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Abstract

The aim of these lectures is to describe a construction, as self-
contained as possible, of the dynamics of quantum fields.

They are based on a short description of Haag-Ruelle scattering
theory and of its relation with LSZ theory and on an introduction to
renormalization theory based on Wilson-Polchinski renormalization

group.
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1 Introduction

Quantum field theories was born from a generalization of QED to other
interactions. The main characters of the theory where:

1) a one-to-one correspondence between particles and fields, the vector
potential for the photon and the Dirac field for the electron.

2) the Lorentz invariance of a finite number of dynamical field equations
with the fields transforming according to finite dimensional representation of
SL(2C), the universal covering of the Lorentz group.

3) the locality of the field equations.

The most famous extensions were the Fermi theory of weak interactions,
where the neutrino field was introduced and the Yukawa theory of strong
interaction where a scalar field was introduced assuming the existence of a
corresponding spin-less particle identified after the discovery of the m meson.

This gave origin to a new branch of Physics, that of Elementary Particles.
More recently, even if the name survived, the idea of the identification of
relativistic dynamics with an elementary particle theory based on point (1)
above was abandoned due to the discovery of a great number of new particles,
among which many were unstable, and after the construction of non abelian
gauge theories and their application to strong interactions (QCD). In fact it
was understood that, keeping the three points, one is obliged to introduce
unphysical fields, and the concept of confinement excluded the identification
of strong interacting fundamental fields with particle fields in the sense of
QED.

The multitude of new particles generated the idea of abandoning a theory
based on a finite number of field equations and on a limited set of fundamental
fields extending the concept of particle to any discrete eigenvalue of the mass,
thus including the bound states, and introducing on the same ground a local
operator for each particle (interpolating field). The hope was the possibility
of reducing the dynamics to direct relations among scattering amplitudes.
This possibility was strongly supported by the successful formulation of a
relativistic scattering theory by Haag and many others. This remains one
of the basic foundation of relativistic quantum mechanics and will be the
subject of next sections.

On the contrary the success of QCD and a better understanding of Renor-
malization Theory gave new strength to the original scheme where, however
point (1) was replaced by the idea that the dynamics be constructed in terms



of fundamental fields and, in general, interpolating fields be composite oper-
ators.

The line of these lecture notes is coherent with this point of view. We
start from the relativistic scattering theory. Then we come to the dynamical
construction based on renormalized local field theory.

2 Difficulties with quantized fundamental fields

We consider the simplest case of a scalar field ¢. It turns out that it is
not an operator. This can be put into evidence using the Lehmann spectral
representation for the two point vacuum correlator:

< Q[o(2)o(y) |2 >=< Qfo(x — y)¢(0)|2 >= C(z —y) , (1)

due to translation invariance. It is clear that C' gives information of the prop-
erties of the vector state ¢(z)|Q2 >. Inserting into the correlator a complete
set of states labeled by their total momentum p; their total mass M and
further quantum numbers « , we do not consider the vacuum state since we
assume here for simplicity < Q|¢|Q2 >= 0, one gets:

C)= 3 [ d' < Qol@)IF, M, a >< 5, M, alp(0)]Q >
M,
=3 [ e < g ML alg(0)|0 > 2 2)
M,a

where we have used translation invariance and defined by pj; the four vector
with time and space components F,, p' that is \/p? + M?2, p.

Among the above states we shall distinguish single particle states, cor-
responding to discrete eigenvalues of the mass. these states are assumed to
be uniquely identified by their momentum, mass and helicity. The single
particle masses satisfy m; < my < - < mpy, , my >m > 0.

Eq.(2) can be further simplified using the fact that ¢ is a Lorentz scalar
and hence:

M
<P M, alg(0)[ >= /7= < 0, M, alg(0)[2 > . (3)



Introducing the mass density function: p(M) = 2%, M| < 0, M, a|¢(0)|Q >
|2 which is the sum of a finite number of Dirac deltas corresponding to the
single particle, or bound, states and a continuous part corresponding to the
scattering states, that is:
NP
p(M) = pad(M —mq) + 0(M — 2m1)R(M) (4)
a=1

we get:

Clx) = /O T AMp(M) / ;Tie—iw - /O TaMp(M)AP (@) . (5)

Now it is apparent that ¢(z)|Q2 > has infinite norm, due to the divergence of
the momentum integral, and hence is not a state vector even if there is only
a single discrete mass contribution. This difficulty is overcome noticing that
the identification of a single space point needs an infinite amount of energy
and hence the value of a field in a point must be necessarily ill defined. On
can consider therefore the smeared field over a finite space region [ d>r'x (7 —
™) @(r", t) = ¢ (7, ) assuming y real and supported by a small space region
and infinitely differentiable, we shall say C'™ as it is commonly written.
In this case one has:

lo@ole> | = [~ ap0a) [ L R@P (©

Now the momentum integral converges since x(p) is a fast decreasing func-
tion at infinity due to the smoothness of xy. However there remains the
problem of the convergence of the M integral which requires p(M) to vanish
at infinity since one has asymptotically % p(M). As a matter of fact for
purely dimensional reasons one expects p(M)M?!'~¢ to vanish at infinity for
any positive €, since p(M) has the dimension of an inverse mass, and hence
the above norm is expected to be finite.

The above result is however not general enough. Had we considered
the time derivative of the smeared field, which is of course an independent
observable, we would have obtained an infinite norm for ¢ (0, 0)|2 >, same
result, of course, for the D’Alambertian of the field.

Thus one must conclude that local operators must be smeared in space
and time. We shall consider for example:

[t [ @17 =Dt = )6, #) = ,(71) (7)
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where x can have either compact support, such as an interval, in which case
the smeared operator is called local, or be rapidly vanishing, the resulting
operator being called almost-local. Mathematically this means that the basic
fields must be considered distribution valued operators.

As we shall see the recourse to these smeared operators solves the prob-
lem of the construction of a relativistic scattering theory, it does not solve,
however, the problem of the construction of an interacting theory. Indeed
the interacting theory must be based on strictly local field equations, that is,
equations involving strictly local composite operators built in terms of prod-
ucts of fundamental fields at the same space-time point. We shall see in the
following that to overcome this difficulty one must have recourse to a rather
technical and sophisticated tool which is called Renormalization Group .

We now sketch the construction of scattering theory.



3 Construction of a relativistic scattering
theory

We sketch Haag’s construction. Haag considers generalized local, or almost-
local, operator fields of the form:

Q) = [dyf(z =y)o) + [ dy dzf(@ —y,o = DoW)o(:) + ., (8)

where ¢ is the fundamental field and the coefficient functions are assumed
C® and, either of compact support and labeled with D, or rapidly vanish-
ing at infinity and labeled with §. The presence of terms non-linear in the
fundamental field might be necessary to deal with bound states. There is
however the possibility, which is consistent with renormalization theory, to
introduce renormalized, strictly local, that is distribution valued, composite
operators ®(z) , in analogy with the Wick ordered monomials of free field
theory, that is with monomials of the fields and their derivatives at the same
space-time point ordered shifting the destruction operator to the right-hand
side of the creation ones; in this case the non linear terms in the above ex-
pression could be unnecessary. The explicit construction of these operators is
postponed after the construction of Renormalization Theory. In general ® is,
either a fundamental, or a composite, distribution valued field transforming
according to a finite dimensional and linear representation under the action
of the Lorentz group.

