppose To(H) C 7 (H) is a dense subset. Then, a net (K))xea converges to K in
C if and only if | Kx — K||p,.,, — 0 for all p,m € G and Ty € To(H).

Proof. This follows easily by the inequality
1Ky = Kl < 1T =Tl 1Ea(p, Ml + 1K = K gy x + IT = Toll 1K (p, )]

< 2dpde [|T = Tol| + | Kx = Kllg,,
for all T € T(H), Ty € To(H), where we have used inequality (II]) derived in Remark [4l O
We denote by j : Py(€2;H) — C the convex set isomorphism established by Corollary 2
Proposition 3. The map j is a homeomorphism.

Proof. Since Py(€);'H) is compact, it is enough to check that j is continuous. Let (€))aen be a
net converging to £ in Py(£2;H), and let K\ = j(€)), K = j(€). Fix v,w € H, and let v, w,
be the components of v, w in H, ® K, and H, ® K,, respectively. Let f € C(€). Define the
trace class operator T' = [, f(¢)|U(g9) v ){(U(g) 'w|dpa(g). We then have

1K — Ky, = \ [ 56 (U0 ] Kl = Ko mU9) ) daald
= & =€l 1w, r = 0

Choosing as f a Dirac sequence in C(Q2), we have T" — |v)(w| in 7 (H), and, since the linear
span of rank one operators is dense in 7 (H), Ky — K by Lemma [l O

4.2. Characterization of extreme points. As we have seen, the map j : Py(;H) — C
estabilished in Corollary [2 is an isomorphism of convex compact topological spaces. In this
section, we determine the extreme points of Py (£2;H) by characterising the extreme points of

C.
Let F (é’, H) be the space of functions f : G — 'H. For a fixed K € C, we define the following

linear subspace of F(G;H)
HY% = span {K(-,ﬂ)v |TreG, ve H}.

We set

(K(p)w| K(,m)v) = (w] K(p,m)v),
and then (-, - ), extends to a scalar product on H%. We denote by Hy the completion of H%
with respect to (-, - ). It can be shown that Hy is still a subspace of ]:(G; H) and that the
evaluation maps

evy: Hg — H, ev.f = f(m)
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are continuous for all 7 € G. Moreover, a straightforward calculation shows that
K(-,m)v=evi v, K(p,m) = ev,ev;.

In particular, the set U__sranev; is total in Hg. The space Hy is called the reproducing kernel
Hilbert space of H-valued functions associated to the reproducing kernel K. For more details
on the construction and properties of Hx we refer to [16].

For all h € H and f € Hg, let

(U(R)f)(x) = U(h)f(x) ¥m€G.
By property (ii’) of K
Uh)K(-,m)v=K(-,m)U(h)v € Hg
and
(OWEKCpw| TWECm) = (URw]| K(p,m)U(h))
=(w| K(p,m)v) = (K(,p)w| K(-,m)v)y,
which shows by continuity that U is a unitary representation of H in Hy. By definition,

ev U(h) =U(h)ev,.

Remark 5. The Hilbert space H is unique in the following sense. Suppose H is a Hilbert space
carrying a unitary representation V' of H, and {7y}, is a sequence of operators v, : H — H
such that

(1) 7=U(h) = V(h)7yx for all h € H;
(2) U cerany, is total in H;
(3) K(p,m) =37 for all p, 7 € G.

Then there exists a unitary map W : Hx — H intertwining U with V and such that Wev: = v,
for all m € G.

We introduce the following closed subspace of 7T (H)
To ={T€T(H)|TU(g)=U(g)T VgeG}=span {Iy, QT | T, € T(Ks)}.
The next two closed subspaces of 7 (Hy) are essential in our investigation:

T = {TequKﬂiﬁvg:tﬂmT VhEH},

7y = Span {ev;kTTev7r | T €Ty, 7€ G’} :

Clearly, Ty, C T
We proceed by defining a bounded mapping P : 7 (Hg) — 7 (Hk) by formula

PT = / U(R)TU(R)* dpg (h).
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Then P? = P and ran P = 7. The adjoint P' : L(Hk) — L(H) satisfies P = P’, and
ran P’ = {B € L(Hx) | BUh) = U(h)B Vh e H} .

