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I�n� �q�u�e�s�t�o �c�a�p�i�t�o�l�o �t�r�a�t�t�i�a�m�o �l�a� �p�r�i�m�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�-
�n�a�m�i�c�a�, �a�l�l�a� �b�a�s�e �d�e�l�l�a� �q�u�a�l�e �s�t�a�n�n�o �l�e �n�o�z�i�o�n�i� �d�i� �e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� �e �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o. A�n�c�o�r�e�r�e�m�o �l�a� �p�r�i�m�a�
�n�o�z�i�o�n�e �a�l �t�e�o�r�e�m�a� �g�e�n�e�r�a�l�e �c�h�e �c�o�l�l�e�g�a� �s�i�m�m�e�t�r�i�e �e �l�e�g�g�i� �d�i�
�c�o�n�s�e�r�v�a�z�i�o�n�e �e �l�a� �s�e�c�o�n�d�a� �a�l �f�a�t�t�o �e�m�p�i�r�i�c�o �c�h�e �i� �s�i�s�t�e�m�i� �f�i�-
�s�i�c�i� �m�a�c�r�o�s�c�o�p�i�c�i� �t�e�n�d�o�n�o �v�e�r�s�o �s�t�a�t�i� �i�n�d�i�p�e�n�d�e�n�t�i� �d�a�l �t�e�m�p�o
�d�e�s�c�r�i�t�t�i� �d�a� �u�n� �p�i�c�c�o�l�o �n�u�m�e�r�o �d�i� �v�a�r�i�a�b�i�l�i� �m�a�c�r�o�s�c�o�p�i�c�h�e.

1.1 L�a� �n�a�t�u�r�a� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�

I�l �p�r�o�c�e�s�s�o �s�t�o�r�i�c�o �c�h�e �p�o�r�t�ò �a�l�l�a� �s�c�o�p�e�r�t�a� �d�e�l�l�e �l�e�g�g�i� �d�e�l�l�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a� �p�a�s�s�ò �a�t�t�r�a�v�e�r�s�o �m�o�l�t�i� �t�e�n�t�a�t�i�v�i� �e�d� �e�r�r�o�r�i�,
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�p�e�r� �u�n� �p�e�r�i�o�d�o �d�i� �c�i�r�c�a� �m�e�z�z�o �s�e�c�o�l�o. E�s�s�o �c�u�l�m�i�n�ò �c�o�n�
�l�a� �s�c�o�p�e�r�t�a� �f�a�t�t�a� �d�a�l �f�i�s�i�c�o �t�e�d�e�s�c�o R�u�d�o�l�f C�l�a�u�s�i�u�� �d�e�l�l�e
�f�u�n�z�i�o�n�i� �d�i� �s�t�a�t�o �e�n�e�r�g�i�a� �e�d� �e�n�t�r�o�p�i�a�. N�e�l 1865 C�l�a�u�s�i�u��
�r�i�a�s�s�u�n�s�e �c�o�s�ì� �l�e �s�u�e �s�c�o�p�e�r�t�e:

P�e�r� �o�r�a� �m�i� �l�i�m�i�t�o �a�d� �a�n�n�u�n�c�i�a�r�e, �c�o�m�e �r�i�s�u�l�t�a�t�o �d�e�l �m�i�o �a�r�-
�g�o�m�e�n�t�o, �c�h�e �s�e �n�o�i� �p�e�n�s�i�a�m�o �c�h�e �q�u�e�l�l�a� �q�u�a�n�t�i�t�à� �c�h�e �i�o, �i�n�
�r�i�f�e�r�i�m�e�n�t�o �a�d� �u�n� �s�o�l�o �c�o�r�p�o, �h�o �c�h�i�a�m�a�t�o �e�n�t�r�o�p�i�a�, �s�i�a� �s�t�a�t�a�
�e�l�a�b�o�r�a�t�a� �i�n� �m�o�d�o �c�oe�r�e�n�t�e �e �t�e�n�e�n�d�o �c�o�n�t�o �d�i� �t�u�t�t�e �l�e �c�i�r�c�o-
�s�t�a�n�z�e �e �c�h�e �e�s�s�a� �s�i�a� �a�p�p�l�i�c�a�t�a� �a� �t�u�t�t�o �l��u�n�i�v�e�r�s�o; �s�e �l�a�
�u�s�i�a�m�o �i�n�s�i�e�m�e �a�l�l��a�l�t�r�o �p�i�ù� �s�e�m�p�l�i�c�e �c�o�n�c�e�t�t�o �d�i� �e�n�e�r�g�i�a�; �e�b-
�b�e�n�e, �a�l�l�o�r�a� �p�o�s�s�i�a�m�o �e�s�p�r�i�m�e�r�e �i�n� �f�o�r�m�a� �s�e�m�p�l�i�c�e �l�e �l�e�g�g�i�
�f�o�n�d�a�m�e�n�t�a�l�i� �d�e�l�l��u�n�i�v�e�r�s�o �c�h�e �c�o�r�r�i�s�p�o�n�d�o�n�o �a�l�l�e �d�u�e �l�e�g�g�i�
�f�o�n�d�a�m�e�n�t�a�l�i� �d�e�l�l�a� �t�e�o�r�i�a� �d�e�l �c�a�l�o�r�e: 1. L'�e�n�e�r�g�i�a� �d�e�l�l��u�n�i�v�e�r�s�o
�è �c�o�s�t�a�n�t�e. 2. L'�e�n�t�r�o�p�i�a� �d�e�l�l��u�n�i�v�e�r�s�o �t�e�n�d�e �a�d� �u�n� �m�a�s�s�i�m�o.

I�n� �q�u�e�s�t�a� �p�a�r�t�e �p�r�e�s�e�n�t�i�a�m�o �l�e �l�e�g�g�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�
�e �d�e�l�l�e �l�o�r�o �c�o�n�s�e�g�u�e�n�z�e �p�i�ù� �r�i�l�e�v�a�n�t�i� �s�e�g�u�e�n�d�o �l��a�p�p�r�o�c�c�i�o
�d�i� H�e�r�b�e�r�t C�a�l�l�e�n�. H. B. C�a�l�l�e�n�, T�h�e�r�m�o�d�y�n�a�m�i�c��

�a�n�d� �a�n� I �n�t�r�o�d�u�c�t�i�o�n� �t�o T�h�e�r�m�o-
�s�t�a�t�i�s�t�i�c��, II �e�d�i�z�i�o�n�e, J�o�h�n� W�i�l�e�y
& S�o�n�� (1985).

N�e�l�l��i�n�t�r�o�d�u�z�i�o�n�e �a�l �s�u�o �l�i�b�r�o, H�e�r�b�e�r�t C�a�l�l�e�n� �c�o�n�f�r�o�n�t�a�
�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�o�n� �a�l�t�r�e �t�e�o�r�i�e �f�i�s�i�c�h�e, �c�o�m�e �l�a� �m�e�c�c�a�n�i�-
�c�a� �o �l��e�l�e�t�t�r�o�m�a�g�n�e�t�i�s�m�o �e �s�o�s�t�i�e�n�e �c�h�e �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è
�m�o�l�t�o �d�i�v�e�r�s�a�. E�s�s�a� �n�o�n� �g�o�v�e�r�n�a� �u�n�a� �c�l�a�s�s�e �d�e�f�i�n�i�t�a� �d�i� �s�i�-
�s�t�e�m�i� �f�i�s�i�c�i� �n�é �i�n�t�r�o�d�u�c�e �n�u�o�v�e �l�e�g�g�i� �f�o�n�d�a�m�e�n�t�a�l�i� �a�n�a�l�o�g�h�e
�a�l�l�e �e�q�u�a�z�i�o�n�i� �d�i� N�e�w�t�o�n� �o �d�i� M�a�x�w�e�l�l. I �n� �c�o�n�t�r�a�s�t�o �c�o�n� �l�a�
�s�p�e�c�i�f�i�c�i�t�à� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �e �d�e�l�l��e�l�e�t�t�r�o�m�a�g�n�e�t�i�s�m�o, �i�l �m�a�r�c�h�i�o
�d�i� �f�a�b�b�r�i�c�a� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �l�a� �g�e�n�e�r�a�l�i�t�à�. G�e�n�e�r�a�l�i�t�à�
�n�e�l �s�e�n�s�o �c�h�e �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �s�i� �a�p�p�l�i�c�a� �a� �t�u�t�t�i� �i� �t�i�p�i� �d�i�
�s�i�s�t�e�m�i� � �u�n� �s�i�s�t�e�m�a� �t�e�r�m�o�d�i�n�a�m�i�c�o �è �q�u�a�l�s�i�a�s�i� �a�g�g�r�e�g�a�t�o
�d�i� �m�a�t�e�r�i�a� �o �r�a�d�i�a�z�i�o�n�e �a�b�b�a�s�t�a�n�z�a� �g�r�a�n�d�e �d�a� �e�s�s�e�r�e �d�e�s�c�r�i�t-
�t�o �d�a� �p�a�r�a�m�e�t�r�i� �m�a�c�r�o�s�c�o�p�i�c�i� �s�e�n�z�a� �r�i�f�e�r�i�m�e�n�t�o �a�i� �s�i�n�g�o�l�i�
�c�o�s�t�i�t�u�e�n�t�i� �a�t�o�m�i�c�i� �o �s�u�b�a�t�o�m�i�c�i�. G�e�n�e�r�a�l�i�t�à� �n�e�l �s�e�n�s�o �c�h�e �l�a�
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�t�e�r�m�o�d�i�n�a�m�i�c�a� �n�o�n� �p�r�e�d�i�c�e �v�a�l�o�r�i� �n�u�m�e�r�i�c�i� �s�p�e�c�i�f�i�c�i� �p�e�r� �l�e
�q�u�a�n�t�i�t�à� �o�s�s�e�r�v�a�b�i�l�i�, �m�a� �f�i�s�s�a� �d�e�i� �l�i�m�i�t�i� (�s�p�e�s�s�o �s�o�t�t�o �f�o�r�m�a�
�d�i� �d�i�s�u�g�u�a�g�l�i�a�n�z�e) �s�u�i� �p�r�o�c�e�s�s�i� �f�i�s�i�c�i� �c�o�n�s�e�n�t�i�t�i�, �e �s�t�a�b�i�l�i�-
�s�c�e �r�e�l�a�z�i�o�n�i� �t�r�a� �p�r�o�p�r�i�e�t�à� �a�p�p�a�r�e�n�t�e�m�e�n�t�e �n�o�n� �c�o�r�r�e�l�a�t�e.
M�e�n�t�r�e �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �n�o�n� �è �b�a�s�a�t�a� �s�u� �u�n�a� �n�u�o�v�a� �e
�p�a�r�t�i�c�o�l�a�r�e �l�e�g�g�e �d�i� �n�a�t�u�r�a�, �e�s�s�a� �r�i�f�l�e�t�t�e �p�i�u�t�t�o�s�t�o �u�n�a� �c�o-
�m�u�n�a�n�z�a� �o �u�n�a� �c�a�r�a�t�t�e�r�i�s�t�i�c�a� �u�n�i�v�e�r�s�a�l�e �d�i� �t�u�t�t�e �l�e �l�e�g�g�i�.
S�c�r�i�v�e C�a�l�l�e�n�:

L�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �l�o �s�t�u�d�i�o �d�e�l�l�e �r�e�s�t�r�i�z�i�o�n�i� �s�u�l�l�e
�p�o�s�s�i�b�i�l�i� �p�r�o�p�r�i�e�t�à� �d�e�l�l�a� �m�a�t�e�r�i�a� �c�h�e �d�e�r�i�v�a�n�o �d�a�l�l�e
�p�r�o�p�r�i�e�t�à� �d�i� �s�i�m�m�e�t�r�i�a� �d�e�l�l�e �l�e�g�g�i� �f�o�n�d�a�m�e�n�t�a�l�i� �d�e�l�l�a�
�f�i�s�i�c�a�.

S�i�m�m�e�t�r�i�a� �d�e�l�l�e �l�e�g�g�i� S�i� �d�i�c�e �c�h�e �u�n�a� �l�e�g�g�e �d�e�l�l�a� �f�i�s�i�-
�c�a� �è �s�i�m�m�e�t�r�i�c�a� �p�e�r� �u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �d�i� �s�i�m�m�e�t�r�i�a� �s�e
�l�a� �f�o�r�m�a� �f�u�n�z�i�o�n�a�l�e �d�e�l�l�a� �l�e�g�g�e �è �i�n�v�a�r�i�a�n�t�e �r�i�s�p�e�t�t�o �a�l-
�l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e. A�d� �e�s�e�m�p�i�o, �l�a� �l�e�g�g�e �d�e�l�l�a� �d�i�n�a�m�i�c�a� �d�i�
N�e�w�t�o�n�,

m
d2r
dt2 = F(r)

�è �s�i�m�m�e�t�r�i�c�a� �r�i�s�p�e�t�t�o �a�l�l��i�n�v�e�r�s�i�o�n�e �t�e�m�p�o�r�a�l�e t → t′ =

−t �p�e�r� �u�n� �s�i�s�t�e�m�a� �i�n� �c�u�i� �l�a� �f�o�r�z�a� �è �f�u�n�z�i�o�n�e �d�e�l�l�a� �s�o�l�a�
�p�o�s�i�z�i�o�n�e.

1.2 S�i�m�m�e�t�r�i�a� �e �l�e�g�g�i� �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e

E�u�g�e�n�e W�i�g�n�e�r� (1902-1995) �h�a� �s�u�g�g�e�r�i�t�o �c�h�e �i�l �r�a�p�p�o�r�t�o
�t�r�a� �p�r�o�p�r�i�e�t�à� �d�i� �s�i�m�m�e�t�r�i�a� �e �l�e �l�e�g�g�i� �d�i� �n�a�t�u�r�a� �è �s�t�r�e�t�t�a�-
�m�e�n�t�e �a�n�a�l�o�g�o �a�l�l�a� �r�e�l�a�z�i�o�n�e �t�r�a� �l�e�g�g�i� �d�i� �n�a�t�u�r�a� �e �s�i�n�g�o�l�i�
�e�v�e�n�t�i�: �i� �p�r�i�n�c�i�p�i� �d�i� �s�i�m�m�e�t�r�i�a�, �s�e�c�o�n�d�o W�i�g�n�e�r�, �f�o�r�n�i�s�c�o�n�o
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�u�n�a� �s�t�r�u�t�t�u�r�a� �o �c�oe�r�e�n�z�a� �a�l�l�e �l�e�g�g�i� �d�e�l�l�a� �n�a�t�u�r�a�, �c�o�s�ì� �c�o�m�e
�l�e �l�e�g�g�i� �d�e�l�l�a� �n�a�t�u�r�a� �f�o�r�n�i�s�c�o�n�o �u�n�a� �s�t�r�u�t�t�u�r�a� �o �c�oe�r�e�n�z�a�
�a�l�l��i�n�s�i�e�m�e �d�e�g�l�i� �e�v�e�n�t�i�.