Having in mind the construction of scattering amplitudes it is convenient
to introduce in correspondence with the a-th single particle a local, and in
general composite, field ®,(x) for any 1 < a < N, such that the matrix
element < p, a|®,(0)|Q2 >= \/’E:ZCG does not vanish.

If we assume that the number of discrete mass eigenvalues be finite,
without loss of generality, we can refine the choice of the ®,(z)’s asking
their vacuum expectation values to vanish together with the matrix elements
< p,a|Py(0)|2 > for a # b and that |(,] = 1. Then, if we assume time
reversal invariance, (, = 1. Therefore we have:

< 7, a|®y(0)|Q >= %5“ . < QD,(0)]Q>=0. (9)

Notice that the second condition is trivially satisfied if the field is not scalar.



In the case of a scalar field the condition is implemented subtracting from
the field operator a constant, which is a trivial scalar field.

Studying the scattering theory, we limit our discussion to almost local
operators of the form:

— [dys (@~ p)aly) (10)

where f is a function of class D or & . For simplicity we shall consider only
operators associated with scalar fields, and hence we shall deals only with
scalar particles and bound states. However our analysis can be extended
without major difficulties to particles with any spin. With our simple choice
the Lehmann representation (5) for the two-field vacuum expectation value
that we call, as it is commonly done, 2-point Wightman functions holds true
in general, however the expected asymptotic behavior of the spectral function
p(M) depends on the nature of the field. The commutator of two almost local
operators is expected to vanish faster than any inverse power of their space
distance if the time distance is kept fixed.

The physical Hilbert space is assumed to coincide with a Fock space
of scattering states. The vacuum state |2 > is assumed to be an isolated
eigenvector of the mass operator, which means that all the particles and
bound states involved have positive mass larger than a given mass gap m.

The kernel of Haag’s construction is the cluster property that we are going
to describe and which is a natural consequence of the mass gap.

Les us consider the almost-local operators (10) and consider the long dis-
tance, fixed time, behavior of the 2-point Wightman function < Q|Q,(z)Q(0)[2 >.
Using an obvious generalization of (5) we have:

. 3
< Q@O0 >= [ o) [ L [ avay i - )
fo(=9)em 4 < QO >< QRO >

/m dM pa (M /2 eV £ (par) fo(—par)
+ < 0[Qa(0 )|Q >< Q|Qb( )2 >

/ /m —aab(ﬁ, M)+ < Q]Qa(0)|2 >< Q|@y(0)[2 > (11)

where pq(M) = 3, < Q|P4(0 0)[0, M, o« >< 0, M, at|®;(0)|2 > and we have
introduced f(p) = [dze " f(z) that is assumed to be of class S. It fol-
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lows that o,,(p, M) is C* in p and hence from the Riemann-Lebesgue
lemma one has that for large » = |Z| the above 2-point function tends to
< QQ.(0)|Q2 >< Q|Q,(0)|Q2 > faster than any inverse power of r. This
result suggests the introduction of the truncated, or connected, Wightman
functions. Up to 2-points we define:

< Q[Qa(2)Qp(0)[Q >=< Q|Qa ()5 (0)|€2 >
+ < Q|Qu(2)|2 >7< QQp(0)|2 >
< Q[Qa () >=< Q]Qa(0)|2 >=< Q[Q4(0)|Q2 >r=< 2|Qa()[2 >12)

In the second line we have use the translation invariance of the vacuum
state. Comparing (11) and (12) we see that the connected 2-point Wightman
function vanishes at fixed time and infinite distance faster that any inverse
power of the distance.

This result can be generalized to any n-point Wightman function. Let
d be a purely space-like four-vector, d’° = 0 , d> = —R? , consider a set of
n almost-local operators (), , for a =1 -- ,n. Let x7 be the characteristic
function of a subset o of the first n integers; x7 = 1 if ¢ belongs to o, x7 =0
otherwise. If R — oo the n-point function:

< ] Qulta + dx)IQ =< QU [ Qulta + &) [[ Qulz)l2 >, (13)

1=1 aco afo

faster that any inverse power of R since the operators at distance R commute
up to negligible corrections . Notice that the operator products appearing
in (13) and in the following formulae are ordered with the index increasing
from the left to the right-hand side. Now we can treat the right-hand side of
(13) as a 2-point function:

< Q| [] Qa(za + d) [ Qalza)|Q >

aco afo

:Z/OodM/dgp<Q| T Qulza + d)|7, M, 0 >

aco

<Ml [[Quale>=3 [ San [ ap e

ado «

< Q| [] Qa(za)|ps M, o0 >< P, M, | [T Qul(a)|2> . (14)

aco ado



Taking into account that the product of matrix elements in the last line of
(14) is a C* function of P we conclude , much in the same way as for (11),
that

< Q| ﬁ Qa(za + dX) | >=< QY [] Qulza + )2 >< Q| [] Qulza)|Q > .
a=1 aco ago
(15)

Thus if we generalize (12) defining implicitly the connected n-point functions
by the following cluster decomposition formula:

<O [] Qu(z)|2>=>" < Q| [] Qul®a)|Q >r< Qf [] Qb)) >
a=1 o1

aco bo

n k
=> > I <9Il Qulza)>r (16)
F=1 {1 j=1,k} =1

aeHj

where oy runs over all the subsets of the first n integers containing the firs
one, as above, and the index sets II; for j = 1,--- |k are partitions of the
first n integers and one has to sum over all such partitions, we have that
the connected n-point functions vanish faster than any inverse power of the
maximum space distance among the points if times are kept fixed.

This is the cluster property upon which Haag’s theory is based. For
future convenience we can translate our results into the functional language
introducing a tool that will be very useful in the following.

We associate to every almost-local operator Q,(z) a source J(z,0) of
class & where 6 is a variable accounting for the position of the operator in
the ordered products. Then we can define the functional generator of the
Wightman functions:

W(J) =< Q|@6fd4xd9J($79)Q(x)|Q >
00 , : . X

=> <9 /d 2y - -d :cn/ d«91J(561,91)Q(:c1)/ 0] (5, 02)Q(2)
n=0 o »

/G 0, T (2, 0,)Q(2,)|Q > . (17)

[e.e]

If the connected n-point function generator W (J)¢ is defined in a completely
analogous way, it is immediate to verify from (16) that:

W(J)=eVJe (18)
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Coming back to Haag’s construction we introduce positive/negative fre-
quency solutions of the Klein-Gordon equation (92 + m2)i,(z) =0

) (o 1 d3p
) = ont | am

with @Z;(ﬁ) of class D and support Sy, and the corresponding generalized de-
struction/creation operators;

P()etmes (19)

B =i [, 0 Qo) il 0) - ) 50| (0

(z )&CO

and Qu(z) = [ dyfu(x — y)®a(y) , with fu(Ey,,7) =1 on Sy

One can study the vacuum expectation value:
T e
< Q| kl:lle% )2 >, (21)

where s, is either + or —.

Taking into account that < Q|B$)(t) |2 >= 0 for all b’s, due to our choice
of the local fields, it turns out that in the limit || — oo (21) vanishes unless it
contains the same number of generalized creation and destruction operators.
More precisely the asymptotic time limit of (21) reduces to the sum over all
the possible pairings of B(")’s and B(7)’s of the vacuum expectation values
of the products.

