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Introduction

In the common textbook presentation of quantum mechanics the observables
of a quantum system are represented by selfadjoint operators, or, equiva-
lently, by spectral measures. The origin of this point of view dates back to
the very beginning of quantum theory. Its rigorous mathematical formula-
tion is mainly due to von Neumann [53], and, for a more recent and complete
review, we refer to the book of Varadarajan [52].

But it is quite well known that, when particular quantum systems are
considered, this approach can not give a satisfactory description of some of
their physical properties. A famous example (dating back to Dirac [28]) is
provided by the phase of the electromagnetic field, which is a well defined
quantity in classical physics, but can not be described by any selfadjoint
operator in quantum mechanics [38], [40]. This drawback in the conven-
tional formulation of quantum theory becomes even more evident when one
attempts to define a position observable for the photon. In fact, a theorem
of Wightman ([56], [52]) asserts that there does not exists any selfadjoint
operator describing the localisation property of the photon.

Positive operator measures were introduced just to overcome difficulties
of this kind arising from the von Neumann formulation of quantum theory.
Quite soon after their introduction, it became also clear [26], [38], [40], [47]
that the most general description of the observables of quantum mechanics is
provided by positive operator measures rather than by spectral measures. In
this extended setting, the phase observable and the localisation observable
for the photon are associated to positive operator measures that are not
spectral maps, and thus can not be represented by any selfadjoint operator.

It also turned out that joint measurements of quantities which are in-
compatible in the von Neumann framework can be described in terms of
positive operator measures (an example is provided in section 5.2).

The aim of this thesis is to give a complete characterisation of an im-
portant class of positive operator measures, namely the positive operator
measures that are covariant with respect to unitary representations of a
group. Indeed, in quantum physics the observables that describe a partic-
ular physical quantity are defined by means of their property of covariance
with respect to a specific symmetry group. Thus, covariant positive operator
measures naturally acquire a privileged role.



Since the characterisation of covariant positive operator measures re-
quires a few deep results from abstract harmonic analysis and needs the
elaboration of some specific mathematical techniques, in general we will
concentrate on the mathematical point of view of the problem. Our ex-
amples and applications to quantum mechanics are not intended to give a
detailed exposition of the particular physical framework to which they are
addressed.

The thesis is organised as follows. Chapter 1 is of an introductory nature.
In section 1.1 we give a brief account of the arising of covariant positive
operator measures in quantum physics. In §1.2 we fix the mathematical
set-up that will be commonly used in the subsequent chapters. In §1.3 we
will sketch an application to the theory of coherent states (for more details
on the topics treated in this section, we refer to [5]).

In chapters 2 and 3 we will achieve a complete characterisation of co-
variant positive operator measures in the following two cases:

1. if G is an abelian group, we will characterise the most general positive
operator measure based on a transitive G-space and covariant with
respect to a unitary representation of G (chapter 2);

2. if G is a generic group and () is a transitive G-space with compact
stabiliser in G, we will classify the positive operator measures based
on 2 and covariant with respect to an irreducible projective unitary
representation of G (chapter 3).

Although they are quite specific, actually these two cases cover almost
all the situations of physical interest. In particular, the first case will enable
us to give a complete classification of the phase observables for a quantum
electromagnetic field, while the second characterises an important class of
joint observables of position and momentum, namely the covariant phase
space observables.

In chapters 4 and 5 we will concentrate on positive operator measures as-
sociated to the position and momentum observables of nonrelativistic quan-
tum mechanics. We will define such observables in terms of their properties
of transformation under the action of the isochronous Galilei group. After
that, we will give their characterisation and discuss their main properties.
In particular, in chapter 5 we will study the problem of joint measurability
of position and momentum observables. We will find under which conditions
a position and a momentum observable are jointly measurable, showing that
these conditions imply Heisenberg’s uncertainity relation. Here we remark
that in our convention position and momentum observables are covariant
under the Galilei group by definition. Nevertheless, in many situations of
physical interest one actually needs to relax the covariance requirement in
the definitions of such observables. This last topic is beyond the scope of the



thesis. The interested reader is referred to [11], [55] and references therein
for more details.

The thesis is a re-elaboration of the results published in [13], [14], [15],
[20] and [21], and in the paper [16] in preparation.
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Chapter 1

Covariant positive operator
measures in mathematical
physics

1.1 Positive operator measures in quantum me-
chanics

The framework of positive operator measures naturally arises in quantum
physics as the mathematical foundation of the theory of measurements. In
this section, we will sketch a very brief account of the subject, with a partic-
ular emphasis on the physical meaning of positive operator measures which
are covariant under symmetry transformations. For more details, we refer
o [11], [26], [38], [40], [43], [47].

Quantum mechanics associates to each physical system S a correspond-
ing Hilbert space H, identifying the states of S with the elements of the set
S (M) of positive trace one operators on 7. On the other hand, if (2, A (Q))
is a measurable space®, the observables of S taking values in ) are repre-
sented by positive operator measures based on {2 and acting in H. Here we
recall that a positive operator measure (POM) based on Q and acting
inHisamap E: A(Q) — L(H) (L(H) = the set of bounded operators
on ) such that?

1. E(X) is a positive operator for all X € A (9);

!We recall that a measurable space is a pair (2, A (Q)) composed by a nonempty set
Q and a o-algebra A () of subsets of .

2We recall that in the mathematical literature by positive operator measure based on Q
and acting in M one usually means a map F : A(Q) — £ (H) satisfying only conditions
1 and 3. If E satisfies also condition 2, then E is called to be a positive normalised
operator measure. Our slightly imprecise abbreviated notation is justified by the fact that
in the quantum theory of measurement only normalised positive operator measures are
considered.



2. E(Q) =1I;
3. E(Uy2y Xn) =Y 02 E(Xy) (in the weak sense) if X, € A(Q) and

n=1

X, NX,, = for n #m.
IfE: A(Q) — L(H) is an observable and T' € S (H), we define
pr(X):=tr (TE(X)) VX cA(Q). (1.1)

By properties 1, 2 and 3 the above equation defines a probability measure
p% on Q. It is interpreted as the probability distribution describing the
outcomes of a measurement of E. More precisely, the number pZ (X) is
the probability that a measurement of the observable E performed on the
system S prepared in the state T yelds a result in the subset X C Q.

If property 1 in the definition of POM is replaced by the stronger con-
dition

1" E(X)=E(X)*=E(X)*forall X € A(Q),

then the POM FE is a projection valued measure, and the associated
observable is said a sharp observable. If in addition 2 = R with its Borel
o-algebra, then F is actually a spectral map. We note that in this case the
mean value of the observable E' measured on a state T is

/Adp¥ (\) = tr (T/AdE(A)) =:tr (TA),

where A is the selfadjoint operator with spectral decomposition A = [ AdE (})
(here for simplicity we suppose that the domain of A is the whole space H).
We thus see that observables described by selfadjoint operators are a strict
subset of the whole class of observables. For more details on the physical
meaning of condition 1’, we again refer to [11].

We now enrich our setting, introducing the action of a group of transfor-
mations (symmetry group), and studying how the quantum systrem S and
its observables change under the action of the group. This will enable us to
define a particular class of observables, whose properties of transformations
under the action of the group are in fact the natural ones.

Thus, suppose that E : A(2) — L(#) is an observable, and that a
transformation group G acts both on the space {2 on which E takes its values
and on the quantum system S. We denote by S (H) 3 T+ ¢[T] € S (H)
and by Q@ > z — g[z] € Q the actions of an element ¢ € G on S (H)
and  respectively. If G satisfies some general topological conditions, then
Wigner’s theorem states that G acts on the Hilbert space of the system by
means of a projective unitary representation U, i.e.

g[T)=U(9)TU (9)~" VgeG (1.2)

10



for all states T' € S (). We now require that, when the system undergoes
a transformation of G, the statistics of the measurement of F is affected by
a corresponding variation. More precisely, we request that the probability
distribution of the outcomes obtained measuring F satisfies

Pl (X) = p (71 [X]) VX € A(Q) (1.3)

for all states T € S (H) and all transformations g € G. Egs. (1.1), (1.2) and
(1.3) imply

EGX)=U@EMX)U(9) ' VXeAQ) (1.4)

for all g € G. Eq. (1.4) is a covariance condition imposed upon the POM
E. Such a condition thus selects among all the possible observables taking
values in the space ) those which actually transform in a compatible way
under the action of G.

A triple (U, E,H) formed by a unitary representation U of G in the
Hilbert space H and by a POM E on Q acting in H which satisfies eq. (1.4)
is called system of covariance for G based on 2. A POM FE satisfying
eq. (1.4) is said to be U-covariant.

As a simple and clarifying example, we can consider the position observ-
ables for a quantum particle with one degree of freedom. Here the Hilbert
space of the system is % = L? (R,dz) and the outcome space is the real
line Q = R with the Borel o-algebra B (R). We have the usual action of the
group of translations G = R on R itself. We require that the statistics of
the outcomes registered measuring a position observable E satisfy

por(X) =pf (X —z) VoeR XeB(R),TeS(H),

where z [T] = e"®*FPTe*F P being the selfadjoint generator of translations.
This implies

e "PE(X)e"" =E(X +2) VzER X €B(R). (1.5)

A possible solution of the above equation is the projection valued measure
IT given by

[L(X) f](z) = xx (z) f (z) VfeL?Rdz), X € B(R).

We note that II is the spectral map associated to the selfadjoint generator
Q@ of momentum boosts, with (Qf)(x) = zf (x). Neverthless, we shall
see in the next chapter that there are many other solutions of eq. (1.5),
for which the condition 1’ does not hold in general. By the way, we note
that the covariance under translations is not sufficient to define a position
observable; also invariance under boosts is needed. We shall explore this
with more details in chapter 4.

11



In the following, we will be mainly concerned with the solution of eq. (1.4),
i.e. with the classification of the systems of covariance for a group G based on
a G-space (). We will always assume that the action of G on ( is transitive.
Under this essential hypothesis (and some general topological assumptions),
we will find the most general solution in the following two cases:

1. G is abelian and U is an arbitrary unitary representation of G (chapter
2);

2. G is generic, U is an irreducible projective unitary representation of
G, and the stabilizer of 2 in G is compact (chapter 3).

The first case covers, for example, the class of position observables just
described, while the second characterises an important class of joint observ-
ables of position and momentum, namely the covariant phase space observ-
ables (see §3.5).

The next section lays down the mathematical set-up which will be the
starting point for our solution of this classification problem.

1.2 The induced representation and the generalised
imprimitivity theorem

In the following, we will always be concerned with topological spaces en-
dowed with their Borel o-algebra. If €2 is a topological space, we denote by
B (2) the o-algebra of its Borel subsets.

We will always assume that G is a Hausdorff locally compact second
countable topological group acting continuously and transitively on a Haus-
dorff locally compact space Q (transitive G-space). We denote by e the
identity element of G. Fixed a point z € €, € is canonically identified
with the quotient space G/H,, H, C G being the stability subgroup at z.
By virtue of this identification, for the rest of this section we shall assume
that Q = G/H, with H a closed subgroup in G. The canonical projection
G — G/H is denoted by ; the equivalence class of an element g € G in
G/H is denoted alternatively by « (g) or g. The action of an element a € G
on a point ¢ € G/H is clearly a[g] = 7 (ag).

We assume that G/H admits an invariant measure pg/ . We recall that
this is equivalent to assume that the modular function Ag of G restricts on
H to the modular function Ay of H. If the invariant measure pg,y exists,
then it is unique up to a constant. We let ug be a fixed left Haar measure
of G. The following fact will often be used: a set X € B(G/H) is pg/u-
negligible if and only if 7! (X) is pg-negligible. For more details on these
facts, we refer to [33], [34].

By a unitary representation (or simply a representation) we mean
a weakly continuous unitary representation acting in a separable Hilbert

12



space. If # is a Hilbert space, we denote by (-,-),, its scalar product, linear
in the second argument; when clear from the context, we drop the subscript
H.

Let rep (H) and rep (G) be the set of the unitary representations of H
and G respectively. We now describe a canonical construction which will
allow us to associate:

e to each unitary representation ¢ of H a unitary representation of
G, called the representation of G induced by ¢ and denoted by
. G .
lndH(J)a

e to each map A intertwining® o with ¢’ a map A intertwining ind$ (o)
with ind% (') in such a way that: a) AB = AB if A intertwines o
with ¢/ and B intertwines ¢’ with o”; b) A* = A*.

Suppose o is a representation of H in the Hilbert space K. Let H? be
the space of functions f : G — K such that

1. f is weakly ug-measurable;

2. foralhe Hand g e G

Flgh)=c(®)™" f(9);

[ 17 @I dey 6) <
a/H

We identify functions in H? which are equal pug-a.e.*. Endowed with the
scalar product

(i foage = / (1 (9) 2 (9)) dpscsyr ()

G/H

H? becomes a separable Hilbert space (see [27]). There is a natural unitary
representation of G in H?, in which G acts on H? by left translations. We
denote it by A%:

[\ (a) f1(g) = f (a7'g) for yg-a.a. g€ G.

3We recall that, if o and o' are representations of H acting in the Hilbert spaces K
and X', a bounded operator A : X — K’ intertwines o and o’ if

Ac(h) =d'(h)A Vh € H.

“Here and in the following ‘a.e.’ is the acronym of ‘almost everywhere’. Likewise, ‘a.a.’
is the abbreviated form of ‘almost all’.

13



for all a € G. .
We then define ind$ (0) = X?. If A intertwines o with o', we let A :
H? — H° be defined by

(4£) (9) = Af(9).
It is immediately checked that A satisfies the required properties.

Remark 1.2.1 Note that if H = {1} and o is the trivial one-dimensional
representation of H, then indg (o) is the left regular representation X\ of
G. We recall that this representation acts by left translations in the Hilbert
space L2 (G, ug):

A (a) f1(g) = f(atg) for pc-a.a. g €G.

for all f € L?(G,pc), a € G. In the following, we will often drop the
adjective ‘left’ in referring to this representation.

An equivalent realisation of ind$ is now given. Fix a Borel section
s: G/H — @G. Define

(Vf)(z)=f(s(x)) for pg/y-a.a. z€G/H

for all f € H°. Then, Vf € L? (G/H, ,u(;/H;IC), and the linear operator
V:H — L? (G/H, Ka)H; IC) is unitary. By means of V', we transfer \?
to a unitary representation U? of G in L? (G/H, ,ug/H;lC). Its action on
¢eL? (G/H,uG/H;IC) is

U7 (a) 9] (@) = o (s ()" as (a7 [a]) ) & (a™" [a])

for all @ € G.

In the following, we will mainly use the realisation of ind% (o) in H°,
although sometimes we will refer also to the second construction.

In H? we define the projection valued measure P’ based on G/H which
maps each X € B(G/H) into the multiplication by the corresponding char-
acteristic function xx:

[P (X) fl(9) = xx (9) f(g) VfeH. (1.6)
Clearly,
X7 (9) P (X)X (9)' = P° (g[X]) VX € B(G/H),Vgeq.

A triple (U, P,H), in which U is a unitary representation of G in the Hilbert
space H, P: B(G/H) — L (H) is a projection valued measure, and

Ulg)P(X)U(g9)~' =P(g[X]) VX €B(G/H),Vg€eQG,

14



is called system of imprimitivity for G based on G/H. The triple
(A7, P?,#°) defined above is the canonical system of imprimitivity
induced by the representation o of H.

We can now state the fundamental theorem on which our classification
of covariant POM’s will be based. It is a generalisation of the imprimitivity
theorem of Mackey ([48], [33]), and, in its first proof given by Cattaneo in
[24], it is a consequence of Mackey’s theorem and of the dilation theorem of
Naimark. A direct proof, which includes the proof of the Mackey imprimi-
tivity theorem, is given in [19]. We recall from the previous section that a
system of covariance for G based on G/H is a triple (U, E, H) made up by
a unitary representation U of G in the Hilbert space H and a POM E on
G/H acting in H and satisfying the covariance condition of eq. (1.4).

Theorem 1.2.2 (Generalised imprimitivity theorem) Let (U, E,H) be
a system of covariance for G based on G/H. There exists a representation
o of H such that

1. there is an isometry W : H — H?, with WU (g) = \? (9) W Vg € G,
such that
EX)=W*'P (X)W VX eB(G/H);

2. the linear hull of the set
{PP(X)Wv|veH, X e B(G/H)}
is dense in HC.
Moreover, the representation o satisfying 1 and 2 is unique up to equivalence.

Conversely, given a representation U of G on 7, suppose that for some
o € rep (H) there exists an isometry W : H — H? intertwining U with
A?. Then, it is immediately checked that

E(X):= W'P° (X)W VX € B(G/H)

defines a system of covariance (U, E, H).

By virtue of the above theorem, the problem of classifying all the systems
of covariance for G based on G/H reduces to characterising the representa-
tions of G which are contained in representations induced from H. This is
directly related to the problem of diagonalising the induced representation,
hence in particular to Plancherel theory. Thus, as we shall see, a general
solution is achievable only for particular choices of H, such that a canonical
method for diagonalising ind$ (o) (o € rep (H)) can be worked out.

Remark 1.2.3 Suppose (U, E,H) and (U', E',H') are two systems of co-
variance for G based on G/H. Then they are equivalent if there exists a
unitary operator V : H — H' such that U' (g) = VU (g) V~! Vg € G and
E'(X)=VE(X)V-l VX € B(G/H).

15



Remark 1.2.4 Suppose Q is a locally compact second countable Hausdorff
space, and let C,. (2) be the linear space of continuous complex valued func-
tions on Q with compact support. If E : B(2) — L(H) is a POM, for
@ € C. () we define the following bounded operator on H

E (p) ==/Q<P(w) iE (),

where the integral is understood in the weak sense. It is known that the map
¢ — E(p) defines uniquely the POM E. Indeed, if u,v € H, let iy, be
the complex measure given by

fuw (X) = (u, E(X)v) VX € B(Q). (1.7)

By the Riesz representation theorem, the complexr measure i, , can be recov-
ered from the bounded linear functional it induces on C.(Q2), i.e. from the

mapping
(@) 30— [ (@) diuy () = (B (p)0)

(here we used the definition of E (¢)). Hence, the mapping ¢ — E ()
determines all the compler measures fiy, (u,v € H), and these in turn
determine the POM E by means of (1.7). For more details, we refer to [7].
In the following, we will often use this alternative description of E.

If Q= G/H, denoting by ¢9 (z) := ¢ (¢! [z]) the action of an element
g € G on a function ¢ € C.(G/H), covariance condition (1.4) is equivalent
to the following

E(@)=U(E(@)U(9)~ VpeCc(G/H),g€GC.
If P? is the projection valued measure of eq. (1.6), we have, for ¢ € C. (G/H),
[P? () f1(g) =9 (9) f(9) VfeH’.