It follows that
T = {B € L(Hx) | BU(h) = U(h)B Vh e H} . (12)

Theorem 2. K ¢ extC if and only if there exists a nonzero operator B € L(Hk) such that
(i) BU(h) =U(h)B for allh € H;
(ii) tr (BT) =0 for all T € Ty.

Proof. We note that the content of Theorem [2l remains the same if we assume that B = B*.
This follows from the fact that the adjoint operation leaves 7y invariant.

<=) Define
Ki(p,m) =ev,(I | B||"" B)ev
Since the set U__sranevy is total in Hy, B # O implies that K, # K_.
It follows from I + ||B|| ™" B > O that

Z(v’)\ Ki(p,m) <Zev v”

P

(I+|B|™" )Zev;w> >
™ K

for all finite sequences {v"} in ‘H. Hence, K and K_ are positive definite.
The operator K (p, m) commutes with U|y by the intertwining properties of ev,,ev,
and B.
Finally, if T, € 7(K,) then
(T T, (Ka(m,m)) = tr (I, ® Tp) Ka(, 7))
= tr(evi(ln, ® T)evo(I £ ||B| "' B))
= tr(evi(fy, @ T,)eve) = tr ((In, © T,) K(m, 7))
= b (1T, (K )
ie.
Toy, (Ka(m, 7)) = Trog, (K 7)) = i
We conclude that K € C. Since K = (K + K_), this means that K is not an extreme
point.
—) Suppose K = (K, + K_), with Ky € C and Ky # K.
Define the following sesquilinear positive definite forms (-, - ), in H%

<Zev2w” Zevfrv”> = Z(w”| Ki(p,m)v"™)
-

p m mp
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ces {v"} and {w”} in H. The forms (-, - ), are well-defined. In fact,

we have
Z <Up‘ Ki<p77r)v7r> < 22 <,Up| K(p,w)v“>
0 ™0
and hence
< Zev?w” Z ev v > < by Cauchy-Schwartz
-

p

|

Un

=2

G

™

1/2
K. (o, p)w” )]

> (!

U PP
||

/
> (wr
eviw?

PP
P

1/2
Ky(n', m)u™ >] [

7'('/

(v

7!

* T
g ev, v

™

/
LT

1/2
K( K(p’,p)w”>]

>

p

K K

By the above equation, we see also that (-, -), are bounded. So, there are positive

operators B, B_

€ L(Hk) such that (g| f), = (g| Bef), for all f,g € Hk. By

definition, Ky (m,7) = ev,Byiev:.
Set B= B, — B_. Then, B # 0 since K, # K_. Since

(o

h)eviw ’ U(h)eviv >i = (ev;U(h)w | eviU(h)v),
(Uhyw]| K+(p,m)U(h)v) = (w| K+(p,m)v)

= (eviw | eviv),

and U__sranevy is total in Hy, it follows that B commutes with U.
Finally, if T' = Ij;, ® T, with T, € T (K,) we have

tr (BreviTev,) = tr(ev,ByeviT) =tr(Ky(m,m)T)

= tr (T, Try, (Ki(m,m))) = Sprdptr (T)).

It follows that tr (BeviTev,) = 0, i.e., B satisfies item (ii) of the theorem.

Corollary 4. K € extC if and only if Ty = 5.

Proof. By Theorem [2 and equation (I2)), the inclusion Ty C 7 is an equality if and only if

K e extC.

Example 3. Let us cons

t

ider the case when G is abelian, H = {e}, and dim K, = 1 for all 7.

We fix an orthonormal basis {e}, .o in H = @, aH such that U(g)e, = m(g)e, for all g € G.
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Then R
Ty = span {|eﬂ><e,r| |7 G}.

If K €C, then K(p,7) = K(p,7)le, ) ex|, K being a positive semidefinite complex matrix with
K(m,m) = 1. This sets up an isomorphism K — K from the convex set C into the convex set
C of positive semidefinite matrices with 1 as every diagonal element.