This result can be proven applying the cluster decomposition (16) to (21)
and using the fact that *)(z) in (19) and its time derivative satisfy the
following inequalities:

95 ()] < Al 72,

AN |_)
V()| < ———=—, forany N if S,>3 — 22
O < o 2y

The contribution of a k£ > 2 point connected term in the cluster decomposi-
tion of (21) is:

(H Sll) /w o, -d l‘k(@/)(sl (1) — wéil)(xl)%) o
(5 (o) = 957 (@ )88 ) < QO (21)Qu, (23) - - - Qu ()2 >(23)



which can be decomposed in the sum of 2¥ terms of the form:
k A A A A
/O_t [1(@z087 (2))) < QQay (21)Qus (#2) - - - Qu, (2) |2 >0, (24)
T =t 21

where the functions 1) are solution of the Klein Gordon equation and satisfy
(22) and the operators @ satisfy (10).
Now, changing integration variables (24) can be written:

k
£ [ TL@ 008 (@) < Qun (51t 1) Qs (Bok, 1) - - Quy (Tl ]2 >c
j=1

k
:t?’k/d%lwg (U1t,t) H wﬂ/} ) (T + 0;)t, 1))

< Q|Qal (171757 t)Qaz((vl + wZ)t’ t) e Qak((61 + u_;k)t’ t)|Q >c - (25)

Due to the cluster property the connected vacuum expectation value vanishes
faster than any inverse power of the the maximum distance among the points,
that is of \/t2 35, w?, for example think of et v, Thus, if the supports
of Q;ai overlap the w-integrals give a contribution proportional to [¢t|~3*~1)
times the absolute value of the product of zﬂ’s, which, on account of the
first inequality in (22) amounts to |t|~2*/2. Since the integral with respect
to ¥y is limited by (22) to a sphere of radius one, we find that (25) vanishes
as proportionally to |t|=*=2/2, Notice however that if the supports of @/} S
do not overlap (25) vanishes faster than any inverse power of |¢t| due to the
second inequality in (22). Notice that this is independent of the s;’s, that is
of the choice of generalized creation or destruction operators.

Therefore, in the cluster decomposition of (21) one is left with 2-point
connected terms only.

Considering the 2-point cluster terms and referring for simplicity to (11)
one has instead:

(—s152) < QIBSY (6)BE2 (1) Q >c
= () [, Pl o) = 0 o) ) (2 ) — 04 2) 5

< Q|QOL1 (xl)Qﬂm (1’2)|Q >c

10

0
o)

)



” . 52) o 0
= (—n13) / o R @)~ ) g W )~ ) )
% To—T1 o dM N
/ p/ 2EMUa1,a2 p7 M)epM( ? ) = (_3132)(27T)3/d3p/0 maal,ag(pa M)
(Em + SlEmal><EM - 82Ema2) ~ = i(s s
2 /B, B, Dy (=519 g (52" e T2 )t (26)

From the C* choice of the functions o,, 4, and ¥, and from the Riemann-
Lebesgue lemma it turns out that (26) vanishes faster than any inverse power
of |t| unless m,, = m,, and s; = —s, and the supports of the J’s overlap, in
which case (26) it t-independent.

Thus we conclude that the n-point functions of generalized creation/destruction
operators have non-trivial asymptotic limit only if n is even and the number
of creation operators equals that of destruction ones. In this case one has:

2n
Il\lm < Q| H B, SJ (B[ >= Om2n D Oy ima, Os1—s; < Q|B s1) )
t|—o0 i
Jj=1 i=2
2n .
lim <Q [[ B @Q> . (27)
tl—o0 jm2ti

In the special case in which the destruction operators lie on the left-hand
side and are in the same number of the creation ones one has:

n

lim <Q|HB(+ ]‘[ )|Q >= 21‘[5% o, < QBS B 192>,

‘t—>OO T =1

(28)
where m; means permutation of the corresponding indices.
This equation implies that in the state vector [[jL, B B )( )] > and in

the limit |[t| — oo the order of the B(™) operators is 1mmater1al, indeed it is
immediate to verify that the norm of the difference of two such vectors with
different ordering of the same operators vanishes in the limit. If furthermore
the supports of the ¥’s do not overlap the norm of the difference vanishes
faster than any inverse power of |¢|.

It is possible to get a stronger result with almost local operators of the
form:

Qo (#) = [ dyfons (2 = 1)*)Quly) (29)
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where f..(p%) = [ dzfp,, (£2)e " satisfies f,, (m2) = 1 , and has compact
support contained in the region in which (p* —m )2 < € and € small enough
to include only the four momenta of single particle states with mass m,. This
is due to the fact that each @, (z) acting on the vacuum creates a single
particle state of mass my:

Qma(x)‘Q >= Z /d3p |ﬁ7 M,Oz ><]§;M,()é|q)a<0)|9 > eipMm

Fio o 08 = [ 02 170> e fip) (30

We label the corresponding generalized creation/destruction operators by:
Cl(ﬂf)(t) . The crucial new point is that:

d
£0;a><t)|sz >=0, (31)

as it is easy to verify. This implies that;

d d &
%qjlﬂap“wam = d_ 1;[ ¢ak |Q >—>‘t|ﬂoo 0 (32)

since, the derivative of each factor of the operator product can be shifted to
the right up to asymptotically vanishing contributions. Furthermore in the
present case (27) becomes:

lim < Q| H C(Sf ()| >= mon Zémal,ma Oy 0s, - < QICEVCSIQ >

[t|—o0 i=2

lim < Q| H )|Q >= 5m 2n25ma Ma 581,4—581
[t —oc j=2,5#i 1
/d3p Jua (=) () Jim_ < H cmie > . (33)
J=2,j#1
Thus :
. out/in
Jim Wy, (1) = ) (34)

and the convergence rate is faster than any inverse power of |t]if the supports
of the ’s do not overlap. Otherwise the rate is that of |t| =3/
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From (33) one can easily verify that:

() ) =00 > L 0w, [ @b, @ (35)

kak:17"7nj:1

which implies that the asymptotic states \Ilfﬁlt/ Z:Zlm must be interpreted as

scattering states and can be written in the form:

out/in - out/in)t
o, >= Tl ™e > (36)
j=1
where aEZUt/ ™t are the creation operators in the Fock space of the in/out
scattering states and satisfy the commutation rules:
[l = 5,y [ P BRI (37)

It is a natural hypothesis of relativistic scattering theory that the finite
linear combinations of vectors (36) define a dense subset of the Hilbert space.
This condition is called asymptotic completeness

What we have found until now leads to a relation between scattering
amplitudes and Wightman functions. However the explicit calculations rely
more on the time-ordered functions that we shall introduce in next section
than on Wightman functions. The bridge between time-ordered functions
and scattering amplitudes is given by the LSZ reduction formulae. These are
based on a further important result of Haag’s scattering theory which comes
from the study of the asympotic behavior of the matrix element:

. out/in s out/in
tl}gloo<q:lfﬂ£l17/" w?lzn |B/§Z)”)C <t> |\Il§/1a17/“ 7,[))am> * (38>

This matrix element can be decomposed according:

(W, BRI ) = @ 0B 0w, o)
HE, ORI [RT,, - e, )
H, -, OB OIS ) (39)
Now, using again (26), (27) and (28), and on the basis of asymptotic com-
pleteness, one can verify that Bf;,,)c (t) is bounded by a positive power of F
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in the subspace of the Hilbert space spanned by the scattering states with
energy lower than E. It follows that the second and third terms in the right-
hand side vanish in the asymptotic limit. Thus one finds that the limit (39)
coincides with:

S

Jim < Q) ]‘[ Bf;,, H ) >, (40)

J=1 i=1
From (33) and (28) one sees that this limit is given by:

5nm+155_25% < Q|C<,+ BS |0 > 1‘[5% b < QICY Cfp;)m >

=2
+5mn+155+25cbm <QBtlcy) 10> Haai <Qeiles) 10>
i=2
(41)
Therefore one has:

. 1(out/in) (s) (out/in) 1(out/in) (out/in)t (out/in)
Jim (W By (O ) = 0s (W lage, W0 )

out/in out/in (out/in
+5s,+<‘11’§b/1/ FRGRIL G (42)

Taking into account asymptotlc completeness we find that we can re-

place either ¥’ (Oult/_ in) , \Ilff Utv/ Z:Z with a generic vector of a finite energy

subspace of the Hllbert space and hence we have:
out) (out) ou
Jim (W, (B (0®) = b, (@5, o)

out) | (oun
00t (Byy oyl

) . (43)
and
Jim (9B (0[5 ) =5, (@ el el

O (44)

+55 (P |a$’7’1* Yoy am

and the convergence is fast in the case of non-overlapping momentum wave
functions.

This weak asymptotic limit result is the basis of the L.S.Z. construction
of the scattering amplitudes that we shall describe in next sections.
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4  Properties of the time-ordered functions

We have thus shown how asymptotic states can be built in field theory. This
implicity allows the construction of scattering amplitudes from Wightman
functions. It turns out however that constructive field theory is better formu-
lated in terms of time-ordered functions, even if, as we shall see in a moment,
these functions are more difficult to define than Wightman functions.

A n-point time-ordered function is formally defined in terms of Wightman
n-point functions by the following formula:

< Q|T(f[1q)a(xa))|9 >= Z He(xgri_x?rj) < Q|<I),T1(1‘,T1)--CI),T"(1‘M)|Q >

Ti,0=1,-ni1<j
(45)
where, as above, 7; labels the permutations of indices. Since the Wightman
functions of strictly local operators (fields) are distributions and 6’s are dis-
continuous, in general the above formula does not make sense even in the
framework of distribution theory. We consider, for example the case of two
points.

Tap(1) =< Q|T(®,(2)D4(0))|Q >= 0(2°) < QD (2)P,(0)|Q >

o) d3
10(—20) < Q| Py(0)®, ()]0 >:/ dM/ P

—ippx VT d —iqr =
P8 pun (M) + ¢ 0(~a)pus(M)] = [ 3™ Fula?)
e dg e
= _ M M 4
Z/7n d pa7b< )/ (27T)4 M2 — q2 e 9 ( 6)

where we have used (5) and the fact that p,,(M) is a symmetric matrix
due to T-invariance. Now the last equation to make sense as a distribution
equation the mass integral must converge at infinity and this depends on
the dimension of the fields. If e.g. they have dimension two it is expected
that, for large M, p(M) ~ M and hence the mass integral does not converge.
This implies that (46) does not define a distribution. A deeper discussion
of this pint is in order here. In order that 7,,(z) be a distribution, the
integral 7,,[f] = [daf(z)r.p(x) with f of class D should be well defined,
this corresponds to the condition that the integrals in:

ruslf) = [ daft@rante®) = =i [ Mps) [ dor MY —
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be absolutely convergent.
In the situation we are presently discussing this is not true; however let
us multiply f by z#, we have:

f(q)

_q2 _Z"E)Z )

Taplthf] = —2 /moo dea,b(M)/dQ‘Ju e

which is well defined. Therefore we can conclude that 7, is ill defined only
in the origin. However one can give an alternative definition of the two point
function substituting 7, ,(¢%) = —i [ dM L2280 i

(48)

M?2—g2%—ie
~ 2\ . [ pa,b<M) M?
TR,a,b(q)_K_Z/WL dM M2 [M2—q2—’l€_1]
»(M) 1

:K—ti/oodM'Oa (49)

M? M2 —q? —ie’
where K is an arbitrary constant . Now the mass integral converges and it is
easy to verify that, whenever [>°dM %(QM) converges the difference between
Tr and 7 is just a constant and hence 7,;, and 7r,; coincide everywhere

except in the origin. If we define

; dq —igq > Pa b(M) 1
o = _ qx dM ) , 50
Ts(7) Z/ (2m)"° /m M> M? = —ie (50)
it is apparent that 7g,(2) is a distribution and one has:
Trap(7) = K6(2) — P*71s.05(T) , (51)

and hence it is also a distribution.

This example shows which are the difficulties related with the definition
of T-ordered functions and in particular that these difficulties come from
their lack of definition when two or more point coincide and finally it puts
into evidence the need of supplementary conditions to identify the T-ordered
functions completely as distributions in R*". It turns out that the construc-
tion of a consistent set of T-ordered functions in the case in which the fields
are identified with the Wick monomials of some fundamental free field co-
incides with the perturbative renormalization program. We postpone any
further discussion of the construction problem of T-functions,we assume to
have a consistent definition of those involving the local fields defined in (9)
and we proceed in the costruction of the scattering amplitudes using the LSZ
reduction formulae.

16



5 The L.S.Z. reduction formulae

Given a set of fields ®,, we build a corresponding set of almost local operators
Qu,(x) = [ dyfa,(x—1y)Ps,(y) , where the functions f,, () belong to the class
D and their support is contained in the sheet |z°| < A. Then we select a set
;i of solutions of the Klein-Gordon equation as in (19) with Yo, (P) of class
D and non-overlapping support and we consider:

Ay =0 [ Ty [ TIras @)@ +m2) e — )
Vi ?

s¥Yan

< QT[] @ur ()2 > (52)

where the integration domain T is defined by: |z¥] < T, with T; — T; >
2(l — 7)A. Noticing that:

o (2:)(92, +me) fa (2 — i)
Ouo (V3 (@)0y0 fay (w1 = 13) — far (@i — )i (), (53)
one identifies (52) with:

() Q\T(lz[[pri‘“k) (T) — BY (-T2 > (54)

where the generalized creation and destruction operators B(*) are defined
in (20) and the time order refers to the £7}, variables. Now, using (43) and
(44) and taking into account that the vectors

T@h%ﬁ@»—%ﬁean>

and
n

T
T([1By (1) = B (=T)| 19>
k=2
belong to a finite energy subset of the Hilbert space, we have:
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. T 5t S “ S S
= Jim ()75 < QB ()T B (T) - B (-T2 >
k=2
. n=d u L s s s
= lim (-)77 < QT([[[BE(T) - B (=T Byt (<T1)192 >
1—00 9
n—z 5l ou L S S
= 0u 1 (=) 77 < Qay O T([T (B (Th) — BEY (-T2 >
k=2
niz °l - s s in
~0y (=) < QIT([T[BGH () — BE (=Taf M > . (55)
k=2

Taking the asymptotic limits for all T} we get:

lim --- lim Awq em

TnHOO Tl**OO ayr»H¥an

=<0 ( 11 Sﬂ) ( 11 aiz‘f:.”) Q> (56)
i si=+ ! J i sj=— ’

that is a transition amplitude.
Now it is apparent from this formula that the order of limits is immaterial.
Taking into account the fast convergence rate we can write the identity:

n

i [ Ty [ TTwaszi (@)@, +m2) (s = ) < QT[] @a ()12 >

k

=< Q| ( 11 agf;t)) ( 11 aSZZ)T> 12>, (57)
i j

L Si=+ j 1S =—

where the z; integrals cover the whole R*". Finally we notice that, if ,as
chosen above, fai(Ema, p) = 1 on the support of the corresponding @ai one
can get rid of the f,,’s in (57) replacing them by Dirac deltas.

