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Abstract

We present a mathematically precise derivation of some generalized orthogonality rela-
tions for the discrete series representations of SU(1,1). These orthogonality relations are
applied to derive tomographical reconstruction formulas. Their physical interpretation is
also discussed.

1 Introduction

The aim of the present paper is proving generalized orthogonality relations for certain repre-
sentations of the group SU(1, 1). The motivation is that orthogonality relations can be used to
deduce reconstruction formulae for the states of a quantum system.

A reconstruction formula is an integral representation of the matrix elements of the state

density operator of a quantum system, of the form
(@.Te = [ dP) [ dad- sz

where

T is the density operator of the quantum system, whose Hilbert space is 'H

{'e; } is a Hilbert basis of H,

- (2, P) is a probability space,

- {A,, w e Q} is a family of self-adjoint operators on H, representing physical quantities
of the quantum system.
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- for each w € Q, a?“ is the probability distribution of the physical quantity (represented
by the self-adjoint operator) A, in the state T'; explicitly a?“’ is the probability measure
on R defined by

E v Tt (TP4(E)), E € B(R)

(here B(R) denotes the o-algebra of the Borel sets of R, and P4(-) is the projection
valued measure associated with the self-adjoint operator A by the spectral theorem).

- for all 4, j,w f7 is a function defined on R (we stress that it doesn’t depend on T).

A variant of the reconstruction formula, that will be used in this paper, is obtained if there
is a family of unitary operators { U(w) | w € Q2 } and one self-adjoint operator A, such that

A, =Uw)" AU (w), Yw € Q
In this case, we have

o7 (E) = Tr (Pa,(E)T)

= Tr (PA(E)U(w)TU(w)")
= ié( ) (E)
where T(w) = U(w)TU(w)*. In this way, the probability distribution af* = aé(w) is the
distribution of the physical quantity A in the “transformed state” U(w)TU(w)*. In this case
the reconstruction formula is

(e.Te;)y, = / 4P (w) / dodd o, (V) f2(0)

A reconstruction formula is an equality that expresses the matrix elements (e;,Te;),, in
another (perhaps, more complicated) way. However it can be read “backward” as a way to
determine the state T', and, indeed, this is the way it is used in Quantum Tomography. Suppose
we do not know the state of a quantum system, but we are able to determine (by means of
experimental observations) the probability distributions of the physical quantities A, (in the
unknown state) along with the functions fi. Then, by plugging these distributions into the
reconstruction formula, it is possible to compute the matrix elements (e;,Te;),,, which, in
turn, determine uniquely the unknown state T'. In this way T is “reconstructed” by means of
experimental observations.

A possible way of proving a reconstruction formula is by using the orthogonality relations
that hold for the square-integrable representations of a (unimodular) Lie group. We briefly
recall that if (7, H) is a unitary irreducible representation of a unimodular Lie group G (we
denote by dg a Haar measure of G, arbitrarily fixed), we say that 7 is square—integrable if there
is a non zero element u of H, such that

/\uw o |7 dg < o0



It can be proved that, in this case, all the matrix elements (u,7(-)v),,, define functions in
L*(G), and there exists a strictly positive number d, (depending only on the normalization of
the Haar measure dg), such that

| @ wancds = w0 (0.
for all u,v,w,y € H. The number d, is called the formal degree of m and the equalitites are
called “orthogonality relations” for the representation 7 (see, for more details, [1]).

An example of how a reconstruction formula can be deduced from orthogonality relations is
the homodyne quantum tomography. In this case, the quantum system of interest is the single
mode radiation field, and the set of physical quantities, whose probability distributions are
needed in order to reconstruct the state, are the “quadratures” of the field that can be measured
by a homodyne detector. The reconstruction formula used in homodyne quantum tomography
is derived from the orthogonality relations that hold for the Schrodinger representation of the
Heisenberg group (see [2]).

Our aim is getting a reconstruction formula that contains the probability distribution of
the physical quantity “number of photons” of the radiation field, that can be measured by a
photon counter. It turns out that this can be achieved by writing down orthogonality relations
for some representations of SU(1, 1) (namely, those belonging to the so called “discrete series”).
The interesting and, to a certain extent, surprising feature is that we need new orthogonality
relations, different from the ones that hold for square integrable representations. Hence, the
main content of the paper is proving generalized orthogonality relations for the representations
of the discrete series of SU(1,1). We stress that these generalized orthogonality relations hold
also for the representation limit of the discrete series, which is not square-integrable.

The idea of using generalized orthogonality relations (different from the ones that hold for
square—integrable representations) appears for the first time (to the best of our knowledge) in
the papers [3, 4], and there is some overlapping between these papers and the present one.

The orthogonality relations of section 4.2, and the reconstruction formula of section 4.3 are
new, although our reconstruction formula has a structure similar to the one of paper [4]. Our
orthogonality relations of section 4.4 are essentially the same as the ones in paper [3|. However,
we present a mathematically precise and self contained proof of them. The reconstruction
formula of section 4.5 is new.

The outline of the paper is the following: in section 2 the group SU(1, 1) and its Lie algebra
are introduced, the representations of the discrete series are described as well. In section 3 an
explicit realization of all the representations of the discrete series , which has a transparent
physical interpretation, is described. In section 4, the generalized orthogonality relations are
proved and the reconstruction formulae are deduced from them.