Remark 1.2.5 Let o be a representation of H in the Hilbert space K. For
v €C.(Q) and v € K, let

Fou (g) = /H o(gh) o (h)vdur () Vg e G

(here pg is a Haar measure of H). It is easily checked that fy, is a con-
tinuous function in H?, whose support is compact modulo H. Moreover, if
D C K is a subset which is total in IC, it is known that the set

{fou |9 € Cc(G), v €D}

is total in H? (see [33]).

16



Remark 1.2.6 In chapter 3, we will deal also with projective unitary
representations of the group G (sometimes abbreviated in ‘projective rep-
resentations’). We recall that such a representation acting in a Hilbert space
H is a weakly measurable map G > g — U (g) € U (H), U (H) being the uni-
tary group of H, such that U (e) =1 and U (g192) = m (91,92) U (91) U (g2).
The measurable map m : G Xx G — T, T being the set of complex num-
bers with modulus one, is the multiplier of U (see [52] for more details;
in particular, if the multiplier m is trivial, there exists a measurable map
a: G — T such that G — a(g)U(g) is a strongly continuous unitary
representation of G). As in the unitary case, « POM E : B(G/H) — H
is U-covariant if U (¢9) E(X)U (9)™* = E(g[X]) for all X € B(G/H) and
ge@G.

1.3 Systems of covariance and coherent states

Let G, H and G/H be as in the previous section. In addition, suppose
U € rep (G) is fixed. Let H be the Hilbert space of U. We are now interested
in the U-covariant POM’s that are expressible by means of an operator
density with respect to some measure on G/H. In other words, we are
looking for those U-covariant POM’s E based on G/H such that there exist
a positive Borel measure v on G/H and a weakly v-measurable map G/H >
z+— E(z) € L (H) satisfying

EwyiLE@ﬁb@)VXeBmﬁﬂ. (1.8)

Here and in the following, our operator valued integrals are always under-
stood in the weak sense. If eq. (1.8) holds, then we have the following
resolution of the identity

I= E(z)dv (=), (1.9)
G/H

so that F (z), z € G/H, define a family of generalised coherent states
in the sense of [5]. This terminology is justified by the following fact: if
there exists a measurable map G/H > z — ¢ (z) € H, with |[¢ ()| =1
a.e., such that F (z) is the orthogonal projection along 1 (z), then eq. (1.9)
reads®

I=L/H<¢<w),->¢(z>du<x>,

SWe recall that our inner product is linear in the second argument. Eq. (1.9) is also
equivalent to

ww=/wwummmmwm)wWe%
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thus showing the connection with classical coherent states [26)].

Theorem 1.3.2 below is a consequence of the result found by Cattaneo
in [25]. Here we give a different and simplified proof, which, up to our
knowledge, is new. It is based on the following lemma.

Lemma 1.3.1 If eq. (1.8) holds for the U-covariant POM E, then there
ezists a weakly continuous map G/H 3> z — E (z) € L(H) such that

1.

Ul(g)E(z)U(g) ' =E(g[z]) Vg€G,VreG/H;

E(X):/XE’(m) dug)w () VX € B(G/H).

Proof. We first show that in eq. (1.8) E (z) is a positive operator for
v-a.a. z, and v can always be chosen to be the invariant measure ug,q.
First of all, possibly redefining v, we can assume F (z) # 0 for v-a.a. z. Let
(vn),>1 be a countable sequence of vectors which is dense in #. Since, for
alln > 1, (E(X) vp,v,) > 0 for all X € B(G/H), it follows from eq. (1.8)
that there is a v-null set N € B(G/H) such that (E (z) vy, v,) > 0 for all
n > 1 and z ¢ N. By continuity, E (z) > 0 for all z ¢ N. For each n, we
define the bounded measures

pn (X) = lloal 7 (vn, B (X)va) VX € B(G/H)

B = Z 27"y
n

and

We then have the equivalence
1(X) =0 <= E(X) =0,
and, since E (9[X]) = U (9) E(X) U (9) ',
p(X) =0+ u(g[X])=0.

It follows that y is equivalent to the invariant measure ug, g (see [33]).
On the other hand, by eq. (1.8) and monotone convergence theorem, y has
density

T o0 (z) = Z 27" ||'Un||_2 (vn, E () vn)

with respect to v, and, since o (z) > 0 for v-a.a. z, p and v are equiva-
lent. Let p be the density of v with respect to pg g, and define E (z) =
p(z) E(z). We then have

B(X)= [ B(@)duen(@) VX € B(G/H)
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as claimed.
The covariance condition on FE easily implies that for all g € G there is
a pg/p-null set Ny such that

U(9)E(x)U(9)"" = E(gla]) Va¢ N, (1.10)

We now show that N, can be chosen independent on g € G. This will
complete the proof of the lemma. Note that, since

exp [:i:zE (:I:)] =

the convergence being in the uniform norm of L£(#), the maps z —

exp (ﬂ:zE (;v)) are weakly pg,/p-measurable. In fact, it suffices to show

that each map x — E (ac)’C is weakly pg,p-measurable, and this is seen by
induction on k: fixed an orthonormal basis (¢,),,~; of H, we have

<u,E (z)* v> = En: <u,E(w) ¢n> bn, <E(m)k_1v> Ve € G/H

and by the inductive hypothesis the right hand side is the sum of ug/n-
measurable functions, hence is y1, z-measurable. Insertingagain I = (-, én) én
between the composed operators, we see that the maps

g — 2I+U(9) "exp [zE’ (g)] U (g) +h.c.=: B* (g)
g — 214U (g9) " exp [ZE’ (g)] U (g) + h.c. =: B~ (g)

are weakly ug-measurable. Moreover, B¥ (g) > 0 and ||B¥ (g)|| < 4 for all
g € G. For n > 1, we can thus define the positive Borel measures o;- on G,
given by

/ f (g) do (g) = / £ (9) (ony BE (9) va) dpic () Y € Ce(G).
G G
For all a € G, by eq. (1.10) we have

B*(ag) = B*(g) foraa. g€ @G,

£ are invariant measures on G. This implies o;f = ¢ for some

constants c;-, hence (B* (g) v,,v,) is a constant for a.a. g. It follows that
there is a pg-null set Z and operators C* such that

and so «

B*(g9)=C* Vg¢Z.

Since

U(g) 'exp [ZE (g)] U(g) = i (Ct—iC™)+(i—1)I fora.a.geQq,
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by spectral theorem g —» U (g) ™" E (§) U (g) is constant almost everywhere.
Our claim is thus proved. =

The next theorem characterises those U-covariant POM’s which define
a family of generalised coherent states.

Theorem 1.3.2 Suppose E is a U-covariant POM based on G/H. Let
o and W be as in Theorem 1.2.2. Then, E admits the representation of
eq. (1.8) if and only there exists a bounded operator A : H — K, K being
the Hilbert space of o, such that

1.
AU (h) =0 (h)A Vhe H; (1.11)

(W) (9) = AU (¢) v for a.a. g € G. (1.12)
Proof. If A satisfies the conditions in the statement, then
(u, E(X)v)yy = (Wu,P° (X)Wuv)y.
= /X (AU ()™ u, AU (9) ') _ducyn (9)
and eq. (1.8) follows with
E(9):=U(g) A*AU (9)" VgeG.

Conversely, if eq. (1.8) holds, then by the previous lemma we can take
v =pg/g and E(9) = U (9)TU (9) ! for some fixed positive operator T,
where T' commutes with the representation o’ of H obtained restricting U
to H. For all v € H, define

(W'v) (g) = TY?2U (9)™'v Vg € G.

By eq. (1.9), W' is an isometry H — Ho'. Tt clearly intertwines U
with A?". Let P be the orthogonal projection onto the closed subspace
span {P° (X)W'v |v € H, X € B(G/H)}. Then, as P commutes with A%
and P?, the imprimitivity theorem of Mackey implies that there exists an
orthogonal projection Py of H commuting with ¢’ and such that

(Pf)(9) = Puf(g) VfeH .

By the uniqueness statement in Theorem 1.2.2, we can assume o = o'[p, 4,
the restriction of ¢’ to the subspace K = PyH, and W = W'. Since PW' =
W', we have PyT?v = (PW'v) (e) = (W'v) (e) = T'/?v for all v € H.
Thus, ranT'/? C K. If we set A = T'/?, then A satisfies egs. (1.11) and
(1.12), and the proof of the theorem is complete. m
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An operator A : H — K as in the statement of the theorem above is
called generalised wavelet operator (see [5]). Note that an intertwining
isometry W : H — H7 is expressible in the form of eq. (1.12), with A :
H — K bounded and satisfying eq. (1.11), if and only if the subspace
WH C H? is a reproducing kernel Hilbert space of continuous functions on
G (recall that a reproducing kernel Hilbert space on G is a Hilbert space of
functions in which the evaluation maps at each point g € G are continuous
functionals). We thus find in a different way the result found by Cattaneo
in ([25]).
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Chapter 2

The abelian case

2.1 Introduction

Throughout all this chapter, G will be a Hausdorff locally compact abelian
group satisfying the second countability axiom, and H will be a closed sub-
group in G.

In the following, we describe all the systems of covariance for G based on
G/H. First of all, given U € rep (G), we will find a necessary and sufficient
condition in order that U admits covariant POM’s based on G/H. To give
a brief explanation of this point, let G be the group of unitary characters of
G, and [M(G)] be the partially ordered set of equivalence classes of positive
Borel measures on G (here [p] < [v] iff p has density with respect to /). As we
shall explain with more details in section 2.4, the Stone-Naimark-Ambrose-
Godement (SNAG) theorem canonically associates to U a unique measure
class Cy € [M (@)]. We will construct a canonical order preserving map
Oy : [M(G)] — [M(G)] such that the following holds: U admits covariant
POM’s based on G/H if and only if [Cy] < @y ([Cy]). If this condition
is satisfied, the next step consists in characterising the most general U-
covariant POM based on G/H. We will see that such a POM is described
in terms of a fam/i\ly W, : E, — F of isometries, where the index x runs over
the dual group G, dim E; equals the multiplicity of the character z in U
and E is a fixed (infinite dimensional) Hilbert space. Since our classification
of covariant POM’s is based on the generalised imprimitivity theorem, an
essential point is the definition of a unitary transform 3 which diagonalises
ind% (o) for o € rep (H). This sort of “generalised Fourier transform” is
the subject of §2.3. In §2.4 we will state the basic results of this chapter.
Finally, as an application in §2.5 we give three examples:

1. the regular representation of the real line, where the positive opera-
tor measures describe a class of position observables in one dimension
(§2.5.1);
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2. the number-representation of the torus, where the positive operator
measures describe the phase observables for a single mode bosonic
field (§2.5.2);

3. the tensor product of two number-representations of the torus, where
the positive operator valued measures describe the phase difference
observables (§2.5.3).

In the literature, the problem of classifying the U-covariant POM’s for
the abelian group G had been solved by Holevo in the special case H = {e}
[41]. Our results are then a generalisation of the results of Holevo. In
addition, in the case H = {e} our approach gives a description of covariant
POM'’s which is more manageable than the already known one.

The material in this chapter is taken from [21].

2.2 Notations

All the groups considered in this chapter are Hausdorff, locally compact,
second countable and abelian. If © is a locally compact second countable
Hausdorff space, by a measure on €2 we always mean a positive measure
defined on the Borel o-algebra B (£2) of Q which is finite on compact sets.
If H is a Hilbert space, we denote by C.(2; ) the space of functions ¢ :
Q) — H which are continuous and with compact support. If H = C, we use
the standard abbreviated notation C, (Q2) for C, (©2;C).

In the sequel we shall use rather freely basic results of harmonic analysis
on abelian groups, as exposed, for example, in refs. [27] and [33].

We fix a group G and a closed subgroup H. We denote by G and H the
corresponding dual groups and by (z,g) the canonical pairing.

We recall that

m:G— G/H, m(g) =g

is the canonical projection onto the quotient group G/H. If a € G and
g € G/H, the action of a on the point ¢ is a[g] = ag.
Let H+ be the annihilator of H in G that is

HL:{yeaHy,h):theH}.

The group H*' is a closed subgroup of G and GT/T{ can be identified (and
we will do) with H+ by means of

(y,9) = (y,9) Yy € H™* VgeG/H.

Since H™ is closed, we can consider the quotient group @/H L We
denote by R R
q:G — G/H*, q(z) =1
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the canonical projection. The group H can be identified (and we will do)
with the quotient group G/H* by means of

(&,h) == (z,h) Vi e G/H* Vhe H.

Let pg, pu and pg g be fixed Haar measures on G, H and G/H, re-
spectively.

We denote by g1 the Haar measure on H' such that the Fourier-
Plancherel cotransform ?G/ g is a unitary operator from L2 (G /H, g / H)
onto L? (HJ',MHJ_), where ?G/H is given by

(Foyuf) (v) = /G 0@ oy ) fornay € B

for all f € (L' N L?) (G/H,pg/H).
Given ¢ € C, (@), let

@)= [ plendun ) Vi eG/H”

It is well known that ¢ is in C, (@/HJ-> and that ¢ > 0 if ¢ > 0. Given a
measure v on G /H*, the map
C. (é) 5 ¢ —s G (2)dv (¢) € C (2.1)
G/HL
is linear and positive. Hence, by Riesz-Markov theorem, there is a unique
measure v on G such that

/A¢<x)dﬁ<x)= / W@ [ by dugs @)
a G/H* HL

for all ¢ € L! (@,ﬁ). One can check that the correspondence v — v

preserves equivalence and orthogonality of measures.
Given a finite measure y on G, we denote by ©? the image measure of u
with respect to g, i.e. the measure on G/H* given by

i (4)=p(g" (4) vAeB(G/HY).

The following well known theorem of harmonic analisys characterises the
most general unitary representation of the abelian group G. It is stated in
this form for example in [33, Theorem 7.40] (see also [27, Theorem 22.15.1]).
We recall that if p is a measure on G and F is a Hilbert space, the diagonal

representation U”! of G in the space L? (@, 0; F) is defined by
(UPF¢) (z) = (z,9) ¢ (z) for p-aaz € G

for all ¢ € L? (@,p; F) and g € G.
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Theorem 2.2.1 (Stone, Naimark, Ambrose, Godement) Let U be a
unitary representation of the abelian group G. Then there exists a fam-
ily of disjoint measures (pj)jEZ+U{oo} on G and a family of Hilbert spaces
(F)jez ufoo} with dim Fy, = k such that U is unitarily equivalent to the
direct sum @ ez, Ufoo} Uri-ti,

If (pg is another family of disjoint measures on G such that

JEZ {0}

U is unitarily equivalent to the direct sum @

' !
ez +Ufoo} U*i"i, then p; and

p; are equivalent measures for all j € Z U {oo}.

We say that U € rep (G) has uniform multiplicity m € Z U{oc} if, with
the notations of the above theorem, we have p = 0 for all j # m.

We now fix a representation U of G acting on a Hilbert space H. Our aim
is to describe all the positive operator measures covariant with respect to U.
From the generalised imprimitivity theorem the following fact immediately
follows.

Theorem 2.2.2 A POM E based on G/H and acting on H is covariant
with respect to U if and only if there exists a representation o of H and an
isometry W intertwining U with ind$; (o) such that

E(w) =W*P? (w)W
for allw e C.(G/H).

Note that here and in the rest of this chapter we define the POM E by
means of its representation as a linear form on C. (G/H), as explained in
Remark 1.2.4. This is done in order to avoid some technical difficulties (like
problems when in the following some order of integration is changed). If o’
is another representation of H such that o is contained (as subrepresenta-
tion) in o, then the induced imprimitivity system (A7, P?, H?) is contained
in (X",P”',’H”'). Hence, we can always assume that o in the previous

theorem has uniform infinite multiplicity.
With this assumption, and by the equivalence H ~ G/H"', there exist a
measure v on G/H+ and an infinite dimensional Hilbert space M such that,

up to a unitary equivalence, o acts diagonally on L2 (@ JHY v, M) The

first step of our construction is to diagonalise the representation ind% (o).

2.3 Diagonalisation of ind$ (o)

In this section, given a representation of H with uniform multiplicity, we
diagonalise the corresponding induced representation.
Let v be a measure on G/H' and M be a Hilbert space. Let ¢” be the

diagonal representation of H acting on the space L? (@ JHY v; M), that is
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(6¥ (h)§) (&) = (&,h) € (&),
for all ¢ € L2 (G/HL,I/; M) and h € H.
We denote by H" the space of functions f : G x @/HJ- — M such that

1. f is weakly (ug ® v)-measurable;
2. forallhe Hand g € G

f(gh,z) =(z,h)f (g9,2) forv-a.a. i€ @/HL; (2.2)

L s M 6D @ ) ) < 420
X

We identify functions in H" that are equal (ug ® v)-a.e.. Let G act on H”
as

(X (a) f) (g,8) :== [ (a7 g, )
for all @ € G. Define

(P (w) ) (9,2) == w(9) f (9, %)

for all f € H”, w e C.(G/H).
The following proposition is stated in [21] without a proof.

Proposition 2.3.1 The space H" is a Hilbert space with respect to the inner
product

(i o) = / (1 (9:5), 2 (0,8)) d (g @ v) (§:5)

G/HxG/HL

Ifoec, (G X é/HL;M), let
fo(g,d) = /H (k) o (ghyd) du () V(g.%) € G x G/H".

Then f, is a continuous function in H” such that (7r X id@/HL) (supp fy)

is compact, and the set
HE={fy 1 eC(Gx G/ M)}

is a dense subspace of H”. The triple (\V, P, H") is the canonical imprim-
itivity system induced by o¥ from H to G.
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Proof. Recall the definitions of s and V' given after Remark 1.2.1 in §1.2.
We define a unitary operator V' : H¥ — L? (G/H X @/HJ-, pa e @ V; M)
by

(V') (g:4) = f (s(9) )

We denote by J the canonical identification of L? (G/H x G/H*, pG/a ®V; M)
with L? (G/H, ,[,Lg/H;LQ (@/HJ‘,I/;M>), where

[J6 ()] (&) = ¢ (§,4) for a.a. & € G/H*

for a.a. § € G/H. It is then easy to check that the unitary map f +— fi=
V~LJV'f intertwines the imprimitivity systems (A, P¥,H") and (\°", P°", H""),
since

[/ (9)] @) = 1(9,4) for v-aa ieG/H*

for ug-a.a. g € G.