U�n�a� �c�o�n�s�e�g�u�e�n�z�a� �f�i�s�i�c�a� �d�i� �v�a�s�t�a� �p�o�r�t�a�t�a� �d�e�l�l�a� �s�i�m�m�e�t�r�i�a�
�è �f�o�r�m�u�l�a�t�a� �n�e�l �t�e�o�r�e�m�a� �d�i� N�oe�t�h�e�r�. I�l �t�e�o�r�e�m�a� �a�s�s�e�r�i�s�c�e �c�h�e
�o�g�n�i� �s�i�m�m�e�t�r�i�a� �c�o�n�t�i�n�u�a� �d�e�l �c�o�m�p�o�r�t�a�m�e�n�t�o �d�i�n�a�m�i�c�o �d�i� �u�n�
�s�i�s�t�e�m�a� (�c�i�o�è, �d�e�l�l��e�q�u�a�z�i�o�n�e �d�i�n�a�m�i�c�a� �e �d�e�l �p�o�t�e�n�z�i�a�l�e �m�e�c�c�a�-
�n�i�c�o) �i�m�p�l�i�c�a� �u�n�a� �l�e�g�g�e �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �p�e�r� �q�u�e�l �s�i�s�t�e�m�a�.

E�s�e�m�p�l�i�f�i�c�a�z�i�o�n�e �d�e�l �t�e�o�r�e�m�a�
�d�i� N�oe�t�h�e�r�. L'�e�q�u�a�z�i�o�n�e �d�i�n�a�-
�m�i�c�a� �p�e�r� �i�l �m�o�t�o �d�e�l �c�e�n�t�r�o �d�i�
�m�a�s�s�a� �d�e�l �p�u�n�t�o �q�u�a�l�s�i�a�s�i� �s�i�s�t�e-
�m�a� �m�a�t�e�r�i�a�l�e �è �l�e�g�g�e �d�i� N�e�w�t�o�n�.
S�e �l�a� �f�o�r�z�a� �e�s�t�e�r�n�a� �n�o�n� �d�i�p�e�n�d�e
�l�a� �c�o�o�r�d�i�n�a�t�a� x, �a�l�l�o�r�a� �s�i�a� �i�l �p�o-
�t�e�n�z�i�a�l�e �s�i�a� �l��e�q�u�a�z�i�o�n�e �d�i�n�a�m�i�c�a�
�s�o�n�o �s�i�m�m�e�t�r�i�c�h�e �p�e�r� �t�r�a�s�l�a�z�i�o-
�n�e �s�p�a�z�i�a�l�e �p�a�r�a�l�l�e�l�a� �a�l�l��a�s�s�e
x. L�a� �q�u�a�n�t�i�t�à� �c�h�e �è �c�o�n�s�e�r�v�a�t�a�
�c�o�m�e �c�o�n�s�e�g�u�e�n�z�a� �d�i� �q�u�e�s�t�a� �s�i�m�-
�m�e�t�r�i�a� �è �l�a� �c�o�m�p�o�n�e�n�t�e x �d�e�l�l�a�
�q�u�a�n�t�i�t�à� �d�i� �m�o�t�o. L�a� �s�i�m�m�e�t�r�i�a�
�p�e�r� �r�o�t�a�z�i�o�n�i� �i�n�t�o�r�n�o �a�l�l��a�s�s�e z

�i�m�p�l�i�c�a� �l�a� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l-
�l�a� �c�o�m�p�o�n�e�n�t�e z �d�e�l �m�o�m�e�n�t�o
�a�n�g�o�l�a�r�e.

D�i� �e�n�o�r�m�e �s�i�g�n�i�f�i�c�a�t�o �p�e�r� �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �l�a� �s�i�m�m�e-
�t�r�i�a� �d�e�l�l�e �l�e�g�g�i� �d�i�n�a�m�i�c�h�e �p�e�r� �t�r�a�s�l�a�z�i�o�n�e �t�e�m�p�o�r�a�l�e. C�i�o�è,
�l�e �l�e�g�g�i� �d�i�n�a�m�i�c�h�e �f�o�n�d�a�m�e�n�t�a�l�i� �d�e�l�l�a� �f�i�s�i�c�a� (�c�o�m�e �l�a� �l�e�g-
�g�e �d�i� N�e�w�t�o�n�, �l�e �e�q�u�a�z�i�o�n�i� �d�i� M�a�x�w�e�l�l, �e �l��e�q�u�a�z�i�o�n�e �d�i�
S�c�h�r�ö�d�i�n�g�e�r�) �s�o�n�o �l�a�s�c�i�a�t�e �i�n�v�a�r�i�a�t�e �d�a�l�l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e
t → t′ = t + τ (�c�i�o�è, �d�a� �u�n�o �s�p�o�s�t�a�m�e�n�t�o �d�e�l�l��o�r�i�g�i�n�e �d�e�l-
�l�a� �s�c�a�l�a� �d�i� �t�e�m�p�o). S�e �i�l �p�o�t�e�n�z�i�a�l�e �e�s�t�e�r�n�o �è �i�n�d�i�p�e�n�d�e�n�t�e
�d�a�l �t�e�m�p�o, �i�l �t�e�o�r�e�m�a� �d�i� N�oe�t�h�e�r� �p�r�e�d�i�c�e �l��e�s�i�s�t�e�n�z�a� �d�i� �u�n�a�
�q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�a�. L�a� �q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�a� �v�i�e�n�e �c�h�i�a�m�a�-
�t�a� �e�n�e�r�g�i�a�. C�o�m�p�r�e�n�d�e�n�d�o �u�n� �s�i�s�t�e�m�a� �m�a�c�r�o�s�c�o�p�i�c�o �c�o�m�e
�u�n� �a�g�g�l�o�m�e�r�a�t�o �d�i� �u�n� �e�n�o�r�m�e �n�u�m�e�r�o �d�i� �e�l�e�t�t�r�o�n�i� �e �n�u�c�l�e�i�,
�c�h�e �i�n�t�e�r�a�g�i�s�c�o�n�o �t�r�a� �l�o�r�o �m�e�d�i�a�n�t�e �f�o�r�z�e �a� �c�u�i� �s�i� �a�p�p�l�i�c�a� �i�l
�p�r�i�n�c�i�p�i�o �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a�, �p�o�s�s�i�a�m�o �c�o�n�c�l�u�d�e�r�e
�c�h�e:

I �s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o�p�i�c�i� �h�a�n�n�o �e�n�e�r�g�i�e �d�e�f�i�n�i�t�e �e
�p�r�e�c�i�s�e, �c�o�n� �u�n� �p�r�i�n�c�i�p�i�o �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�f�i�n�i�t�o.

A�c�c�e�t�t�i�a�m�o �c�o�s�ì� �l��e�s�i�s�t�e�n�z�a� �p�e�r� �u�n� �s�i�s�t�e�m�a� �t�e�r�m�o�d�i�n�a�m�i�-
�c�o �d�i� �u�n�a� �f�u�n�z�i�o�n�e �d�i� �s�t�a�t�o �e�n�e�r�g�i�a� �c�o�m�e �l�a� �m�a�n�i�f�e�s�t�a�z�i�o�n�e
�m�a�c�r�o�s�c�o�p�i�c�a� �d�i� �u�n�a� �l�e�g�g�e �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �m�i�c�r�o�s�c�o�p�i�c�a�,
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�v�e�r�i�f�i�c�a�t�a� �s�p�e�r�i�m�e�n�t�a�l�m�e�n�t�e �c�o�n� �e�s�t�r�e�m�a� �p�r�e�c�i�s�i�o�n�e. L'�e�s�i�-
�s�t�e�n�z�a� �d�i� �u�n�a� �t�a�l�e �f�u�n�z�i�o�n�e �è �i�l �c�o�n�t�e�n�u�t�o �d�e�l�l�a� �p�r�i�m�a� �l�e�g�g�e
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�, �c�h�e �s�o�l�i�t�a�m�e�n�t�e �è �e�n�u�n�c�i�a�t�a� �n�e�l �s�e�g�u�e�n�t�e
�m�o�d�o. S�i�s�t�e�m�a� �i�s�o�l�a�t�o. U�n� �s�i�s�t�e�m�a� �è

�d�e�t�t�o �i�s�o�l�a�t�o �s�e �n�o�n� �s�c�a�m�b�i�a� �n�é
�e�n�e�r�g�i�a� �n�é �m�a�s�s�a� �c�o�n� �l��a�m�b�i�e�n�t�e
�e�s�t�e�r�n�o.

P�e�r� �o�g�n�i� �s�i�s�t�e�m�a� �e�s�i�s�t�e �u�n�a� �f�u�n�z�i�o�n�e �d�i� �s�t�a�t�o, �d�e�t-
�t�a� �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �c�h�e �è �c�o�s�t�a�n�t�e �p�e�r� �u�n� �s�i�s�t�e�m�a�
�i�s�o�l�a�t�o �e �i�n� �q�u�i�e�t�e.

S�o�l�o �d�i�f�f�e�r�e�n�z�e �d�i� �e�n�e�r�g�i�a�, �i�n�v�e�c�e �c�h�e �v�a�l�o�r�i� �a�s�s�o�l�u�t�i� �d�e�l�l�a�
�e�n�e�r�g�i�a�, �h�a�n�n�o �s�i�g�n�i�f�i�c�a�t�o �f�i�s�i�c�o, �s�i�a� �a� �l�i�v�e�l�l�o �a�t�o�m�i�c�o �o �i�n�
�s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o�p�i�c�i�. È �c�o�n�v�e�n�z�i�o�n�a�l�e �p�e�r�t�a�n�t�o �a�d�o�t�t�a�r�e �u�n� P�r�o�p�r�i�e�t�à� �i�n�t�e�n�s�i�v�e �e�d� �e�s�t�e�n�-

�s�i�v�e. U�n�a� �p�r�o�p�r�i�e�t�à� �i�n�t�e�n�s�i�v�a�
�è �u�n�a� �p�r�o�p�r�i�e�t�à� �d�i� �m�a�s�s�a� (�d�i�
`̀ �b�u�l�k''), �n�e�l �s�e�n�s�o �c�h�e �n�o�n� �d�i�p�e�n�-
�d�e �d�a�l�l�e �d�i�m�e�n�s�i�o�n�i� �d�e�l �s�i�s�t�e�m�a�
�o �d�a�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�a�t�e�r�i�a�l�e �a�l-
�l��i�n�t�e�r�n�o �d�e�l �s�i�s�t�e�m�a�. P�e�r� �c�o�n�t�r�o,
�u�n�a� �p�r�o�p�r�i�e�t�à� �e�s�t�e�n�s�i�v�a� �è �a�d�d�i�-
�t�i�v�a� �s�u�i� �s�o�t�t�o�s�i�s�t�e�m�i� �e �p�r�o�p�o�r�-
�z�i�o�n�a�l�e �a�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�a�t�e�r�i�a�l�e
�a�l�l��i�n�t�e�r�n�o �d�e�l �s�i�s�t�e�m�a�.

�q�u�a�l�c�h�e �p�a�r�t�i�c�o�l�a�r�e �s�t�a�t�o �d�i� �u�n� �s�i�s�t�e�m�a� �c�o�m�e �s�t�a�t�o �d�i� �r�i�f�e�r�i�-
�m�e�n�t�o, �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�e�l �q�u�a�l�e �è �a�r�b�i�t�r�a�r�i�a�m�e�n�t�e �a�s�s�u�n�t�a�
�c�o�m�e �z�e�r�o. L'�e�n�e�r�g�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �q�u�a�l�s�i�a�s�i� �a�l�t�r�o �s�t�a�t�o,
�r�i�s�p�e�t�t�o �a�l�l��e�n�e�r�g�i�a� �d�e�l�l�a� �s�i�s�t�e�m�a� �n�e�l�l�o �s�t�a�t�o �d�i� �r�i�f�e�r�i�m�e�n�t�o,
�v�i�e�n�e �q�u�i�n�d�i� �c�h�i�a�m�a�t�o �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�e�l �s�i�-
�s�t�e�m�a� �i�n� �q�u�e�l�l�o �s�t�a�t�o �e �d�e�n�o�t�a�t�a� �c�o�n� U. C�o�m�e �i�l �v�o�l�u�m�e V �e
�i�l �n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e N, �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U �è �u�n� �p�a�r�a�m�e�t�r�o
�t�e�r�m�o�d�i�n�a�m�i�c�o �e�s�t�e�n�s�i�v�o.

1.3 G�e�n�e�r�a�l�i�z�z�a�z�i�o�n�e �d�e�l�l�a� �p�r�i�m�a� �l�e�g�g�e

N�e�l�l��a�n�c�o�r�a�r�e �l�a� �p�r�i�m�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �a�l�l�a� �s�i�m�-
�m�e�t�r�i�a� �p�e�r� �t�r�a�s�l�a�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�e�l�l�e �l�e�g�g�i� �f�i�s�i�c�h�e �f�o�n�d�a�-
�m�e�n�t�a�l�i�, �a�p�r�i�a�m�o �i�m�m�e�d�i�a�t�a�m�e�n�t�e �l�a� �p�o�r�t�a� �a�d� �u�n�a� �s�u�a� �n�a�t�u�-
�r�a�l�e �g�e�n�e�r�a�l�i�z�z�a�z�i�o�n�e. C�i� �s�o�n�o �i�n�f�a�t�t�i� �s�e�t�t�e �i�n�t�e�g�r�a�l�i� �p�r�i�m�i�
�d�e�l �m�o�t�o. Q�u�e�s�t�i� �s�e�t�t�e �g�r�a�n�d�e�z�z�e �c�o�n�s�e�r�v�a�t�e �s�o�n�o �l��e�n�e�r�g�i�a�,
�l�e �t�r�e �c�o�m�p�o�n�e�n�t�i� �d�e�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o, �e �l�e �t�r�e �c�o�m�p�o-
�n�e�n�t�i� �d�e�l �m�o�m�e�n�t�o �a�n�g�o�l�a�r�e, �e �s�e�g�u�o�n�o �i�n� �m�o�d�o �a�n�a�l�o�g�o �d�a�l�l�e
�s�i�m�m�e�t�r�i�e �p�e�r� �t�r�a�s�l�a�z�i�o�n�i� �s�p�a�z�i�o-�t�e�m�p�o�r�a�l�i� �p�e�r� �r�o�t�a�z�i�o�n�e.
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P�e�r�c�h�é, �a�l�l�o�r�a�, �l��e�n�e�r�g�i�a� �s�e�m�b�r�a� �a�v�e�r�e �u�n� �r�u�o�l�o �p�r�i�v�i�l�e�g�i�a�t�o
�n�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a?