Dedication. We are very pleased to dedicate this paper to Pekka Lahti, for his sixtieth
birthday. In particular, one of us (G. C. ) would like to remember a long lasting fraternal
friendship that goes well beyond the (rather narrow) borders of Quantum Mechanics



2 The group SU(1,1) and its Lie algebra. The representa-
tions (D, H,)

In this section we briefly recall some basic facts about the group SU(1,1) and its Lie algebra.
We describe, also, a family of unitary irreducible representations of SU(1, 1), that form the so-
called “discrete series”. All statements and facts contained in this section are well known since
the path breaking paper of Bargmann [5]; they are recalled here for the reader’s convenience and
to fix our notations. In this section, and in the paper, we shall use freely some very elementary
and basic properties of unitary representations of simple Lie groups and their Lie algebras.
General references for these topics and for the properties of the representations of SU(1,1) are
(other than Bargmann’s paper) the monographs [6, 7, 8, 9, 10]; each of them gives a modern
and very pedagogical explanations of these matters.
The group SU(1,1) is defined by

SU(1,1) ::{(%g) |a,ﬁ€@,|a|2—|6|2:1}

it is a linear Lie group (a closed subgroup of SL(2,C)).
We define its closed subgroup

T::{(O‘a> |a€C,]a!2=1};

it is a maximal compact (and abelian) subgroup of SU(1,1). Topologically, SU(1,1) is home-
omorphic to the product

RZxT

hence, it is connected but not simply connected. T is a one—parameter subgroup of SU(1,1):
its elements can be written in terms of a single real parameter 6 as

0
e
to = ( e—w)

The three-dimensional real manifold SU(1,1) can be coordinatized in different ways, according
to the problems one has to deal with. A possible parametrization of the elements of SU(1,1) is

e coshr e sinhr
SU(1,1) = {(e_wsinh?“e_w COShT’) | 0<6,0<2m, 0<r< —i—oo}

Another coordinatization can be obtained by using the decompositions of the elements g of

SU(1,1) given by
4 cosh rsinh r ‘.
9= %\ sinhrcoshr) "’

(this a special case of the “K AK” decomposition that holds for all semisimple Lie groups), in
terms of this decomposition, we have

SU(1,1) = {tga,ty | 0<0,¢ <21, 0 <71 < +o00}



where we have introduced the notation
o — coshrsinhr
" \sinhrcoshr
Another decomposition of the elements of SU(1,1) (called the “Cartan decomposition”) is de-

scribed in paragraph 4.4.
We denote by su(1, 1) the Lie algebra of SU(1,1); explicitly

su(l,1) = { (b j-a@'cb—_@';c) | a,b,c€ R} :

The Lie algebra su(1,1) is a real vector space of dimension three; it has a “natural” basis (over

) L) 6) ()

we have the commutation relations

i 1] —i
() ()] == ()
i —i\] 1
-i)>\i )] 7
1 —i\] (i
1)\ )] T =i
The one-parameter subgroups (of SU(1,1)) generated by the elements of this basis of su(1,1)
are
i 6i9
w0 (1(L)= (")
; 1 cosh ¢sinh ¢
P 1 sinhtcosht
; —4i\\ [ cosht—isinht
P i ~ \usinht cosht

The complexification, su(1,1)c of the real Lie algebra su(1,1) can be identified with sl(2,C) =
{(a p ) | o, 8,7 € C}. A basis (over C) of sl(2,C) ~ su(1,1)c is given by

L))

with commutation relations

(=) ()] =2 ()
() (o)l =2 ()
(o) ()] = ()




The group SU(1,1) is a simple Lie group: hence, it is unimodular We wish to fix the
normalization of the Haar measure of SU(1, 1) that will be used in the rest of the paper. In
the coordinatization of SU(1,1) given by

_ (€?coshr e?sinhr
9= \ e~ ginh re=* cosh r

>, ge SU(1,1),

we fix the Haar measure u as

df d¢
dp = sinh (2r) dr——
(= sinh (2r) oo
Accordingly, in the coordinatization g = tga,t,, i is given by
db d¢
dp = sinh (2r) dr——
p = sinh (2r) dr 5 o

This means, precisely, that, if f is any function p—integrable on SU(1, 1), we can compute

/ f(g)dulg)
SU(1,1)
o0 a0 [ d¢ . (e’ coshr esinhr ) .
/0 dr / / (e‘w sinh re~% cosh r) sinh (2r)

oo 27 27
/ dr/ d9/ @f (tpa,ts) sinh (2r)
0

We shall always use this normalization of p, in the rest of the paper.

both as

and as

The group SU(1,1) has (among others) a family of unitary irreducible represnetations that
form the “discrete series”. We shall use these representations and we shall describe them briefly.
We denote

D={ze€C||z|<1},
A’z =dady, ifz=2z+1y,
dm,(z) = (1— | 2 |*)"2d*z  for each n > 2

and we define, for each integer n > 2, the space H,, as

H, = {f holomorphic on D, f € LQ(D,mn)}

H, is a (complex, separable) Hilbert space. If ( ﬁé) € SU(1,1), we define D, ( ﬂé) by

D} (g) f(z) = (_521+ a)nf (—ng_f@)




Then, for each n > 2, (D;f, H,) is a unitary, irreducible representation of SU(1, 1).
W denote by H; the space of holomorphic functions on D such that

27
m%@d/|fwﬂfw<+w
0

The space H; is a Hilbert space (it is the “Hardy space” on D). We define D}, on H,, by

1 az— 03
D af —
! (ﬁa U A e e
then (D, Hy) is a unitary irreducible representation of SU(1,1).