For the second statement in the theorem, the compactness of the set
(m > idg
tinuity of f, is a standard consequence of dominated convergence theo-
rem. It only remains to prove the density of Hy. Let ¢ € C.(GQ), ¢2 €

C. (@/HL;M), and ¥ (g,z) = @1 (g) p2 (). For f € H", we have

Ly deam @ [, @) [ a0y ton
X <<$,h> f (g,j:) )y P2 (‘T»M

- /G/Hdug/H (g)/HdMH (h) ¢1(gh)

) (supp f,) is clear from the definition of f,. Also, the con-

<fa fd))q.[u

o WO 0] @00 )02 @)
= /G/H dpg/u (Q)/HdﬂH (h) o1 (gh)

% <f (9),0" (R) ¢2>L2(@/HJ-,U;M)
= <f’ fw1<p2>

Hov

Since the set
{Fores | 01 €C.(G), 2 € €. (GrHH M) |
is total in H°" (see Remark 1.2.5), the density of HY follows. m
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We now diagonalise the representation A”. First of all, we let  be the
measure defined in G by eq. (2.1). Let A” be the diagonal representation of

G acting on L? (@, D’;M) as

(A (9) ) (z) = (z,9) $ () foraa z€G

for all g € G. R R
Moreover, given ¢ : G — M and fixed z € G, define ¢, from H' to
M as

bu (y) = ¢ (zy) Vye H-

Theorem 2.3.2 There is a unique unitary operator ¥ from H* onto L? (@, v; M)
such that, for all f € Hg,

() (=) = /G @0 [0 e @) foranzcl 9

The operator X intertwines ¥ with A¥. Moreover,

(Z*¢) (9,%) = /HL (zy, 9)p (zy) dpg s (y)  for a.a. (9,4) € G x H (2.4)
for all p € C, (@,M)

Proof. We first define ¥ on H. Let f € H. Fixed z € @, by virtue of
eq. (2.2) the function

g— (z,9) f (9, %)

depends only on the equivalence class ¢ of g and we let f* be the corre-
sponding map on G/H. Due to the properties of f, f* is continuous and
has compact support, so it is pg,g-integrable and we define ¥ f by means
of eq. (2.3).

We claim that X is in L2 (@, v; M) and HE-fHL?(@,ﬁ;M) = [|f|l4»- Since
the map

(z,9) — f*(9)

is continuous from G x G /H to M and has compact support, by a standard
argument X f is continuous. Moreover, if z € G and y € H™,

(Xf) (zy)

/ (29,9) f (9 5) g ()
G/H

_ / (v, 3) (2, 9) £ (9 %) dpcyym (9)
G/H
= Fau (%) ().
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We then have

27 ey = [, 150 @@
= [ @ [ I @) s )
G/HL HL

= /é/HL dv (& / H}—G/H )(y)HQdMHL (y)

(unitarity of Fe/p)

B . T /- 2 .
_ /G @ /G @y )
_ /G @ /G @ DI dney @

- / (e dIPd (s ®v) (68)
G/HxG/H+

= |Ifll3-

By density, ¥ extends to an isometry from H” to L? (@, 17;M). Clearly,
eq. (2.3) holds and it defines uniquely X.

The second step is computing the adjoint of . Let ¢ € C, (@, M), by

standard arguments the right hand side of eq. (2.4) is a continuous function
of (g,%). Moreover, it satisfies eq. (2.2). We have

| Tewale @) s () = @ g (v0) ).

First of all, we show that the above function of (g, %) is in H#”. Indeed,

L@ [ [0 %m0 @) om0

:/a/m dv () /G/H |76/ (o) @] by (@)

(unitarity of /)

_ / dv (&) / lee @)1 dugs (v)
G/HL HL

~ [ aw@ [ e o)
G/H*- HL
= o132 (@ mpm0) (2.5)
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Moreover, for all f € H, we have

(f 55 0) 3 =(2f, 90>L2( G,M)

(unitarity of Fg/H)
:/@/HL dl/(:ic)/G/H<

L @@ [ {00007 0.8 P (02) 6)) a0
<

[ @ [ (168, o (02) @) duyu ()
G/HL G/H

:/G/Hx@/HJ— <

Since H{ is dense, eq. (2.4) follows. By eq. (2.5) £* is isometric, hence X is
unitary.

179), Foym (92) 3)) dngym (9)

[y

(9:4) (2 9 F ey (2) (3)) A (/@ v) (9,)

Finally, we show the intertwining property. Let ¢ € G and f € Hj.
Then X (a) f € Hf, and so one has

SV (a) f) (z) = /G @290 (@70,8) dueya 9
= (z,a (a7 1g (g
- <,>/G/ 17 (™ 19)) dpcym (9)

)

g — alg]

z,9) f (9,%) dugm (9)

(
= (z,q) (
G/H
(A” (a) 1) (

A (a z).

By density of H{, it follows that £ (a) =AY (a) L. m

Given w € C. (G/H), let P” (w) = SP” (w) £*. Then

Proposition 2.3.3 For all w € C.(G/H) and ¢ € L? (@, v; M),

x) = / ?G/H (w) (y) ¢ (acy_l) dugi (y) for a.a. x € G.
" (2.6)
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Proof. Let w € C.(G/H). We compute the action of ]3’7(w) on
C. (é, M) If p € C, (@;M), let

£ (z) = /HL?G/H (W) @) ¢ (zy )dpge (y)  VzeG,

which is well defined and continuous. Moreover, for all x € G and y € HL,
Elay) = | Fom @) W)e (zyy' ™) duge (v)
= /H Fom @) () ex (vy'™) dpge (V)

= (Fa/m (W) * ) (). (2.7)

Here and in the following, convolutions are always taken in H+. If @, 4 €

C. (@, M),

(6, P" @) ,

L (@,’J;M) - <Z*¢5PV (w) E*‘P>7{v

= [ @@ [ nei (@0 (5 @)

G

x(@, 9\ F ey (#2) (9) )

— [ @) [ duom ) (@) Fom ) )Ty (00 O)
G/HL G/H

(unitarity of F g and properties of convolution)

[ @@ [ ) G ), Py @)+ ) )
— [ @) [ duge ) ) £ ),
G/HL HE

hence eq. (2.6) holds on C, (@, M)
Let now ¢ € L? (@,ﬁ;M). Since

160y = [, ) [ 19 P ) < o0

by virtue of Fubini’s theorem there is a v-negligible set X; C G /H* such
that, for all z € G with & ¢ X1, ¢ € L? (HL,,LLHJ_;M). Moreover, using
the definition of 7, one can check that ¢g~! (X1) is 7-negligible. Then, for
v-almost all x € @, ¢ is in L? (HJ-, BL; M) We observe that the map

§r—w (@) (Form (@) (9)
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is then in (L1 ﬂL2) (G/H, ug/H;M) for v-almost all z € @, hence its
Fourier cotransform is continuous, and we have

Fom (9Fem (9) (€)= (Fopm @)+ 62) (€)

= e Foyn W) (9) ¢ (zy™") dpgre (y) (2.8)

Now, we let ((,alc)k21 be a sequence in C,. (@, M) converging to ¢ in L? (@, v M)
Then

 av@ / (k) (9) — o @) Az () — 0
G/HL HL

a;fld so, possibly passing to a subsequence, there is a v-negligible set Xy C
G/H* such that

[ 1600 ) = 6 I s () —0

for all z € G with & ¢ Xs. This fact means that, for v-almost all x € @,

(‘Pk)m — Py

in L? (H*, pgo; M). Tt follows that
W?E/H ((pr)y) — w?*G/H (¢z)
in L' (G/H, pgg; M). Then, for F-almost all z € G,
Fau (L‘J?Z/H ((S%)w)) — Fa/n (W?*G/H (%))
uniformly, and, using egs. (2.7), (2.8),
(P @) o) (@) = Faym (9F ey ((90),)) (€) —

— Fayu (wFon (¢2)) (€ = | Fom W) (v) ¢ (2y™") dugs (y)-
HL

Since P (w) @), converges to P” (w) ¢ in L2 (@, v; M), eq. (2.6) follows from
uniqueness of the limit. m

2.4 Characterisation of covariant POM’s

We fix in the following an infinite dimensional Hilbert space M. According
to the results of the previous sections, theorem 2.2.2 can be stated in the
following way.

33



Theorem 2.4.1 A POM E based on G/H and acting on H is covariant
with respect to U if and only if there exist a measure v on G/H* and an
isometry W intertwining U with A” such that

E (w) = W*P¥ (w) W
for allw e C.(G/H).

To get an explicit form of W, we assume that U acts diagonally on H.
This means that H is the orthogonal sum of invariant subspaces

H= @LQ (@, pk;Fk) , (2.9)
kel

where I is a denumerable set, (pi),c; is a family of pairwise disjoint mea-

sures on G, (Fi)ger is a family of Hilbert spaces, and the action of U is
given by R
(U (9) dx) (z) = (z,9) ¢ (z) =z €QG,

where ¢, € L? (@, Pk} Fk) and g € G. We will denote by Pj the orthogonal

projector onto the invariant subspace L? (@, Pk; Fk).

The assumption (2.9) is not restrictive. Indeed, by Theorem 2.2.1 there
are a family of disjoint measures (pk)rez,u{co) and a family of Hilbert spaces
(Fi)kez 4u{cc} Such that dim Fj, = k and, up to unitary equivalence, eq. (2.9)
holds.

Given the decomposition (2.9), let p be a measure on G such that

p(N) =0 < p(N) =0 Vke I (2.10)

We recall that the equivalence class of p is uniquely defined by the family

(P )ker-
The following proposition was stated in [21] without a proof.

Proposition 2.4.2 The equivalence class of the measure p defined in eq. (2.10)
is independent of the choice of decomposition (2.9).

Proof. Fix a decomposition of # as in eq. (2.9). For j € Z U {oc}, let
Ij = {k € I | dim F} = j}. Let p} be a measure on G such that

p;(N) =0<:>pk(N) =0 Vk?EIj.

Fix Hilbert spaces (F') such that dim F} = j. Then we can esta-
V) jer u{oo} J

bilish a unitary equivalence V between U and the diagonal representation
U’ acting in H' = ®jEZ+U{oo} L? (@, P} FJ’) Namely, for k € I, let 7 ; be
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the density of p with respect to py, and Vi : F, — Fj be a fixed unitary
map. Then we set

(PjV Peg) () = \/ 1,5 () Vi (Pegp) ()

where P]' is the orthogonal projector onto the invariant subspace L? (@, p;.; F]'>
of H'. By the definitions we have

p(N) =0 <= pi;(N) =0 Vj € Z; U{oco}.

Since by Theorem 2.2.1 the equivalence class of each p;- is uniquely deter-
mined by the representation U, the equivalence class of p is independent of
the choice of decomposition (2.9). =

By the above proposition, the representation U defines uniquely an
equivalence class Cyy of measures p such that relation (2.10) holds. Choosing
in this equivalence class a finite measure p, we denote by C{; the equivalence
class of the image measure p? on G JH*. Clearly C[q] depends only on Cy.

We now give the central result of this chapter (and of [21]).

Theorem 2.4.3 Let U be a representation of G acting diagonally on the
space H of eq. (2.9). Given vy € C(q], let vy be the measure given by eq. (2.1).
The representation U admits covariant positive operator valued measures
based on G/H if and only if, for all k € I, py has density with respect to
vy. In this case, for every k € I, let oy, be the density of pr with respect to
vy.

Let M be a fixed infinite dimensional Hilbert space. For each k € I, let

G2z — Wi (z) € L(Fi; M)

be a weakly measurable map such that Wi, () are isometries for pg-almost
all z € G. For w € C.(G/H), let E (w) be the operator whose action on
¢ € H is given by

BB PO = [ i ) Fopm @) )|

xW;j ()" Wy, (zy ") (Prg) (zy ") (2.11)

for pj-almost all z € G and k,7 € I. Then, E is a POM covariant with
respect to U.

Conversely, any POM based on G/H and covariant with respect to U is
of the form given by eq. (2.11).

We add some comments before the proof of the theorem.
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Remark 2.4.4 We observe that eq. (2.11) is invariant with respect to the
choice of the measure vy € Cf,. Indeed, let v, € Cf,, and B > 0 be the
density of vy with respect to v];. Clearly

7 = (Boaq) ),
so that the density o, of py, with respect to 17{] 18
o), = (Boq) .
It follows that eg. (2.11) does not depend on the choice of vy € CJ,.

Corollary 2.4.5 Let H be the trivial subgroup {e}. The representation U
admits covariant positive operator valued measures based on G if and only if
the measures py have density with respect to the Haar measure pg. In this
case, the functions oy in eq. (2.11) are the densities of py with respect to

ne

Remark 2.4.6 The content of the previous corollary was first shown by
Holevo in ref. [41] for non-normalised POM. In order to compare the two re-

sults observe that, if ¢ € (L1 N L2) (@,pk; Fk) and i € (L1 N LQ) (@,pj;Fj),
eq. (2.11) becomes
($, B (w) )y = / duc (g /A a(zw)@ ak (y) o (z)
(W (2)" W (y) 6 (). % (2)) d (ug ® ng) (z.9)
/dMG (9)/A Kyg-yp,ue-1e (@,9) d(pg ® pg) (©,9)
GxG

where

Kyg (z,9) = \/ ok (y) a; () (Wi (y) ¢ (v) , Wj () ¢ (2))

is a bounded positive definite measurable field of forms (compare with egs. (4.2)
and (4.3) in ref. [41]).

In order to prove Theorem 2.4.3, we need the following lemma.

Lemma 2.4.7 Let p be a finite measure on G. Assume that there is a
measure v on G/H" such that p has density with respect to . Then p has
density with respect to p?. In this case, v uniquely decomposes as

V=] + g,

where v1 is equivalent to p? and v L p2.
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Proof. Suppose that v is a measure on G JH* such that p = av, where a
is a non-negative v-integrable function on G. Then, for all ¢ € C, (@ /H J-),

Mg = /@wq(x))dp(:b)

= [ @ [ e@)at)du
G/HL HL
= [ @@,
G/HL
where the function
o @)= [ alon) dugs ()2 0
HL
is v-integrable by virtue of Fubini theorem. It follows that
p? =d'v. (2.12)
Using Lebesgue theorem, we can uniquely decompose
vV =111+ V9,

where v; has base p? and vo L p?. From eq. (2.12), it follows that v; and
p? are equivalent, and this proves the second statement of the lemma. If

A BeB (é /H J‘) are disjoint sets such that 1o is concentrated in A and

vy is concentrated in B, then v5 and vy are respectively concentrated in the
disjoint sets A = g7 (A) and B = ¢~ ! (B). By definition of p?, we also have

p(ﬁ) =p?(A)=0.

Since p has density with respect to v = v; + 2 and v5 is concentrated in
A, it follows that p has density with respect to 1 = p?. The claim is now
clear. m

Proof of Theorem 2.4.3. Let p be a finite measure in Cy. By virtue
of Theorem 2.4.1, U admits a covariant POM <= there exists a measure
v in G/H* such that U is a subrepresentation of A¥ <=> each measure py,
has density with respect to ¥ <= p has density with respect to v. From
Lemma 2.4.7, U admits a covariant POM if and only if p has density with
respect to pd. Since p? € Cf;, the first claim follows.

Let now E be a covariant POM. By Theorem 2.4.1, there is a measure
v on G/H' and an isometry W intertwining U with A” such that

E(w)=W*P’ (w)W  Vwe C,(G/H).
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Using Lemma 2.4.7, we (uniquely) decompose
V=11 + Vo,
where v is equivalent to vy and v9 L vy. Then we have
oV ~ " @ o"?,

from which the decomposition of the corresponding induced imprimitivity
systems follows:

(A",ﬁ,LQ (@,ﬁ;M)) ~ (A"U,JSE,L2 (@%M))
@(AW,J’D‘UZ,LQ (6172/\4))

Moreover, since each py has density with respect to vy and vy is disjoint
from s, it follows that WH C L? (@, vy M) Thus, we can always assume

that the measure v on G /H* which occurs in Theorem 2.4.1 is v.
We now characherise the form of W. For k € I, we can always fix
an isometry Ty : Frp — M such that Ty (F)) are mutually orthogonal

subspaces of M. Hence, if we define, for ¢, € L? (@, Ok; Fk),

(T'pr) (x) == VVar (2)Trdx () ,

T is an isometry intertwining U with A*U. We define W, = W P,. The
operator V. = WT™ is a partial isometry commuting with AV, hence there
exists a weakly measurable correspondence G 3 z —» V (z) € £ (M) such
that V (z) are partial isometries for Jy-almost all z € G and

(Vé)(z) =V (z) ¢ (z) fora.a. z € G,

where ¢ € L2 (@ oo M). We have W = WT*T = VT, then

(Wior) () = o (2)V () Trdr ()
= Vag (@)W () ¢ (), (2.13)

where we set

Wi(z) =V (z) T, VzeG.

Since W is isometric, then W;W}, is the identity operator on L? (@ s Pk Fk),

hence
TV (2)"V (2) Ty = I

for pg-almost all x € @, where I}, is the identity operator on Fj. Since T}
is isometric and V () is a partial isometry for vg-almost every z € G (that
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is for pg-almost every z € @), it follows that V (z)* V (z) is the identity
on ranTy and that Wy (z) is isometric, for pg-almost every z € G. Weak
measurability of the maps z — Wy, (z) is immediate.

The explicit form of F is then given by

(PE () Ped) () = (WP (w) Wig) ()

1 " —
= 7% = W; (z) /HJ- Fayu W) (y)
X/ o (zy= YWy (zy™ ) (Peg) (zy 1) dpge (v)

where ¢ € H, w € C. (G/H).
Conversely, let G 3 z — Wy (z) € L (Fj; M) be a weakly measurable
map such that Wy (z) are isometries for pg-almost every x € G and for all

k € I. We define, for ¢;, € L? (@, pk;Fk),

(W) (z) == oy (z)Wy (z

then W is clearly an intertwining isometry between U and A"V and eq. (2.11)
defines a covariant POM. =

We now study the problem of equivalence of covariant POM’s.
Let E and E' be two covariant positive operator valued measures that
are equivalent, i.e. there exists an unitary operator S : H — H such that

SU(g) = U(g)S VgeaQa, (2.14)
SE(w) = E'(w)S Vwe C.(G/H). (2.15)

We have the following result.

Proposition 2.4.8 Let (Wj)jel and (W]') . be families of maps such that
je

eq. (2.11) holds for E and E', respectively.

The POM’s E and E' are equivalent if and only if, for each k € I, there
exists a weakly measurable map © — Sy () € L (Fy) such that Sk (x) are
unitary operators for pg-almost all x and

Vo (xy)W; (x)* Wy (zy) = /o (2y)S; ( )" Wy, (zy) Sk (zy)

(2.16)
for (p; ® py1)-almost all (z,y).