Let Hz; be the reproducing kernel Hilbert space of C-valued functions associated to K,
i.e. there exists a total sequence {n.} s in H such that K(p,m) = (n,] 777r> . Then we can
set up a unitary isomorphism j : Hx — Hz, given by

(e | 30F) ), = (x| cvaf ).
We thus have, with easy calculations,
jeviex) = ix,
and so
iT55" = JT(Hk)j" =T (Hg)
iTvi* = spam {|jevies ) (jeviea| | me G} =spam I )mel | 7 € G
Corollary @ then says that K € extC if and only if

span { ) (el | 7 € G} =T (Hye).
This result has also been derived in [5].

4.3. Rank 1 extremals. Suppose K € C. Let rank K denote the dimension of Hy (or,
equivalently, the dimension of HY%). Next we assume that rank K = 1. This means that there

exists f € Hg, (f|f)x = 1 such that for all 7 € G, veH, K(-,m)v = ¢y, f for some ¢, € C;
or more precisely K (p, m)v = ¢z, f(p). Thus,

crp(wlf(p)) = (WK (p, m)v) = (K(, p)w| K (- m)v) k = Cpuro(f) K = CouCros
which implies that K (p, m)v = (f(m)|v) f(p) or K(p,7) = |f(p)){f(m)|, in short.
It follows from Remark [3 that f(p) € H, ® IC,, so that we can write

Fp) = fo.hf, @ k.

where {h?}%_ and {k2}™™* are orthonormal bases of H, and K,, respectively. Since

Try, (K(m, 7)) = 6prd,Ix, and

Trw, (1F () (f(p Z <Zfﬁm )Ik‘” ) (k7|

one gets

Z frf;mz = dﬂénl'
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By defining

fh=d,'? Z Sl
we see that the above condition equals (f/|f?)», = 0, so that { fordmEe is an orthonormal
set of ‘H,. Hence, necessarily

dim K, < d,

and

flp)=d* > fL @k,

Since dimHx = 1, the representation U reduces to a character A\ of H. This means

Uh)F(p) = [T 1(p) = MI)F (o), iees T, p(h)f2 @ k2 = AR) T, f£ @ k. Hence,
p(h)ff=Xh)fF Yhe H n=12,...dim/,.
We have arrived at the following result.

Proposition 4. There exists rank 1 kernels if and only if
(1) dimK, < d, for all p € G;
(2) there exists a character A € H and, for all p € G, a subspace H, € H, such that
(a) dimH), > dim C,,
(b) p(h)|3, = A(h) for all h € H.

In this case, fix an orthonormal basis {k3YS™Xe of K, for all o € G. Then a kernel K is a
rank 1 element of C if and only if

dim Kp dim K,
T =\dde > Y|Pk (fn @ kY
n=1 m=1

where { f7Y8%e s any orthonormal set in H.,, o € G.

n=1 o

Proof. We still need to prove the converse of the above proposition. With
dim C,
flp)=d)* Y frakl,
n=1
we see that K(p,m) = |f(p)){ f(m)|, hence K is of positive type. By item (
have U(h)K (p,m) = K(p, 7)U(h) for all h € H. One easily checks Try, (K(m,m
Finally, Hx = Cf, so rankK 1.

2), we clearly
)) = dpdprli,.
U

In the finite dimensional case, it was already noted in [7, Proposition 1] that there do not
exist rank 1 kernels if dim K, > d, for some p € G.
If dim H < oo, the next proposition is [7, Corollary 1].

Proposition 5. Any rank 1 kernel K is extremal.
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Proof. Since the representation U reduces to the character ), it follows that 75 = 7 (H), and
so dim 75 = dim 7 (Hg) = 1. Moreover, K cannot be the zero kernel, so that dim K, # 0 for

some 7 € G. For such , let T, € T(K,) with tr (7,) = 1. We have I;;, ® T, € Ty, and
([ evill, @ Tr)evaf) e = (f(m)| (In, @ Tx) () ) = dxtr (T5) # 0.

Therefore, dim 7;; = 1, and the result follows from Corollary 4l U
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