We shall refer to the family (D), H,), n > 1 as the “discrete series” of SU(1,1) (sometimes
Dy is called the “limit of the discrete series”). It is well known that the representations (D;", H,,),
n > 2 are square-integrable; but (D}, H;) is not square-integrable. In this paper, we shall not

use the properties of square-integrable representations.
The algebraic structure of the representation D is very clear. We denote

Zk:

T tEEEY

n .
Uk..

then { vy },, is a Hilbert (ordered) basis of H,; we have

k

D (to)vy = D - T _ ilnt20,n
n k n 6—19 ||Zk||Hn k

This implies that the vectors setvy}, ., are smooth (even analytic) vectors for the representation
D (n>1). -

The derived action of the element (Z_i) of su(1,1) (which is the generator of the maximal

compact subgroup T) is given by

] d
api (" )up= =
“(—J”k a9

The algebraic span of the v}’s (the set of finite linear combinations) is a representation of the
Lie algebra su(1, 1)¢, which has the structure of a lowest weight module. This means, precisely,
that the vectors { v} },., (that are an algebraic basis of this vector space) are eigenvectors of

1
the operator dDj{( _1>:

—i
Dy <e ew) v = i(n + 2k)vy
6=0

1 n n
dD} ( _1> v = (n+2k)vy;

. : I - . 00
moreover, vy is a lowest-weight vector, which is annihilated by the action of dD; ( ):

10
dD} ((1)8) vy =0



and has the property

dD; <8(1)) VR = Up k>0

The unitary irreducible representations of SU(1, 1) are completely classified. An important
consequence of this classification, that will be used later, is the following property: if (w, V) is
any irreducible unitary representation of SU(1, 1), with the property

spcdm <1_1) ={n,n+2,n+4,...}

with n integer > 1, then, necessarily
(. V) = (D, Hy);

in particular, V' has a Hilbert basis, that will be denoted by {v} },-, that diagonalizes the
action of the maximal compact subgroup 7" -

619 )
" ( ei(’) v = 629(n+2k)vl?7 n>1,k=>0,
or, equivalently

dr (1_1> vy = (n+ 2k)vg

3 The discrete series of SU(1,1) embedded into the quan-
tum states space of the two modes radiation field

We denote by H® the complex vector space of all holomorphic functions f : C?> — C such that
—(lz 2 2 2
21,2 € BITFRI | (2 20) |2

is integrable over C? with respect to the Lebesgue measure. The vector space H® endowed
with the scalar product

1 -
(fh fz)H(2> = ﬁ 6_(|Z1‘2+|22‘2)f1 (21, Z2)f2(217 22)d22’1d222
(CQ

is a Hilbert space of “true” functions (as opposed to “equivalence classes” of functions), called
the Bargmann-Fock space in two variables.
For each pair of non negative integers ki, ko, we define

Wiy kg =



The family of elements of H?
{Wky ky | K1, ko integers >0}
is a Hilbert basis of H(®. We denote by
PP = C[z1, 23] := span { wp, x, }

P2 is a dense linear subspace of H?.
We define the (unbounded) operators a; (i = 1,2), on H®, by

doma;={ f € H? a%if € H(Q)} > P
a;f=5-f, [ €domg
It is well known that the a;’s are closed operators, and that

domai={f € H® | z;f e H?P} > PP
alf=zf, [f € doma;

moreover we have the commutation relations
[aia CL;} - 5ij-[’}—[(2) ) 27] - 17 2

The Bargmann space H? can be interpreted as the quantum states space of the two modes
radiation field. The unit vectors wy, x, of the Hilbert basis of H? represent the states of the
field where k; photons of frequency (labeled by) 1 and ks photons of frequency (labeled by) 2
are present. In particular the state wg plays the role of the vacuum state, and we have

(a1)* (a3)"™

Wy ke = — F7——— W0,0
b VEq k!

The operators a] are interpreted as creation operators for the photon states; correspondingly,
the a; are annihilation operators. We can also define the operators Ny := aja; and Ny := ajas.
whose action on the basis vectors is given by

% .
a; QWi ky = ki, &, 1=1,2

Hence the operator N; multiply the state vector wy, x, by the number of photons in the i-th
mode.

We want to define on H® two representations

i) a unitary representation p of the torus T’

ii) a unitary representation ® of SU(1,1)



in such a way that their actions on H® commute.
We define the unitary representation p of T on H® by

{P (ewe_w) f} (21,22) = fe "21,€"2), fen®

It is a simple check that p is a continuous unitary representation of 7' on H®. The Hilbert
basis { wg, 1, } of H® diagonalizes p; indeed

0
e’ _i0(k—k
p ( e—ie) Wiy oy (21, 22) = € 0F TRy 4 (21, 20)

The vectors wy, r, are analytic vectors for the representation p; hence P is a dense subspace
of H® of analytic vectors for p. The derived representation dp of the (one-dimensional) Lie
algebra of T acts on P? as

) .0 G
[dp (Z—i> p} (21,22) = —2218—21 (21, 22) + 2228—2217(2’1, 22)

so that, on P® we have
dp (’_i) = iA=i(Ny — Ny)

The self-adjoint operator A has the physical meaning of representing the quantity “difference
of the number of photons of frequency 1 and the number of photons of frequency 2”. A is
diagonalized by the basis { wy, , }

Awk17k2 - (k2 - k1>wk1,k2

Since T is a compact Lie group, we can decompose canonically H®, with respect to p; we have

~

HY =, Vi | keD)

where @ denotes the Hilbert sum. The index k parametrizes the irreducible representations of
T'; the isotypical subspace V}, can be characterized equivalently as

i0
i) the closed subspace of H? where p (e e‘ie) acts through multiplication by e*?,

ii) the closed subspace of H(? where A acts through multiplication by k;

hence

~

H® = @kezm {wkhkz | ko — ki = k}

where Span denotes, as usual, the closure of the span.

10



We now define a unitary representation of SU(1,1) on H®, that commutes with the rep-
resentation p of T'. This representation, denoted by ®, will be first defined at the infinitesimal
level.

We define on P a representation d® of the Lie algebra su(1, 1), by skew-adjoint operators.
The notation d® anticipates that it is the derived representation of a unitary representation of
SU(1,1) . We define d® on P® according to

’ 0 0

1 0o 0 .k
do <1 ) =212y — 97 0% = a,a5 — 1G9

—i : .0 0 e
do (Z Z) = —iz129 — 18—218—22 = —i(ajal + ajas)

o) () o)

are skew-symmetric (with respect to the scalar product of H? restricted to P?). d® can be
extended to su(1, 1) by R-linearity, and to su(1, 1)¢ ~ sl(2,C) by C-linearity.