L�a� �r�i�s�p�o�s�t�a� �è �c�h�e �q�u�e�s�t�o �p�r�i�v�i�l�e�g�i�o �è �p�u�r�a�m�e�n�t�e �c�o�n�v�e�n�-
�z�i�o�n�a�l�e �e, �i�n� �e�f�f�e�t�t�i�, �o�s�c�u�r�a� �l�a� �v�e�r�a� �n�a�t�u�r�a� �d�e�l�l�a� �p�r�i�m�a� �l�e�g-
�g�e. Q�u�e�s�t�a� �a�s�i�m�e�t�r�i�a� �e�m�e�r�g�e �q�u�a�n�d�o �s�i� �l�i�m�i�t�a� �l��a�t�t�e�n�z�i�o�n�e �a�
�s�i�s�t�e�m�i� �c�h�e �s�o�n�o �m�a�c�r�o�s�c�o�p�i�c�a�m�e�n�t�e �s�t�a�z�i�o�n�a�r�i�, �n�e�l �q�u�a�l �c�a�s�o
�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �e �i�l �m�o�m�e�n�t�o �a�n�g�o�l�a�r�e �s�o�n�o �a�r�b�i�t�r�a�r�i�a�-
�m�e�n�t�e �p�o�s�t�i� �u�g�u�a�l�i� �a� �z�e�r�o �e �n�o�n� �c�o�m�p�a�i�o�n�o �n�e�l�l��a�n�a�l�i�s�i�. L�a�
�c�o�r�r�e�t�t�a� �f�o�r�m�u�l�a�z�i�o�n�e �d�e�l�l�a� �p�r�i�m�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�
�è �l�a� �s�i�m�m�e�t�r�i�a� �d�e�l�l�e �l�e�g�g�i� �d�e�l�l�a� �f�i�s�i�c�a� �r�i�s�p�e�t�t�o �a� �t�r�a�s�l�a�z�i�o-
�n�i� �s�p�a�z�i�o-�t�e�m�p�o�r�a�l�i� �e �r�o�t�a�z�i�o�n�i�, �e �l�a� �c�o�n�s�e�g�u�e�n�t�e �e�s�i�s�t�e�n�z�a�
�d�e�l�l�e �f�u�n�z�i�o�n�i� �d�i� �s�t�a�t�o (�c�o�n�s�e�r�v�a�t�e �p�e�r� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�-
�t�o) �e�n�e�r�g�i�a� E, �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o P, �e �m�o�m�e�n�t�o �a�n�g�o�l�a�r�e J. (G�l�i�
�a�s�t�r�o�f�i�s�i�c�i�, �c�h�e �a�p�p�l�i�c�a�n�o �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �a�l�l�e �g�a�l�a�s�s�i�e �r�o-
�t�a�n�t�i�, �s�o�n�o �a�b�b�a�s�t�a�n�z�a� �f�a�m�i�l�i�a�r�i� �c�o�n� �q�u�e�s�t�a� �f�o�r�m�u�l�a�z�i�o�n�e
�p�i�ù� �c�o�m�p�l�e�t�a� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�.)

1.4 S�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o

Q�u�a�n�d�o �p�r�e�n�d�i�a�m�o �u�n�a� �b�o�t�t�i�g�l�i�a� �d�'�a�c�q�u�a� �d�a�l �f�r�i�g�o�r�i�f�e�r�o, �e��-
�s�a� �h�a� �i�n�i�z�i�a�l�m�e�n�t�e �h�a� �u�n�a� �t�e�m�p�e�r�a�t�u�r�a� �i�n�f�e�r�i�o�r�e �a� �q�u�e�l�l�a�
�d�e�l�l��a�m�b�i�e�n�t�e, �m�a� �d�o�p�o �u�n� �c�e�r�t�o �t�e�m�p�o �s�i� �p�o�r�t�a� �a�l�l�a� �s�t�e�s�s�a�
�t�e�m�p�e�r�a�t�u�r�a� �d�e�l�l��a�m�b�i�e�n�t�e, �d�i�c�i�a�m�o 250 C. S�e �a�v�e�s�s�i�m�o �i�n�i�-
�z�i�a�l�m�e�n�t�e �r�i�s�c�a�l�d�a�t�o �l�a� �s�t�e�s�s�a� �q�u�a�n�t�i�t�à� �d�'�a�c�q�u�a� �a� 900 C �e
�p�o�i� �l��a�v�e�s�s�i�m�o �f�a�t�t�a� �r�a�f�f�r�e�d�d�a�r�e �a� 250 C �a�v�r�e�m�m�o �o�t�t�e�n�u�t�o
�d�e�l�l��a�c�q�u�a� �n�e�l�l�o �s�t�e�s�s�o �s�t�a�t�o �m�a�c�r�o�s�c�o�p�i�c�o. Q�u�e�s�t�a� �s�i�t�u�a�z�i�o�n�e
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�è �d�e�l �t�u�t�t�o �g�e�n�e�r�a�l�e.

I�n� �t�u�t�t�i� �i� �s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o�p�i�c�i� �c'�è �l�a� �t�e�n�d�e�n�z�a� �a�
�e�v�o�l�v�e�r�e �v�e�r�s�o �s�t�a�t�i� �i�n� �c�u�i� �l�e �p�r�o�p�r�i�e�t�à� �s�o�n�o �d�e-
�t�e�r�m�i�n�a�t�e �d�a� �f�a�t�t�o�r�i� �i�n�t�r�i�n�s�e�c�i� �e �n�o�n� �d�a� �i�n�f�l�u�e�n�z�e
�e�s�t�e�r�n�e �p�r�e�c�e�d�e�n�t�e�m�e�n�t�e �a�p�p�l�i�c�a�t�e. Q�u�e�s�t�i� �s�t�a�t�i� �s�o�n�o
�t�a�l�i� �c�h�e �c�h�e, �p�e�r� �q�u�a�n�t�o �s�i� �a�s�p�e�t�t�a�, �n�o�n� �s�i� �o�s�s�e�r�-
�v�a� �n�e�s�s�u�n� �c�a�m�b�i�a�m�e�n�t�o �u�l�t�e�r�i�o�r�e, �e �s�o�n�o �q�u�i�n�d�i�, �p�e�r�
�d�e�f�i�n�i�z�i�o�n�e, �i�n�d�i�p�e�n�d�e�n�t�i� �d�a�l �t�e�m�p�o. E�s�s�i� �s�o�n�o �d�e�t�t�i�
�s�t�a�t�i� �d�'�e�q�u�i�l�i�b�r�i�o.

È �u�n� �f�a�t�t�o �e�m�p�i�r�i�c�o �c�h�e �g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �p�o�s�s�o�n�o
�e�s�s�e�r�e �d�e�s�c�r�i�t�t�i� �i�n� �m�a�n�i�e�r�a� �i�n�c�r�e�d�i�b�i�l�m�e�n�t�e �s�e�m�p�l�i�c�e. I�l �l�i�-
�t�r�o �d�'�a�c�q�u�a� �s�i� �t�r�o�v�a� �i�n� �u�n�o �s�t�a�t�o �d�i� �q�u�e�s�t�o �t�i�p�o. I �n� �q�u�a�l�c�h�e
�m�o�d�o, �t�r�a� �l�e 1025 �c�o�o�r�d�i�n�a�t�e �a�t�o�m�i�c�h�e, �o �f�u�n�z�i�o�n�i� �d�i� �e�s�s�e,
�q�u�a�s�i� �t�u�t�t�e �e�c�c�e�t�t�o �u�n� �n�u�m�e�r�o �m�o�l�t�o �r�i�s�t�r�e�t�t�o �s�o�n�o �m�a�c�r�o-
�s�c�o�p�i�c�a�m�e�n�t�e �i�r�r�i�l�e�v�a�n�t�i� �q�u�a�n�d�o �l��a�c�q�u�a� �è �i�n� �u�n�o �s�t�a�t�o �d�i�
�e�q�u�i�l�i�b�r�i�o.

N�o�t�a� �s�u�l�l��e�q�u�i�l�i�b�r�i�o Q�u�a�n�d�o �u�n� �s�i�s�t�e�m�a� �è �i�n� �u�n�o �s�t�a�t�o
�d�i� �e�q�u�i�l�i�b�r�i�o �i� �s�u�o�i� �p�a�r�a�m�e�t�r�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �s�o�n�o �c�o�s�t�a�n�t�i�
�i�n� �s�e�n�s�o �m�a�c�r�o�s�c�o�p�i�c�o. T�u�t�t�a�v�i�a�, �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o
�n�o�n� �r�i�c�h�i�e�d�e �c�h�e �t�u�t�t�i� �i� �p�a�r�a�m�e�t�r�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �s�i�a�n�o �r�i�g�o�r�o-
�s�a�m�e�n�t�e �i�n�d�i�p�e�n�d�e�n�t�i� �d�a�l �t�e�m�p�o �i�n� �s�e�n�s�o �s�t�r�e�t�t�o. Q�u�a�l�s�i�a�s�i�
�s�i�s�t�e�m�a� �t�e�r�m�o�d�i�n�a�m�i�c�o �è �c�o�m�p�o�s�t�o �d�a� �u�n� �v�a�s�t�o �n�u�m�e�r�o �d�i�
�c�o�s�t�i�t�u�e�n�t�i� �m�i�c�r�o�s�c�o�p�i�c�i� �i�n� �c�o�s�t�a�n�t�e �m�o�v�i�m�e�n�t�o. I �p�a�r�a�m�e�t�r�i�
�t�e�r�m�o�d�i�n�a�m�i�c�i� �s�o�n�o �m�e�d�i�e �m�a�c�r�o�s�c�o�p�i�c�h�e �d�e�l �m�o�v�i�m�e�n�t�o �m�i�c�r�o-
�s�c�o�p�i�c�o �e, �q�u�i�n�d�i�, �m�o�s�t�r�a�n�o �o�s�c�i�l�l�a�z�i�o�n�i� �p�e�r�p�e�t�u�e. T�u�t�t�a�v�i�a�,
�l�e �g�r�a�n�d�e�z�z�e �r�e�l�a�t�i�v�e �d�i� �q�u�e�s�t�e �f�l�u�t�t�u�a�z�i�o�n�i� �s�o�n�o �t�r�a�s�c�u�r�a�-
�b�i�l�e �p�e�r� �i� �s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o�p�i�c�i� (�t�r�a�n�n�e �i�n� �p�r�o�s�s�i�m�i�t�à� �d�i�
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�t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e).

1.5 P�r�i�m�o �p�o�s�t�u�l�a�t�o �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�

L�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�e�r�c�a� �d�i� �d�e�s�c�r�i�v�e�r�e �g�l�i� �s�t�a�t�i� �s�e�m�p�l�i�c�i� �d�i�
�e�q�u�i�l�i�b�r�i�o �i�n� �c�u�i� �e�v�o�l�v�o�n�o �i� �s�i�s�t�e�m�i� �f�i�s�i�c�i� �d�o�p�o �u�n� �t�e�m�p�o
�p�i�ù� �o �m�e�n�o �l�u�n�g�h�i�. P�e�r� �c�o�n�v�e�r�t�i�r�e �q�u�e�s�t�a� �a�f�f�e�r�m�a�z�i�o�n�e �i�n�
�u�n� �p�o�s�t�u�l�a�t�o �f�o�r�m�a�l�e �e �p�r�e�c�i�s�o, �d�o�b�b�i�a�m�o �p�r�i�m�a� �r�i�c�o�n�o�s�c�e-
�r�e �c�h�e �u�n� �c�r�i�t�e�r�i�o �a�d�e�g�u�a�t�o �d�i� �s�e�m�p�l�i�c�i�t�à� �è �l�a� �p�o�s�s�i�b�i�l�i�t�à�
�d�i� �d�e�s�c�r�i�z�i�o�n�e �i�n� �t�e�r�m�i�n�i� �d�i� �u�n� �p�i�c�c�o�l�o �n�u�m�e�r�o �d�i� �v�a�r�i�a�b�i�-
�l�i�. S�e�g�u�e�n�d�o �l�a� �t�r�a�t�t�a�z�i�o�n�e �d�i� C�a�l�l�e�n�, �a�d�o�t�t�i�a�m�o �i�l �s�e�g�u�e�n�t�e
�p�o�s�t�u�l�a�t�o.

P�o�s�t�u�l�a�t�o I. E�s�i�s�t�o�n�o �p�a�r�t�i�c�o�l�a�r�i� �s�t�a�t�i�, �c�h�i�a�m�a�t�i� �s�t�a�-
�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o, �c�h�e, �m�a�c�r�o�s�c�o�p�i�c�a�m�e�n�t�e, �s�o�n�o �c�o�m�p�l�e-
�t�a�m�e�n�t�e �c�a�r�a�t�t�e�r�i�z�z�a�t�i� �d�a�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U �e �d�a�
�u�n� �i�n�s�i�e�m�e �o�p�p�o�r�t�u�n�o �d�i� �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e Y1, . . . YK.

1.6 S�i�s�t�e�m�i� �s�e�m�p�l�i�c�i�

U�n� �s�i�s�t�e�m�a� �è �d�e�t�t�o �s�e�m�p�l�i�c�e �s�e �è �m�a�c�r�o�s�c�o�p�i�c�a�m�e�n�t�e �o�m�o-
�g�e�n�e�o �e �i�s�o�t�r�o�p�o, �c�h�i�m�i�c�a�m�e�n�t�e �i�n�e�r�t�e �e �e�l�e�t�t�r�i�c�a�m�e�n�t�e �n�e�u�t�r�o.
N�e �è �u�n� �e�s�e�m�p�i�o �i�l �f�l�u�i�d�o �s�e�m�p�l�i�c�e (�c�o�n� �u�n� �s�o�l�o �c�o�m�p�o�n�e�n�t�e
�c�h�i�m�i�c�o), �p�e�r� �i�l �q�u�a�l�e �l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �s�o�n�o �l��e�n�e�r�g�i�a� �i�n�-
�t�e�r�n�a� U, �i�l �v�o�l�u�m�e V �e �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e N. U�n� �a�l�t�r�o
�e�s�e�m�p�i�o �r�i�l�e�v�a�n�t�e �è �i�l �f�l�u�i�d�o �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i�, �p�e�r� �i�l �q�u�a�l�e
�o�c�c�o�r�r�e �s�p�e�c�i�f�i�c�a�r�e �o�l�t�r�e �a� �e�n�e�r�g�i�a� U �e �v�o�l�u�m�e V �l�a� �c�o�m�p�o-
�s�i�z�i�o�n�e �c�h�i�m�i�c�a� N = (N1, N2, . . . , Nr), �d�o�v�e Nk, k = 1, . . . , r �è
�i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �d�e�l�l�a� k-�e�s�i�m�a� �s�p�e�c�i�e �c�h�i�m�i�c�a� �e r �è �i�l
�n�u�m�e�r�o �d�i� �s�p�e�c�i�e �c�h�i�m�i�c�h�e �c�h�e �c�o�m�p�o�n�g�o�n�o �i�l �f�l�u�i�d�o.
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L�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �d�i� �u�n� �s�i�s�t�e�m�a� �s�e�m�p�l�i�c�e �s�a�r�a�n�n�o
�c�o�l�l�e�t�t�i�v�a�m�e�n�t�e �d�e�n�o�t�a�t�e �c�o�n� Y = (Y0, Y), �d�o�v�e Y0 = U. P�e�r� �u�n�
�f�l�u�i�d�o �s�e�m�p�l�i�c�e Y = (V, N), �p�e�r� �u�n� �f�l�u�i�d�o �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i�,
Y = (V, N). S�e f = f (Y) �è �u�n�a� �f�u�n�z�i�o�n�e �s�c�a�l�a�r�e �d�i� Y = (U, Y),
�i�l �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� f �è

d f =
∂ f
∂Y
· dY =

∂ f
∂U

dU +
∂ f
∂Y
· dY .