Proof. By virtue of condition (2.14) and orthogonality of the measures
Pk, S preserves decomposition (2.9). Moreover, for each k € I, there exists
a weakly measurable map z —— Si (z) € L (Fy) such that Sk (z) is unitary

for py-almost all z and, if ¢, € L? (@,pk; Fk),

(Sé) (z) = Sk (z) ¢i (z) for a.a. z € G.
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Condition (2.15) is equivalent to
PE (w) P, = P;S*E' (w) SPy¢

for all ¢ € H, w € C.(G/H) and j,k € I. It is not restrictive to assume
that the densities «y, are measurable functions. Let

Qg (z,2) = (W; (2)* Wy, (z) — Sj (z)* W]' ()" W (2) Sk (2')),

using eq. (2.11), the previous condition becomes

[ Tt @) ) O (w2 (Peg) (o) s () =0 (217

pj-almost everywhere for all $ € H, w € C.(G/H) and j,k € I.
Let K be a compact set of G and v € Fy. In eq. (2.17) we choose

¢=xKv €L (aapk;Fk>

and w € C, (G/H) running over a denumerable subset dense in L?(G/H,pgy).
It follows that there exists a pj-null set N C G such that, for all z ¢ N,

XK (wy_l) Qjk (w,:vy_l) v=0>0

for puy1-almost all y € H-. Since €1, is weakly measurable, the last equa-
tion holds in a measurable subset X C G x H' whose complement is a
(pj ® pyro)-null set. Define

m(z,y) = zy ™" V(z,y) € Gx H*.
For all (z,y) € X Nm~! (K) we then have
Qi (:v,:vy_l) v=0.
Since Fj, is separable and G is o-compact, we get
Qi (z,zy) =0
for (p; ® py)-almost all (z,y) € G x H*, that is,
Ve (zy)W; (2)" Wi (zy) = Vg (zy)S; (2)* Wi ()" Wy (zy) Sk (zy)
for (p; ® pgr)-almost all (z,y).

Conversely, if condition (2.16) is satisfied for all j,k € I, then clearly F
is equivalent to E'. m
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2.5 Examples

2.5.1 Translation covariant observables

Let H = L? (R,dz), where dz is the Lebesgue measure on R. We consider
the representation U of the group R acting on H as

U(a)$) (z) = “¢(z) z€R

for all ¢ € R. By means of Fourier transform ?{1‘;, U is clearly equivalent
to the regular representation of R. We classify the POM’s based on R and
covariant with respect to U. With the notations of the previous sections,
we have

G=R H={0}, G/H=R G=H'=R G/H'={0}.

We choose pg g = %dx, so that py. = dz, and M =H.

The representation U is already diagonal with multiplicity equal to 1, so
that in the decomposition (2.9) we can set I = {1}, py = dz, F1 = C. Hence,
by Corollary 2.4.5, U admits covariant POM’s based on R and a1 = 1.

According to Theorem 2.4.3, any covariant POM F is defined in terms
of a weakly measurable map z — W) () such that W; (z) : C — H is an
isometry for every x € R. This is equivalent to selecting a weakly measurable
map = — hy € H, with ||hg||;, = 1 Vz € R, such that Wy (z) = h, Vz € R.
Explicitly, if ¢ € L? (R, dz),

F@HG) = [ Fal) @ o)l —a)do
(by unitarity of Fr)

= [ W@ Fallthy ) 6] @) do
_ / w (2) 9 (hy, Falp () h] (—2))de.  (2.18)
R
The corresponding translation covariant observable is thus E' (w) = FgF (w) Fr
for all w € C;, (R).
If X € B(R) has finite Lebesgue measure, one can explicitly write down

the action of E (X) on a function ¢ € L? (R,dz). If 4 € L' N L?, with the
notations of Remark 1.2.4 we have

Aw@nwwm = ($E(w)¥)
— / dzw (z) / eV (¢ (y) hy, Fr [ (-) B.] (—2)) dy.
R R

It follows that the complex measure 4, has density
o [ (6 )y el () 1] (=2) dy
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with respect to the Lebesgue measure. We then have

(6, F (X)) = /dwxX< )/ €% (6 () hy, Fn [ () 1] (—2)) dy
— /d /XX ) €9 (hy, Fr [ () h] (~2)) da,

where we used yx € L?(R,dz) to change the order of integration. By
density of L' N L? it follows

(B0 W) = [ e (b, Falp (V1] (~2) da.

X

If hy = h is constant for almost all z, eq. (2.18) gives

— = [ =1
(B (@) ¢) (v) = [Fr (@) 8] (v) = Fr [wF=" (#)] (9),
and so the corresponding translation covariant observable is

(B (w)¢) (y) =w(y) ¢ (),

i.e. F' is the spectral map associated to the canonical position operator Q.
In [41], the results summarised in this subsection were obtained with a
different method.

2.5.2 Covariant phase observables

We give a complete characterisation of the covariance systems based on the
one dimensional torus

T:{z€C||z|:1}:{ew|9€[0,27r]}.
We have
G=T, H={1}, G/H=T,
G=H'"={(T32+—2:"€C) |nez}>17,
G/H*+ = {1}.

We choose pg i = %d@ =: uT, so that pz1 is the counting measure pz on
7.

Let U be a representation of T. Since T is compact, we can always
assume that U acts diagonally on

H=EP F,

kel
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where I C Z, and F}, are Hilbert spaces such that dim Fj, is the multiplicity
of the representation k € Z in U. Explicitly,

(U (2) ¢x) = "¢,

for all z € T and ¢y € F.

In order to use eq. (2.9), we notice that Fj, = L% (Z, 0y; F},) (where &, is
the Dirac measure at k), so that px = dx, . By Corollary 2.4.5, one has that
U admits covariant POM’s based on T and that oy (j) = 0k ; (Where 0y ; is
the Kronecker delta).

Choose an infinite dimensional Hilbert space M and, for each k € I, fix
an isometry Wy from Fj, to M. The corresponding covariant POM is given
by

PiE (w) Prp = Fr(w)(j—k) W WiPeo
L[y ik gy
= o w(e?)e IR0 WrW, P do,
where ¢ € H and w € C(T).

Reasoning as in 2.5.1, we can find the explicit form of E (X) for every
X € B(T). We have

1 2 . .
B () P = 5 [ (el I WW PG 0.

If I =Nand dimF, =1Vk € N, U is the number representation for
a quantum harmonic oscillator. Each subspace F} is the one dimensional
eigenspace of the number operator N corresponding to the eigenvalue k.
We have U (ew) = €N A transformation by U (ew) corresponds to a
phase shift by 6. Identifying T with the additive group of the real numbers
mod 27, the covariane condition on F thus defines the covariant phase
observable for the quantum harmonic oscillator. For more details, we refer
to refs. [11], [18], [40]. We only remark that there do not exist sharp covariant
phase observables. In fact, if we assume the contrary, an easy application
of Mackey imprimitivity theorem implies that U is equivalent to the regular
representation of T. But this is absurd, since U is strictly contained in the
regular representation.

2.5.3 Covariant phase difference observables

As in the previous section, let ur be the normalised Haar measure on the
one dimensional torus T. We consider the following representation U of the
direct product G = T x T acting on the space H = L2 (T x T, ur ® ur) as

(U (a7 b) f) (z17z2) =f (azlab_le) (21,212) e TxT
for all (a,b) € T x T.
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Let H be the closed subgroup
H={(a,b) eTxT|b=a}=T.

We classify all the POM’s based on G/H and covariant with respect to U.
These describe the phase difference observables for two single mode bosonic
fields (for a more detailed account about the physical meaning of such ob-

servables and for a different approach to the same problem, see ref. [36]).
We have

G=TxT, G/H=T, G=TxT~ZxZ,
H* ={(j,k) €ZXZ|k = —j} 2 Z,
G/H+~17.

We fix pg g = pr, so that pgy1 = pz.
We choose the following orthonormal basis (€;5); jc7 of

eij(z1,22) = ziz;] (21,22) € T x T,
so that o

U (a, b) €ij = aZHei,j A4 (a, b) e TxT.
Let F; j; = Ce; ;, then U acts diagonally on F; ; as the character (i,j) € ZxZ.
Then, one can choose as decomposition (2.9)

H = @ E,j = @ LQ(Z X Z,é.i@éj;ﬂjj)
i,jEL i,jET
With the notations of Section 2.4, we have I = Z X Z and p; j = 6; ® 6;. It
follows that Cf; is the equivalence class of pz. With the choice vy = gz, it
follows that 7 = uz ® puz. According to Theorem (2.4.3), U admits covariant
POM’s and ai,j(n,m) = 5n,z'6m,j-

With the choice M = #, we select a map (4,j) — W, ;, where W; ;
is an isometry from F;; to H. Since F;; are one dimensional, there exists
a family of vectors (hi;), jez in H, with ||k, = 1V (i,5) € Z x Z, such
that

Wi,jei,j = hi,j A (Z,j) €7 x 1.

The corresponding covariant POM F is given, for every ¢ € H, by
PmE (w) Py = Y Fr(w) (h) 6nibmsn (him hig) (€ig, d) em
hel.
= Oiymyi+j Fr (W) (3 — m) (hiym, hij) (eigs &) erme-

In particular, if [ + m = ¢ + j, we have
(etm, B (W) eig) = Fr(w)(i —m) (him, hig)

1 2

= — | w(e®eU=m (b 0 k) dE.
27'(' 0
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Ifl+m # i+ 7, one has
(e1,m, E (w) e;5) = 0.

If X € B(T x T), reasoning as in 2.5.1 we can obtain the explicit form of
E (X) simply substituing w with the characteristic function xx in the two
previous equations.
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Chapter 3

The case of an irreducible
representation

3.1 Introduction

It is well known ([17], [40], [49]) that, given an irreducible square-integrable
representation U of a unimodular group G and a trace class, trace one
positive operator T', the family of operators

B(X) = /X U(g)TU(g ducle) X € B(G) (3.1)

defines a positive operator valued measure based on G and covariant with
respect to U (u¢g is a Haar measure on G). In this chapter, we prove that
also the converse holds. More precisely, a POM F based on G is covariant
with respect to U iff E is expressible in the form of eq. (3.1) for some positive
trace one operator 1. We will extend this result to non-unimodular groups
and to POM’s based on the quotient space G/H, where H is a compact
subgroup. Moreover, we prove that square-integrability of U is not only a
sufficient condition, but it is also necessary in order that U admits covariant
POM’s based on G/H. Finally, we extend this result to the case of U being
an irreducible projective unitary representation of G (see Remark 1.2.6).

The result presented here are a rielaboration of refs. [13] and [20].

We start with the case in which U is a unitary representation and H =
{e}. The more general case in which U is projective and H is compact is
discussed in §3.4. As usual, we assume that G is a Hausdorff locally compact
second countable topological group.

We fix a left Haar measure pug on the group G. We denote by A the
modular function of G.

We recall some basic properties of square integrable representations (see
[30, Theorem 2 and 3]). Recall the definition of the (left) regular represen-
tation given in Remark 1.2.1.
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Proposition 3.1.1 Let U be an irreducible representation of G in the Hilbert
space H. The following facts are equivalent:

1. there exists a vector u € H such that

0< /G (U (9) u, )| duc () < oo; (3.2)

2. U is a subrepresentation of the regular representation \ of G.

If either of the above conditions is satisfied, there exists a selfadjoint
injective positive operator C with U-invariant domain and dense range such
that

Ul9)C=A(g)2CU(9) Vg€, (3:3)
and an isometry ¥ : H @ H* — L? (G, pg) such that
1. for allu € H and v € dom C

Suwev)(g) =(U(g) Cv,u)  g€q,

2. forallg € G
(U(9) ® Inx) = M9)Z,

3. the range of ¥ is the isotypic' space of U in L? (G, pg)-
If G is unimodular, the operator C is a multiple of the identity.

If eq. (3.2) is satisfied, U is called square-integrable. By eq. (3.3), the
selfadjoint operator C is unbounded if G is not unimodular. The square
of C is called formal degree of U, and it is uniquely determined up to a
positive factor which depends on the choice of ug.

3.2 Characterisation of E in the case U unitary
and H = {e}

We fix an irreducible representation U of G in the Hilbert space H. The
following theorem characterizes all the POM on G covariant with respect to
U in terms of positive trace one operators on # [20].

If U and U’ are representations of G in the Hilbert spaces H and #’', and U is
irreducible, the isotypic space of U in H' is the maximal invariant subspace X C #H'
such that U'|, decomposes into the direct sum of copies of U.
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Theorem 3.2.1 The irreducible representation U admits a covariant POM
based on G if and only if U is square-integrable.

In this case, let C be the square root of the formal degree of U. There
exists a one-to-one correspondence between the set of covariant POMs E on
G and the set of positive trace one operators T on H. This correspondence
associates to each positive trace one operator T the covariant POM Er given

by
(. Br (X)0) = [ (CU () uTCU () v duole) ()

for all u,v € dom C and X € B(G).

Proof. Let E be a U-covariant POM based on G. According to the gen-
eralized imprimitivity theorem there exists a representation ¢ of the trivial
subgroup H = {e} in a Hilbert space K and an isometry W : H — H°
intertwining U with A% such that

E(X)=W*P" (X)W

for all X € B(G). Clearly, o is the trivial representation in . We then
have

HO =12 (G,pug) @K, XN =x® Ik.

In particular, U is a subrepresentation of A, hence it is square-integrable.
Due to Prop. 3.1.1, the operator W' = (X* ® Ix) W is an isometry from
H to H® H* ® K such that

W'U(g) = (Z*®Ix)WU(g)
= (2" ® Ix) (Mg) ®@ Ix) W
=U(g) @I ®Ix) X" Ix) W
=Ul(g) ® I W'

Since U is irreducible, by a standard result there is a unit vector B € H*QK
such that

W'u=u®B Yu € H.

(see for example [34, p. 342, Proposition 14]). Let (e;);>1 be an orthonormal
basis of H such that e; € dom C, then

B = ZB: R k;,
where k; € K and Y, ||ki||3 = 1.
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If u € dom C, one has that
Wu = (2@Ik)(u® B)
= Ziz(u@)ef)@ki
= > .(U()Ceiu) @ k;
= D e, CU () u) @k
= ) (e ®k)(CU (1)),

3
where the series converges in H?. On the other hand, for all ¢ € G the
series Y. (e ® k;)(CU (g™') u) converges to BCU (¢7') u. Here and in the
following we identify H* ® K with the space of Hilbert-Schmidt operators
mapping H into K. By uniqueness of the limit

(Wu)(g) = BCU (g7 ) u geQqG.

If u,v € dom C, the corresponding covariant POM is given by

(W, E(X)v)y, = (Wu,P?(X) W)y,
_ /G xx (9) (BCU (g7) u, BCU (971) ), dug (9)
— /X (CU (g7") u,TCU (g7") v),, duc (9),

where

T := B*B

is a positive trace class trace one operator on .
Conversely, assume that U is square-integrable and let T be a positive
trace class trace one operator on H. Then

B: =T

is a (positive) operator belonging to H* ® H such that B*B = T and
| Bll4+g% = 1- The operator W defined by

Wov:=(2®Iy)(v®B) Yo eH

is an isometry intertwining U with the induced representation A%, where o
is the trivial representation of {e} in H. Define E7 by

Er (X)=W*P° (X)W X € B(G).

With the same computation as above, one has that
(v, Br (X)u) = /X<CU (97") u, TCU (g7) v) dpc (9)
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for all u,v € domC.

Finally, we show that the correspondence T' —— FEr is injective. Let
T1 and Ty be positive trace one operators on H, with Ep, = Ep,. Set
T =Ty —Ty. Since U is strongly continuous, for all u,v € dom C' the map

Gogr— <C’U (gil) u, TCU (gil) 'u>
=A(g)"' (U (¢7') Cu,TU (g7') Cv) € C

is continuous. Since
[ (€U (™) wTOU (7)) di (9) = ([ P, (%) = Br, (X)]0) = 0
for all X € B(G), we have
(CU (¢ u,TCU (g 1)v) =0 VgeaG.

In particular,
(Cu, TCv) =0,

so that, since C has dense range, T =0. m

Remark 3.2.2 If G is unimodular, then C = A, with A > 0, and one can
normalize ug so that A = 1. Hence,

Br(X) = [ U@TU (s ) duale) VX €B(G).

the integral being understood in the weak sense.

3.3 An example: the ax + b group

The ax + b group is the semidirect product G = R x’ R, where we regard
R as additive group and R, as multiplicative group. The composition law
is

(b,a) (b',a') = (b + ab’,aa') .

The group G is nonunimodular with left Haar measure
dpg (b,a) = a 2dbda

and modular function )

A(ba) = —.

(bra) = -

Let # = L?((0,+o0),dz) and (U, H) b
given by

e the representation of G in ‘H



It is known ([33], [5]) that U™ is square-integrable, and the square root of
its formal degree is

(CF) (x) = A(0,2)

acting on its natural domain.

By means of Theorem 3.2.1 every POM based on G and covariant with
respect to U™ is described by a positive trace one operator T' according to
eq. (3.4). Explicitly, let (e;);»,; be an orthonormal basis of # such that

Te; = \ie; , A > 0, for all 4. If u € L? ((0,+00) ,dz) is such that 72U €
L?((0,+00) ,dz), the UT-covariant POM corresponding to T is given by

N =

f(z) = a:_%f (z) z € (0,400)

(u, Ep (X)u) = /X <CU+ (g_l) u, TCU™T (g_l) u> dua (9)

N /Xzi Xi [{ei, CUT (71) )| duc (9)
_ A _1 o1 _27r2bm z - q
Zi /X/R.,_w 2q” 2e u(a)e(a:)x

3.4 Characterisation of F for projective represen-
tations in the case H is compact

2
a~2dbda.

We now suppose that H is a compact subgroup of G and U is an irreducible
projective representation of G with multiplier m.

We recall the standard construction that allows to extend U to an irre-
ducible unitary representation U of the central extension G, of G associated
with the multiplier m. For more details about multipliers and central exten-
sions we refer to [52]. Let T = {z € C: |z| = 1} be the multiplicative group
of the torus. The group G, is the set G x T with the composition law

(91, 21) (92, 22) = (9192, z120m (91, 92)) -

The group G, can always be endowed with a locally compact second count-
able Hausdorff topology in which it becomes a topological group. With this
topology, T := {e} x T is a closed subgroup in G,,, and G,,/T is canon-
ically isomorphic to G. Moreover, G x {1} is a Borel subset of G,,. The
representation U is defined by

ﬁ(g,z) =2 WU(g) VzeT, ged.

It is a strongly continuous unitary representation of G,,, with fj(g, 1) =

U (9)-
Let gt be the Haar measure of T with pr (T) = 1. The measure pg,, of
G, given by

/G 0.2) i, (02) = /G duc (9) /1r ¢ (9,2) dpur (2)

52



for all ¢ € C.(Gp,), is clearly a left Haar measure of G,,,. We have
- 2
[ [(F@aou)| aue. 02 = [ de@iv@onf [ i

G
= [ U (9) v,u)* duc (9) -
G

It follows that U is square integrable if and only if there is some vector
u € H such that

|U(9) u,u)[* dpg (g) < oo. (3.5)

If eq. (3.5) is satisfied, we say that the projective unitary representation U
is square-integrable.