Choosing the basis
1 1 0
-1/ 0/’ 1
of s1(2,C). we have

do (1_1) =Ni+No+1 do (01> =aja; dP (1()) = —a1a9

The symmetry properties of these operators are

() (). () - ()
() o)

It is easy to check that the representation dp and d® commute among them.

It is possible to prove (we omit here the proof, and we refer for example to [11]) that the
representation d® of su(1,1) is unitarily equivalent to the tensor square of the metaplectic (or
“oscillator”, or Segal-Shale-Weil) representation of su(1,1). It is known that the metaplectic
representation of su(1, 1) is the derived representation of a unitary representation of the uni-
versal covering of SU(1,1) (indeed, of the twofold cover of SU(1,1), but we need only the
weaker property). Hence, d® is the derived representation of a unitary representation, ®, of

the operators

11



the universal covering of SU(1,1). It is easy to see that ® is a representation of SU(1, 1) itself.
Indeed, the kernel of the covering mapping, from the universal covering to SU(1,1), is

{exp (27rk (Z_Z» ke Z} ;
o (exp (m (2_2)» — exp (27ki(N + 1)

where N := N; + Ny. We know that NN is diagonalized by the basis { wy, &, }, with a spectrum
of integer eigenvalues, hence

hence

exp (2mki(N + 1)) Wk ky = Wy ko

oo (ot (1)) =1 onreo

and that @ is a representation of SU(1,1).

Since the representation dp, of the Lie algebra of T, and d®, of su(1,1) commute, then
also p and ® commute. In particular, the invariant subspaces V., k € 7Z, that appear in the
decomposition of p are invariant with respect to ®, as well.

The essential point is that we can prove that the representations (¢, Vi), k € Z are irre-
ducible. Again we omit the proof, and we refer to [11|. Since the representations (¢, Vj) are
unitary irreducible representations of SU(1, 1), we can determine whether they are equivalent
to the representations of the discrete series, described in the previous paragraph, by computing
the spectrum of the operator

This shows that

d¢,<1_1)::ph-+ﬁg-+1

restricted to V},. Since
Vi = span {wy, &, | ko — k1 =k}

and
1
d(I) ( _1) wkh]62 = kil + k’g + 1,

we have that
sped® =k [+1[k|+3,...
hence

P, =~ Dj ke,

|k|4+1>

as representations of SU(1,1).

12



4 Generalized orthogonality relations and reconstruction
formulas

4.1 The Jacobi polynomials and the matrix elements of the represen-
tations D (n > 1).

In this section we briefly recall the properties of the Jacobi polynomials; we follow the definition
and the notations of the classical [12].

Fix an integer » > 0, and two integers p, q such that p > ¢ > 0. The Jacobi polynomial
G.(p,q; x) with = € R is uniquely determined by the following two properties

i) Gr(p,q;x) = 2" + terms of lower degree in x.
i) [ (1— )P %29 G (p, ¢; 2)Gs(p, q; 2)da = 0, if v # 5.

In other words, the Jacobi polynomials are functions on [0, 1] orthogonal with respect to the
weight function (1 — 2)?~9297!. They have the normalization property

(r+q—Dl(r+p—1l(r—p—24q)!
(2r +p)((2r +p — 1)1)?

1 |
/0 (1 - 2P 29 G (p, s )l = (1)

We fix a (unitary, irreducible) representation (D), H,,), with n > 1 of SU(1,1). We recall
that we denote by { v} },-,, n > 1 the Hilbert basis of H, that diagonalizes the action of T

i )
D} (ty) = Dy} ( ) v = e

In his seminal work [5], Bargmann derived an explicit formula for the matrix elements

(v, Dy (9)05 ),

in terms of hypergeometric functions. We shall need the matrix elements expressed in terms of
Jacobi poynomials. For this we recall that a generic element g in SU(1,1) can be represented
in matrix form as

g = < e coshr esinhr

e~ sinh re~ cosh r

) 0,0 € [0,2m), r € [0,400)
It is then a straightforward, though tedious, exercise getting the following formula for k£ > j

(vg, D

n 2

0 i o
+<e coshr e¢smhr) N

ik . _ v =
e~ sinh re~® cosh r J)H”

_ (00vk) gid (ki) ()i El(k+n—1D!(n+k+j—1)!
JlG4+n—1D kl(k+n—1)!

x (tanh? r)%(l —tanh?r)2G(n+k — j,1 +k — j;tanh®r)

13



In the sequel, we shall use the previous formula mainly in the case

0 coshrsinhr
9= % =\ sinhrcoshr ) ’

and, in this case, we can readily get the following explicit expression, that holds for all k, 7 > 0:
(n+k+j5—1)!
\/j +n— Dk (n+k—1)!
x (1 — tanh®r) 2 Guingrjy(n+ | k — j |, 14 | k — j |;tanh®r)

[F—jl

(tanh®7) 2 x

(i, Dy (ar)v5)m, = (=1)!

for k,7 > 0. From the normalization condition 1, we obtain

1
0

Eljlin+7—Dln+k—1)!
(n+k+j)((n+k+j—1))?2

From this, we obtain the following equality

1

|1 D, P 2tanhrdr =

that will be used in the sequel.

4.2 Generalized orthogonality relations. Integration on SU(1,1)

We state, in the following proposition, the orthogonality relations which generalize in the most
direct way the ones that hold for square—integrable representations. They have the structure
of an integration over the group SU(1,1), like the usual ones. However, we stress, once more,
that they hold for all the representations, D of the discrete series, including the case n = 1.

Proposition 1 Let h be a function defined on SU(1,1), with the properties
i) h is continuous and non negative
ii) h is T-bitnvariant, i. e. h(g) = h(tegt,) for all g € SU(1,1) and all ty, ty € T
i11) for any n > 1, the functions
g+ hg) (Wi, D (9)v7)u, - (v, Dy (9)vn, ) m,

are integrable with respect to the Haar measure of SU(1,1), for all indices k, j, 1, m.