N�u�m�e�r�i� �m�o�l�a�r�i� �e �n�u�m�e�r�i� �d�i� �p�a�r�t�i�c�e�l�l�e I �n� �t�e�r�m�o�d�i�n�a�m�i�-
�c�a�, �i� �n�u�m�e�r�i� �d�i� �p�a�r�t�i�c�e�l�l�e �s�o�n�o �s�o�l�i�t�a�m�e�n�t�e �m�i�s�u�r�a�t�i� �i�n� �t�e�r�-
�m�i�n�i� �d�i� �n�u�m�e�r�i� N �d�i� �m�o�l�i�, �e�s�s�e�n�d�o �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �d�i�
�u�n�a� �m�o�l�e �i�l �n�u�m�e�r�o �d�i� A�v�o�g�a�d�r�o NA = 6.022141× 1023 �m�o�l−1,
�p�e�r� �c�u�i� N = NNA �è �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �d�i� �u�n� �s�i�s�t�e�m�a�
�c�h�e �c�o�n�t�i�e�n�e N �m�o�l�i�. L�e �q�u�a�n�t�i�t�à� �c�h�e �s�o�n�o �e�s�p�r�e�s�s�e �p�e�r� �u�n�i�-
�t�à� �d�i� �m�a�s�s�a� �s�o�n�o �d�e�s�c�r�i�t�t�e �c�o�m�e �s�p�e�c�i�f�i�c�h�e, �m�e�n�t�r�e �q�u�a�n�t�i�t�à�
�s�i�m�i�l�i� �e�s�p�r�e�s�s�e �p�e�r� �m�o�l�e �s�o�n�o �d�e�s�c�r�i�t�t�e �c�o�m�e �m�o�l�a�r�i�. P�e�r�
�e�s�e�m�p�i�o, �i� �c�a�l�o�r�i� �s�p�e�c�i�f�i�c�i� (�m�o�l�a�r�i�) �m�i�s�u�r�a�n�o �l�a� �q�u�a�n�t�i�t�à� �d�i�
�c�a�l�o�r�e �n�e�c�e�s�s�a�r�i�a� �p�e�r� �i�n�n�a�l�z�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�i� �u�n� �g�r�a�m�-
�m�o (�m�o�l�e) �d�i� �m�a�t�e�r�i�a�l�e �d�i� �u�n� �g�r�a�d�o �i�n� �d�e�t�e�r�m�i�n�a�t�e �c�o�n�d�i�z�i�o�n�i�,
�c�o�m�e �v�o�l�u�m�e �c�o�s�t�a�n�t�e �o �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e.

1.7 P�a�r�e�t�i�, S�i�s�t�e�m�i� �c�o�m�p�o�s�t�i� �e �v�i�n�c�o�l�i�

L�a� �s�p�e�c�i�f�i�c�a�z�i�o�n�e �c�o�m�p�l�e�t�a� �d�i� �u�n� �s�i�s�t�e�m�a� �r�i�c�h�i�e�d�e �u�n�a� �d�e-
�s�c�r�i�z�i�o�n�e �n�o�n� �s�o�l�o �d�e�l �s�u�o �c�o�n�t�e�n�u�t�o, �m�a� �a�n�c�h�e �d�e�l�l�e �p�a�r�e�t�i�
(�r�e�a�l�i� �o �i�m�m�a�g�i�n�a�r�i�e) �c�h�e �l�o �s�e�p�a�r�a�n�o �d�a�l�l��a�m�b�i�e�n�t�e �e�s�t�e�r�n�o
�e �d�e�l�l�e �i�n�t�e�r�a�z�i�o�n�i� �c�o�n� �l��a�m�b�i�e�n�t�e �c�o�n�s�e�n�t�i�t�e �d�a�l�l�e �p�r�o�p�r�i�e�t�à�
�d�e�l�l�e �p�a�r�e�t�i�. L�e �p�a�r�e�t�i� �n�o�n� �d�e�v�o�n�o �e�s�s�e�r�e �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e
�i�m�p�e�n�e�t�r�a�b�i�l�i�, �m�a� �p�o�s�s�o�n�o �e�s�s�e�r�e �a�n�c�h�e �t�a�l�i� �d�a� �c�o�n�s�e�n�t�i�r�e �i�l
�p�a�s�s�a�g�g�i�o �d�i� �m�a�t�e�r�i�a� �o �d�i� �e�n�e�r�g�i�a�. U�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o �n�o�n�
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�s�c�a�m�b�i�a� �n�é �e�n�e�r�g�i�a� �n�é �m�a�s�s�a� �c�o�n� �l��a�m�b�i�e�n�t�e. U�n� �s�i�s�t�e�m�a�
�c�h�i�u�s�o �p�u�ò �s�c�a�m�b�i�a�r�e �e�n�e�r�g�i�a� �c�o�n� �l��a�m�b�i�e�n�t�e, �m�a� �n�o�n� �m�a�t�e�r�i�a�,
�m�e�n�t�r�e �p�e�r� �i� �s�i�s�t�e�m�i� �a�p�e�r�t�i� �s�o�n�o �p�o�s�s�i�b�i�l�i� �a�n�c�h�e �s�c�a�m�b�i� �d�i�
�m�a�t�e�r�i�a�.

• P�a�r�e�t�i� �f�l�e�s�s�i�b�i�l�i� �o �m�o�b�i�l�i� �p�e�r�m�e�t�t�o�n�o �i�l �t�r�a�s�f�e�r�i�m�e�n�t�o �d�i�
�e�n�e�r�g�i�a� �s�o�t�t�o �f�o�r�m�a� �d�i� �l�a�v�o�r�o �m�e�c�c�a�n�i�c�o, �m�e�n�t�r�e �q�u�e�s�t�o �è
�i�m�p�e�d�i�t�o �d�a� �p�a�r�e�t�i� �r�i�g�i�d�e.

• P�a�r�e�t�i� �d�i�a�t�e�r�m�i�c�h�e �p�e�r�m�e�t�t�o�n�o �i�l �t�r�a�s�f�e�r�i�m�e�n�t�o �d�e�l �c�a�l�o�r�e
�s�e�n�z�a� �l�a�v�o�r�o, �m�e�n�t�r�e �l�e �p�a�r�e�t�i� �a�d�i�a�t�e�r�m�i�c�h�e �n�o�n� �p�e�r�m�e�t-
�t�o�n�o �l�a� �t�r�a�s�m�i�s�s�i�o�n�e �d�e�l �c�a�l�o�r�e. D�u�e �s�i�s�t�e�m�i� �s�e�p�a�r�a�t�i� �d�a�
�p�a�r�e�t�i� �d�i�a�t�e�r�m�i�c�h�e �s�o�n�o �d�e�t�t�i� �i�n� �c�o�n�t�a�t�t�o �t�e�r�m�i�c�o �e �c�o�m�e
�t�a�l�i� �p�o�s�s�o�n�o �s�c�a�m�b�i�a�r�e �e�n�e�r�g�i�a� �s�o�t�t�o �f�o�r�m�a� �d�i� �c�a�l�o�r�e �o
�r�a�d�i�a�z�i�o�n�e.

• P�a�r�e�t�i� �p�e�r�m�e�a�b�i�l�i� �p�e�r�m�e�t�t�o�n�o �i�l �t�r�a�s�f�e�r�i�m�e�n�t�o �d�i� �m�a�t�e�r�i�a�,
�e�v�e�n�t�u�a�l�m�e�n�t�e �i�n� �m�a�n�i�e�r�a� �s�e�l�e�t�t�i�v�a� �p�e�r� �s�p�e�c�i�e �c�h�i�m�i�c�h�e
�d�i�f�f�e�r�e�n�t�i�, �m�e�n�t�r�e �l�e �p�a�r�e�t�i� �i�m�p�e�r�m�e�a�b�i�l�i� �n�o�n� �p�e�r�m�e�t�t�o�n�o
�a�l�l�a� �m�a�t�e�r�i�a� �d�i� �a�t�t�r�a�v�e�r�s�a�r�e �i�l �b�o�r�d�o �d�e�l �s�i�s�t�e�m�a�. D�u�e �s�i�-
�s�t�e�m�i� �s�e�p�a�r�a�t�i� �d�a� �u�n�a� �p�a�r�e�t�e �p�e�r�m�e�a�b�i�l�e �s�o�n�o �d�e�t�t�i� �i�n�
�c�o�n�t�a�t�t�o �d�i�f�f�u�s�i�v�o.

U�n� �s�i�s�t�e�m�a� �è �d�e�t�t�o �c�o�m�p�o�s�t�o �s�e �è �f�o�r�m�a�t�o �d�a� �s�i�s�t�e�m�i�
�s�e�m�p�l�i�c�i�. A �s�e�c�o�n�d�a� �d�e�l �t�i�p�o �d�i� �p�a�r�e�t�i� �c�h�e �s�e�p�a�r�a�n�o �i� �s�i�-
�s�t�e�m�i� �s�e�m�p�l�i�c�i� �c�h�e �f�o�r�m�a�n�o �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �s�i� �h�a�n�n�o
�d�i�v�e�r�s�i� �t�i�p�o �d�i� �v�i�n�c�o�l�i� �c�h�e �i�m�p�e�d�i�s�c�o�n�o �f�l�u�s�s�i� �d�i� �e�n�e�r�g�i�a�,
�m�a�t�e�r�i�a�, �v�o�l�u�m�e �t�r�a� �i� �s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i�. Q�u�e�s�t�i� �v�i�n�c�o�l�i� �s�o-
�n�o �d�e�t�t�i� �v�i�n�c�o�l�i� �i�n�t�e�r�n�i� �e �g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a�
�c�o�m�p�o�s�t�o �d�e�t�e�r�m�i�n�a�t�i� �d�a� �q�u�e�s�t�i� �v�i�n�c�o�l�i� �s�o�n�o �d�e�t�t�i� �s�t�a�t�i� �d�i�
�e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i�. L�e �v�a�r�i�a�b�i�l�i� �c�h�e �c�a�r�a�t�t�e�r�i�z�z�a�n�o �g�l�i� �s�t�a�t�i�
�d�i� �e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i� �s�o�n�o �d�e�t�t�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�r�n�e.



�i �l �p�r�i�m�o �p�o�s�t�u�l�a�t�o �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� 11

UA, VA, NA UB , VB , NB

F�i�g�u�r�a� 1.1: D�u�e �g�a�� �i�n� �u�n� �s�i�-
�s�t�e�m�a� �c�l�i�n�d�r�o-�p�i�s�t�o�n�e: �i�l �g�a�� A

�a� �s�i�n�i�s�t�r�a� �c�o�n�t�i�e�n�e NA �m�o�l�e�c�o�l�e,
�o�c�c�u�p�a� �u�n� �v�o�l�u�m�eVA �e �h�a� �u�n�'�e-
�n�e�r�g�i�a� �i�n�t�e�r�n�a� UA. A �d�e�s�t�r�a�, �i�l
�g�a�� B �c�o�n�t�i�e�n�e NB �m�o�l�e�c�o�l�e, �o�c�c�u�-
�p�a� �u�n� �v�o�l�u�m�eVB �e �h�a� �u�n�'�e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� UB

C�o�m�e �e�s�e�m�p�i�o, �c�o�n�s�i�d�e�r�i�a�m�o �i�l �s�i�s�t�e�m�a� `̀ �c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e''
�i�l�l�u�s�t�r�a�t�o �i�n� �f�i�g�u�r�a� 1.1. C�i�a�s�c�u�n�o �d�e�i� �d�u�e �g�a�� �è �u�n� �s�i�s�t�e�m�a�
�s�e�m�p�l�i�c�e �e �i�n�s�i�e�m�e �f�o�r�m�a�n�o �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o. L'�e�n�e�r�g�i�a�
Ũ, �i�l �v�o�l�u�m�e Ṽ �e �i�l �n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e Ñ �t�o�t�a�l�i� �d�e�l �s�i�s�t�e�m�a�
�c�o�m�p�o�s�t�o �s�o�n�o �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e,

Ũ = UA + UB , Ṽ = VA + VB , Ñ = NA + NB , (1.1)

�d�o�v�e Uα, Vα �e Nα, α = A, B, �s�o�n�o �e�n�e�r�g�i�a�, �v�o�l�u�m�e, �n�u�m�e�r�o
�d�i� �m�o�l�e�c�o�l�e �d�e�i� �c�o�m�p�o�n�e�n�t�i�. A�s�s�u�m�i�a�m�o �c�h�e �l�e �p�a�r�e�t�i� �d�e�l
�c�i�l�i�n�d�r�o �s�o�n�o �r�i�g�i�d�e, �a�d�i�a�t�e�r�m�i�c�h�e �e �i�m�p�e�r�m�e�a�b�i�l�i�, �p�e�r� �c�u�i� �i�l
�s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �è �i�s�o�l�a�t�o. I �n� �q�u�e�s�t�o �c�a�s�o Ũ, Ṽ �e Ñ �s�o�n�o
�q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�e.

S�e �i�l �p�i�s�t�o�n�e �è �b�l�o�c�c�a�t�o �i�n� �u�n�a� �d�a�t�a� �p�o�s�i�z�i�o�n�e �s�i� �h�a� �u�n�
�v�i�n�c�o�l�o �i�n�t�e�r�n�o �c�h�e �i�m�p�e�d�i�s�c�e �v�a�r�i�a�z�i�o�n�i� �d�i� �v�o�l�u�m�e �e �v�a�r�i�a�-
�z�i�o�n�i� �d�i� �e�n�e�r�g�i�a� �d�o�v�u�t�e �a�l �l�a�v�o�r�o �d�i� �u�n� �g�a�� �s�u�l�l��a�l�t�r�o; �s�e �l�e
�p�a�r�e�t�i� �d�e�l �c�i�l�i�n�d�r�o �e �d�e�l �p�i�s�t�o�n�e �s�o�n�o �a�d�i�a�t�e�r�m�i�c�h�e �s�i� �h�a� �u�n�
�v�i�n�c�o�l�o I �n�t�e�r�n�o �r�i�s�p�e�t�t�o �a�l�l�e �v�a�r�i�a�z�i�o�n�i� �d�i� �e�n�e�r�g�i�a� �d�o�v�u�t�e �a�
�s�c�a�m�b�i� �d�i� �c�a�l�o�r�e; �s�e �l�e �p�a�r�e�t�i� �d�e�l �p�i�s�t�o�n�e �s�o�n�o �i�m�p�e�r�m�e�a�b�i�l�i�,
�s�o�n�o �i�m�p�e�d�i�t�i� �s�c�a�m�b�i� �d�i� �m�a�t�e�r�i�a� �e �c�o�n�s�e�g�u�e�n�t�i� �v�a�r�i�a�z�i�o�n�i�
�d�e�l �n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e. L�e �v�a�r�i�a�b�i�l�i� �v�i�n�c�o�l�a�t�e �i�n�t�e�r�n�e �d�i� �u�n�
�t�a�l�e �s�i�s�t�e�m�a� �s�o�n�o �s�p�e�c�i�f�i�c�a�t�e �d�a�i� �v�a�l�o�r�i� �d�i� �e�n�e�r�g�i�a�, �v�o�l�u�m�e
�e �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �d�i� �u�n�o �d�e�i� �d�u�e �s�i�s�t�e�m�i�, �a�d� �e�s�e�m�p�i�o



12 �m�a�n�u�a�l�e�t�t�o �d�i� �t�e�r�m�o�d�i�n�a�m�i�c�a�

�i�l �s�i�s�t�e�m�a� A (�q�u�e�l�l�e �d�e�l�l��a�l�t�r�o �s�i�s�t�e�m�a� �s�o�n�o �u�n�i�v�o�c�a�m�e�n�t�e
�d�e�t�e�r�m�i�n�a�t�e �d�a�l�l�e �l�e�g�g�i� �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e (1.1).