Computing cross sections of a process with f particles in the final state,
that is n = f + 2, one more comment is in order. Decomposing the time-
ordered function in the left-hand side of (57) into connected parts one finds
a momentum conservation constraint for each connected part; it follows that

18



the only contribution to a cross section comes from the connected (f + 2)-
point function with s; = s = — and s; = + for j > 2. In this case the
transition amplitude is given by:

2 f+2

i+ / [Ty () TT(dzanp (D () < QT(TT (02, + m2 ) Pa, ()12 >c
Jj=1 i>2 k=1

= Aoy (58)

19



6 The functional formalism and the Effective
Action

Assuming that all needed time-ordered functions be defined in analogy with
the Wightman function case one can define the functional generator:

2= 3 5 5 [ Tln (a) < QAT 00 )10 >

= fjoil—n, < Q\T(Z/d:cja(x)cba(:c))"m >, (59)

where it is understood that the ordering operator acts under integral sign.
Notice that in the present case there is no operator ordering problem since the
time-ordered functions are symmetric functions. The functional generator is
a formal power series of the J’s that are chosen of class S and (59) can be
formally written;

ZJ] =< QT (¢ 20 ] d2le@®a(@)) ) > (60)

In analogy with (18) the cluster decomposition of the time-ordered functions
can be described introducing the connected generator:

oo sn—1

n=2

1

a s Q|T(Z/dx‘]a<x)q)a<x))n|9 >c (61)

where we have taken into account that the fields have null vacuum expecta-
tion value. From (59) we can show that:

Z[J] = eZell | (62)

Indeed, taking a functional derivative of (59) comparing it with that of (60)
on account of (16) we have:

2] > L <T@ [ dns@e )i >

20



<muz/mmwmmmwm9>

- Z/d:cJ D) >c
nfjo—" < QT Z/d:cJ )0 > ig?:([xj)]Z[J] | (63)

This is a first order differential equation whose solution with initial conditions
Z[0] =1 ,Zc[0] =0 is given by (62).

Given the connected generator, which is a formal power series too, one
defines its Legendre transform as follows. One defines the distribution valued
functional:

6ZclJ]
0 Ja(z)

Then one considers the Fourier transformed connected two-point function:

Py (z,J) = (64)

a

7—(2 /d;z:e”’m < QT(P(x)P5(0))[Q2 > (65)

If be) ~'(p?) is a matrix valued tempered distribution one can define a further
distribution valued functional J,(z, ¢) such that;

Do, J (-, #)) = palz) | (66)
and the formal power series Legendre transform of Z¢;
Plg) = ZelI(,9) = [ oS eal@)Jule, ) (67)

The new functional is the effective action in the following sense. Taking its
functional derivative one has:

oL [¢]
0, (:U)

= —Ja(z, ), (68)

and hence 5T ;
[90('7 )] _ —Ja(ﬂf) ’
0pa()
thus ®(z, J) is the solution of the classical field equation induced by I' van-
ishing at J = 0.

(69)
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The inverse equation to (67) is
ZolJ] = T (-, J)] + / e @, (2, J) Jo(z) . (70)

It is worth noticing now that (58) is equivalent to:

F42

Ay g —z/ H dzaps (z;) (02, +me))

0
STy 2ol (T

7

It can be shown that in the limit of perfect resolution of the wave packets,

defining:
f+2

Pl Z Sas.a : (72)

one can write:

2 0% ()82 4m2 5
Ay = zefd im1 Ya; (@O+me,) 5705 Ze[J])—o
(as)
_,Lefd:vz he* ()(82 +m)§J;(x)ZC[J:||J:0
=ie”Zo[J]] =0 (73)

since the terms which are not linear in all ¢);i do not contribute in the perfect
resolution limit.

If we define: )
o, (x) = eECI>a(:c, I j=o , (74)

we can write (73) in the form:
Agp = i0[8] + [ do S le) (@)(02 + m?)ba ()] (75)

Let us consider ¢ more closely.

» L@, J)], O[]
5(,0(1( ) =0 530(1( )
— P |J0_—/dyzw(“s )(02 4+ m2)s(x — )

=302 + m)Y () = 0. (76)
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Thus ¢ satisfies the field equation induced by the effective action I'.

It remains to discuss the asymptotic properties of ¢ that determine it.
Since ¢ is a distribution we should better discuss the asymptotic properties
of Qu(z) = [ dyfa(x —y)$a(y) . Taking into account the reduction formulae
we have:

R f
Qq(x) =< Q|[1 + Z_ M Z ( 55:))”

m=1 ki< <km=3f+2
I[1—1 Z a(mT (m ianj)]\Q >0
+Ru(z) | (77)

where R,(x) accounts for the terms at least quadratic in one of the v,’s and
hence not contributing to A, in the limit of perfect resolution. Considering
the asymptotic limit of the first term of (77) we notice that Eq. (42) says
that in this limit @), contributes as an asymptotic creation or destruction
operator. In particular its contribution to the negative frequency part in
the t — oo limit corresponds to a a®T operator, while that to the positive
frequency part in the ¢ — oo limit corresponds to a a!™ operator.
Therefore, taking into account the energy-momentum conservation con-
straint, we find that the negative frequency part in the ¢ — oo limit is given

by

f f
> < Q0alQu@)? > e Y- Su, [ dyfulz =)o), (78)
k=3 k=3

since all other terms in the first term in (77) which asymptotically correspond
to an — m—1 transition amplitude violate energy momentum conservation.
The positive frequency part in the t — oo limit corresponds toan —1 —m
transition amplitude which violate energy momentum conservation with the
exception of

< QQu(x)[al)" + ol 1|sz>wwzam/dyfa:c— v W) . (79)

Thus, through (77), (78) and (79) we have shown that, up to terms not con-
tributing to the transition amplitude in the perfect resolution limit, ¢,(x)
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satisfies the classical field equation corresponding to the effective action I'
and satisfies the same boundary conditions as the classical field in the semi-
classical approximation. If furthermore we consider the expression of the
transition amplitude given by (75) in terms of I' we conclude that the fully
quantized scattering theory coincides with the semi-classical one after sub-
stitution of the action with the effective action.
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7 The construction of the theory, the Eu-
clidean Quantum Field Theory

What one has to do now is to give a construction procedure for the connected
functional generator (61). Let us consider first of all a scalar field theory; it
is an elementary exercise to prove that:

1
ZolJ) = 5 [ dudyAp(z - 5)J(@)J () (80)
where p .
T e—'l xr
Ap(z) = / 1
r() (2m)4m? — p? — 07 (81)
coincides with the solution of the differential equation:
3 Zc[J]
24O = 82
(m + %) 575 = (@) (52)

with the condition that Z¢ should vanish at J = 0 and that positive/negative
frequency components of ‘;ZJLS] vanish in the limit 2° — Foo.