Moreover, it is easily checked that a POM E on the quotient G/H =
(Gm/T) | (Hp/T) = Gm/Hy, is_covariant with respect to U if and only if
it is covariant with respect to U. We note that, since H is compact, the
subgroup H,, is compact in G,.

The above discussion is summarised in the following lemma.

Lemma 3.4.1 1. A POM based on G/H = Gp/Hy, is covariant with
respect to the projective unitary representation U of G if and only if it
is covariant with respect to the unitary representation U of G,.

2. The representation U is square integrable if and only if U s square
integrable.

The next theorem is the central result of this chapter. It is a re-
elaboration of [13, Corollary 5]. See also [6, Theorem II.3.2].

Theorem 3.4.2 Suppose H is a compact subgroup of G. Assume that U
18 an irreducible projective unitary representation of G. Then U admits a
covariant POM based on G/H if and only if U is square-integrable.

In this case, let C be the square root of the formal degree of U. There
ezxists a one-to-one correspondence between covariant POMs E on G/H onto
the set of positive trace one operators T on H such that

TU () =U(WT VheH. (3.6)

This correspondence associates to each positive trace one operator T satis-
fying eq. (3.6) the covariant POM Er given by

(B (X)0) = [ (OU (™) w.TCU (™) ) dugy @) (37

for all u,v € dom C and X € B(G/H), where g g is an invariant measure
on G/H.

53



Proof. By Lemma 3.4.1 and compactness of Hy,, possibly switching
from G to Gy, and from U to U, we can assume that U itself is a unitary
representation of G (note that eqs. (3.6) and (3.7) are unaffected by this
change). Let pg be the invariant measure on H with pg (H) = 1. Due to
the compactness of H, there exists a left G-invariant measure pg/z on G/H
such that the following measure decomposition holds

/G £ (9) dpic (9) = /G e /H foh)ydug (h).  (38)

for all f € L' (G, ug) (see [33], [34], [27]).

Assume that U is square-integrable and let T be as in the statement of
the theorem. By means of eq. (3.4) T defines a POM Er based on G and
covariant with respect to U. For all X € B(G/H) let

Er(X) = Er(r~Y(X)).

Clearly, Er is a POM on G/H covariant with respect to U. Moreover,
denoting with xx the characteristic function of X, if u,v € domC,

B (X)0) = [ xx (e (@)(CU (5w TCU (7)) dic o)
(by eq. (3.8))
= [ dugu @) [ xx (x(gh) (OU (o) 0, TCU (gh)™ v) dua (1)
G/H H
(by eq. (3.6) and since Al, =1)
= [ xx(e) {CU @) w TV () ) ducyu (9
G/H
that is, equation (3.7) holds.

Conversely, let £ be a POM on G/H which is covariant with respect to
U. For all Y € B(G), let ly be the function on G given by

Iy(9) = pr(g”'YNH) = /H xy (gh)dpm (h) .

Clearly, ly is a positive measurable function bounded by 1 and, since pg is
invariant, for all h € H, ly(gh) = ly(g). It follows that there is a positive
measurable bounded function £y on G /H such that Iy = fy o.

Define the operator E (Y') by means of

BY) = [ tr(G)EG),
G/H
which is well defined since £y is bounded.

We claim that Y — E (Y) is a POM on G covariant with respect to
U. Clearly, since ¢y is positive, E (Y') is a positive operator. Recalling that
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£ =1, one has E (G) = I. Let now (Y;);>1 be a disjoint sequence of B(G)
and Y = U;Y;. Given g € G, since (g7'Y; N H);>1 is a disjoint sequence of
B(H) and ¢7'Y N H = U;(¢7Y; N H), then £y = Y. {y,, where the series
converges pointwise. Let u € H, by monotone convergence theorem, one has
that

Finally, let g; € G, then

E(g1Y) = /G/H pr(g 1Y N H)AE(g)
(9 — 919)
- / un (g™ 0 H)U (g1) dEG)U (g1)"
G/H

= U(QI)E(Y)U(QI)*a

where we used the fact that E is covariant.
By means of Theorem 3.2.1, U is square-integrable and there is a positive
trace one operator 7' such that, for u,v € dom C,

<u, E(Y) v> = /Y (CU (g7")u,TCU (g7 ") v) du(g). (3.9)

We now show that T' satisfies equation (3.6). First of all we claim that,
given h € H and Y € B(G),
E(Yh)=E(Y). (3.10)
Indeed, since H is compact, pg is both left and right invariant, so that
pa(g " YR H) = ur((g~'Y N H)B) = pu(g~'Y N H)

and, hence, fy = fy,. By definition of E (Y), equation (3.10) easily follows.
Fixed h € H, by means of equation (3.10) and equation (3.9) one has that

/Y<CU (67")w,TCU (g7) v) du(g)

= /Yh (cu (gfl) u, TCU (gil) v)du(g)
(g — gh)

— /Y <CU (gh) 'u, TCU (gh)’1v> du(g),

where we used the fact that A|y; = 1. Since the equality holds for all
Y € B(G), then, for a.a. g € G,

<C’U(g_1)u,TCU(g_1)U> = <CU(gh)_1u,TCU(gh)_lv>

<CU ()" w,U (h) TU (k)™ CU (g) " v> .
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Since both sides are continuous functions of g, the equality holds everywhere
and equation (3.6) follows by density of ran C.
Let now X € B(G/H). Since

-1 -1 B H ifgH ¢ X
g (X)”H_{ 0 ifgHgX
then £,-1(x) = xx and E (r71(X)) = E(X). Reasoning as in the first part
of the proof one has that £ = Er.
The injectivity of the map T' —— E7 easily follows from the injectivity

of the map T' —— E7p from the set of positive trace one operators to the set
of U-covariant POM based on G. =

Remark 3.4.3 Note that by eq. (3.8) the invariant measure pg/y in eg. (3.7)
depends only on the normalisation of the Haar measure ug, hence on the
choice of the operator C, which is uniquely determined up to a positive fac-
tor.

Remark 3.4.4 If G is unimodular and U is a projective square integrable
representation, it is known since [40] that every U-covariant POM is given
by eq. (3.7) (with C = I). But we actually have more: if U is not square
integrable, then U does not admit any covariant POM.

Remark 3.4.5 Scutaru shows in ref. [49] that there ezxists a one-to-one
correspondence between covariant POM’s E based on G/H with the property

tr B (K) < +00 (3.11)

for all compact sets K C G/H and positive trace one operators on H. The-
orem 3.4.2 shows that if G is unimodular every covariant POM E based on
G/H shares property (3.11).

Remark 3.4.6 Suppose that in Theorem 3.4.2 G is unimodular and U 1is a
unitary representation. Then by eq. (3.7)

Br (X) = /X U (0) TU ()" ducsyar ()

for all X € B(G/H) (the integral being understood in the weak sense). In
particular, each U-covariant POM based on G/H admits the representation
of eq. (1.8) in §1.3, with operator valued density E (§) = U (g9) TU (g)~" and
V=HUlGg/H-

Let o be a representation of H in a Hilbert space K and W : H — H°
be an operator intertwining U with the representation induced from o. By
wrreducibility of U, W is a multiple of an isometry. Then, by Theorem
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1.3.2, there exists an operator A : H — K such that AU (h) = o (h) A for
allh € H, and
(Wv) (g9) = AU (g) 'v Vv e H.

Since
EmwzWﬁwmnvzlgummAU@*mmm@)

s a multiple of a covariant POM, by Theorem 3.4.2 A* A is trace class, i.e. A
is a Hilbert-Schmidt operator.

Remark 3.4.7 Suppose that H is a closed subgroup of G such that

1. H contains a closed subgroup Z which is central in G;

2. H/Z is compact.

Let U be an irreducible representation of G in the Hilbert space H and vy
be the character of Z such that U (z) = v (2) Iy for all z € Z. Fiz a Borel
section s : G/Z — G, and define

U(g):==U(s(9) VgeG/Z.
It is easily checked that Uisa projective unitary representation of the quo-
tient group G/Z with multiplier
m(G1,92) = (5 (G12) s (32) s (3)7) -

Moreover, a POM based on G/H = (G/Z) [ (H/Z) is U-covariant iff it is
U-covariant. By Theorem 3.4.2, then U admits covariant POM’s iff there is
some vector u € H such that

(/IW@MWWW@AM<M (3.12)
G/zZ

In this case, it is easily checked that the U-covariant POM’s are given again
by formula (3.7). An irreducible unitary representation U of G satisfying
eq. (3.12) is called square-integrable modulo Z.

3.5 Two examples

3.5.1 The isochronous Galilei group

The following example is taken from [13]. Consider a free nonrelativis-
tic spin-0 particle with mass m in the Euclidean space R?. Its associated
Hilbert space is H = L? (]R?’,da‘c'). The symmetry group of the system is
the isochronous Galilei group. We recall that this group is the topological
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space G = R® x V3 x SO (3), where R? is the 3-dimensional vector group
of space translations, V2 ~ R3 is the 3-dimensional vector group of velocity
boosts and SO(3) is the group of rotations (connected with the identity).
The composition law of G is

(@7,R) (@,7,R) = (@+ Rd,7+ R, RR) .

The group G acts in H through the irreducible projective unitary represen-
tation U defined as follows

U (@,5,R) ¢] (%) = ™" =D¢ (R (% - @)). (3.13)

The phase space of the system is 2 = R3 x P3. The action of an element
g = (@,7,R) € G on a point z = (q,p) € Q is given by

glz] = (@+ Rq,mv + Rp).

The stability subgroup at the point (6, 6) is the compact subgroup H =
SO (3). In particular, Q is isomorphic to G/H by means of

(q?ﬁ)HW(q”, 2 I>. (3.14)

m7
A covariant phase space observable is a POM E based on ) and
covariant with respect to U. To apply Theorem 3.4.2 and classify such

POM'’s we need to check the square-integrability of U. Denoting by dR the
normalised Haar measure of SO (3), we fix in G the Haar measure

m
dug (@, v, R) = ——=dadvdR.
zel ( ) (27r)3
If ¢ € L? (R3,d£), we have

/G (U (@5, R) $,9) 2 duc (@7, R) =

/ / W (%) ey (R (7~ @))dz
R3xV3xSO(3) |/R3

[ L (pov@me=an) mmn| mas| aaar
R3x50(3) L/V3

* Jocso ol

Thus, U is a square-integrable representation with formal degree C? = I.
V) = 5zdddy and recalling identification (3.14), every

2 ;nd@d@dR
(2)?

@@ a)| az| aaan = o]

Choosing dug, g (@, V)
U-covariant POM based on 2 has the form

B (X) = ﬁ /X Ugs Ty 5 10005 (3.15)

szy
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for all X € B(Q), where T is a positive trace one operator commuting with

Ulso@):-
We now characterize the positive trace one operators 1" commuting with

Ulsos)- We have the factorization
L? (R*,d7) = L? (5%,dQ) ® L* (R;, r?dr) .

Denoting with [ the representation of SO (3) acting in L? (52,dQ) by left
translations, we have
Ulsogy =1®1.

The representation (I, L? (52,d(2)) decomposes into
12 (8%,dQ) = P M.,
£>0

where each irreducible inequivalent subspace M, is generated by the spher-
ical harmonics (Y¢m) _p<pp<y- We have

? (R,di) = | P M, | @ I? (Ry,r’dr) = @ (M ® L? (R, r?dr)) .
>0 >0
Let Py : L? (SQ,dQ) — L2 (SQ,dQ) be the orthogonal projection onto
the subspace My. If T commutes with [ ® I, one has

TPel)=(Pe)T,

where P, ® I projects onto My ® L? (R+,r2dr). Given Hilbert spaces H1
and H2 and an irreducible representation 7 acting in a Hilbert space X, a
standard result asserts that the operators interwining 7 ® I, and 7 ® I3,
are exactly the tensor product Ix ® L (H1,Hs2) (see [34, p. 342, Proposition
14]). Since My is irreducible, this implies

T(PQRI)=P Q1T
with Ty € £ (L2 (]R+,r2dr)). We then have

T=)TPRN=Y Pl
14 l

Since T is a positive trace one operator, each T} is positive and
1= dimMptrTp =Y (20+1) tr Ty (3.16)
0 0

It follows that the operators T' associated to the U-covariant POM’s E by
means of equation (3.15) are all the operators of the form

T:EPWX)TZ
V4

with T} positive trace class operators satisfying equation (3.16).
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3.5.2 Covariant phase space observables in one dimension.

In this subsection, the quantum system S is a nonrelativistic spin-0 particle
with mass m in the one dimensional space R. The Hilbert space of S is
H = L?(R,dz) (dz being the Lebesgue measure of R). The symmetry
group of the system is the isochronous Galilei group in one dimension. This
is the additive abelian group G = RxV (V ~ R), which acts on # by means
of the projective unitary representation U given by

[U (a,v) 9] (z) = ™ Dy (z —q) VpeH

(compare with eq. (3.13)). The one dimensional phase space is = R x P,
on which G acts by

(a,v) [(g,p)] = (¢ + a,p + mv).

A covariant phase space observable is thus a POM based on  and
covariant with respect to U.

To simplify our notations in the next chapters, we introduce the group
G' = R x P of space translations and momentum boosts, also called the
group of phase space translations (see [11], [40]). We define the projective
unitary representation of G’ on H, given by

W (q,p) 9] (2) = P& By (2 —q) Vi € H (3.17)

This can be written _
W (q’p) o ez(pQ_qP),

where

Q@) =o9 (@), [PY](@) =i g9 @

defined on their natural domains are the usual selfadjoint generators of
boosts and translations. The group G’ acts on the phase space 2 by trans-
lations:

(¢,9) [(¢sP)] = (g +d'.p+D).

It is easily seen that a POM E : B(Q2) — L(#) is a covariant phase space
observable iff it is covariant with respect to the representation W of G’. In
the following two chapters, we will work with G’ and W rather than G and
U.

We endow G’ with the Haar measure
1
dper (p,q) = o dpdg.
T

It is known ([17], [33], [40]) that the representation W is square-integrable,
with C' = 1. It follows from Theorem 3.2.1 that any W-covariant POM E
based on {2 is of the form

1

T or

E(X) /X e!PQ=aP)pe=ilP@=aP)qpdq X € B(R x P)
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for some positive trace one operator T' on H. This result was known since
[40] and [54] (although in the book of Holevo it follows from a more general
result, while the proof of Werner is specific for the case of the Heisenberg

group).
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Chapter 4

Covariant position and
momentum observables

4.1 Introduction

In this chapter, we define the position and momentum observables for a
nonrelativistic quantum particle by means of their covariance property under
the transformations of the isochronous Galilei group.

We will show that these observables are a smeared or ‘fuzzy’ version of
the canonical sharp position and momentum observables defined in egs. (4.1)
and (4.2) below (for a detailed account about fuzzy observables, we refer to
[11] and [35]).

Moreover, we will characterise some operational properties of the posi-
tion and momentum observables, such as regularity and state distinction
power. We also introduce a variant of the concept of regularity which has
a quite transparent meaning for these observables. We call it a-regularity.
a-regularity allows one to characterise the limit of resolution of a position
or a momentum observable (for more details, we refer to §4.7)

Most of our results will be given only in the one dimensional case, since
their extension to the particle in the Euclidean space is quite straightforward.
Moreover, we will work with the group of space translations and momentum
boosts of §3.5.2 (and with its three dimensional analogue) rather than with
the Galilei group, since this will slightly simplify our notations (essentially,
this drops the mass factor in our formulas).

Finally, in the next chapter we will conclude our discussion on position
and momentum observables treating the problem of their coexistence and
joint measurability.

Here we stress that, in different approaches, position and momentum ob-
servables can be defined in different ways, sometimes even without referring
to their properties of covariance. We shall not enter into details about this.
For more information, see [11], [55] and references therein.
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If not explicitely stated otherwise, the results of this chapter are all taken
from [14].

We end this section introducing some notations that will be used in the
following. Since we will always be concerned with R” endowed with the
Lebesgue measure dz”, we will use the abbreviated notation LP (R™) for
LP (R*,dz"). The Fourier transform of any f € L'(R") is denoted by f.
We set also f = F(f) to denote the Fourier-Plancherel transform of any
f € L?(R"), and similarly s = F(u) is the Fourier-Stieltjes transform of any
complex Borel measure y on R”.

If : A(Q) — L(H) is a POM based on the measurable space
(Q,A(Q)), an element E(X) € ranE C L(H) is called an effect. The
effects O and I are called trivial.

4.2 Definition of the observables of position and
momentum on R

Let us consider a nonrelativistic spin-0 particle living in the one-dimensional
space R and fix H = L?(R). Let U and V be the one-parameter unitary rep-
resentations on H related to the groups of space translations and momentum
boosts. They act on ¢ € H as

U@l (z) = ol —q),
Vel (z) = e p(z).

Let P and @ be the selfadjoint operators generating U and V, that is,
U(q) = e~™¥ and V (p) = €2 for every g,p € R. We denote by IIp and Ilg
the spectral decompositions of the operators P and @), respectively. They
have the form

[o(X)¢] (z) = xx (z)¢ (), (4.1)
Mp(X) = F 'MHg(X)F. (4.2)

The projection valued measure IIg : B(R) — £ (#) has the property that,
for all g,p € R and X € B(R),

U(gle(X)U(9)" = TMe(X +4), (4.3)
Viplg(X)V(p)* = TH(X). (4.4)

More generally, the abelian group G = R x P of the space translations
and momentum boosts acts on the one dimensional space R by

(e,p)[z] =2z+q Vz€R, (¢,p) € RXP.

On the other hand, its action on the Hilbert space L?(R) of the quan-
tum particle is given by the projective unitary representation W defined in
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eq. (3.17) (see §3.5.2). So, a position observable E : B(R) — L(#) must
satisfy the covariance condition

W(g,p) E(X)W (¢,p)" =E(X +¢q) VX € B(R).

Since W (g, p) = €'%®/2U (q) V (p), it is easy to check that the last equation is
equivalent to the analogues of egs. (4.3) and (4.4) with the sharp observable
IIg replaced by the POM E. We thus take covariance under translations and
invariance under momentum boosts as the defining properties of a general
position observable.

Definition 4.2.1 An observable E : B(R) — L(H) is a position observ-
able on R if, for all ¢,p € R and X € B(R),

U(@QEX)U(9)" = E(X+q), (4.5)
VD EX)V(p)" = EBE(X). (4.6)

We will denote by POSR the convezx set of all position observables on R.

The projection valued position observable Ilg is called the canonical
(sharp) position observable.

In an analogous way we define a momentum observable to be an ob-
servable which is covariant under momentum boosts and invariant under
translations.