S�e �a�d�e�s�s�o �i� �v�i�n�c�o�l�i� �i�n�t�e�r�n�i� �v�e�n�g�o�n�o �r�i�m�o�s�s�i�, �q�u�a�l �è �l�o �s�t�a�-
�t�o �f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a� �s�i�s�t�e�m�a� `̀ �c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e''
? Q�u�e�s�t�o �è �i�l �c�a�s�o �p�a�r�a�d�i�g�m�a�t�i�c�o �d�e�l �p�r�o�b�l�e�m�a� �f�o�n�d�a�m�e�n�t�a�l�e
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o, �c�h�e �è �i�l �s�e�g�u�e�n�t�e:

S�e �i� �v�i�n�c�o�l�i� �i�n�t�e�r�n�i� (�t�u�t�t�i� �o �u�n�a� �p�a�r�t�e) �d�i� �u�n� �s�i�-
�s�t�e�m�a� �c�o�m�p�o�s�t�o �v�e�n�g�o�n�o �r�i�m�o�s�s�i�, �q�u�a�l �è �l�o �s�t�a�t�o
�f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a?

(1.2)

N�e�l �s�e�g�u�i�t�o �d�e�n�o�t�e�r�e�m�o �c�o�n� Y �l�e �v�a�r�i�a�b�i�l�i� �c�h�e �d�e�s�c�r�i�v�o�n�o
�i� �v�i�n�c�o�l�i� �i�n�t�e�r�n�i� �r�i�l�e�v�a�n�t�i� �p�e�r� �l�a� �s�o�l�u�z�i�o�n�e �d�e�l �p�r�o�b�l�e�m�a�
(1.2). Q�u�e�s�t�e �v�a�r�i�a�b�i�l�i� �p�o�s�s�o�n�o �c�o�i�n�c�i�d�e�r�e �c�o�n� �t�u�t�t�e �l�e �v�a�r�i�a�b�i�-
�l�i� �e�s�t�e�n�s�i�v�e �d�i� �u�n� �s�o�t�t�o�s�i�s�t�e�m�a�, �o�p�p�u�r�e �s�o�l�o �c�o�n� �u�n�a� �p�a�r�t�e,
�a� �s�e�c�o�n�d�a� �c�h�e �t�u�t�t�i� �i� �v�i�n�c�o�l�i� �v�e�n�g�a�n�o �r�i�m�o�s�s�i� �o�p�p�u�r�e �s�o�l�o
�u�n�a� �p�a�r�t�e. N�e�l�l��e�s�e�m�p�i�o �c�o�n�s�i�d�e�r�a�t�o, �s�e �i�l �p�i�s�t�o�n�e �è �b�l�o�c�c�a�-
�t�o, �i�m�p�e�r�m�e�a�b�i�l�e, �m�a� �a�d�i�a�t�e�r�m�i�c�o, �a�l�l�o�r�a� Y = UA; �s�e �è �m�o�b�i�l�e,
�a�d�i�a�t�e�r�m�i�c�o �e �p�e�r�m�e�a�b�i�l�e, �a�l�l�o�r�a� Y = (UA, VA, NA).

L�a� �s�o�l�u�z�i�o�n�e �d�e�l �p�r�o�b�l�e�m�a� (1.2) �r�i�c�h�i�e�d�e �r�i�s�o�r�s�e �c�h�e �v�a�n�n�o
�o�l�t�r�e �l�a� �l�e�g�g�e �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a�. C�i� �r�i�t�o�r�n�e�r�e-
�m�o �p�i�ù� �a�v�a�n�t�i�, �d�o�p�o �c�h�e �a�v�r�e�m�o �f�o�r�m�u�l�a�t�o �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�.

1.8 S�v�i�l�u�p�p�o �s�t�o�r�i�c�o �d�e�l �c�o�n�c�e�t�t�o �d�i� �e�n�e�r�g�i�a�

È �i�s�t�r�u�t�t�i�v�o �r�i�f�l�e�t�t�e�r�e �s�u�l�l�a� �p�r�o�f�o�n�d�i�t�à� �d�e�l �l�e�g�a�m�e �t�r�a� �s�i�m�-
�m�e�t�r�i�a� �e �l�e�g�g�i� �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e, �c�h�e �p�r�o�r�t�a� �i�n� �m�a�n�i�e�r�a� �d�i�-
�r�e�t�t�a� �e �n�a�t�u�r�a�l�e �a�l�l��e�s�i�s�t�e�n�z�a� �d�e�l�l��e�n�e�r�g�i�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�o�m�e
�f�u�n�z�i�o�n�e �d�i� �s�t�a�t�o, �c�o�n� �l�a� �t�o�r�t�u�o�s�a� �e�v�o�l�u�z�i�o�n�e �s�t�o�r�i�c�a� �d�e�l
�c�o�n�c�e�t�t�o �d�i� �e�n�e�r�g�i�a� �n�e�l�l�a� �m�e�c�c�a�n�i�c�a� �e �n�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�.
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L'�i�d�e�n�t�i�f�i�c�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �c�o�m�e �q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�a�
�i�n�i�z�i�ò �n�e�l 1693, �q�u�a�n�d�o L�e�i�b�n�i�z �o�s�s�e�r�v�ò �c�h�e 1
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�u�n�a� �q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�a� �p�e�r� �u�n�a� �p�a�r�t�i�c�e�l�l�a� �d�i� �m�a�s�s�a� m

�n�e�l �c�a�m�p�o �g�r�a�v�i�t�a�z�i�o�n�a�l�e �t�e�r�r�e�s�t�r�e. M�a�n� �m�a�n�o �c�h�e �f�u�r�o�n�o
�s�t�u�d�i�a�t�i� �s�t�a�t�i� �s�t�u�d�i�a�t�i� �s�i�s�t�e�m�i� �p�i�ù� �c�o�m�p�l�e�s�s�i� �s�i� �t�r�o�v�ò �c�h�e
�n�u�o�v�i� �t�e�r�m�i�n�i� �d�o�v�e�v�a�n�o �e�s�s�e�r�e �a�g�g�i�u�n�t�i� �p�e�r� �m�a�n�t�e�n�e�r�e �u�n�
�p�r�i�n�c�i�p�i�o �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e, �m�a� �c�h�e �i�n� �o�g�n�i� �c�a�s�o �t�a�l�e �a�g�g�i�u�n�-
�t�a� �e�r�a� �p�o�s�s�i�b�i�l�e. L�o �s�v�i�l�u�p�p�o �d�e�l�l�a� �t�e�o�r�i�a� �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�a�
�i�n�t�r�o�d�u�s�s�e �l��e�n�e�r�g�i�a� �p�o�t�e�n�z�i�a�l�e �d�e�l�l��i�n�t�e�r�a�z�i�o�n�e �d�i� �c�a�r�i�c�h�e �e�l�e�t-
�t�r�i�c�h�e, �s�u�c�c�e�s�s�i�v�a�m�e�n�t�e �c�o�m�p�l�e�t�a�t�a� �d�a�l�l��a�g�g�i�u�n�t�a� �d�e�l�l��e�n�e�r�g�i�a�
�d�e�l �c�a�m�p�o �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�o.

P�o�i�c�h�é �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �s�t�a�t�o �s�v�i�l�u�p�p�a�t�o �i�n� �g�r�a�n� �p�a�r�t�e
�p�r�i�m�a� �d�e�l�l�o �s�v�i�l�u�p�p�o �d�e�l�l��i�p�o�t�e�s�i� �a�t�o�m�i�c�a� �è �s�t�a�t�a� �a�c�c�e�t�t�a�t�a�,
�l��e�s�i�s�t�e�n�z�a� �d�i� �u�n�a� �f�u�n�z�i�o�n�e �d�i� �e�n�e�r�g�i�a� �m�a�c�r�o�s�c�o�p�i�c�a� �c�o�n�-
�s�e�r�v�a�t�a� �d�o�v�e�v�a� �e�s�s�e�r�e �d�i�m�o�s�t�r�a�t�a� �c�o�n� �m�e�z�z�i� �p�u�r�a�m�e�n�t�e
�m�a�c�r�o�s�c�o�p�i�c�i�. I �p�i�o�n�i�e�r�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �n�o�n� �s�o�n�o �s�t�a�t�i�
�g�u�i�d�a�t�i� �n�é �d�a� �u�n� �t�e�o�r�e�m�a� �g�e�n�e�r�a�l�e �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �n�é �d�a�
�a�l�c�u�n�a� �f�o�r�m�u�l�a� �a�n�a�l�i�t�i�c�a� �s�p�e�c�i�f�i�c�a� �p�e�r� �l��e�n�e�r�g�i�a�; �i�n�o�l�t�r�e �d�o-
�v�e�t�t�e�r�o �a�f�f�r�o�n�t�a�r�e �i�l �p�r�o�b�l�e�m�a� �e�m�p�i�r�i�c�o �d�e�l�l�a� �m�a�n�c�a�n�z�a� �d�i�
�u�n� �m�e�t�o�d�o �d�i� �m�i�s�u�r�a�z�i�o�n�e �d�i�r�e�t�t�a� �d�i� �t�r�a�s�f�e�r�i�m�e�n�t�o �d�e�l �c�a�l�o-
�r�e. S�o�l�o �l��i�n�t�u�i�z�i�o�n�e �g�u�i�d�a�t�a� �d�a�l�l�a� �f�e�d�e �n�e�l�l�a� �s�e�m�p�l�i�c�i�t�à� �d�e�l�l�a�
�n�a�t�u�r�a� �h�a� �i�n� �q�u�a�l�c�h�e �m�o�d�o �r�i�v�e�l�a�t�o �l��i�n�t�e�r�a�z�i�o�n�e �d�e�i� �c�o�n�c�e�t�t�i�
�d�i� �e�n�e�r�g�i�a� �e �d�i� �e�n�t�r�o�p�i�a�, �a�n�c�h�e �i�n� �a�s�s�e�n�z�a� �d�i� �d�e�f�i�n�i�z�i�o�n�i� �a�
�p�r�i�o�r�i� �o �d�i� �s�t�r�u�m�e�n�t�i� �d�i� �m�i�s�u�r�a�. U�n� �p�a�s�s�o �s�i�g�n�i�f�i�c�a�t�i�v�o �f�u�
�p�r�e�s�o �d�a�l C�o�n�t�e R�u�m�f�o�r�d� �n�e�l 1798, �q�u�a�n�d�o �o�s�s�e�r�v�ò �a�l�c�u�n�i�
�e�f�f�e�t�t�i� �t�e�r�m�i�c�i� �a�s�s�o�c�i�a�t�i� �a�l�l��a�l�e�s�a�t�u�r�a� �d�i� �c�a�n�n�o�n�i� �d�i� �o�t�t�o�n�e.

H�u�m�p�h�r�y D�a�v�y, S�a�d�i� C�a�r�n�o�t, G�e�r�m�a�i�n� H�e�s��, R�o�b�e�r�t
M�a�y�e�r�, �e, �i�n�f�i�n�e (�t�r�a� �i�l 1840 �e �i�l 1850), J�a�m�e�� J�o�u�l�e �e R�u�-
�d�o�l�f C�l�a�u�s�i�u�� �p�o�r�t�a�r�o�n�o �g�l�i� �s�f�o�r�z�i� �i�n�i�z�i�a�l�i� �d�i� R�u�m�f�o�r�d� �a�l�l�e
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�l�o�r�o �c�o�n�s�e�g�u�e�n�z�e �l�o�g�i�c�h�e. N�e�l 1840, H�e�s�� �e�n�u�n�c�i�ò �u�n�a� �l�e�g-
�g�e �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �p�e�r� �i�l �c�a�l�o�r�e �d�i� �r�e�a�z�i�o�n�e �d�e�l�l�e �r�e�a�z�i�o�n�i�
�c�h�i�m�i�c�h�e. N�e�l 1841, M�a�y�e�r� �e�n�u�n�c�i�ò �i�l �s�e�g�u�e�n�t�e �p�r�i�n�c�i�p�i�o: I�n�
�u�n� �p�r�o�c�e�s�s�o �a� �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e, �i�l �c�a�l�o�r�e �u�t�i�l�i�z�z�a�t�o �p�e�r�
�p�r�o�d�u�r�r�e �l��e�s�p�a�n�s�i�o�n�e �è �u�n�i�v�e�r�s�a�l�m�e�n�t�e �i�n�t�e�r�c�o�n�v�e�r�t�i�b�i�l�e �c�o�n�
�i�l �l�a�v�o�r�o. N�e�l 1843, J�o�u�l�e �a�n�n�u�n�c�i�ò �i� �s�u�o�i� �r�i�s�u�l�t�a�t�i� �s�p�e�r�i�-
�m�e�n�t�a�l�i� �s�u�l�l��e�q�u�i�v�a�l�e�n�t�e �m�e�c�c�a�n�i�c�o �d�e�l �c�a�l�o�r�e. T�u�t�t�a�v�i�a� �s�i�a� �i�l
�p�r�i�n�c�i�p�i�o �d�i� H�e�s�� �s�i�a� �q�u�e�l�l�o �d�i� M�a�y�e�r� �f�u�r�o�n�o �a�n�c�o�r�a� �f�o�r�-
�m�u�l�a�z�i�o�n�i� �i�n�c�o�m�p�l�e�t�e �d�e�l�l�a� �p�r�i�m�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�.
L�a� �p�r�i�m�a� �f�o�r�m�u�l�a�z�i�o�n�e �c�o�m�p�l�e�t�a� �v�e�n�n�e �d�a�t�a� �d�a� C�l�a�u�s�i�u��
�n�e�l 1850 �p�e�r� �p�r�o�c�e�s�s�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �c�i�c�l�i�c�i� �n�e�l �s�e�g�u�e�n�t�e
�m�o�d�o: I�n� �t�u�t�t�i� �i� �c�a�s�i� �i�n� �c�u�i� �i�l �l�a�v�o�r�o �è �p�r�o�d�o�t�t�o �m�e�d�i�a�n�t�e
�c�a�l�o�r�e, �l�a� �q�u�a�n�t�i�t�à� �d�i� �c�a�l�o�r�e �c�h�e �v�i�e�n�e �c�o�n�s�u�m�a�t�a� �è �p�r�o�p�o�r�-
�z�i�o�n�a�l�e �a�l �l�a�v�o�r�o �f�a�t�t�o, �e �v�i�c�e�v�e�r�s�a�, �m�e�d�i�a�n�t�e �i�l �c�o�n�s�u�m�o �d�i�
�u�n�a� �s�t�e�s�s�a� �q�u�a�n�t�i�t�à� �d�i� �l�a�v�o�r�o �è �p�r�o�d�o�t�t�a� �u�n�a� �p�a�r�i� �q�u�a�n�t�i�t�à�
�d�i� �c�a�l�o�r�e. I�n�f�i�n�e, �l��e�s�i�s�t�e�n�z�a� �d�e�l�l�a� �f�u�n�z�i�o�n�e �d�i� �s�t�a�t�o �e�n�e�r�g�i�a�
�f�e�c�e �l�a� �s�u�a� �p�r�i�m�a� �c�o�m�p�a�r�s�a� �n�e�l �f�a�m�o�s�o �a�r�t�i�c�o�l�o �d�i� C�l�a�u�s�i�u��
�d�e�l 1865 �d�a� �c�u�i� �a�b�b�i�a�m�o �t�r�a�t�t�o �i�l �p�a�s�s�o �c�i�t�a�t�o �a�l�l��i�n�i�z�i�o �d�i�
�q�u�e�s�t�o �c�a�p�i�t�o�l�o.
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I�n� �q�u�e�s�t�o �c�a�p�i�t�o�l�o �p�a�s�s�i�a�m�o �i�n� �r�a�s�s�e�g�n�a� �l�e �n�o�z�i�o�n�i� �d�i� �t�r�a�-
�s�f�o�r�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a�, �c�a�l�o�r�e �e �l�a�v�o�r�o �e �a�r�r�i�v�i�a�m�o �a�l�l��u�-
�s�u�a�l�e �f�o�r�m�u�l�a�z�i�o�n�e �d�e�l�l�a� �p�r�i�m�a� �l�e�g�g�e �e�s�p�r�e�s�s�a� �d�a�l�l��e�q�u�q�z�i�o�n�e
dU = δQ + δW.