(We shall show in a moment that functions with these properties exist), then we have:

| WL, - 01 D (0)o ), ) = K B @)
SU(1,1)
where K depends on the choice of the function h, and on k,j, and n.

14



Proof. We use the parametrization of the elements g of SU(1,1) given by the decomposition
SU(1,1) =TALT:
g = tga,ty

where

0 h rsinh
to=(° ), 0<O<2r ao= ("0t o<y < 4o
e sinh rcosh r
In this coordinatization the Haar measure of SU(1,1) is given by

do dg

o 21

The integral [g, 1) 1(9)(vf, D (9)v})m, - (vf', D (9)vn,) i, dp(g) becomes

dp = sinh(2r) dr—

2 2
Tdo [T d . , A
/ / de dr sinh (2r) coshr h(tgayty)e” 020 e =idn+2i)

x (vk : D*(ar)v?)ﬂ e C SR (R L

n

n

o 2 +o0
_ / d9 0(21—2k) / d_¢ei¢(2m—2") / dr sinh 27 cosh 7 x
0 271' 0 2w 0

x h(ar) (v}, Dy (ar)v] )u, - (0", Dy (ar)vp,) 1,

“+oo
= 6l,k(5j,m/ 2sinh 7 coshr h(a,) | (vp, D} (ay)o!) g, |? dr
0

It must be emphasized that, if we consider the case n > 2, the representations D are square
integrable and the function h can be chosen as the constant function 1 on SU(1,1). With this
choiche the constant K coincides with the formal degree of the representation D; (see [1]), and
depends only on the integer n, and on the choice of the normalization of the Haar measure over
SU(1,1). Moreover, in this case, the orthogonality relations are the known ones.

The proposition shows that, if the function h decays fast enough in the A% direction of the
group SU(1, 1), more general orthogonality relations hold, that include the case n = 1.

To make our orthogonality relations more precise, we can choose the function h so that the
constant K is the simplest possible. At the same time, an explicit example of a function h
(with the properties required in the proposition) shows the existence of such functions.

For each integer p > 0, we define a function h, on SU(1,1) , by

hy(g9) =| (vo, DY (9)vg)vi I”
Obviously, we have
1. h, is continuous on SU(1,1), and h, > 0;

2. hy(tegts) = hy(g) ., Vitg, to, €T, g € SU(1,1)
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Hence, we have to show that all functions

9= hp(9) (Wi, D (9)v})m, - (07, Dy (9)vp)

are integrable for all k, 7,1, m > 0 with respect to the Haar measure p on SU(1,1). Using again
the decomposition g = tya,t, we obtain immediately that the function

hy () (W, Dt (), - (0, Dy (o),

is constant with respect to # and ¢. Hence, due to Tonelli theorem, we are led to consider the
integrability of the function

sinh(2r) | (v, D (an)oi)a, | - | (0, Dy (ar)vp) a, | (4)

(coshr)p

on [0,4o00[. Using the explicit formulae of the matrix elements of the representation D',
recalled in section 3, we have

P
(o) = (.07 (52) o) | = 1o
1
| (v, D (an)v})m, | = Fokg(r) - (cosh )"

where F),;; is a continuous bounded function of r (clearly depending on n, k, j). We thus have
that formula 4 is equal to

1 1
(coshr)P (coshr)2"

Foki (1) Froim (1) sinh (2r)

Clearly such a function is integrable on [0, +00) for every n > 1 provided p > 1.
We thus have that all functions h, with p > 1 fulfill the conditions of the Proposition 1. We
shall make the choice p = 2:

1

ha(g) = ha(ary) = P

With this choice the constant K is given by

teo 1 1
K= sinh (2r)——— | (v, D (a, )v" dr= ——
| sinh 2r) o | . D), P =

In conclusion we have the following generalized orthogonality relations, valid for all n > 1

/ 4j1(g)ha(9) (0, DI (@), - (0, D (gl ), =
SU(1,1)

1

= NUkim

where the constant N (i) depends only on the normalization of the Haar measure . With our
choice of u, N(u) = 1.
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4.3 A possible reconstruction formula. Integration on SU(1,1).

We want to use the orthogonality relations of the previous paragraph to obtain a tomographic
reconstruction formula. We have ( with w = >"7, oy v})

(v, Plwlvf)m, = (v, w)u, (w, 0f ),

= (v, up,) (o], 05)
lm

= E U O 0g,m 01

Im
=Y aailn+k+3) [ dulo)h(o) oL D (g,
- SU(L,1)

x (v, Dy (9)vm) .

( using the othogonality relations )

= (n+k+J) / o 907 D (05 (D (g,

We wish to shift the integration from the group SU(1,1) to the its Lie algebra su(1,1).
This operation is complicated by the fact that the exponential map exp : su(1,1) — SU(1,1)
is neither injective nor surjective. We define the following subsets of of su(1,1):

W+;:{( ms n1—2n2) esu(l,l)|n3>0an§_n%_n§:1}

ny + ing —ing

W_ ::{( s nl—mg) esu(l,1) | n%—n%—ngz—l}

n1+in2 —ing
V, ={0X | 0<6<2r, X eW,}
Vo={rX | r>0, X e W_}

We have the properties:
1. The subsets of SU(1,1)

expV,, expV_, and {<_1_1)g | gGeXpV_}

are disjoint and their union covers SU(1,1), up to a p-negligible set. In particular, if f
is any p—integrable function on SU(1, 1), the following formula holds true

/SU(1,1) J(9)dulg) = /exp(w) f(g)du(g) +/ f(g)du(g)+

exp(V-)

+ / " f ((fl_l) - g)du(g)

17



2. The restrictions of the exponential mappings to both V, and V_ are diffeomorphisms:

exp: Vi — expV, is a diffeomorphism

exp: V_ — expV_ is a diffeomorphism

We have to integrate over SU(1,1) the function
f(g) = ha(g) (v, D (9)v}) ,, (w, Dy (g9)w)

The element (71_1> is in the center of SU(1,1), then D, <71_1> is as a scalar of modulus

n

. . - . -1
one, since the representation D, is irreducible; moreover ( _1> € T, hence

al(7y) o) = hato)

This shows that the integration formula

d = d 2 d
/sy(l,l)f(g) 9) /exp(mf(g) u(g) + / f(g)dp(g)

exp(V-)
holds.