Definition 4.2.2 An observable F : B(R) — L(H) is a momentum ob-
servable on R if, for all ¢,p € R and X € B(R),

Ul@QF(X)U(g)" = F(X), (4.7)
V) F(X)V(p)* = F(X +p). (4.8)

Since FU(q) = V(—q)F and FV(p) = U(p)F, the sharp observable
IIp = F~ ' satisfies (4.7) and (4.8). It is called the canonical (sharp)
momentum observable. Moreover, an observable E is a position observ-
able if and only if 7 'EF is a momentum observable. Therefore, in the
following we will restrict ourselves to the study of position observables, the
results of Sections 4.3, 4.6 and 4.7 being easily converted to the case of
momentum observables.

Remark 4.2.3 We classified in §2.5.1 the POM’s E : B(R) — L(H)
which fulfill only eq. (4.5). In some articles the name ‘position observables’
1s used to denote these observables, without requiring the additional property
of invariance under boosts. In §2.5.1 we say that such observables are ‘trans-
lation covariant observables’, and we reserve the name ‘position observables’
only to the observables satisfying eqs. (4.5) and (4.6). In §4.3 it is shown,
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in particular, that every position observable is commutative. However, using
the classification of translation covariant observables given in section 2.5.1,
it 1s easy to check that there erist noncommutative localization observables.
Thus, the position observables are a strict subset of the set of the translation
covariant observables.

4.3 The structure of position observables

Let p : B(R) — [0, 1] be a probability measure. For any X € B(R), the map
q — p(X — q) is bounded and measurable, and hence the equation

B,(X) = [ p(X - ) dllo(a) (49)
defines a bounded positive operator. The map
B(R) 2 X — E,(X) € L(H)

is an observable. It is straightforward to verify that the observable FE,
satisfies the covariance condition (4.5) and the invariance condition (4.6),
hence it is a position observable on R. Denote by §; the Dirac measure
concentrated at t. The observable Fs, is the canonical position observable
IIg. We may also write

Mo(X) = / 50(X — g) dlIg(q) (4.10)

and comparing (4.9) to (4.10) we note that E, is obtained when the sharply
concentrated Dirac measure d; is replaced by the probability measure p. The
observable E, admits an interpretation as an imprecise, or fuzzy, version of
the canonical position observable Ilg, unsharpness being characterised by
the probability measure p (see [1], [2], [3], [35] for further details).

The following is the central result of this chapter.

Proposition 4.3.1 Any position observable E on R is of the form E = E,
for some probability measure p : B(R) — [0, 1].

Since the proof of Proposition 4.3.1 is quite long and can be given in a
slightly greater generality which will be useful in the following, we postpone
it to the next section.

We denote by M(R) the set of complex measures on R. M;"(R) is the
convex set of probability measures. Proposition 4.3.1 thus estabilishes a
map p — E, from M (R) onto the convex set POSg of the position
observables on R. It is immediately checked that this map is convex. The
next proposition (proved in [15]) shows that it is an isomorphism of convex
sets.
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Proposition 4.3.2 Let p1,ps € M; (R), p1 # pa2. Then E,, # E,,.
Proof. For 9 € H, we define the real measure )y by

Ay (X) = (¢, (Bpy (X) = Ep, (X)) ¥) = pay * (p1 = p2) (X))

where * is the convolution and duy (z) = |¢ (z)|*dz. Taking the Fourier-
Stieltjes transform we get

Ay = fly - (p1 — p2)
where 5\1/,, fip, P1 and pg are continuous functions. By injectivity of the
Fourier-Stieltjes transform we have p; # po. Thus, choosing 1/ such that
|1/)|2(p) # 0 for every p € R, we have 5\¢ # 0. This means that Ay, # 0 and
hence, E,, # E,,. ®

As we will see in Proposition 4.5.2 below, a position observable E, is
a sharp observable if and only if p = §, for some z € R, where ¢, is the
Dirac measure concentrated at z. Since the Dirac measures are the extreme
elements of the convex set M, (R), from the above discussion the following
fact follows [15].

Proposition 4.3.3 The sharp position observables are the extreme elements
of the convezr set POSkg.

The following useful property of a position observable is proved in [37].
Here we give a slightly modified proof.

Proposition 4.3.4 If E : B(R) — L(H) satisfies eq. (4.5), then E(X) =
O if and only if the Borel set X has zero Lebesgue measure.

Proof. This is exactly as in the first part of the proof of Lemma 1.3.1.
Let (vp),>; be a countable dense subset in 7, and let p be the bounded
measure on R given by

p(X) =" 27" ||onl 7 (vn, B (X) vn).

We have p (X) =0 iff E(X) = 0. By this fact and the translational covari-
ance of F we have p (X +1z) =0 iff 4 (X) = 0, i.e. p is a quasi invariant
measure on R. So, u is equivalent to the Lebesgue measure, thus proving
our claim. m

We conclude this section with a standard example.

Example 4.3.5 Let p € M (R) be absolutely continuous with respect to the
Lebesgue measure and let e € L'(R) be the corresponding Radon-Nikodijm
derivative. Then (4.9) can be written in the form

Ep(X) = (xx x€) (Q), (4.11)

where €(q) = e(—q) and * denotes the convolution.
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4.4 Translation covariant and boost invariant ob-
servables in dimension n

Let N = R**! and H = R", with the usual structure of additive abelian
groups. Denote with (p,t), p € R", ¢ € R, an element of N. Let H act on
N as

a4 (p,t) = (p,t+q-p) q€H, (p,t) €EN.

The Heisenberg group' is the semidirect product G = N x, H. We recall
that such a group is the topological set G = N x H endowed with the
composition law

((p, 1), 0)((0',1),¢") = ((p+ P, t+t' +q-p'),q+ ). (4.12)

Let W be the following irreducible unitary representation of G acting in
L? (R?) 4

W (0 ),0) f1 () = e 7D f (&~ q).
Clearly, W ((0,0),9) = U (q), W ((p,0),0) = V (p), and W ((0,1),0) = e™".
The groups H and G/N are naturally identified. With such an identification,
the canonical projection 7 : G — G/N is

7 ((p,1),9) = ¢,

and an element ((p,t),q) € G acts on gp € H as

((p,t),Q) [QO] =7 (((pa t)aQ) ((an)aQO)) = g+ qo.

A POM E based on R* and acting in L? (R") satisfies the analogues
of egs. (4.5), (4.6) in dimension n if, and only if, for all X € B(R") and

((p’t)’Q) e G,
W ((p,1),q) E(X)W ((p,t),9)" = E(X +4q), (4.13)

i.e. if and only if E is a W-covariant POM based on G/N. By virtue of the
generalized imprimitivity theorem of §1.2, F is W-covariant if and only if
there exists a representation o of N and an isometry L intertwining W with
the induced representation ind§ (o) such that

E(X)=LP° (X)L

1Usually, the Heisenberg group is defined as the topological set R x R™ x R"™ with
composition law

1
tapt,d,p)= (t +t' + 5(4 P —p-qd)a+d,p +p') :

It is easy to show that this is isomorphic to our definition in eq. (4.12).
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for all X € B(R™). Since ind§ (0) C ind§ (¢') (as imprimitivity systems) if
o C o' (as representations), it is not restrictive to assume that such a o has
constant infinite multiplicity, so that there exists a positive Borel measure
Lo ON N = R**! and an infinite dimensional Hilbert space H such that o is
the diagonal representation acting in L? (]R""’l,,ua; H), i.e.

[0 (p, 1) 4] (h, k) = € Pe™ b (h, K) .
Denote with v, h € R", k € R the following character of N
ihp ikt

’Yh,k(pa t) =e€

The action of H on N is given by

(@ Yhk) (9, 1) = Yk (a—q (p, 1)) = e/ FDPiRL,

or in other words
9 Yhk = Yh—kqk-
If k # 0, the H-orbit passing through - j is thus

0,, ., =R x {k}

Yh,k

and the corresponding stability subgroup is

H’Yh,k = {O}

From Mackey’s theory ([33], [52]) it follows that the representations

phj := nd§ (V)

are irreducible if k£ # 0, pp and pps jr are inequivalent if k # k' and, fixed
k # 0, ppx and pp i are equivalent.

The representation p := ind% (o) acts on L? (IR",dac;L2 (R’H‘l,ug;?{))
according to

lo((p;t),q) fl(z) =0 (p,t—p-z) f(z—q)

(here we are using the second realisation of ind$ (o) which we described in
§1.2). Using the fact that o acts diagonally in L? (R"+1 s Mo 7-[) and the iden-
tification L? (R",dz; L? (R**!, pyH)) = L? (R® x R*M dz @ dpe(z); H),
we find that p acts on L? (R* x R"™' dz ® du,(z); H) as

o ((2,1),0) 1 (B, k) = M PR PO f (g, b k).

Write po = po, + ftoy, Where pgs, L py, and pg, ((970,71) = 0, and let
o = 01 @ o9 be the corresponding decomposition of . We then have

ind$§ (o) = ind$ (1) ® ind$ (09),
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where the two representations in the sum are disjoint and the sum is a
direct sum of imprimitivity systems. So, since W =~ ind% (70,—1), it is not
restrictive to assume o = o1, or, in other words, that p, is concentrated in
the orbit O,, _, = R* x {-1} = R".

Let T be the following unitary operator in L?(R* x R" ,dz®du,(z); H):

[Tf](z,h) = f (z+h,h).
If we define the representation p, given by
6 ((p:1),0) f] (2, h) = e 7P)f (2 — g, ),

then T' intertwines p with p. Since p >~ WQI 2R ,, %) and W is irreducible,
every isometry intertwining W with p has the form

[Lf](z,h) = f (z) p(h) Vf € L*R")

for some ¢ € L2(R", uy; M) with ||¢||;2 = 1. The most general isometry L
intertwining W with p has then the form L = T'L for some choice of ¢, and
the corresponding observable is given by

(9. B(X)f) = (g,L"P"(X)Lf) = (TLg, P"(X)TL{)
= [, xx(@)f @+ Rl ) (), () s (1),
It follows that
BN @) = 1@ [ - b) le®I? ot
= 1@ [ xxla - 1du(h)
where dy(h) = ||o(h)||?due(h) is a probability measure on R?.

The last formula can be rewritten as in eq. (4.11) in terms of the selfad-
joint operator @)

E(X) = (xx * 4)(Q),

where x x * i is the convolution of the function x x with the measure defined
by

[ v@ai=[ o-adn  voecm.

4.5 Covariance under dilations

Besides covariance (4.3) and invariance (4.4), the canonical position observ-
able IIg has still more symmetry properties. Namely, let R, be the set of
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positive real numbers regarded as a multiplicative group. It has a family of
unitary representations {A; | t € R} acting on H, and given by

[Ay(a)f](z) = % (e Mz —t)+1).
It is a direct calculation to verify that for all a € Ry, X € B(R),
Ao(@)TTg(X) Ag(a)* = TTg(aX).
We adopt the following terminology, which we take from [22].

Definition 4.5.1 An observable E : B(R) — L(H) is covariant under
dilations if there exists a unitary representation A of Ry such that for all
a € Ry and X € B(R),

A(a)E(X)A(a)* = E(aX). (4.14)

The canonical position observable Ilg is not the only position observable
which is covariant under dilations. An observable Ej,,t € R, is a translated
version of Ilg, namely, for any X € B(R),

By, (X) = Ig(X — t) = U() T(X)U ().

Since A_¢(a) = U(t)*Ao(a)U(t), the observable Ej, is covariant under dila-
tions, with, for example, A = A ;.

Proposition 4.5.2 Let E be a position observable on R. The following
conditions are equivalent:

(a) E is covariant under dilations;
(b) |EU)|| =1 for every nonempty open set U C R;
(¢) E = E5, for somet € R;

(d) E is a sharp observable.

Proof. Let E be covariant under dilations. In a similar way as in [22,
Lemma 3| we can show that ||E(U)|| = 1 for all nonempty open sets U. In
fact, assuming the contrary, we can find a closed interval I with nonvoid
interior such that ||[E(I)|| = 1 — e < 1. By translational covariance of F,
it is not restrictive to assume that I is centered at the origin. If f € H we
then have

prg (D) =(f,E(nl) f) =(A(n)" f,E(I)A(n)" f) <1-¢

for all n € N. By inner regularity of py r, we have uf ¢ (R) < 1 — €, hence
E (R) # I, which is absurd. So, (a) implies (b).
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Assume then that (b) holds. For any nonempty open set U we get
1 =||E(U)| = esssupgerp(z + U). (4.15)

It follows that supp(p) contains only one point. Indeed, assume on the
contrary that supp(p) contains two points z; # z2 and denote U = {z €
R||z| < f|z1 — z2|}. Since z1 + U and z5 + U are neighborhoods of z; and
x9, respectively, we have m; := p(z; + U) > 0 for 1 = 1,2. Then, for any
z € R, p(x +U) <1 — min(my, my). This is in contradiction with (4.15).
Hence, (b) implies (c).

As previously mentioned, (c) implies (a). Clearly, (c) also implies (d).
Since (d) implies (b) the proof is complete. m

The dilation covariance means that the observable in question has no
scale dependence. A realistic position measurement apparatus has a limited
accuracy and hence it cannot define a position observable which is covariant
under dilations. Thus, sharp position observables are not suitable to describe
nonideal situations.

If E = Ej,, one could ask what is the most general form of the repre-
sentation A of R, satisfying eq. (4.14). The answer is given in the next
proposition.

Proposition 4.5.3 If A is a unitary representation of Ry satisfying eq. (4.14)
with E = Es,, then there exists a measurable function 8 : R — T such that

[A(a)f] () = %mm + )BT @+ 0)f (o (z +1) — 1)

In particular, A is equivalent to A_y.

Proof. Let A'(a) = U(t)A(a)U(t)*. Then, A’'(a)lIg(X)A (a)* = IIg(aX).
Denote with Hg the restriction of IIg to the Borel subsets of R.. Then,
Sp = (AO,Hg, 12 (0, +oo)) and S — (A',Hg,f:? (0,+oo)) are transitive im-
primitivity systems of the group R, based on R, . By Mackey imprimitivity

theorem, there exists a Hilbert space K such that S = ind]?ﬁ (Ix), where Ix

is the trivial representation of {1} acting in K. Since Sy = ind]fﬁ(l), we have
the isomorphism of intertwining operators C (1, Ix) ~ C (So,S), and hence
there exists an isometry Wy : L? (0, +00) — L2 (0,+oc) intertwining S
with S. In particular, Wlﬂg = Hng, and hence there exists a measurable
function By : Ry — T such that

[W1f)(z) = p1(z)f(z) Vf € L?(0,+00).

It follows that W3 is unitary.
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Reasoning as above, one finds a unitary operator W5 intertwining the
restrictions of Ay and A’ to L? (—00,0), with

[Wafl(z) = Ba(z)f(z) V[ € L*(~00,0),

for some measurable function 82 : R — T. Then, W = W1 @® W is unitary
on L? (—00,+oc), and A(a) = U(t)*W Ay(a)W*U(t) has the claimed form
foralla e Ry. m

4.6 State distinction power of a position observ-
able

In this section, we investigate the ability of position observables to discrimi-
nate between different states, that is we compare the state distinction power
of two position observables (see also [11]).

Definition 4.6.1 Let E; and E5 be observables on R. The state distinc-
tion power of Es is greater than or equal to Ey if for all T,T' € S(H),

E B E '
pT2 = pTI2 = pT1 = pTll-

In this case we denote E1 C Ey. If E1 E Ey T Fq we say that E1 and Eo
are informationally equivalent and denote E1 ~ Ey. If E1 C Ey and
FEy IZ Ey, we write £, C Es.

Example 4.6.2 An observable E : B(R) — L(H) is trivial if p% = pE,
for all states T, T' € S(H). A trivial observable E is then of the form
E(X) = MX)I, X € B(R), for some probability measure A. The state
distinction power of any observable E' is greater than or equal to that of the
trivial observable E. Clearly there is no trivial position observable on R.

Example 4.6.3 An observable E : B(R) — L(H) is called information-
ally complete if p% #+ p% whenever T # T'. The state distinction power
of an informationally complete observable is greater than or equal to that of
any other observable E1 on R. It is easy to see that there is no informa-
tionally complete position observable. Namely, let 1 be a unit vector, p # 0
a real number, and denote ' = V(p)1p. Then the states T = (3,-) 1 and
T = (¢',-) 9" are different but for any position observable E,, pf” = pg,”
since V(p) commutes with all the effects E,(X), X € B(R).

We will next think of ~ as a relation on the set POSk. The relation ~
is clearly reflexive, symmetric and transitive, and hence it is an equivalence
relation. We denote the equivalence class of a position observable E by [E]
and the space of equivalence classes as POSgr/ ~. The relation C induces
a partial order in the set POSR/ ~ in a natural way.
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Let E, be a position observable and T' a state. The probability measure

p:]ﬁ" is the convolution of the probability measures ng and p,

E II
pr’ = pr° *p. (4.16)

It is clear from (4.16) that for all T, T" € S(H),

pr® =ppd =" =ppl,
and hence E, C IIg. We conclude that [IIg] is the only maximal element of
the partially ordered set POSg/ ~.
It is shown in [35, Prop. 5] that a position observable E, belongs to the
maximal equivalence class [IIg] if and only if supp (p) = R. The following
proposition characterizes the equivalence classes completely.

Proposition 4.6.4 Let p1, p2 be probability measures on R and E,,, E,, the
corresponding position observables. Then

Ep, C E,, <= supp (p1) C supp (p2) -
Proof. Taking the Fourier transform of eq. (4.16), we get
E I
Flpr’) = Flpr®)F(p)- (4.17)

Since the Fourier transform is injective, it is clear from the above relation
that supp (p1) C supp (p2) implies E,, C E,,,.

Conversely, suppose supp (p1) € supp (p2). As p;, i = 1,2, are continu-
ous functions and p; (§) = p; (—¢), there exists a closed interval [2a, 2b], with
0 < a < b, such that [2a, 2b]U[—2b, —2a] C supp (p1) and ([2a, 2b] U [—2b, —2a])N
supp (p2) = 0. Define the functions

1

h = ———— (Xat] = X[—b—a])
1 ) (Xa.b) = X(~b,-a))
1
h - — a + —b.,—al/ »
2 o (Xa.t] + X[-b,-a)

and for ¢ = 1,2, denote

hi(E) = Tl —E).
Define
fi = j:.il (hl) 3

and let 7; be the one-dimensional projection |f;) (f;|. We then have
dpr® (2) = |fil2) dz = |(F ki) (2)[" do = F L (hi % b}) (2)da,
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and
Flpr®) = FF " (hix b)) = hi + b}
1 7
= 20 —a) <2X[a,b] * X[=b,—a] T (=1)"X[=b,—a] * X[~b,—a]

+ (—1)"X o * X[a,b])'

Since
SUpp (X[a 5] * X[-b,—a]) = la —b,b—al,
supp (X[a,0] * X[ap]) = [2a,20],
Supp (X[—b,—a] * X[-b,—a]) = [—2b,—2a],

an application of (4.17) shows that

Flor) # Flop),

E
-7:(pr2) = f(pTz ),

or in other words, £, Z E,,. m

Remark 4.6.5 It follows from the above proposition that F4 T Fs <
supp (p1) C supp (p2), and hence the set POSr/ ~ has no minimal ele-
ment. Indeed, if ps is a probability measure, there always exists a probability
measure p1 such that supp (p1) C supp(p2). In fact, since py is continu-
ous, p2(€) = pa(—¢€) and p2(0) = pa(R) # 0, there exists a > 0 such that
the closed interval [—a,a] is strictly contained in supp (p2). If we define
h = ﬁx[_%,%], f = F1h, then dpi(x) := |f(z)|?dz is a probability mea-

sure, and supp (p1) = supp (h * h) = [—a, al.