2.1 T�r�a�s�f�o�r�m�a�z�i�o�n�i� �r�e�v�e�r�s�i�b�i�l�i� �e �i�r�r�e�v�e�r�s�i�b�i�l�i�

A�v�v�i�e�n�e �u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �i�n� �u�n� �s�i�s�t�e�m�a�
�q�u�a�n�d�o �s�i� �h�a�n�n�o �c�a�m�b�i�a�m�e�n�t�i� �n�e�i� �v�i�n�c�o�l�i� �o �n�e�l�l�e �c�o�n�d�i�z�i�o�n�i�
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F�i�g�u�r�a� 2.1: I�l �m�e�s�c�o�l�a�m�e�n�-
�t�o �d�i� �d�u�e �g�a�� �è �i�l �p�r�o�t�o�t�i�p�o �d�i�
�t�r�a�s�f�o�r�m�a�z�i�o�n�e �i�r�r�e�v�e�r�s�i�b�i�l�e.

�e�s�t�e�r�n�e �c�h�e �d�e�t�e�r�m�i�n�a�n�o �u�n�a� �v�a�r�i�a�z�i�o�n�e �d�e�l �m�a�c�r�o�s�t�a�t�o �d�e�l
�s�i�s�t�e�m�a�. Q�u�e�s�t�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �p�o�s�s�o�n�o �e�s�s�e�r�e �c�l�a�s�s�i�f�i�-
�c�a�t�e �c�o�m�e �r�e�v�e�r�s�i�b�i�l�i� �o �i�r�r�e�v�e�r�s�i�b�i�l�i� �s�e�c�o�n�d�o �l��e�f�f�e�t�t�o �d�e�t�e�r�-
�m�i�n�a�t�o �d�a�l�l��i�n�v�e�r�s�i�o�n�e �d�e�i� �c�a�m�b�i�a�m�e�n�t�i� �a�p�p�o�r�t�a�t�i� �a� �q�u�e�s�t�e
�c�o�n�d�i�z�i�o�n�i� �e�s�t�e�r�n�e. O�g�n�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �c�h�e �n�o�n� �p�u�ò �e�s�s�e-
�r�e �a�n�n�u�l�l�a�t�a� �s�e�m�p�l�i�c�e�m�e�n�t�e �i�n�v�e�r�t�e�n�d�o �i�l �c�a�m�b�i�a�m�e�n�t�o �d�e�l�l�e
�c�o�n�d�i�z�i�o�n�i� �e�s�t�e�r�n�e �è �c�l�a�s�s�i�f�i�c�a�t�a� �c�o�m�e �i�r�r�e�v�e�r�s�i�b�i�l�e. S�e �i�l �s�i�-
�s�t�e�m�a� �r�i�t�o�r�n�a� �a�l�l�o �s�t�a�t�o �i�n�i�z�i�a�l�e, �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �è �c�o�n�-
�s�i�d�e�r�a�t�a� �r�e�v�e�r�s�i�b�i�l�e. S�e�b�b�e�n�e �l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �i�r�r�e�v�e�r�s�i�b�i�l�i�
�s�i�a�n�o �l�a� �v�a�r�i�e�t�à� �p�i�ù� �c�o�m�u�n�e �e �g�e�n�e�r�a�l�e, �l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i�
�r�e�v�e�r�s�i�b�i�l�i� �s�v�o�l�g�o�n�o �u�n� �r�u�o�l�o �c�e�n�t�r�a�l�e �n�e�l�l�o �s�v�i�l�u�p�p�o �d�e�l�l�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a�.

I�l �p�r�o�t�o�t�i�p�o �d�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �i�r�r�e�v�e�r�s�i�b�i�l�e �è �i�l �m�e�s�c�o�l�a�-
�m�e�n�t�o �d�i� �d�u�e �g�a��. N�e�l�l�a� �f�i�g�u�r�a� 2.1 �a� �s�i�n�i�s�t�r�a� �s�o�n�o �r�a�p�p�r�e-
�s�e�n�t�a�t�i� �d�u�e �v�o�l�u�m�i� �u�g�u�a�l�i� �d�i� �g�a��, �s�e�p�a�r�a�t�i� �d�a� �u�n�a� �p�a�r�e�t�e
�i�m�p�e�n�e�t�r�a�b�i�l�e �r�i�g�i�d�a�. I �n�i�z�i�a�l�m�e�n�t�e �u�n�a� �p�a�r�t�i�z�i�o�n�e �c�o�n�t�i�e�n�e �u�n�
�g�a�� �d�i� �m�o�l�e�c�o�l�e �r�o�s�s�e �e �l��a�l�t�r�a� �u�n� �g�a�� �d�i� �m�o�l�e�c�o�l�e �v�e�r�d�i�. I �d�u�e
�s�o�t�t�o�s�i�s�t�e�m�i� �s�o�n�o �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�i�c�o �l��u�n�o �c�o�n� �l��a�l�t�r�o. S�e �l�a�
�p�a�r�t�i�z�i�o�n�e �v�i�e�n�e �r�i�m�o�s�s�a�, �l�e �d�u�e �s�p�e�c�i�e �s�i� �m�e�s�c�o�l�e�r�a�n�n�o �i�n�
�t�u�t�t�o �i�l �v�o�l�u�m�e �f�i�n�o �a� �c�h�e �n�o�n� �s�i� �r�a�g�g�i�u�n�g�e �u�n�a� �n�u�o�v�o �c�o�n�-
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�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o. T�u�t�t�a�v�i�a�, �l�o �s�t�a�t�o �o�r�i�g�i�n�a�r�i�o �n�o�n� �v�i�e�n�e
�r�i�p�r�i�s�t�i�n�a�t�o �q�u�a�n�d�o �l�a� �p�a�r�t�i�z�i�o�n�e �v�i�e�n�e �r�e�i�n�t�r�o�d�o�t�t�a�. Q�u�i�n�d�i�
�q�u�e�s�t�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �è �i�r�r�e�v�e�r�s�i�b�i�l�e.

2.2 L�a�v�o�r�o �m�e�c�c�a�n�i�c�o

S�i� �h�a� �l�a�v�o�r�o �m�e�c�c�a�n�i�c�o �q�u�a�n�d�o �u�n�a� �f�o�r�z�a� �c�h�e �a�g�i�s�c�e �s�u�l
�s�i�s�t�e�m�a� �s�i� �s�p�o�s�t�a� �p�e�r� �u�n�a� �c�e�r�t�a� �d�i�s�t�a�n�z�a� �n�e�l�l�o �s�p�a�z�i�o.
C�o�m�e �i�n� �m�e�c�c�a�n�i�c�a� �q�u�e�s�t�o �l�a�v�o�r�o �è �d�e�f�i�n�i�t�o �d�a�l�l��i�n�t�e�g�r�a�l�e

W =
∫

F0 dl

�d�o�v�e F0 �è �l�a� �c�o�m�p�o�n�e�n�t�e �d�e�l�l�a� �f�o�r�z�a� �n�e�l�l�a� �d�i�r�e�z�i�o�n�e �d�e�l�l�o
�s�p�o�s�t�a�m�e�n�t�o dl. E' �i�m�p�o�r�t�a�n�t�e �o�s�s�e�r�v�a�r�e �c�h�e F0 �è �u�n�a� �f�o�r�z�a�
�e�s�t�e�r�n�a�. I�n� �t�e�r�m�o�d�i�n�a�m�i�c�a� �s�i� �h�a� �a� �c�h�e �f�a�r�e �s�p�e�s�s�o �c�o�n� �u�n�
�l�a�v�o�r�o �f�a�t�t�o �d�a� �u�n�a� �f�o�r�z�a� (�e�s�t�e�r�n�a�) �d�i�s�t�r�i�b�u�i�t�a� �s�u� �u�n�'�a�r�e�a�,
�c�i�o�è �d�a� �u�n�a� �p�r�e�s�s�i�o�n�e (�e�s�t�e�r�n�a�) p0 �c�h�e �a�g�i�s�c�e �a�t�t�r�a�v�e�r�s�o �u�n�
�v�o�l�u�m�e, �c�o�m�e �n�e�l �c�a�s�o �d�e�l�l�a� �p�r�e�s�s�i�o�n�e �d�i� �u�n� �f�l�u�i�d�o �e�s�e�r�c�i�t�a�t�a�
�s�u� �u�n� �p�i�s�t�o�n�e. I �n� �q�u�e�s�t�o �c�a�s�o

W = F0 ∆l = p0 A∆l = p0 ∆V (2.1)

�d�o�v�e p0 �è �l�a� �p�r�e�s�s�i�o�n�e �e�s�t�e�r�n�a� (�c�o�s�t�a�n�t�e) �e�s�e�r�c�i�t�a�t�a� �s�u�l
�s�i�s�t�e�m�a�.

I �n� �g�e�n�e�r�a�l�e, �i�l �l�a�v�o�r�o �c�o�m�p�i�u�t�o �d�a� �u�n� �f�l�u�i�d�o �c�h�e �s�i� �e�s�p�a�n�-
�d�e �c�o�n�t�r�o �u�n�a� �p�r�e�s�s�i�o�n�e �e�s�t�e�r�n�a� p0 �n�o�n� �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e
�c�o�s�t�a�n�t�e �v�a�r�i�a�n�d�o �i�l �s�u�o �v�o�l�u�m�e �d�a� VA �a� VB �è �d�a�t�o �d�a�

W =
∫ VB

VA

p0 dV (2.2)
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2.3 M�i�s�u�r�a�b�i�l�i�t�à� �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a�

L�a� �m�i�s�u�r�a�b�i�l�i�t�à� �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �è �g�a�r�a�n�t�i�t�a� �d�a�l�l��e�s�i�s�t�e�n�z�a�
�d�i� �p�a�r�e�t�i� �a�d�i�a�b�a�t�i�c�h�e �e �i�m�p�e�r�m�e�a�b�i�l�i�. I �n� �q�u�e�s�t�o �c�a�s�o, �i�n�f�a�t�t�i�,
�i�l �l�a�v�o�r�o W �f�a�t�t�o �p�e�r� �p�o�r�t�a�r�e �i�l �s�i�s�t�e�m�a� �d�a� �u�n� �q�u�a�l�u�n�q�u�e
�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o (UA, VA) �a�d� �u�n� �a�l�t�r�o (UB, VB) �è �d�e�t�e�r�m�i�n�a�t�o
�i�n�t�e�r�a�m�e�n�t�e �d�a�g�l�i� �s�t�a�t�i� A �e B, �i�n�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e �d�a� �q�u�a�l�u�n�-
�q�u�e �c�o�n�d�i�z�i�o�n�e �e�s�t�e�r�n�a�: �i�l �l�a�v�o�r�o W �f�a�t�t�o �d�a�l�l�e �f�o�r�z�e �e�s�t�e�r�n�e
�è �l�a� �d�i�f�f�e�r�e�n�z�a� �t�r�a� �l�e �e�n�e�r�g�i�e �i�n�t�e�r�n�e �d�e�i� �d�u�e �s�t�a�t�i�, ∆U = W,
�e�s�s�e�n�d�o ∆U = UB − UA. I �n� �q�u�e�s�t�o �m�o�d�o, �l�e �m�i�s�u�r�e �d�i� �d�i�f�f�e-
�r�e�n�z�e �d�i� �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �a� �n�u�m�e�r�o �c�o�s�t�a�n�t�e �d�i� �m�o�l�e�c�o�l�e �s�o�n�o
�r�i�c�o�n�d�o�t�t�e �a� �m�i�s�u�r�e �d�i� �l�a�v�o�r�o.

2.4 D�e�f�i�n�i�z�i�o�n�e �d�i� �c�a�l�o�r�e

I�l �f�a�t�t�o �c�h�e �l�a� �d�i�f�f�e�r�e�n�z�a� �d�i� �e�n�e�r�g�i�a� �d�i� �q�u�a�l�s�i�a�s�i� �d�u�e �s�t�a�t�i� �d�i�
�e�q�u�i�l�i�b�r�i�o �s�i�a� �m�i�s�u�r�a�b�i�l�e �c�i� �f�o�r�n�i�s�c�e �d�i�r�e�t�t�a�m�e�n�t�e �u�n�a� �d�e�f�i�n�i�-
�z�i�o�n�e �q�u�a�n�t�i�t�a�t�i�v�a� �d�e�l �c�a�l�o�r�e: �i�l �f�l�u�s�s�o �d�i� �c�a�l�o�r�e Q �e�n�t�r�a�n�t�e
�i�n� �u�n� �s�i�s�t�e�m�a� �i�n� �u�n� �q�u�a�l�s�i�a�s�i� �p�r�o�c�e�s�s�o (�a� �n�u�m�e�r�o �d�i� �m�o-
�l�e�c�o�l�e �c�o�s�t�a�n�t�e) �è �s�e�m�p�l�i�c�e�m�e�n�t�e �l�a� �d�i�f�f�e�r�e�n�z�a� �d�i� �e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� ∆U �t�r�a� �l�o �s�t�a�t�o �f�i�n�a�l�e �e �i�n�i�z�i�a�l�e �d�i�m�i�n�u�i�t�a� �d�a�l �l�a�v�o�r�o
W �s�v�o�l�t�o �i�n� �q�u�e�s�t�o �p�r�o�c�e�s�s�o,

Q = ∆U −W (2.3)

S�i� �p�u�ò �q�u�i�n�d�i� �m�i�s�u�r�a�r�e Q �m�e�d�i�a�n�t�e �m�i�s�u�r�e �d�i� �l�a�v�o�r�o: ∆U

�s�e�c�o�n�d�o �l�a� �p�r�o�c�e�d�u�r�a� �d�e�s�c�r�i�t�t�a� �i�n� 2.3 �e W �d�i�r�e�t�t�a�m�e�n�t�e �i�n�
�t�e�r�m�i�n�i� �m�e�c�c�a�n�i�c�i�.
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U, V, N

Fext

F�i�g�u�r�a� 2.2: I�n� �u�n� �s�i�s�t�e�m�a�
�c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e �è �c�o�n�t�e�n�u�t�o �u�n�
�g�a�� �c�o�n� N �m�o�l�e�c�o�l�e, �c�h�e �o�c�c�u�p�a�
�u�n� �v�o�l�u�m�e V �e �h�a� �u�n�'�e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� U. U�n�a� �f�o�r�z�a� �e�s�t�e�r�n�a�,
�v�a�r�i�a�n�d�o �i�l �s�u�o �p�u�n�t�o �d�i� �a�p�p�l�i�c�a�-
�z�i�o�n�e, �c�o�m�p�i�e �l�a�v�o�r�o �s�u�l �g�a��. S�e
�l�e �p�a�r�e�t�i� �s�o�n�o �a�d�i�a�b�a�t�i�c�h�e, ∆U = W.
S�e �l�e �p�a�r�e�t�i� �s�o�n�o �d�i�a�t�e�m�i�c�h�e �e
�i�m�p�e�r�m�e�a�b�i�l�i�, Q = ∆U −W.