Since the exponential map is bijective, on V, and V_, we can transport the integration to V.
and V_. We describe the formulae that we obtain, without giving the details of the calculations.
It is possible (see, for example, [11]) to coordinatize W, by

ns = coshs, ny=e “sinhs, ny=e?sinhs

with 0 < ¢ < 27, 0 < s < oco. If we compute the Jacobian of the exponential map, with these
coordinates, we get

/ f(g)du(g) =
exp Vi
0o 21 o2 . id o
/ dS Sinh S/ % d_e Sin2 0 f(eXp ( 20 COSh S 96 Slnh S))
0 0

2r Jy 27 e sinh s —if cosh s
The other integral can be treated in the same way. We can coordinatize W_ by
i

ns =sinhs, n; =e “®coshs, mny=e?coshs

with 0 < ¢ < 271, 0 < s < co. Then

/ y f(g)du(g) =

o Tde [(d0 ., irsinh s re~* cosh s
/0 ds COShS/O o 0 o sinh™0 f (exp (Tei‘i’ cosh s —irsinhr )>

The function f that we have to integrate is a product of three functions

f(g) = ha(g) (U?,Dﬁ(g)l}?)Hn (w’ D:(g)w)Hn

We have:
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1. if g € exp V,

i6 cosh s e~ sinh s
ha(g) = ha(exp (QGJFM) sinh s —i6 cosh s ) )
1 o 1
cos@ +isinfcoshs|  cos?6 + sin? 6 cosh? s

2. ifgeexpV_,

ha(g) = ha(exp (

irsinhs re~* cosh s )
ret® cosh s —irsinh s

1 2 1
coshr + ¢sinh r sinh s

~ cosh?r 4 isinh?rsinh?® s
Moreover, we have quite explicit expressions for the matrix element
(v, D 9)0)) .
so we are left with the discussion of the matrix element
(w, Dy (g)w)
We start considering the adjoint action of SU(1,1) on its Lie algebra su(1,1):
gXg™', X esu(l,1),geSU(L1).

We can prove (see, for example, [11]) that this action is transitive, both on W, and on W_.
This means that:

1. if we fix Xy € Wy, then, for each X € W,, there is a (non unique) 7'(X) € SU(1,1),
such that:

X = T(X)X,T(X) !
2. if we fix Yy € W_, then, for each Y € W_, there is a (non unique) U(Y') € SU(1, 1), such
that:
Y = UY)Y,U(Y)™!.

To fix ideas, we choose X, = i_i> and Yy = (11), but we stress that the following discussion

doesn’t depend on this choice. In this way, we have:

) i6 cosh s fe~* sinh s
1. if g =exp

fe'® sinh s —if cosh s ) € expVy, then

g =T(s,0)exp (ie_z.e) T(s,0)

so that

n

(. D)), = (D) 0 D30 (P )0y o)



2. if g € exp V_, in the same way,

(. D), = (D2 e Dfte ()00 )

n

We define

1 ) 1
—,dD;’L_ (2 ) = Az, —.dD: < 1) =A;;
) —1 7 1

then A; and Aj are self-adjoint operators on H,,, and we have
+ it _ ifAs
Dt () =
We know that Aj is diagonalized by the basis { v} },-:

Asvp = (n+ 2k)vg

then, by using the Spectral Theorem, we get (we introduce, for the sake of simplicity, the
shortened notation T~ 'w = D} (T (s, ¢)) " w):
it g € expVy

(w7 D:(Q)w)H _ Z o10(n+2m) (T—lw7 P[UZZ]TUJ)

m=0

Hn

oo 2
_ 10(n+2m n -1
= E e )’(vm,T w)Hn
m=0

We recall that | (v, T~ w) |2 = |(v2, D (T(s,¢))'w),, | is the probability that the physical
quantity (represented by the self-adjoint operator) A has value (n + 2m), when the system in
the state T~ 1w.

We denote by Py, (-) the spectral PVM of the self-adjoint operator A;, and we define the
measure

ay' () = (v, Pa, (), . v EH,

then, by the Spectral Theorem:
ifgeexpV_

(w, D} (9)w) :/ReMrdaéllw()\)

n

We recall that o', (E) with E € B(R) represents the probability that the physical quantity
(represented by the self-adjoint operator) A; has value in the Borel set E, when the system is
in the state U 'w = D (U(s, ¢)) ' w.
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If we put the expressions that we have obtained into the integrals, we obtain a reconstruction
formula of the form
(i, P[w]U?)Hn -

2w 2m +00 00
/ dgb/ d@/ dsPs(¢, 0, s) Z | (v, T~ w) ‘2 Jr;(m)+
0 0 0 s

+/027r d¢/ooo dr /OOO dsPy(,r, S)/Rd()t311wfk,j(>‘)

P3(¢,0, s)dpdOds
is a probability measure on the set [0, 27] x [0, 27] x [0, +o0[; and

where

Pi(¢,r, s)dpdrds

is a probability measure on the set [0, 27] x [0, +00[x [0, +00[ (we do not give the details of the
formula, in view of the following discussion).