4.7 Limit of resolution of a position observable

Let IT : B(R) — L(H) be a sharp observable. For any nontrivial projection
II(X), there exist states 7, 7" € S(#) such that pf(X) = 1 and p¥, (X) = 0.
Using the terminology of [11, II.2.1], we may say that II(X) is a sharp
property and it is real in the state T'.

In general, an observable E has effects as its values which are not pro-
jections and, hence, not sharp properties. An effect E(X) € ranFE is
called regular if its spectrum extends both above and below 1/2. This
means that there exist states 7', 7" € S(H) such that tr[TE (X)] > 1/2 and
tr[T"E (X)] < 1/2. In this sense regular effects can be seen as approzimately
realizable properties (see again [11, I1.2.1]). The observable E is called reg-
ular if all the nontrivial effects E (X) are regular.
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It is shown in [35, Prop. 4] that if a probability measure p is absolutely
continuous with respect to the Lebesgue measure, then the position observ-
able E, is not regular. Here we modify the notion of regularity to get a
quantification of sharpness, or resolution, of position observables.

For any z € R;r € Ry, we denote the interval [z — r/2,z + r/2] by
I;.r. We also denote I, = Ip,. Let E : B(R) — L(#) be an observable
and a > 0. We say that E is a-regular if all the nontrivial effects E(I,),
z € R, r > a, are regular.

Definition 4.7.1 Let E : B(R) — L(H) be an observable. We denote
ve = inf{a > 0| E is a-regular}
and say that vg is the limit of resolution of E.

It follows directly from definitions that the limit of resolution of a regular
observable is 0. FKEspecially, the limit of resolution of canonical position
observables is 0.

Example 4.7.2 Let E be a trivial observable (see Example 4.6.2). For any
X € B(R), we have either E(X) > I or E(X) < £I. Hence, yg = .

Proposition 4.7.3 A position observable E, is a-reqular if and only if
ess superP(Iz,a) > 1/2, (4.18)

where the essential supremum is taken with respect to the Lebesgue measure
of R.

Proof. An effect E,(X) is regular if and only if ||E,(X)|| > 1/2 and
|E,(R\ X)|| > 1/2. Since the norm of the multiplicative operator E,(X) is
ess sup,crP(X — ), we conclude that E,(X) is regular if and only if

esssup,ecrp(X — ) > 1/2  and essinfyerp(X — ) < 1/2.
Thus, E, is a-regular if and only if, for all > «,
esssup,erpP(Ipyr) > 1/2  and  essinfyerp(Izy) < 1/2.

The second condition is always satisfied and from the first eq. (4.18) follows.
|

Corollary 4.7.4 A position observable E, has a finite limit of resolution
and

vE, = inf {a > 0 | esssup,crp(ls;0) > 1/2} .
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In the next chapter, we will prove an Heisenberg-like uncertainty rela-
tion involving the limits of resolution of coexistent position and momentum
observables. For the moment, we end this section with a result that charac-
terises the position observables which are regular. It is taken from [16].

Proposition 4.7.5 Let E, be a position observable. The following condi-
tions are equivalent:

(i) E, is reqular;
(i) vg, = 0;

(iii) there exists T € R and A € M; (R) with T € supp) such that p =
205 + S\

Proof. It is clear that (i) implies (ii).
Let vg, = 0. This means that

1
inf{a > 0 | esssup,cpp(I;a) > 5} =0. (4.19)
For every a > 0, denote
1
Ao ={z €R| p(I;a) > 5}

Since a1 > a9 implies A,, D A,,, it follows from (4.19) that A, # 0 for
all @ > 0. For each n = 1,2..., choose an element z,, € A;/,. We have
pIz,,1/n) > %. Since p is a finite measure, the sequence (z,)n>1 is bounded.
Hence, there exists a subsequence (z,, ),r>1 converging to some Z € R. For
each 8 > 0, there exists k£ such that Iznk,l/nk C Iz, so that p(Iz ) > %
Thus, .
p({Z}) = p(Np>o0lz,p) = élil% p(Iz,p) > 2"
It follows that A = 2p — dz is a probability measure. For all 8 > 0, we have
XIz8) = 2p(Iz,3) — 1 > 0, which implies Z € suppA. Thus, (ii) implies (iii).
Assume that (iii) holds. We start by noticing that E, is regular if and
only if | E,(X)| = Jess SUPger {020 (X — ) + A(X —q)} > 3 for every Borel
set in which E, # 0,I. Since we know that E,(X) = 0 is equivalent to
u(X) = 0 we can assume that X is not a null or co-null set. Let us begin
by evaluating

ess Supgeg {0z0 (X — q) + MX — q)} = esssupyer {Xx-a0(q) + AM(X — q)}

in the case X is a finite measure set. It is a matter of proving that A\(X —(-))
has non void essential image on the support of the characteristic function
XX —xg, that is:
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essSupyex g oMX —(-) >0

This is also equivalent to prove that
/ MX —q)du(q) >0
X—x9

but an easy calculation shows that the last integral is equal to
[ xxap * X (@)iN@)
R

where xx(z) := xx(—z). It is a well known fact that the integrand is a
continuous function (since it is the convolution of two continuous functions).
Observing that zo € supp (Xx—z, * XX—1z,), We get immediately that the
integral is not zero. So we have the thesis in the case of finite measure sets.

Let us now consider the case u(X) = co. We must show that either
E,(X) =1 or E,(X) has spectrum below 3. By a previous observation we
can limit ourselves to the case u(X') # 0 since in the case of co-null set
E,(X) = I. Hence we can assume that X’ cointains a finite measure set ¥’
to which the above result apply. So we have

IE,(X")|| > |1 E,(Y)|| > %

Since E,(X') = I—E,(X), denoting with 0(A) the spectrum of the operator
A, we have o(E, (X)) =1—-0(E,(X")) and we are done. m

4.8 Position and momentum observables on R3

4.8.1 Definitions

In this section, % = L%(R3; C¥*!) is the Hilbert space of a nonrelativistic
particle with spin j in the FEuclidean space. Let Q;,¢ = 1,2,3, denote the
multiplicative operators on H given by [Qif] (Z) = z;f(Z), where z; is the
ith component of #. By P; we mean the operator F1Q;F and we denote
(j = (Q1,Q2,Q3), P = (Py, Py, P3). The space translation group R® has a
ig-P

unitary representation U(§) = e '?" and similarly, the momentum boost

group has a representation V(p) = ¢P3. Tt is an immediate observation
that the sharp observables HQ and II 5 on R3, respectively associated to the
representations V' and U by Stone-Naimark-Ambrose-Godement theorem,
satisfy the obvious covariance and invariance conditions, analogous to (4.5)-
(4.8). The rotation group SO(3) acts in H according to the projective
representation D, given by

[D(R)f](Z) = D7 (R') f(R'%).
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Here, D/ is the irreducible representation of SU (2) in C¥*!, and R’ is an
element of SU (2) lying above R. It is straightforward to verify that the
sharp observables HQ and II 5 are covariant under rotations, that is, for all

R € SO(3) and X € B(R?),

D(R)I5(X)D(R)* = I5(RX),

Q Q
D(R)II5(X)D(R)* = Mz(RX).

These observations motivate to the following definitions.

Definition 4.8.1 An observable E : B(R®) — L(#) is a position observ-
able on R3 if, for all §,7 € R®, R € SO(3) and X € B(R3),

U@QEX)U(@" = E(X+q), (4.20)
V@EX)V@) = B(X), (4.21)
D(R)E(X)D(R)* = E(RX). (4.22)

We will denote by POSgs the set of all position observables on R3.

Definition 4.8.2 An observable F : B(R?) — L(H) is a momentum ob-
servable on R? if, for all §,p € R®, R € SO(3) and X € B(R?),

U(@QFX)U(@G)" = F(X),
V@) F(X)V(E) = F(X+9),
D(R)F(X)D(R)* = F(RX).

4.8.2 Structure of position observables on R3

We say that a probability measure p on R? is rotation invariant if for all
X € B(R3) and R € SO(3),

(R-p)(X) := p(R™'X) = p(X).

The set of rotation invariant probability measures on R? is denoted by
M (R?’)Zl;; Using the isomorphism R® \ {0} ~ R, x S$? and the disinte-
gration of measures, the restriction of any measure p € M (R?’);’;' to the
subset R? \ {0} can be written in the form

dplgs\ 10y () = dprad () dpang (€2)

where praq is a finite measure on Ry with praq(Ry) = 1 — p({0}), and pang
is the SO(3)-invariant measure on the sphere S? normalized to 1.
Given a rotation invariant probability measure p, the formula

B,(X) = [ (X - 0) dlg(@, X € B(®), (4.23)

defines a position observable on R3.
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Proposition 4.8.3 Any position observable E on R® is of the form E = E,,
for some p € M(R®):F

mno *

Proof. It is shown in §4.4 that if E satisfies eqs. (4.20), (4.21), then E
is given by eq. (4.23) for some probability measure p in R3. If ¢ € C, (R?),
we define F (p) as in Remark 1.2.4. For all f € L? (R®;C¥*!), define the
measure

dpg(Z) = |£(&)* dz.
We then have
(F,E(@@)f) = (ug*p) (¢)
From (4.22) it then follows

(kDrys *p) () = (1y % p) (wR_l) : (4.24)

where % (&) = ¢(RZ). Rewriting explicitly (4.24), we then find (since DJ
is unitary on C¥*1)

[, e@enls (&72)f aapm
R3xR3
_ / @+ ) |f (@) dEdp(@),
R3xR3

With some computations, setting 9 (¥) = ¢ (—RZ), this gives
/R (wlfP) (R p) @) = /R (#1fP) Cdem  (425)

(here R™! - p denotes the measure on R® such that (R™!-p) (¢) = p (¢)
for all ¢ € C,(R®)). Letting ¢ and |f| vary in C,(R?), the functions
x|f |2 span a dense subset of Cj (]R?’). From eq. (4.25), it then follows that
Rlp=p m

Proposition 4.8.4 Let E be a position observable on R3. The following
facts are equivalent:

(a) |E(U)|| =1 for every nonempty open set U C R;
(b) E is a sharp observablen ;
(C) E = HQ"

Proof. It is clear that (c) = (b) = (a). Hence, it is enough to show
that (a) implies (c). As in the proof of Proposition 4.5.2, it follows from (a)
that p = 4y for some i € R3. However, the probability measure dp is rotation
invariant if and only if { = 0. This means that E = HQ. ]

80



Chapter 5

Coexistence of position and
momentum observables

We now conclude the discussion we have begun in the previous chapter, and
we finally consider the joint observables of position and momentum, i.e. those
observables defined in the phase space of the quantum system whose margins
are observables of position and momentum (see definition 5.1.2 below). The
covariant phase space observables described in §3.5.2 are just a subclass of
the whole set of joint observables of position and momentum.

The problem of joint measurability of position and momentum observ-
ables has a long history in quantum mechanics and different viewpoints have
been presented (for an overview of the subject, see e.g. [9]). In this chapter,
we will show that the following remarkable fact holds: if a position observ-
able and a momentum observable admit a joint observable, then they also
admit a covariant phase space joint observable (Proposition 5.2.2). From
this fact, one can derive many properties of coexistent position and momen-
tum observables. For example, they must satisfy Heisenberg’s uncertainty
relation, which can be restated in different forms (see Proposition 5.2.4 and
Corollary 5.2.3).

Here is a brief synopsis of this chapter. In section 5.1 we recall some con-
cepts which are essential for our investigation. In section 5.2 we characterize
those pairs of position and momentum observables which are functionally
coexistent and can thus be measured jointly. Also some consequences on the
properties of joint observables are investigated. In Section 5.3 we present an
observation on the general problem of coexistence of position and momen-
tum observables.

The material in this chapter is contained in [15].
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5.1 Coexistence and joint observables

The notions of coexistence, functional coexistence and joint observables are
essential when joint measurability of quantum observables is analyzed. We
next shortly recall the definitions of these concepts. For further details we
refer to a convenient survey [45] and to the references given there.

Definition 5.1.1 Let (2, A(£;)), i = 1,2, be measurable spaces and let
E; : A(Q;) — L(H) be observables.

(i) Ey and E, are coexistent if there is a measurable space (Q2,A(Q))
and an observable G : A(Q) — L(H) such that

ran (E7) Uran (Ey) C ran (G).

(ii) E1 and E5 are functionally coexistent if there is a measurable space
(2, A()), an observable G : A(Q2) — L(H) and measurable func-
tions f1: Q — Qq, fo: Q — Qo, such that, for any X3 € A(Q),
XoeA (QQ),

Ei(X1) = G(fiN(X1)),  Ea(Xa) = G(f5 1(X2)).

Functionally coexistent observables are clearly coexistent, but it is an
open question if the reverse holds.
We now confine our discussion to observables on R.

Definition 5.1.2 Let E1, Ey : B(R) — L(H) be observables. An observable
G : B(R?) — L(H) is their joint observable if for all X,Y € B(R),

Ei(X) = G(XxR),
B(Y) = GRxY).

In this case F1 and Fo are the margins of G.

For observables Fy and E, defined on B(R) the existence of a joint ob-
servable is equivalent to their functional coexistence. These conditions are
also equivalent to the joint measurability of E1 and Fo in the sense of the
quantum measurement theory (see Section 7 in [45]).

The commutation domain of observables F; and F5, denoted by
com (E1, E»), is the closed subspace of H defined as

com (Ey, By) = {yp € H | E1(X)Ex(Y)y — Ex(Y)E1(X)yp = 0 VX,Y € B(R)} .

If E1 and E5 are sharp observables, then E; and E5 are coexistent if and
only if they are functionally coexistent and this is the case exactly when
com (E1, E2) = H. In general, for two observables Fy and Fs the condition
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com (Ey, Ey) = H is sufficient but not necessary for the functional coexis-
tence of B and Es.

In conclusion, given a pair of observables on R one may pose the questions
of their commutativity, functional coexistence, and coexistence, in the order
of increasing generality.

For position and momentum observables, the following known fact holds
[10], which will be needed later. For completeness we give a proof of it.

Proposition 5.1.3 A position observable E, and a momentum observable
F, are totally noncommutative, that is, com (E,, F,) = {0}.

Proof. It is shown in [12] and [57] that for functions f,g € L>®(R) the
equation

f(@Q)g(P) —g(P)f(Q) =0

holds if and only if one of the following is satisfied: (i) either f(Q) or g(P)
is a multiple of the identity operator, (ii) f and g are both periodic with
minimal periods a, b satisfying 27 /ab € Z \ {0}.

Let X C R be a bounded interval. Then the operators E,(X) and F,(X)
are not multiples of the identity operator. Indeed, let us assume, in contrary,
that E,(X) = cI for some ¢ € R. Denote a = 2u(X). Then the sets X +na,
n € 7, are pairwisely disjoint and

I > Ep(Unez(X +na)) = E,(X +na)
neEZ

= Y U(na)E,(X)U(na)* =) cl.

neZ nez

This means that ¢ = 0. However, since pu(X) > 0, we have
O# Ey)X)=cI=0.

Thus, E,(X) is not a multiple of the identity operator. Moreover, since
p(R) = 1, the function ¢ — p(X — ¢) is not periodic. We conclude that,
by the above mentioned result, the operators E,(X) and F,(X) do not
commute and hence, com (E,, F,) # H.

Assume then that there exists 1 # 0, ¢ € com (E,, F,,). Using the sym-
metry properties (4.5), (4.6), (4.7) and (4.8), a short calculation shows that
for any ¢,p € R, U(q)V (p)% € com (E,, F,)). This implies that com (E,, F),)
is invariant under the irreducible projective representation W defined in
(3.17) (vecall that W (¢,p) = €%?/2U (q) V (p)). Tt follows that we have ei-
ther com (E,, F,)) = {0} or com (E,, F,,) = #H. Since the latter possibility is
ruled out, this completes the proof. m
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5.2 Joint observables of position and momentum

Looking at the symmetry conditions (4.5), (4.6), (4.7), (4.8), and recalling
the definition (3.17) of the projective unitary representation W of the group
of phase space translations, it is clear that an observable G : B(R?) — L(H)
has a position observable and a momentum observable as its margins if and
only if, for all ¢,p € R and X,Y € B(R), the following conditions hold:

W(g,p)G(X x AW (g,p)* = G(X xR+ (g,p)), (5.1)
W(g,p)GR xY)W(q,p)* = GRxY +(q,p)).

(recall that W (g, p) = €'/2U (q) V (p)).
On the other hand, a covariant phase space observable is a POM G :
B(R?) — L(H) such that, for all ¢,p € R and Z € B(R?),

W(q,p)G(Z)W (¢,p)" = G(Z + (¢,p)), (5.3)

and it is trivial that (5.3) implies (5.1) and (5.2). Hence, a covariant phase
space observable is a joint observable of some position and momentum ob-
servables. To our knowledge, it is an open question whether (5.1) and (5.2)
imply (5.3).

As proved in §3.5.2, each covariant phase space observable is of the form
G = Gr, with

1 *
Gr(2) = 5 [ Wlan)TW(a.p)" dadp 7 € B(®),

for some T' € S(H). Moreover, the correspondence T — Gr is injective
from S(#) onto the set of the covariant phase space observables (see Theo-
rem 3.4.2).

Let Gt be a covariant phase space observable and let Y A\, (:, ¢n)en
be the spectral decomposition of the state 7. With an easy computation,
one finds that the margins of G are the position observable E, and a the
momentum observable F, with

dp(g) = e(9)dg, e(q) =) Malen(-0)P, (5-4)
dv(p) = f(p)dp,  F(P) =) Mul@a(-p)I*- (5-5)

The form of p and v in (5.4) and (5.5) implies that, in general, the
margins F, and F,, do not determine G, that is, another covariant phase
space observable G+ may have the same margins. Indeed, the functions
lo(+)| and |@(-)| do not define the vector ¢ uniquely up to a phase factor.
Here we provide an example in which this phenomenon occurs.
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Example 5.2.1 Consider the functions

1/4
Cap (q) = (2—a> ¢ (ati)a’

s

with a,b € R and a > 0. The Fourier transform of @ is

b = (o) o (1)

X e ibp* ! arctan b
Xp| ———5- — = - ].