2.5 C�a�l�o�r�e �e �l�a�v�o�r�o �d�i�p�e�n�d�o�n�o �d�a�l�l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e

O�c�c�o�r�r�e �n�o�t�a�r�e �c�h�e �q�u�a�n�t�i�t�à� �d�i� �l�a�v�o�r�o �a�s�s�o�c�i�a�t�e �c�o�n� �d�i�f�f�e�r�e�n�-
�t�i� �p�r�o�c�e�s�s�i� �p�o�s�s�o�n�o �e�s�s�e�r�e �d�i�v�e�r�s�e, �a�n�c�h�e �s�e �c�i�a�s�c�u�n�o �d�e�i�
�p�r�o�c�e�s�s�i� �i�n�i�z�i�a� �n�e�l�l�o �s�t�e�s�s�o �s�t�a�t�o a �e �c�i�a�s�c�u�n�o �t�e�r�m�i�n�a� �n�e�l�l�o
�s�t�e�s�s�o �s�t�a�t�o b. A�n�a�l�o�g�a�m�e�n�t�e, �i�l �f�l�u�s�s�o �d�i� �c�a�l�o�r�e �p�u�ò �e�s�s�e�r�e
�d�i�v�e�r�s�a� �p�e�r� �c�i�a�s�c�u�n�o �d�e�i� �p�r�o�c�e�s�s�i�. M�a� �l�a� �s�o�m�m�a� �d�e�l �l�a�-
�v�o�r�o �e �d�e�l �f�l�u�s�s�o �d�i� �c�a�l�o�r�e �è �l�a� �d�i�f�f�e�r�e�n�z�a� �d�i� �e�n�e�r�g�i�a� �t�o�t�a�l�e
∆U = UB −UA �e�d� �è �l�a� �s�t�e�s�s�a� �p�e�r� �c�i�a�s�c�u�n�o �d�e�i� �p�r�o�c�e�s�s�i�. I �n�
�r�i�f�e�r�i�m�e�n�t�o �a�l �f�l�u�s�s�o �d�i� �e�n�e�r�g�i�a� �t�o�t�a�l�e �a�b�b�i�a�m�o �q�u�i�n�d�i� �b�i�s�o�g�n�o
�d�i� �s�p�e�c�i�f�i�c�a�r�e �s�o�l�o �g�l�i� �s�t�a�t�i� �i�n�i�z�i�a�l�i� �e �f�i�n�a�l�i�, �m�a� �i�n� �r�i�f�e�r�i�-
�m�e�n�t�o �a�i� �f�l�u�s�s�i� �d�i� �l�a�v�o�r�o �e �c�a�l�o�r�e �s�e�p�a�r�a�t�a�m�e�n�t�e �d�o�b�b�i�a�m�o
�s�p�e�c�i�f�i�c�a�r�e �i�n� �d�e�t�t�a�g�l�i�o �i�l �p�r�o�c�e�s�s�o �c�o�n�s�i�d�e�r�a�t�o.

2.6 S�o�r�g�e�n�t�i� �d�i� �c�a�l�o�r�e �e �l�a�v�o�r�o

Q

−W
∆U

F�i�g�u�r�a� 2.3: S�c�h�e�m�a�t�i�z�z�a�z�i�o�n�e
�d�i� �u�n� �s�i�s�t�e�m�a� �c�h�e �a�s�s�o�r�b�e �u�n�a�
�q�u�a�n�t�i�t�à� �d�i� �c�a�l�o�r�e Q �d�a� �u�n� �b�a�g�n�o
�d�i� �c�a�l�o�r�e �e �c�o�m�p�i�e �u�n� �l�a�v�o�r�o
−W �s�u� �u�n�a� �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o,
�v�a�r�i�a�n�d�o �c�o�s�ì� �l�a� �s�u�a� �e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� �d�i� �u�n�a� �q�u�a�n�t�i�t�à�

∆U = Q− (−W) = Q + W .

D�i�c�i�a�m�o �c�h�e �u�n� �s�i�s�t�e�m�a� �f�u�n�z�i�o�n�a� �c�o�m�e �s�o�r�g�e�n�t�e �d�i� �c�a�l�o�r�e
�r�i�s�p�e�t�t�o �a� �q�u�a�l�c�h�e �a�l�t�r�o �i�n�s�i�e�m�e �d�i� �s�i�s�t�e�m�i� �s�e �e�s�s�o �s�c�a�m�b�i�a�
�c�o�n� �c�o�n� �t�a�l�i� �s�i�s�t�e�m�i� �s�o�l�o �c�a�l�o�r�e. D�i� �p�a�r�t�i�c�o�l�a�r�e �i�n�t�e�r�e�s�s�e �s�o-
�n�o �l�e �s�o�r�g�e�n�t�i� �r�e�v�e�r�s�i�b�i�l�i� �d�i� �c�a�l�o�r�e, �c�h�e �h�a�n�n�o �l�a� �p�r�o�p�r�i�e�à� �d�i�
�s�c�a�m�b�i�a�r�e �c�a�l�o�r�e �m�a�n�t�e�n�e�n�d�o �s�e�m�p�r�e �b�e�n� �d�e�f�i�n�i�t�e �l�e �c�o�o�r�d�i�n�a�-
�t�e �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �e�q�u�i�l�i�b�r�i�o. A�d� �e�s�e�m�p�i�o �u�n� �b�a�g�n�o (�o �s�e�r�-
�b�a�t�o�i�o ) �d�i� �c�a�l�o�r�e �p�u�ò �s�c�a�m�b�i�a�r�e �c�a�l�o�r�e �m�a�n�t�e�n�e�n�d�o �c�o�s�t�a�n�t�e
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�l�a� �l�o�r�o �t�e�m�p�e�r�a�t�u�r�a�.
D�i�c�i�a�m�o �c�h�e �u�n� �s�i�s�t�e�m�a� �f�u�n�z�i�o�n�a� �c�o�m�e �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o

�r�i�s�p�e�t�t�o �a� �q�u�a�l�c�h�e �a�l�t�r�o �i�n�s�i�e�m�e �d�i� �s�i�s�t�e�m�i� �s�e �e�s�s�o �s�c�a�m�b�i�a�
�c�o�n� �c�o�n� �t�a�l�i� �s�i�s�t�e�m�i� �s�o�l�o �l�a�v�o�r�o. D�i� �p�a�r�t�i�c�o�l�a�r�e �i�n�t�e�r�e�s�s�e
�s�o�n�o �l�e �s�o�r�g�e�n�t�i� �r�e�v�e�r�s�i�b�i�l�i� �d�i� �l�a�v�o�r�o, �q�u�a�l�i� �i� �s�i�s�t�e�m�i� �c�o�n�-
�s�e�r�v�a�t�i�v�i� (�s�e�n�z�a� �a�t�t�r�i�t�o) �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� (�a�d� �e�s�e�m�p�i�o, �u�n�
�p�e�s�o �c�o�l�l�e�g�a�t�o �a�d� �u�n�a� �f�u�n�e �c�h�e �p�a�s�s�a� �s�o�p�r�a� �u�n�a� �c�a�r�r�u�c�o�l�a�
�p�r�i�v�a� �d�i� �a�t�t�r�i�t�i�).

2.7 T�r�a�s�f�o�r�m�a�z�i�o�n�i� �q�u�a�s�i�-�s�t�a�t�i�c�h�e

L�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �s�p�e�s�s�o �s�o�n�o �i�r�r�e�v�e�r�s�i�b�i�l�i�
�p�e�r�c�h�é �i� �v�i�n�c�o�l�i� �s�o�n�o �c�a�m�b�i�a�t�i� �t�r�o�p�p�o �v�e�l�o�c�e�m�e�n�t�e. S�u�p�p�o-
�n�i�a�m�o �c�h�e �u�n� �v�o�l�u�m�e �i�s�o�l�a�t�o �d�i� �g�a�� �s�i�a� �c�o�n�f�i�n�a�t�o �i�n� �u�n� �r�e�c�i�-
�p�i�e�n�t�e �c�o�n� �p�a�r�e�t�i� �i�s�o�l�a�n�t�i� �d�o�t�a�t�o �d�i� �u�n� �p�i�s�t�o�n�e �m�o�b�i�l�e, �c�o�m�e
�i�n� �f�i�g�u�r�a� 2.2. S�e �i�l �p�i�s�t�o�n�e �v�i�e�n�e �i�m�p�r�o�v�v�i�s�a�m�e�n�t�e �s�p�o�s�t�a�t�o
�v�e�r�s�o �l��e�s�t�e�r�n�o �p�i�ù� �r�a�p�i�d�a�m�e�n�t�e �d�i� �q�u�a�n�t�o �i�l �g�a�� �s�i� �p�o�s�s�a�
�e�s�p�a�n�d�e�r�e, �i�l �g�a�� �n�o�n� �c�o�m�p�i�e �l�a�v�o�r�o �s�u�l �p�i�s�t�o�n�e. P�e�r�c�h�é �l�e
�p�a�r�e�t�i� �i�s�o�l�a�n�t�i� �n�o�n� �p�e�r�m�e�t�t�o�n�o �a�d� �a�l�c�u�n� �c�a�l�o�r�e �d�i� �e�n�t�r�a�r�e
�n�e�l �r�e�c�i�p�i�e�n�t�e, �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�e�l �s�i�s�t�e�m�a� �è �i�n�v�a�r�i�a�t�a� �i�n�
�u�n�a� �t�a�l�e �r�a�p�i�d�a� �e�s�p�a�n�s�i�o�n�e �d�e�l �v�o�l�u�m�e, �m�a� �l�a� �p�r�e�s�s�i�o�n�e �e
�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�a�m�b�i�a�n�o. S�e �i�l �p�i�s�t�o�n�e �v�i�e�n�e �o�r�a� �r�i�p�o�r�t�a�t�o
�a�l�l�a� �s�u�a� �p�o�s�i�z�i�o�n�e �o�r�i�g�i�n�a�l�e, �e�s�s�a� �d�e�v�e �e�s�e�g�u�i�r�e �l�a�v�o�r�o �s�u�l
�g�a��. P�e�r�t�a�n�t�o, �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�e�l�l�o �s�t�a�t�o �f�i�n�a�l�e �è �d�i�v�e�r�s�a�
�d�a� �q�u�e�l�l�a� �d�e�l�l�o �s�t�a�t�o �i�n�i�z�i�a�l�e �a�n�c�h�e �s�e �i� �v�i�n�c�o�l�i� �s�o�n�o �s�t�a�t�i�
�r�i�p�o�r�t�a�t�i� �a�l�l�e �l�o�r�o �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i�. T�a�l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�e
�è �i�r�r�e�v�e�r�s�i�b�i�l�e. D'�a�l�t�r�a� �p�a�r�t�e, �s�e �i�l �p�i�s�t�o�n�e �d�o�v�e�s�s�e �e�s�s�e�r�e
�s�p�o�s�t�a�t�o �a�b�b�a�s�t�a�n�z�a� �l�e�n�t�a�m�e�n�t�e �p�e�r� �p�e�r�m�e�t�t�e�r�e �l�a� �p�r�e�s�s�i�o-
�n�e �d�e�l �g�a�� �d�i� �e�q�u�a�l�i�z�z�a�r�e �i�n� �t�u�t�t�o �i�l �v�o�l�u�m�e �d�a� �e�s�s�o �o�c�c�u�p�a�t�o
�d�u�r�a�n�t�e �l��i�n�t�e�r�o �p�r�o�c�e�s�s�o, �i�l �g�a�� �r�i�t�o�r�n�a� �a�l �s�u�o �s�t�a�t�o �i�n�i�z�i�a�-
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�l�e �q�u�a�n�d�o �v�i�e�n�e �r�i�p�o�r�t�a�t�o �a�l �s�u�o �v�o�l�u�m�e �i�n�i�z�i�a�l�e. P�e�r� �q�u�e�s�t�o
�s�i�s�t�e�m�a�, �l�a� �r�e�v�e�r�s�i�b�i�l�i�t�à� �p�u�ò �e�s�s�e�r�e �o�t�t�e�n�u�t�a� �v�a�r�i�a�n�d�o �i�l �v�o-
�l�u�m�e �i�n� �m�o�d�o �s�u�f�f�i�c�i�e�n�t�e�m�e�n�t�e �l�e�n�t�o �d�a� �a�s�s�i�c�u�r�a�r�e �c�o�n�d�i�z�i�o�n�i�
`̀ �q�u�a�s�i�-�s�t�a�t�i�c�h�e''.

U�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �q�u�a�s�i�-�s�t�a�t�i�c�a� (�o �a�d�i�a�b�a�t�i�c�a�) �è �u�n�a� �t�r�a�-
�s�f�o�r�m�a�z�i�o�n�e �c�h�e �a�v�v�i�e�n�e �c�o�s�ì� �l�e�n�t�a�m�e�n�t�e �c�h�e �i�l �s�i�s�t�e�m�a� �è
�s�e�m�p�r�e �a�r�b�i�t�r�a�r�i�a�m�e�n�t�e �v�i�c�i�n�o �a�l�l��e�q�u�i�l�i�b�r�i�o. Q�u�i�n�d�i�, �l�e �t�r�a�-
�s�f�o�r�m�a�z�i�o�n�i� �q�u�a�s�i�-�s�t�a�t�i�c�h�e �s�o�n�o �r�a�p�p�r�e�s�e�n�t�a�t�e �d�a� �c�u�r�v�e
�n�e�l�l�o �s�p�a�z�i�o �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o. T�r�a�s�f�o�r�m�a�z�i�o�n�i� �p�i�ù�
�g�e�n�e�r�a�l�i� �e�s�c�o�n�o �d�a�l�l�o �s�p�a�z�i�o �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �p�e�r�c�h�é
�g�l�i� �s�t�a�t�i� �d�i� �n�o�n� �e�q�u�i�l�i�b�r�i�o �i�n� �g�e�n�e�r�e �r�i�c�h�i�e�d�o�n�o �p�i�ù� �v�a�r�i�a�b�i�-
�l�i� �c�h�e �g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o. U�n�a� �c�o�n�d�i�z�i�o�n�e �n�e�c�e�s�s�a�r�i�a� �m�a�
�n�o�n� �s�u�f�f�i�c�i�e�n�t�e �p�e�r� �l�a� �r�e�v�e�r�s�i�b�i�l�i�t�à� �è �c�h�e �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e
�s�i�a� �q�u�a�s�i�-�s�t�a�t�i�c�a�. L�a� �n�e�c�e�s�s�i�t�à� �s�e�g�u�e �d�a�l �r�e�q�u�i�s�i�t�o �c�h�e �l�o �s�t�a�-
�t�o �d�e�l �s�i�s�t�e�m�a� �s�i�a� �d�e�s�c�r�i�t�t�o �i�n� �m�o�d�o �u�n�i�v�o�c�o �d�a�i� �p�a�r�a�m�e�t�r�i�
�t�e�r�m�o�d�i�n�a�m�i�c�i� �c�h�e �d�e�s�c�r�i�v�o�n�o �l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o. T�u�t�t�a�v�i�a�,
�a�l�c�u�n�i� �p�r�o�c�e�s�s�i� �q�u�a�s�i�-�s�t�a�t�i�c�i� �s�o�n�o �i�r�r�e�v�e�r�s�i�b�i�l�i�. U�n� �e�s�e�m�p�i�o
�d�i� �p�r�o�c�e�s�s�o �q�u�a�s�i�-�s�t�a�t�i�c�o �c�h�e �n�o�n� �è �r�e�v�e�r�s�i�b�i�l�e �è �l�a� �c�o�m�p�r�e��-
�s�i�o�n�e �d�i� �u�n� �f�l�u�i�d�o �c�o�n� �u�n� �p�i�s�t�o�n�e �s�o�g�g�e�t�t�o �a�d� �a�t�t�r�i�t�o. A�n�c�h�e
�s�e �i�l �s�i�s�t�e�m�a� �è �s�e�m�p�r�e �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�i�c�o, �l�a� �p�r�e�s�e�n�z�a� �d�i�
�a�t�t�r�i�t�o �f�a� �s�ì� �c�h�e �c�h�e �i�l �p�r�o�c�e�s�s�o �s�i�a� �i�r�r�e�v�e�r�s�i�b�i�l�e.