It is clear that the previous reconstruction formula can be used in a realistic tomographic
experiment only if we are able to measure the probability distributions of A; and Az. At this
stage a serious difficulty, regarding the physical meaning of the observables associated with the
operators A; and As, arises. Of course, this physical interpretations depend on the concrete
realization of the Hilbert space, H,,, where the irreducible representation D;" acts. We have, in
the realization described in section 3,

A3:N1—|—N2+1

This represents the total number of photons and it can be measured by photon counters.
We have also

1
Al = —,(CLTCL; — a1a2> :
(4

it seems (to the best of our knowledge) that there is no realistic measuring set up for the
observable represented by this elf-adjoint operator. This is a flaw of the reconstruction for-
mula described in this paragraph. Although it has a legitimate mathematical status, it seems
that it has not a physical implementation. In the next paragraphs we shall obtain another
reconstruction formula without this flaw.

4.4 Generalized orthogonality relations. Integration on p

Notice that p is a real vector subspace of dimension two in su(1,1) (it is not a Lie subalgebra).
The following are well known properties:
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1. the restriction of the exponential map to p is a diffeomorphism onto its image

2. each element g in SU(1,1) can be decomposed in a unique way as a product

g=¢etyg, Xep tycT

The decomposition of the elements of SU(1, 1), described in point 2 above, is known as “Cartan
decomposition”.

In particular, properties 1. and 2. allow us to identify SU(1,1)/7 with p. By this iden-
tification, we can transfer any measure on SU(1,1)/T to a measure on p. Since SU(1,1)
is unimodular and 7" is a compact subgroup, there exists a unique (up to positive scalars)
SU(1,1)-invariant Borel measure on SU(1,1)/T. We denote by « the measure on p which is
the image of such SU(1,1)-invariant Borel measure on SU(1,1)/7T, normalized so that

1o _

Oé27riu

where p is the Haar measure on SU(1, 1) we have already fixed.
If we parametrize p by polar coordinates

0 re?
p_{<7“6i9 0 > ‘ 7’20,96[0,271’[}

0 re? g . .
da (re‘w 0 ) = %dr sinh (2r)

we can readily compute

Let h be one of the functions defined in paragraph 4.2. It is immediate that the restrictions
of these functions to exp(p) satisfy the following property: for any n > 1, the functions

h(e™) (v, D (eX)v})m, - (v, Dif (¥ )y ),

are integrable with respect to the invariant measure «, for all indices k, 7,1, m.
We have the following proposition.

Proposition 2 For all k, 7,1, m, we have the following orthogonality relations

1
/da(X)hz(ex)(U;?’ Dy (eX)v} ), (vf', Dy (¥ vy ), = Okt * Om,j (5)

o n+k+j

Proof. Denote temporarily by h a generic function over SU(1,1) satisfying the same
properties as in prop. 1. We wish to study integrals of the form

/pdo‘(XWeX)(v;?’ D (eX)v})m, - (v, Dy (e )vp)m,

Using the polar coordinates for p, we have
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ox 0 rei\ coshr e sinhr
Plre= 0 ) = \e=®sinhr coshr

ez () coshrsinhr\ (e 2 0
= .0 . o | =tea,t o
0 etz sinh rcosh r 0 e'2 2 2
h(e*) = h(a,)

J J

vk, D ()0}, = (D (t_g)oft, Dy (a)) D (t_g)o s,
= BT (0, D (0o ),

Hence we have that the integral

/p da(X)h(eX) (W, Dy (X)) (o], D (X))ol a1,

equals

X0 +00
/ 2—6_Z6(k_])e’9(l_m) / dr sinh (2r)h(a,)(vg, Dt (a,)v} ) m, X
o 47 0

x (o', Dy (ar)vy)m, =

+o0
S sim / dr sinh (2r)h(a,) (07, DX (@) o) (0, D3 ()02 s, =
0

(defining k —j=l—m=p, peZ)

—+00
5k_j,l_m/0 dr sinh (2r)h(a,) (v}, Dt (ar)v}) m, (U Dy (a0, m,

This equality hold for all n > 1 and for all possible A functions.

We choose (as in paragraph 4.2) h = hg; then, by using the explicit formulas for the matrix
coefficients and by grouping together the constants that appear in this formulas, we get that
the integral

/p da(X)ha(eX) (0, Dy (€500 i (v, D (eX)0™ )
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is equal to

+oo
Kéi—ji—m / dr 2 tanh 7 (tanh? 7)/(1 — tanh? 7)" x
0

X Gmin(j+p),j(n+ | p |7 1+ | p |a tanh2 70>Gmin(m—|-p),m(n"' | p |, 1+ | p |7 tanh2 T)
(with the substitution tanh?r = p )

1
= K5k—j,l—m/ dp(1 — p)n_lp‘plein(jer,j)(n_‘_ | p |, 14+ |p|ip)x
0

X Gmin(m+p,m)(n+ | p |7 I+ | p |7IO)
- K(Sk,l(sm,j

The constant K can be computed by

+o0 1
K = dr2tanhr | (v7, D (a,)0?) |P= ————
/ | (0. D (e )0f) =

In conclusion we have the generalized orthogonality relations

/ da(X)ha(eX )0, Dy (@0 mn (v, D (X)), = K (@)1 - Oy
p
where

2

1. ha(g) = | (v, DY (9)vg)wa|* = |2]” (with g = (%9 )

2. the constant K(«) depends only on the normalization of o. With our choice of « |

K(a) = O+OO dr2tanhr | (v, D;f (a,)v}) |>= nJrkﬂ. .