It was noticed by Symanzik that the above equation, and hence its gener-
alization to non free theories is highly simplified if one turns to its Euclidean
version. This is obtained extending analytically the Fourier transformed 2-

point function A;

1
m2 — p? — i0+

Ap) = /dxeipr(x) =

1
= , , , 83
Bl — 07— 1) (Bn) — 107 1 17) )
to the domain p° = e“p* with 0 < # < 7 and in particular to the points
with 0 = 7/2. If we call Schwinger 2-point function S(z; — z2) the Fourier
transform of the analytic continuation in the Euclidean space:

4 eizjﬁ”ﬂpﬂ'
Sx) = | (%4 e (84)
and ]
FolJ] = 5 [ dedy Sz = )J(2)J(y) | (85)
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the equation corresponding to (82) is

(m* - 0%) =J(x), (86)

identifying F[J] with its solution vanishing at J = 0 and at infinity of R*.

It turns also out that for a general interacting theory the connected Eu-
clidean n-point functions S,, obtained by the same analytical continuation
from the Fourier transform of the time-ordered functions are also obtained,
up to contact terms, that is terms supported at coinciding points, by ana-
lytical continuation of n-point Wightman functions W,, at imaginary times.
that is:

n

and T =7, —iat=z0. (87)

(371, y L ) (':Ullf'wr/) fOT ‘,'1:/11 > .’L‘g > > xfl
_)/

Notice that S, is a symmetric function of its arguments while W), is not.
In the case of the free theory two-point functions one has, on account of
(84) and (5) and for z* > 0:

(0% = [ e [dpi— = [ e 2wz —iat

) 4 E2 s ; .

(88)

It turn out furthermore that a local Poincaré invariant theory goes into
an Euclidean invariant one.

A non-trivial advantage of the Euclidean theory is that one can choose
the smearing functions appearing in (8) and in (10) Euclidean invariant as
e.g. the Gaussian

A} —Aie-w)?
e 2
(2m)?
Notice that whenever treating Euclidean functions we shall use the Euclidean
scalar product as in (84).

= gno(r =) - (89)
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8 The Functional Integral in Euclidean Quan-
tum Field Theory

We now consider how interacting Euclidean Quantum Field Theory can be
built starting from the field equations.

In principle one should consider the equations of the fundamental fields,
for simplicity for the moment we limit our discussion to the case of a single
scalar field ¢. These equations should relate a certain combination of deriva-
tives of ¢ to a suitable local composite operator J (¢(z), dp(x), ) = T[d(x)],
to fix the ideas we can choose

~P¢(z) = T[¢)(x) . (90)

The problem is however that I does not make sense since ¢ is distribution
valued. Translating (90) as a functional differential equation heuristically
one should replace (86) with :

57(0) = J(x)+j[m]Fc[J] . (91)

where the last term should insert the operator J into the Schwinger function,
this however does not make sense since Schwinger functions are distributions.

To define composite operators we should rather introduce the smeared
field

ar(@) = [ dy gaoz = 9)0y) = (g8, * 9)(a) (92)

where we have introduced the convolution symbol * and define J as a func-
tion of ¢. After this substitution (91) should be written

F
ol = )+ s I (09
However replacing as above J (¢(z), 0¢(x), --) with J (¢(x), 0q(x), ) = Ta,(x)
destroys the locality of (90) and hence one should find a method to recover
the locality of the theory. This is the Renormalization Group (RG) method.
Roughly the idea is that if one limits the range of momenta to a suitably
bounded region it should be possible to find an interaction built with the
qa, operators which, however complicated, has the same effect as a local
operator.

—0?

27



In other and more precise words, if one considers test functions J whose
Fourier transform has support bounded by p < A <« Aq it should be possible
to choose non-local, Ag-dependent J,, and define a suitable F[.J, Ag] such
that (93) be true independently of Ay and such that J,, become local in the
limit Ag — oo. In these conditions J, plays the role of an effective term in
the field equation.

To realize this idea one considers a sufficiently wide class of positive func-
tionals Iy, [¢], that we call effective interaction, with a range of non-locality

of the order of Aio and choose Jy,[¢](x) = — [ dygAO(x—y)(Zg?g}. The restric-
tion of the effective term in the field equation to the functional derivative of
some effective interaction is ”a priori” arbitrary in contrast with the scatter-
ing effective action whose existence is guaranteed by the reduction formulae.
However to my knowledge this restriction is a price to pay for renormaliza-
tion.

With the mentioned choice it is apparent that (90) is written:

2 (99)° -
6¢><x)</ dy=—=+ Inolano) = J(x) , (94)

and (93) :
_ p0Fcll A Ol * 50\ oy poig o) = (@), (95)

5I) e 5,

whose solution positive for J real and equal to one for J vanishing is:

eFell A / d[gle] W Wew- ©9% ) 1z, lan,)) (96)

I

and dj[¢)] is a positive and translation invariant probability measure normal-
(99)*

ized according: fd,u[gb]e*fdy > = 1.

The "solution” (96) deserves a long list of comments that we are obliged
to shorten quite drastically. Let us only mention that the condition at J =0
fixes the field independent term in I,,. Concerning the appearance of the
functional integral, consider the ordinary differential equation:

d d  oniq B
fa) + P @) = o (97)
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with a real and positive, the solution:

2

o0 y y2n+2
f@) = [ dy it el (98)

with ¢ fixed by the condition f(0) = 1 is unique if we ask f to be real and
positive. (96) is the functional version of (98).

Now the RG condition one wants to ask is F to have a regular limit for
Ay — oo and the field equation to become local in this limit that we shall call
ultra-violet (UV). This is, of course, a condition on /,,. However this does
not require that 7/, remain regular in the limit. The requirement is that F

have a regular limit and 5;250 , however singular, to become local. This means
2
that ;8;’7% — 0 when Ay — oo for (z —y)? = d* > 0 fixed.

In order to proceed along this line one has to get free of I,. With this
purpose let us write (96) in the alternative form:

eFold Aol _ ,—Ix, [9ng*55]) e% [ da J(S*J) _ eFold Aol _ ,—Ix, [9a0*25]) e%(JS*J)
(99)
where we have further simplified our notation inserting (fg) for [ dxf(x)g(x)

and
dp e"* 1
5= [ Gyt 7 = 100)

It is an exercise left to the reader to verify that F is the generator of con-
nected Feynman diagrams corresponding to the interaction [, and to the
propagator (100).
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9 The Wilson Effective Action in Euclidean
Quantum Field Theory

Introducing g = ga, — ga, we are going to show that there exists a functional
Ix A, such that

eFC[JvAO] — e_IAvAO[gAO*%+ _[]*S*J]) : eé(JS*J) (101)

9

where the symbol : X[J, J] means the ordering prescription that functional
derivatives should be placed on the right-hand side of J’s. The proof of (101)
is given in Appendix A.