P13 (a2 +b%) 2 a
For b # 0, we see that T1 = (@ap,*)@ap ond To = (Yq b, )Pa,—p are differ-
ent, but the margins of G, and G, are the same position and momentum
observables E, and F,,, with

1/2
dp(q) = (2—a) e dg

™

v = (sgirm) o (o) #

As p and v in (5.4) and (5.5) arise from the same state 7', a multitude
of uncertainty relations can be derived for the observables E, and F,,. One
of the most common uncertainty relation is in terms of variances. Namely,
let Var (p) denote the variance of a probability measure p,

Var (p) = / (x— / mdp(w))zdp(x).

Then for any state S,
Var (pe?)Var (ph) > 1 (5.6)

(see e.g. [11], Section II1.2.4 or [50], Section 5.4.) The lower bound in (5.6)
can be achieved only if

Var (p)Var (v) = %,

and it is well known ([32], [51]) that (5.7) holds if and only if T' = (-, p)¢
and ¢ is a function of the form

(5.7)

0 (q) = (2a/m)/*etiema@=9)" 450, bceR

It is also easily verified that, if T is as above, choosing S = T the equality
in (5.6) is indeed obtained.

The following proposition is the main result in this chapter, since it gives
a complete characterisation of jointly measurable position and momentum
observables.
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Proposition 5.2.2 Let E, be a position observable and F,, a momentum
observable. If E, and F, have a joint observable, then they also have a joint
observable which is a covariant phase space observable.

The proof of Proposition 5.2.2 is given in section 5.3, since it needs some
notations and the introduction of some additional mathematical concepts.
It is a rearrangement of a similar proof given by Werner in [55].

We now describe some consequences of Proposition 5.2.2. Corollaries
5.2.3 and 5.2.4 are two different restatements of Heisenberg uncertainty re-
lation. Corollary 5.2.4 is Proposition 6 of [14] slightly rearranged.

Corollary 5.2.3 A position observable E, and a momentum observable F),
are functionally coezistent if and only if there is a state T € S(H) such that
p and v are given by (5.4) and (5.5). Especially, the uncertainty relation
(5.6) is a necessary condition for the functional coezistence, and thus for
the joint measurability of E, and E, .

Corollary 5.2.4 Let E, be a position observable and F,, a momentum ob-
servable. If E, and F, are functionally coeristent, then the product of the
respective limits of resolutions satisfies the inequality

YE, " VE, = 3 — 2V/2. (5.8)

Proof. Since E, and F), have a covariant phase space observable as a
joint observable, there is a vector valued function § € L?(R,H) such that

dp(q) = 16(g)|3,dg and dv(p) = |6(p)||3,dp. In fact, let (fn),>; be an
orthonormal basis of H. Then, with the notations of egs. (5.4) and (5.5),
the function 6 is

0(a) =D, M on(-0)fn-
By Proposition 4.7.3 the observable E, is a-regular if and only if

esssupgerp (Iga) > 1/2.

Since the map « — p (I;;o) is continuous, this is equivalent to

supoerp (Insa) = SUpser / 10(2) %, dz > 1/2.

z50

By the same argument, F), is S-regular if and only if

supect (Tess) = Supgcx /I 10(©)|Z,de > 1/2.
&8

Using [29, Theorem 2] extended to the case of vector valued functions, we
find
a-B>3—2V2,

and hence (5.8) follows. m
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Corollary 5.2.5 If a position observable E, and a momentum observable
F, are functionally coexistent, then neither E, nor F, are regular.

Proof. This is an immediate consequence of Corollary 5.2.3 and of item
(iii) in Proposition 4.7.5. =

We end this section with an observation about a (lacking) localization
property of a joint observable of position and momentum observables. We
wish to emphasize again that G in Proposition 5.2.6 is not assumed to be a
covariant phase space observable.

Proposition 5.2.6 Let G be a joint observable of a position observable E,
and a momentum observable F, and let Z € B(R?) be a bounded set. Then

(1) |G(Z)] #1;
(i3) there exists a number kz < 1 such that for any T € S(H), p$(Z) < kz.

Proof. (i) It follows from Proposition 5.2.2 and the Paley-Wiener The-
orem that either p or v has unbounded support. Let us assume that, for
instance, p has unbounded support.

Let Z € B(R?) be a bounded set. Then the closure Z is compact and

also the set B
X:={zeR|IyeR:(z,y) € Z} CR

is compact. Since
IG(Z)] < IG(X x R)|| = || E,(X)]]

and
[ Ep(X)[| = esssupyerp(X — z) < supgerp(X — ),

it is enough to show that

sup,crp(X — ) < 1. (5.9)
Let us suppose, in contrary, that

Sup,epp(X — 7) = 1 (5.10)

This means that there exists a sequence (z,),>1 C R such that

lim p(X —z,) = 1. (5.11)
n—oQ
Since p(R) = 1 and X is a bounded set, the sequence (z,)p>1 is also
bounded. It follows that B := (J;2; X — z, is a bounded set and by

(5.11) we have p(B) = 1. This is in contradiction with the assumption that
p has an unbounded support. Hence, (5.10) is false and (5.9) follows.
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(ii) From (i) it follows that

1> kz = [|G(Z)|| = sup{(y, G(Z2)¢) | ¥ € H, [|9]| = 1}.

Let T € S(H) and let ), Ai(4;,-)1p; be the spectral decomposition of 7.
Then

p(Z) = tr[TG(Z)] = Z/\z' (i, G(Z)9i) < kz-

5.3 Coexistence of position and momentum ob-
servables

Since coexistence is, a priori, a more general concept than functional coex-
istence, we are still left with the problem of characterizing coexistent pairs
of position and momentum observables. In lack of a general result we close
our investigation with some observations on this problem.

Proposition 5.3.1 Let E, be a position observable and F,, a momentum
observable. If com(E,) U com (F,) contains a nontrivial projection (not
equal to O or 1), then E, and F, are not coexistent.

Proof. Let us assume, in contrary, that there exists an observable G
such that com (E,)Ucom (F,) C com (G). Suppose, for instance, that £,(X)
is a nontrivial projection. Then E,(X) commutes with all operators in the
range of G (see e.g. [46]). In particular, E,(X) commutes with all F,(X),
X € B(R). However, this is impossible by the result proved in [12] and [57]
(see also the beginning of the proof of Proposition 5.1.3). m

Corollary 5.3.2 If E and F are position and momentum observables, and
either one of them is sharp, then E and F are not coexistent.

Proof of Proposition 5.2.2

In order to prove Proposition 5.2.2 we need some general results about means
on topological spaces, and for readers convenience they are briefly reviewed.
The following material is based on [39], Chapter IV, §17, and [55].

Let € be a locally compact separable metric space with a metric d. By
BC () we denote the Banach space of complex valued bounded continuous
functions on ©, with the uniform norm ||f||, = sup,eq |f (z)|- The linear
subspace of continuous functions with compact support is denoted by C. ().
Adding the index " we denote the subsets of real functions in BC (f2) or in
C. (R2). With the index T we denote the subsets of positive functions.
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Definition 5.3.3 A mean on Q is a linear functional
m:BC(Q) — C
such that:
(i) m(f) 20 if f € BC*(Q);
(i) m (1) = 1.
For a mean m on Q we denote
m (o) =1 —sup {m (f) | f € CF (@), F<1}.

Let m be a mean on ). By the Riesz Representation Theorem, there
exists a unique positive Borel measure mg on €2 such that

m(f) = [ 1 @dm @) vfeC.®).
Q
By inner regularity of my we have
mo (@) = sup {m () | f € CF (), <1} =1-m(o0) < L.

Especially, any function in BC (2) is integrable with respect to mg. For any
f € BC (9), we use the abbreviated notation

mo (f) = [ f(z)dmo (x).

Q

m(f) =mo(f) VfeBC(Q).

Proof. We fix a point zy € Q. For all R > 0 we define

1 if d(zo,z) < R/2,
gr(z) =< 3/2 —d(zo,z) /R if R/2 < d(xz0,z) <3R/2,
0 if d(zg,z) > 3R/2.

Then gg € CF (Q) and gg < 1. Moreover, for any f € C} (Q2) such that
f <1 there exists R > 0 such that f < gr, and hence

L=sup{m(f)|f€CI(Q), f<1}= lim m(gr).
Let f € BCT (Q) and R > 0. Since ggf € C. (), we have

m (f) =mo (grf) +m((1 —gr) f). (5.12)
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We have 0 < grf < f, f is mg-integrable and limg_, gr () f (z) = f (z)
for all z € Q2. Therefore, by the dominated convergence theorem we have

lim [ gr(2) f (2) dmo (2 / f (2) dmo (2

R—o0 J

For the other term in the sum (5.12), we have
m((1=gr) f) < [flloem (= gr) /= [Iflloem(00) =0.
—00
Taking the limit R — oo in (5.12) we then get

m (f) =mo (f)-

If f € BC (), we write f = f1 +if2 with f1, fo € BC" (), and f; =
f;r — f; with fijE = % (|fil £ f:) € BC* (), and we use the previous result
to obtain the conclusion. m

Let 7 € {1,2}. For f € BC () we define
fi (z1,22) := f(x;) Vz1,22 € Q.

Clearly, fi € BC (2 x Q). For a mean m : BC (2 x Q) — C, we then
define

m; (f) :m(ﬁ) Vf e BC(Q).

The linear functional m; : BC (2) — C is a mean on 2, which we call the
ith margin of m.

Proposition 5.3.5 Let m be a mean on Q x Q. If my (00) = my (00) =0,
then m (o00) = 0.

Proof. For all R > 0, we define the function gr € C,(f2) as in the proof
of Proposition 5.3.4. We set

hg (z1,22) = gr (71) gr (72) -
Clearly, hg € CF (2 x Q), and, if h € CF (2 x Q) and h < 1, there exists
R > 0 such that h < hg. Since
1-hgr(z1,72) = (1-ggr(z1))+gr(®1) (1 - gr(z2))
< (1-gr(z1)) + (1 —gr(z2)),
we have
m (1 —hg) <my(1—gr)+m2(l—gr),
and the thesis follows from
m(oo) = 1— lim m(hg) < hm mi (1 —gr) + hm m2(1 - 9gr)

R—o0

= m1 (00) + ma (0o )—0-
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For a positive Borel measure mgy on Q x Q, we denote by (myg),, i = 1,2,
the two measures on {2 which are margins of my.

Proposition 5.3.6 Let m be a mean on Q2 x Q. If m(co) =0, then (mo); =
(m)g-

Proof. Let f € BC (). By Proposition 5.3.4 we have

o (7) = (7)

Using this equality and the definitions of (mg); and (m;)o we get

(mo); (F) = mo (fi) = m (f:) = mi (f) = (ma)y ().

Definition 5.3.7 An operator valued mean on Q is a linear functional
M:BC(Q) — L(H)
such that:
(i) M (f) > O if f € BC*(Q);
(ii) M (1) = 1.
For an operator valued mean M on Q we denote
M(c0)=I-LUB{M (f)|feC(Q), f<1}.

The least upper bound in Definition 5.3.7 exists by virtue of Proposition 1
in [7].

Let M be an operator valued mean on . For each f € BC" (), we
have

M(f =l <O, M(f+][fllel) >0.

It follows that
1M (O < [ £l -

By Theorem 19 in [7], there exists a unique positive operator measure My
on {2 such that

Mmzéfmﬂﬁw Vi€ Co(Q),
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where the integral is understood in the weak sense. Similarly to the scalar
case we have

My (Q) =1 — M (c0) < I, (5.13)
and, for any f € BC (Q2) we define

Mo ()= [ 1 () dMy (o).
Given an operator valued mean M on 2 and a unit vector 1 € H, we set

my (f) == (b, M (f)¥) VfeBC(Q).
It is clear that m is a mean on €. By Proposition 1 in [7],
my; (00) = (1h, M (00) ) -
Proposition 5.3.8 If M (c0) = O, then
M (f)=My(f) VfeBC(Q).

Proof. For a unit vector 9 € H and a function f € C, (2), we have by
definitions

(my)o (f) = (&, Mo (F) ),
and this equality is valid also for any f € BC (). Since

my (00) = (1, M (00) ) = 0,

it follows from Proposition 5.3.4 that the functional m, on BC (§2) coincides
with integration with respect to the measure (my),. If f € BC (2), we then
have

{0, Mo () 9) = (my), (f) = my (f) = (¢, M (f) 4) ,

and the thesis follows. m

The margins M; and M of an operator valued mean M on € x € are
defined in an analogous way as in the case of scalar means.

Proposition 5.3.9 Let M be an operator valued mean on € x (2.
(1) If My (00) = Ma (00) = O, then M (00) = O;
(ii) If M (00) = O, then (Mo); = (M),.
Proof. (i) Let ¥ € H be a unit vector. We have, by definitions,
(my); (f) = (&, Mi(f)y) Vf € BC(Q) and (my), (00) = (¢, Mi(o0)h). Tt

follows from Proposition 5.3.5 that m,(co) = 0. Since this is true for any
unit vector, M(oco) = O. The proof of (ii) is similar. m
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With these results we are ready to prove Proposition 5.2.2.
Proof of Proposition 5.2.2. Given a function f : R x R — C and
(¢,p) € R x R, we denote by f(P) the translate of f,

F@P) (g y):=f(z+qy+p) Vr,yeR

Since R x R (with addition) is an Abelian group, there exists a mean m on
R X R such that

m (@) = m (1)

for all f € BC (R x R) and (¢,p) € R x R, (see [39], Theorem IV.17.5).
Let My be a joint observable of E, and F,. For each f € BC' (R x R),
for all ¢,9 € H and ¢,p € R we define

O [f;0,9] (¢,p) :== <W (4,p)" ¢, My (f(‘“’)) W (q,p)*¢> :

Since

o 1) < o], -1
and W (q,p) is a unitary operator, we have

©1f;90:9] (¢, 0)] < [[fllso eIl Il

and hence, O [f;p, 1] is a bounded function. We claim that © [f;p, ] is
continuous. Since

Olf;o, 9] (x+q,y+p) =0© [f(‘“’); W (q,p)" ¢, W (¢,p)° ¢] (z,9),
it is sufficient to check continuity at (0,0). We have

©[f;9,9] (¢,p) — O[f;0,9](0,0)]
< ‘(W(q,p)*so,Mo (f(‘“’)) (W (¢,p)" % — ¢)>‘
+[(W @) 0~ 0), Mo (£99) )|
o (709 - 1))
< flloo Ul (s )" — Nl +1IW (g,2)" ¢ — ¢l [|%1)
(o (799~ 1))

As (g,p) — (0,0), the first two terms go to 0 by strong continuity of W,
and the third by the dominated convergence theorem. We have thus shown
that © [f; ¢, v] € BC (R x R).

For each f € BC (R x R) we can then define a linear bounded operator
M (f) by

(o, M* (f) ) :==m (O[f;0,9]).
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It is also immediately verified that the correspondence M*’ : BC (R x R) —
L(H) is an operator valued mean on R x R, and a short calculation shows
that

M (f49)) = W (q,p)" M ()W (,p). (5.14)

If f € BC(R) and (¢,p) € R x R, we have

G[ﬁ;wb] (¢,p) = <W(q,p)*w,Mo (ﬁq’p))W(q,p)*@
= (W(g,p)" o, W (¢,p)" Ep () W (¢,9) W (¢,p)" %)
<‘Pa p(f)¢>

(Especially, © [fl, ©, ¢] is a constant function.) Similarly,

© [fz;wﬁ] (¢,p) = (¢, F (f) ) -
It follows that

M (f) = E,(f),
M3 (f) = F.(f)-

Since E,(R) = F,(R) = I, (5.13) shows that
M (00) = M3 (00) = O.
This together with Proposition 5.3.9 implies that M§? (R x R) = I and

(M(()w)l = Eﬂ’
(Mg®), = Fo.

By (5.14) the observable M§" satisfies covariance condition (5.3). m
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Chapter 6

Conclusions

As we have seen in chapters 2 and 3, if G is a topological group and H is
a closed subgroup of G, by generalised imprimitivity theorem the classifi-
cation of the POM’s based on G/H and covariant with respect to a fixed
representation of G is strictly related to the problem of diagonalising the
representations of G induced from H. This is an highly nontrivial problem,
and a satisfactory solution can be achieved only assuming that G and H are
of particular type, as we have in fact done in chapters 2 and 3.

For example, it G is abelian, things are enormously simplified by the fact
that the dual G of G is itself an abe abelian group having the same topological
properties of G. In addition, G /H and H are identified as subgroups or
quotients of G. These are the essential features which allow to construct the
map ¥ and the measure 7 on G diagonalising ind% (o) as in section 2.3.

If G is generic and H is compact, one can quite easily prove that indg (o)
is contained in the regular representation of G, thus showing that the diago-
nalisation of ind% (o) follows from Plancherel theory applied to G (actually,
in §3.4 we followed a different and quicker approach, but Theorem 3.4.2
follows from Theorem 3.2.1, and the latter is an application of Plancherel
theory applied to G).

There are few other cases in which ind$% (o) can be diagonalised by known
methods. One of them has been worked out by Kirillov [44] in the case G
is a nilpotent Lie group and H is a generic closed subgroup of G. But
the practical application of the method of Kirillov is rather complicated,
and does not yeld to a compact form for covariant POM’s like the quite
simple expressions we obtained in egs. (2.11) and (3.7). Moreover, the only
nilpotent Lie group of interest in physics is the Heisenberg group, and, as we
have seen in §3.5.2, its covariant POM’s can be classified using the theory
exposed in chapter 3.

A method for diagonalising ind% (o) can also be elaborated when G is
the semidirect product N x’ H, with N normal abelian factor. We do not
enter into details, but we only remark that this method can be used to
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describe the localisation observables for a relativistic quantum particle. For
some hints about these facts we refer to the work of Castrigiano [22], [23]
and to the last part of the book of Varadarajan [52].

Finally, the results in chapters 4 and 5 give an answer to some questions
raised in [11]. In particular, Proposition 5.2.2 shows that in order that
a position observable E, and a momentum observable F), are functionally
coexistent, the probability measures p and v must form a Fourier couple in
the sense of [11, sec. I11.2.4]. Up to our knowledge, no example is known of
a joint observable of a position and a momentum observable which is not a
covariant phase space observable.

The last paragraph is of course intended according to our definition of
position and momentum observables. We stress again that in the literature
one often encounters many different approaches to the problem of position
and momentum measurements in quantum mechanics, and that our results
only refer to the covariant case.
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