We stress the following facts:

i) these orthogonality relations are independent of those (very similar) obtained for SU(1,1)
(no one of them can be deduced from the other)

ii) these relations are valid for all n > 1, independently of the integrability properties of the
representations

iii) the problem arises of clarifying their geometrical meaning

4.5 A reconstruction formula. Integration over p.

We wish to obtain a reconstruction formula for the matrix element
(U;Z—‘rk’ P[w}v‘;})Hn ? ||w||Hn = 1 j’ k Z 0
using the generalized orthogonality relations.
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We shall use some properties of the element (Z_Z> = (eiie,i%> =tz € SU(1,1), The unitary
operator D} (tx) is diagonalized by the basis { v} }j> 0

i n 12 (n+2j 7 j.on
D: ( —i) vy =¢ a2 +2])Uj = (i) (_1)jvj

We can evaluate the matrix coefficient (vy,;, Plw]v}

) 5, as follows

(0, Plulef), = (W ), (0,03,

00 (o)
( with w = Z Oém/U:Ln) = Z OémEl(U?Jrk ﬂfgm)Hn ’ <U;1 J U?)Hn
m=0

m,l=0

0o
= E amal(sm,j—i-kal,j

m,[=0

— Z @mm(2j+k+n)/d&(X)h(€X)><

m,l=0

< (e DE (X)), (0, DD () o)

= ())"(=1)7(2j + k +n) /pda(X)h(eX)x

X (Uj+k ) D:(eX)Uj )Hn(vm , D (eX)Djf < —z') ')

Hy

We consider first the matrix element
w23 0; (') w
We have the following simple calculations. If X € p, we have
. . -1 (i i\ !
e% <Z—i) @7% (Z—i) = e%e 2 ( *i)X< *i)

Since X = (;), we get

or, equivalently
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so that

.05 (1)) =i oy () DreHngw)

Using the spectral decomposition of D (Z_Z), we obtain

(D} (e~ H ), D} (_) D) -
S @) (=1)™(D) (e w, P D (e % w),,, =
SO @ =1 |, D e yw)|

We have an explicit expression for the other matrix elements. Using the parametrization X =

( 0 rei9> we get the following explicit formula

re” 0

N ; — 1)\ 2
(04r D:(GX)U?)Hn = e (-1y ((k +j3é§k++njj17)b[ 1)')
(n+k+25—1)
(k+ ) k+j+n—1)
x (1 —tanh?r)2G,(n + k, 1+ k, tanh®r)

k
2 X

(tanh?r)

Hence we have

(0 PLlel),, =
(2j + k+n)!

JE+ ) k+j+n—Dl-(G+n—1D)]

e [ y
X / — / dr 2r tanh (1 — tanh®r) 2 ™ (tanh?r)
0 27 Jo

X

NI

X

n

. T( 0 ez@)
“3| -0
X Gj(n+k,1+k;tanh2r)2(—1)m‘(vﬁl,D+e e ™0 w)Hn‘2

m=0

We notice that
o n 2
/ dr (2rtanhr(l —tanh’r)2) == n>1
0 n

hence

n df
ﬁdPn = 2rtanh7(1 — tanh®r)2 — dr
2 2m
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is a probability measure on

0
p:{X:(mqug)|0§«9<27r, O§r<oo}

Moreover, we define a family of functions
2 (n+k+ 27)!
fk+],]( ) fk+J,J( ) ( ) n\/j!(j+n—1)!(k:+j)!(k+j+n—1)!
x ¢ (tanh? r)ng(n + k, 1+ k;tanh®r)

With these notations we can write

(U;CL—O—j ’ P[M]U?)Hn -

/ AP.(X) S 10, D (e~ F)w) . 2100 (m) =
p m=0

27 9] 0 " r 0 6i9 2 £(0,r)
[ [ aren St 0 (s 5 () Y msitgom

o

The self-adjoint operator dD; (1_1 is diagonalized by the basis { v} }j> 0 of H,

dD; (1—1) vp = (nt2)y ¥nz1,¥j 20

Accordingly

n _X
| (v, D (™2 )w)y,

is the probability that the physical quantity, represented by the self-adjoint operator dD;" < _1>

has value n + 2m when the system is in the state represented by the unit vector D (=2 )w.
The physical interpretation of the operator d Dy (1_1> depends on the concrete realization of

the Hilbert space H,,, where the representation D, acts. We have, in the realization described
in section 3,

dDT (1_1> =N, +Ny+1;

hence, its probability distribution can be measured by photon counters.
X
The probability | (v, D (e"2)w)y [* can be really measured only if we are able to

physically implement the unitary operator D (e‘g). We have, formally:

Di(e 2) =D} (eXp <_%r (eoiaege))>
= DF (exp <—%r (ew (8(1)> te® ((1)8>))>
o e (3 ()
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In our explicit realization of D}, on a closed subspace of H?, we have

dD; (8(1]) = —a1as dD; (?8) = aja;

hence
D:{(e_g) = exp (—g (e"atal — e_i9a1a2)>

This is a “squeezing operator” and it describes a non degenerate parametric amplifier (or phase
insensitive amplifier), with r and € squeezing amplitude and phase respectively (see, for exam-

ple, [13]).
We add two final comments

1. It is easy to get a reconstruction formula for any density operator T' (bounded, delf-
adjoint, trace—class operator of trace one). We readily get

(Vi TV)) = / AP0 S (., DF () 07 () ) 5 m)

m=0 "

2. This reconstruction formula has the general form we have anticipated in the introduction:

a) (p, P,) is a probability space; it plays the role of the probability space 2, P);

b) D; (e‘§> is a family of unitary operators, parametrized by the points of p; it plays
the role of the family of operators U(w);

c) the self-adjoint operator dD;" (1_1> whose physical meaning is the total number of

photons of the radiation field, plays the role of the operator A;
d) the integration over R ([, da?(w)(/\)) is replaced by a sum, since the operator

dD; <1_1) has a pure point spectrum;

e) (v ,D; (e’%) TD; (e’§> v)  is the probability that the physical quantity rep-
Hp

resented by dD; (1_1> has value (n+ 2m) when the quantum system is in the trans-
formed state D (efg) TD; (e*§) :

f) the functions f;}, , are defined quite explicitly.
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