A further exercise left to the reader is to prove that —I, , is the functional
generator of connected amputated diagrams corresponding to the interaction

I, and to the propagator:
SEgAO*S*gAO—gA*S*gA. (102)
Notice that one has:

FelJ] — /dﬂ[(b]efdy(J(yﬁb(y)%)IA,AO[QA*‘Zer geSxJ)) (103)

Now that we have introduced I 5, we notice that this functional could
perfectly well have a regular UV limit (Ag — oo) I (this is the point that
will take few pages to be verified). If this happens one has

ol — / dpfple] W

which must be A independent. One can derive the field equation requiring,to
first order in €, the invariance of Fio under the change of functional integration
variables ¢ — ¢ + €:

) Ix[gaxo+ g*S*J]) (104>

0 ) FelJ]
0J

= /d MA ‘q: =gax¢+ g*S*Jefdy(‘](y)‘b(y)*%)J/‘B’A*dﬂr 95271 (105)

(e(J +0* =

If the support of J(p ) kept bounded and the limit A — oo is taken it is clear
that the right-hand side of (105) tends to (e22 [5‘;]) FelJl since §*.J vanishes
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in the limit. Therefore we have obtained an equation strictly analogous to
(95). Furthermore, due to the A independence of (105), the right-hand side
of this equation corresponds to a local operator if I, tends to a local A — oo
limit.

In conclusion in order that our theory be local we must require I, 5, to
have a regular UV limit Iy and I, to become local in the A — oo limit.

It is then apparent that we have to study I, », and its dependence on A
in particular.

The crucial point is that e does not depend on A therefore, taking the
derivative of (101) with respect of A that we label by a dot,that is putting:

FelJ]

. IF(A)
p— 27
F(A)=A SAZ (106)
one has:
. 0Ip A, . ) _
C(—=Iano @) — < (;\ch ga * [E — S J]) e IA’A°[¢]‘¢:9AO*%+ g -
o3 [ dudy(J SxJ) (107)

With the chosen ordering prescription the functional derivative % in the
second term of this expression lies on the right-hand side and hence it can
be replaced by S J. Thus at a first sight the two terms in brackets should
sum to zero. This is however not true since the existing S * .J in (104) lies
on the left-hand side of the ordered expression. What remains of the two
contributions is what comes re-ordering S % J the left-hand side of the J

functional derivative appearing in ¢. This is given by:
(SIAJ\O 5[1\,/\0 B 52[/&,/\0
0¢(x) 0p(y)  dp(x)dd(y)

Thus, asking the resulting ordered expression to vanish, which is a sufficient
condition for (107) be satisfied one has the evolution equation for the effective
interaction I a,:

[ dedy(an xS+ gr) @ — )] . (08)

5[1\,/\0 5IA,A0 _ 52[/\7/&0
do(x) 0p(y)  do(x)do(y)
52]/\7/\0 5IA,A0 5IA,A0] (109)

36(2)30(y)  d6(x) do(y)
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Considering the Fourier transforms, that is in momentum space, in which

the propagator (100) is S =

and choosing the gaussian smearing (89) one

p2
has: )
_p_ p2
N e A5 e AZ
S(p) = 5 (110)
p
and ,
; e AT
S =S (1)
thus the evolution equation is written:
. dp e A2 5IAA 5[AA 52[/\1\
I 0 . 0 . 112
ulf=3 ) e w5 s oo M

Equation (112) can be further elaborated introducing the scaled field

y4

= Ap(R
o= 3 o1 | TTamoa(Sma. o

Setting I,,(A, Ag,p) =
@ through:

variables ¢(p) ) and the series expansion of Ix a;

Ip ol

Innol@) = In po 9]

One has furthermore:

0Ianol9]
6p(p)

In (9]

1815 a,[¢]
A e(R)

5 [ dn(3e()

and hence the evolution equation (112) becomes:

= Tanol¥) +p - Opp(p))

Fanolie] - %/dp(i’w(p)) + 1 0pp(p)) 3¢ (p)
52jA,Ao

1 5IAA,AO 5IAA,AO

> TLtm )5 p)ind o).

61x a0l ]

S1n a0l ]

p) - (113)

A, (A, Ao, B) one can write Iy 4, as a functional of

(114)

do(p) (115)

|

5p(p) dp(—p)
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and the equation for e~Innol¥l is;

o

2 1 —fA,AO “
(N2 = 5 [ dp(3o0)) + - Opplp)) 5 s le ol
1 dp 7p2 52 7fA’AO o
==3) @ s (117)

which looks very much like a diffusion equation in the functional space whose
asymptotic solutions (A — 0), whenever the second order differential opera-
tor is elliptic, are Gaussian solutions, that is, trivially free theories.

A more formal approach which is however less dependent of the particular
nature of the field and of the structure of the propagator S is the iterative
approach which generates perturbative renormalization.

One can perfectly continue the analysis studying the solutions to (116),
however many applications are simplified if one considers an other functional
which coincides with I A, in the A — oo limit. We call this new functional
the effective proper generator
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10 The Effective Proper Generator

To construct this functional it is convenient to introduce the effective con-
nected generator:

ZlJ] = %(JS* s J) — Iy [S % J] (118)

that is the generator of the connected diagrams corresponding to the inter-
action I, and to the propagator S and its formal power series Legendre
transform V defined much in the same way as in section 6 (67) .

Assuming for simplicity that Iy s,[¢] does not contain a linear term in its
functional variable ¢, we put

5IA,A0 N

5 [SxJ]), (119)

with ¢ is of class D in momentum space. The inverse functional J[¢] is
defined as the formal power series in ¢ corresponding to the solution of:

p=8%(J—

oA e
7= g+ Mgy (120)

where
Cp)=(9)'0) = ———— . (121)
Then we define:

Vigl = (¢J[¢]) — Z[J[9] = (¢J[¢]) — %(J[cﬁ]g x J[B]) + Ian,[J]0]] , (122)

It is a direct consequence of its definition that:

522 o 52V -1 B R . B R . 52[A,AO § . .
0J(x)dI(y) (M(az)&p@)) =Sl —y) = (S =55+ S y)
v=-2z % =J (123)
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Furthermore from (109) one has:

. 1 A . Y
Z= é(JS* J) = Iano — (JS = 5/;\0)
1] 0l ang | & 01an, 0 & O
=5 ((J — W)S * (J — W)) - (%S* @)[AA(J}
Ly
1] 2 A 52\ 7!
=3 —(¢C * @) +Tr(C[S — (5752> ])] , (124)

where we have introduced: Tr(AB) = [dzdy A(z,y)B(y,x) . Notice that
on the basis of the first equation in (123) one can see that the above trace
is well defined in spite of the singular behavior of C' at infinite momentum.
Defining the Effective Proper Generator:

Vgl = 5(6C«9) + V4], (125)

where the sign of V' has been chosen in order that V' be positive, one has

AN .2V !
(5752) :(0*5752)

:((1+%*§)*é>_ :S*(i(—*é—v*g)"), (126)

and the evolution equation for V[¢]:

3¢
- %Tr(égg(— * % x S)")
— %T'r’ <§f;—2 nf:o(— xS % %)”)
:%TT (é(%—%*ﬁ*%+--)>
= R[¢] (127)
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It is left to the reader to verify that V[¢] has the same A — oo limit as
I p,[¢]. For this reason we shall analyze the solution of (127) in some detail.
Once again it is convenient to use scaled fields as above setting:

V[‘b] = /H dpz‘p pl ij Un, p17 : 7pn7A AO)
J=1
= V[()O] /H dngp pz Zp] Un pl, . pn,/\ A()) . (128)
7=1

one finds for the coefficient functions the evolution equations:

T e a3 ) A0r 44— a2 lars s . )

= _/H dquO Qz qu l/ ) 2vn+2(q1, <oy Qny P, _paAaAO)
i=1

n

m !
e ” /dq O gi+p—q) >, z
]:

= ml(n—m)!

Um+2<q 153 9m, D, _Q7 A AO)Un m+2<Qm+17 <y Q4n, 4, _vavAO) + ]
= /H dg;p(qi)) qu (1, s Gans A, Ao) (129)

7=1

where we have set o = ﬁ—z Notice that if the |v,|’s are bounded and ¢ is of
0

class S all integrals in the right-hand side of (129) are absolutely convergent
uniformly in a due to momentum conservation limiting the range of the
integration variables (e.g. p — ¢ in the second term in brackets). Thus
the absolute value of 7, is also bounded. To analyze the solutions of (129)
we notice, first of all that the coefficients v,, and 7, in the corresponding
expansion of R are analytic functions of the momenta due to the presence of
the cut-off A which plays the role of an infra-red cut-off. Then we can consider
first the evolution of vy and ry, of the coefficients of the Taylor expansion of v,
and 75 up to the second order in the momenta, that is v2(0,0, A, Ag) = v2(0)
and 0,205(0,0,A,Ag)) = v2(0) and analogous coefficients for r, and of the
value of v, and r4 at zero momenta. Then we complete the analysis studying
8222)2( —q,\, \y), the first derivatives O,v4(q1, -+, g4, A, Ag) and v,, for n > 6.
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The A dependence of the g-independent coefficients is controlled by the
evolution equations

[Adx + 4] vo(A, Ao) = 70(A, Ao)

[ADx + 2] 02(0,0, A, Ag) = 5(0,0, A, Ag)

AOAVL(0,0, A, Ag) = r5(0,0, A, Ao)

Adr4(0,0,0,0, A, Ag) = 5(0,0,0,0,A, Ag) |, (130)

which are solved by:

vo(A) = (AAR>_4 c0+/ (%) e ro (AR\)

va(A) = (AAP)_Q 02+/ (%) d\rs (Ap))

(M) = |y + / 2, (And)

va(A) = c4+/1 i %M(AR)\)_ , (131)

for some Ap.

Then we see that, taking a generic k-th momentum derivative 8§vn(q, A)
of the amplitude v,, one has evolution equations completely analogous to
(129); that is :

[AOx + 4 —n — k — q0g) Ovn(qu, -, Gan, A, No) = Obr(qr, .., Gons A, Ao)
(132)
In the cases we are studying, in which n + £ > 5 it is convenient to consider
the solution:

A n+k—4 ( ) Aq
k n—k qk
aqvn(Q7A7A0) = <A_0) /1 dA )\3 8 <A )\ Ao)\ Ao)
A A
= A" de b ROk, (—q,x, AO) . (133)
Ao X

Computing iteratively r, from (129) and taking into account (133) and
(131) one finds coefficient functions v, (¢, A) that are power series of the input
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data cs, ¢y and ¢4 and the terms of order v in these series satisfy, uniformly
in Ag > A, Ag and ¢, the inequality:

A
sup \85 v (q,A)| < Py, (log <A—R>) (134)

where P, ;. is a suitable polynomial of degree lower or equal to v. A com-
pletely analogous inequality holds true for sup |0F () (¢, A)|. Therefore the
UV limit can be taken on the found solutions and it appears harmless since
the z-integral in (133) and those on (129) converge uniformly in the limit.

Furthermore, taking into account that the coefficient functions I,, in the
series expansion of Ix A, (113) are strictly related and of the same order of
magnitude of the V,,’s and the same is true for 4,, and v,, and by recalling
that:

Vo(p, A, Ag) = A‘P%n(% A, Ay) (135)

one verifies immediately that the functional V[¢] and hence Ij a,[¢] have a
local, however singular A — oo limit and hence the theory is local.

The result we have reached is based on the construction of the solution in
power series of o, ¢ and ¢4, As a matter of fact it is not a problem to sum the
series expansion in ¢y that plays the role of mass parameter and ¢, that fixes
the scale of the field, for simplicity one can chose both constants vanishing
and remain with ¢4 playing the role of a coupling constant g which must be
positive for stability, that is otherwise the functional integral (96) does not
make sense. One gets in this way a perturbation theory which should be
accurate for small values of ¢4 = g.

There is however a different and, potentially, more interesting construc-
tion strategy which is based on the smallness of V;(A) for some value of A
rather than g. In particular this strategy is crucial for theories with V(A)
vanishing at infinite A, the limit we are interested in to implement locality
of the theory. Indeed, if this situation that is called asymptotic freedom were
actual, one would have a guarantee that the theory be consistent, indepen-
dently of the possibility of producing accurate results at low energy.

In order to give a more precise idea of this possibility let us analyze our
scalar model. If vy is small it is not difficult to verify that ry, ~ O((v4)")
this implies a strong correction to vy that, by the way, should apply to the
Higgs particle mass and hence is the basic reason to invoke super-symmetric
extensions of the Standard Model.
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However the crucial point of our argument concerns the evolution equa-
tion of vy itself. Considering the evolution equation of vy at vanishing mo-
menta and up to the first non-trivial order in vy one has from (129) and
(130):

4! dp _.1—e?
Adves(0,4) = (5 / a0
672

o0 3
— d —-r __ _—2x\,,2 0.A) =
(27T)4/(] ZL‘(G € )1)4( ) ) (47T)2
where we have disregarded the term in vs which is O((v4)?) and any mo-
mentum dependence of vy itself which would induce further higher order
corrections in wvy. Integrating this differential equation between Ar and A
with v4(0, Ag) = g > 0 one has:

g
0,A) = . 137

v2(0,A) (136)

This result is apparently deceiving since vy increases with A reaching a sin-

gular point in A = e%/\ r which is called the Landau singularity.

It is clear that this result confirms that the only consistent scalar theory
is the free one.

It has been a surprise the result found about 20 year ago that the sam
calculation in the case of the Yang-Mills gauge theory leads to the opposite
result.

A The Wilson Action

To prove (101) we introduce a simplified notation understanding space-time
1ntegrals and variables and introducing the symbol d; for gx * 55 and d, for
ga * 57. It is then apparent that

o 0 0

— =0,+0s . 138
9ho * 5T = gA* 5J+g*5j 1+ 0 (138)
Thus we write (99) as
efell Aol — o=Iag[01482]) CLLE) = F[8, + dr)e (ISx9) _ i F,'H_manam (I5x7)
n,m=0 n.
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Then we notice that:

(JSxJ) (JSxJ) m'
Me™ 2 =¢e 2 — k(S % )k
a26 2 e 2 kzzok'(m_k)' 2( * )2
wgash __m (S Ty Sk (140)
—e¢ 2 - * ,
= Fl(m — 2k)! 22

where we have introduced (SJ), = g * S * J, and Sy = g * S * g and by[}]
we mean the integer part of 7. Now from (139) and (140) we get:

(JS (JS*J)

ANo] n+m m n—2k Qk
ch[J 0 Z Z k'm' k) a (S J) 2 5«22
n,m=0 k=0
00 k
s n+m+2k5228m<5 ‘T (152)
n,m,k=0 klm!n!

o Z Fn+m+2q+2k522512<5 % J)Ome CLLE)

¢'klm!n]
n7m7k7q:0 kmn

=. e—IA,AO[gA*w‘F gxSxJ]) . eé(JS*J) ’ (141)

where we have introduced S12 = gp * S * g.
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