2.8 F�o�r�m�u�l�a�z�i�o�n�e �d�i�f�f�e�r�e�n�z�i�a�l�e �d�e�l�l�a� �p�r�i�m�a� �l�e�g�g�e

C�l�a�u�s�i�u�� �e�s�p�r�e�s�s�e �l��e��. (2.3) �i�n� �t�e�r�m�i�n�i� �d�i� �u�n�a� �e�q�u�a�z�i�o�n�e
�d�i�f�f�e�r�e�n�z�i�a�l�e �p�e�r� �g�l�i� �i�n�c�r�e�m�e�n�t�i� �d�i� �c�a�l�o�r�e �e �l�a�v�o�r�o �i�n� �u�n�
�p�r�o�c�e�s�s�o �t�e�r�m�o�d�i�n�a�m�i�c�o �c�h�e �c�o�i�n�v�o�l�g�e �i�l �s�i�s�t�e�m�a�. L�a� �l�e�g�g�e �c�o-
�s�ì� �f�o�r�m�u�l�a�t�a� �s�t�a�b�i�l�i�s�c�e �c�h�e �o�g�n�i� �v�a�r�i�a�z�i�o�n�e �d�i�f�f�e�r�e�n�z�i�a�l�e �d�e�l�l�a�
�e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U �d�i� �u�n� �s�i�s�t�e�m�a� �p�u�ò �e�s�s�e�r�e �s�c�r�i�t�t�a� �c�o�m�e
�s�o�m�m�a� �d�e�l �c�a�l�o�r�e �c�h�e �f�l�u�i�s�c�e �n�e�l �s�i�s�t�e�m�a� �e �d�e�l �l�a�v�o�r�o �f�a�t�t�o
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�d�a�l �s�i�s�t�e�m�a� �s�u�l�l��a�m�b�i�e�n�t�e, �v�a�l�e �a� �d�i�r�e, δQ = dU − δW, �d�o�v�e δQ

�è �i�l �f�l�u�s�s�o �i�n�f�i�n�i�t�e�s�i�m�o �d�i� �c�a�l�o�r�e �e�n�t�r�a�n�t�e �n�e�l �s�i�s�t�e�m�a� �e δW �è
�i�l �l�a�v�o�r�o �i�n�f�i�n�i�t�e�s�i�m�o �f�a�t�t�o �s�u�l �s�i�s�t�e�m�a�. E�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e,

dU = δQ + δW . (2.4)

L�i�m�i�t�a�n�d�o �l�a� �n�o�s�t�r�a� �a�t�t�e�n�z�i�o�n�e �a�i� �s�i�s�t�e�m�i� �t�e�r�m�o�d�i�n�a�m�i�-
�c�i� �s�e�m�p�l�i�c�i�, �s�e �i�l �l�a�v�o�r�o �è �d�i� �t�i�p�o �m�e�c�c�a�n�i�c�o, �c�i�o�è �t�a�l�e �d�a�
�c�o�m�p�o�r�t�a�r�e �u�n�a� �v�a�r�i�a�z�i�o�n�e �d�i� �v�o�l�u�m�e �d�e�l �s�i�s�t�e�m�a�,

δW = −P0 dV (2.5)

�d�o�v�e P0 �è �l�a� �p�r�e�s�s�i�o�n�e �e�s�e�r�c�i�t�a�t�a� �s�u�l �s�i�s�t�e�m�a� �d�a�l�l�e �f�o�r�z�e
�e�s�t�e�r�n�e �e −dV �è �l�a� �d�i�m�i�n�u�z�i�o�n�e �i�n�f�i�n�i�t�e�s�i�m�a� �d�i� �v�o�l�u�m�e �d�e�l
�s�i�s�t�e�m�a�. U�n�a� �c�a�r�a�t�t�e�r�i�s�t�i�c�a� �d�e�g�n�a� �d�i� �n�o�t�a� �d�e�l�l��e��. (2.5) �è �l�a�
�c�o�n�v�e�n�z�i�o�n�e �d�i� �s�e�g�n�o. I�l �l�a�v�o�r�o �è �c�o�n�s�i�d�e�r�a�t�o �p�o�s�i�t�i�v�o �s�e
�l��e�n�e�r�g�i�a� �d�e�l �s�i�s�t�e�m�a� �a�u�m�e�n�t�a�. S�e �i�l �v�o�l�u�m�e �d�e�l �s�i�s�t�e�m�a� �v�i�e�n�e
�d�i�m�i�n�u�i�t�o, �i�l �l�a�v�o�r�o �v�i�e�n�e �f�a�t�t�o �s�u�l �s�i�s�t�e�m�a�, �a�u�m�e�n�t�a�n�d�o �l�a�
�s�u�a� �e�n�e�r�g�i�a�, �d�a� �c�u�i� �i�l �s�e�g�n�o �n�e�g�a�t�i�v�o �n�e�l�l��e�q�u�a�z�i�o�n�e.

S�e �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �è �q�u�a�s�i�-�s�t�a�t�i�c�a�, �a�l�l�o�r�a�

δW = δW�q�� = −P dV (2.6)

�d�o�v�e P �l�a� �p�r�e�s�s�i�o�n�e �d�e�l �s�i�s�t�e�m�a�. Q�u�e�s�t�o �p�e�r�c�h�é �i�n� �u�n� �p�r�o-
�c�e�s�s�o �q�u�a�s�i�-�s�t�a�t�i�c�o �l�a� �p�r�e�s�s�i�o�n�e P �d�e�l �s�i�s�t�e�m�a� �b�i�l�a�n�c�i�a� �e�s�a�t-
�t�a�m�e�n�t�e �l�a� �p�r�e�s�s�i�o�n�e �e�s�e�r�c�i�t�a�t�a� �d�a�l�l�e �f�o�r�z�e �e�s�t�e�r�n�e. A�l�l�o�r�a�
�l��e��. (2.4) �d�i�v�e�n�t�a�

dU = δQ�q�� − P dV , (2.7)
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2.9 C�a�l�o�r�e �e �l�a�v�o�r�o �c�o�m�e �f�o�r�m�e �d�i�f�f�e�r�e�n�z�i�a�l�i� �n�o�n� �e�s�a�t-
�t�e

S�i� �n�o�t�e�r�à� �c�h�e �u�s�i�a�m�o �i�l �t�e�r�m�i�n�i� `̀ �c�a�l�o�r�e'' �e `̀ �f�l�u�s�s�o �d�i� �c�a�l�o�r�e''
�i�n�t�e�r�s�c�a�m�b�i�a�b�i�l�m�e�n�t�e. I�l �c�a�l�o�r�e, �c�o�m�e �i�l �l�a�v�o�r�o, �è �s�o�l�o �u�n�a�
�f�o�r�m�a� �d�i� �t�r�a�s�f�e�r�i�m�e�n�t�o �d�i� �e�n�e�r�g�i�a�. U�n�a� �v�o�l�t�a� �c�h�e �l��e�n�e�r�g�i�a� �è
�t�r�a�s�f�e�r�i�t�a� �a�d� �u�n� �s�i�s�t�e�m�a�, �s�i�a� �c�o�m�e �c�a�l�o�r�e �o �c�o�m�e �l�a�v�o�r�o, �è
�i�n�d�i�s�t�i�n�g�u�i�b�i�l�e �d�a� �e�n�e�r�g�i�a� �c�h�e �p�o�t�r�e�b�b�e �e�s�s�e�r�e �s�t�a�t�o �t�r�a�s�f�e�r�i�t�a�
�d�i�v�e�r�s�a�m�e�n�t�e. C�o�s�ì�, �s�e�b�b�e�n�e δQ �e δW �s�i� �s�o�m�m�a�n�o �p�e�r� �d�a�r�e
dU, �l��e�n�e�r�g�i�a� U �d�i� �u�n�o �s�t�a�t�o �n�o�n� �p�u�ò �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�a�
�c�o�m�e �l�a� �s�o�m�m�a� �d�e�l�l�e �c�o�m�p�o�n�e�n�t�i� `̀ �c�a�l�o�r�e'' �e `̀ �l�a�v�o�r�o''. P�e�r�
�e�v�i�t�a�r�e �q�u�e�s�t�a� �i�m�p�l�i�c�a�z�i�o�n�e �a�b�b�i�a�m�o �u�s�a�t�o �i�l �s�i�m�b�o�l�o δ �i�n�v�e�c�e
�d�i� d: �i�n�f�i�n�i�t�e�s�i�m�i� �c�o�m�e δQ�q�� �e δW�q�� �s�o�n�o �c�h�i�a�m�a�t�i� �f�o�r�m�e
�d�i�f�f�e�r�e�n�z�i�a�l�i� �n�o�n� �e�s�a�t�t�e. G�l�i� �i�n�t�e�g�r�a�l�i� �d�e�i� δQ �e δW �p�e�r� �u�n�
�d�e�t�e�r�m�i�n�a�t�o �p�r�o�c�e�s�s�o �s�o�n�o �i�l �l�a�v�o�r�o �e �f�l�u�s�s�i� �d�i� �c�a�l�o�r�e �i�n�
�t�a�l�e �p�r�o�c�e�s�s�o. U�n� �p�r�o�c�e�s�s�o �q�u�a�s�i�-�s�t�a�t�i�c�o �è �r�a�p�p�r�e�s�e�n�t�a�t�o �d�a�
�u�n�a� �c�u�r�v�a� γ �n�e�l�l�o �s�p�a�z�i�o �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o. I �n� �q�u�e�s�t�o
�c�a�s�o �c�a�l�o�r�e �e �l�a�v�o�r�o ,

Q�q��(γ) =
∫

γ
δQ�q�� , �e W�q�� = −

∫

γ
PdV , (2.8)

�s�o�n�o �d�u�n�q�u�e �i�n�t�e�g�r�a�l�i� �d�i� �l�i�n�e�a� �d�i� �f�o�r�m�e �d�i�f�f�e�r�e�n�z�i�a�l�i� (�n�o�n�
�e�s�a�t�t�e) �n�e�l�l�o �s�p�a�z�i�o �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a�.
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I�n� �q�u�e�s�t�a� �s�e�z�i�o�n�e, �s�e�g�u�e�n�d�o �l�a� �t�r�a�t�t�a�z�i�o�n�e �d�i� C�a�l�l�e�n�, �i�n�t�r�o-
�d�u�c�i�a�m�o �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �i�n� �m�o�d�o �a�s�s�i�o-
�m�a�t�i�c�o, �f�o�r�m�u�l�a�n�d�o �i�l P�o�s�t�u�l�a�t�o II �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�. Q�u�e�s�t�o
�p�o�s�t�u�l�a�t�o �d�e�f�i�n�i�s�c�e �l�a� �n�o�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �e �s�t�a�b�i�l�i�s�c�e �u�n�
�p�r�i�n�c�i�p�i�o �d�i� �m�a�s�s�i�m�o �p�e�r� �l��e�n�t�r�o�p�i�a� �i�n� �t�e�r�m�i�n�i� �d�e�l �q�u�a�l�e �s�i�
�p�o�s�s�o�n�o �d�e�t�e�r�m�i�n�a�r�e �g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �s�i�s�t�e�m�a�.

3.1 E�n�t�r�o�p�i�a�

L�a� �p�r�i�m�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �f�o�r�n�i�s�c�e �l�a� �d�e�f�i�n�i�z�i�o�n�e
�d�i� �b�a�s�e �d�i� �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �c�o�m�e �f�u�n�z�i�o�n�e �d�i� �s�t�a�t�o �a�s�s�o�c�i�a�-
�t�a� �a� �t�u�t�t�i� �i� �s�i�s�t�e�m�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �e �s�t�a�b�i�l�i�s�c�e �c�h�e �e�s�s�a� �s�i�
�c�o�n�s�e�r�v�a�. T�u�t�t�a�v�i�a�, �i�l �c�o�n�c�e�t�t�o �d�i� �e�n�e�r�g�i�a� �n�e�l�l�a� �p�r�i�m�a� �l�e�g�g�e
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�n�o�n� �r�e�n�d�e �c�o�n�t�o �d�e�l �f�a�t�t�o �c�h�e �i� �p�r�o�c�e�s�s�i� �n�a�t�u�r�a�l�i� �a�v�v�e�n�g�o�n�o
�i�n� �u�n�a� �d�i�r�e�z�i�o�n�e �t�e�m�p�o�r�a�l�e �p�r�e�f�e�r�e�n�z�i�a�l�e. A�d� �e�s�e�m�p�i�o, �i�l
�c�a�l�o�r�e �f�l�u�i�s�c�e �s�e�m�p�r�e �s�p�o�n�t�a�n�e�a�m�e�n�t�e �d�a� �r�e�g�i�o�n�i� �d�i� �t�e�m�p�e-
�r�a�t�u�r�a� �p�i�ù� �e�l�e�v�a�t�a� �v�e�r�s�o �r�e�g�i�o�n�i� �d�i� �t�e�m�p�e�r�a�t�u�r�a� �i�n�f�e�r�i�o�r�e,
�e �n�o�n� �v�i�c�e�v�e�r�s�a�, �a� �m�e�n�o �c�h�e �d�e�l �l�a�v�o�r�o �e�s�t�e�r�n�o �n�o�n� �v�e�n�-
�g�a� �e�s�e�g�u�i�t�o �s�u�l �s�i�s�t�e�m�a�. L�a� �p�r�i�m�a� �l�e�g�g�e �è �c�o�m�p�l�e�t�a�m�e�n�t�e
�s�i�m�m�e�t�r�i�c�a� �r�i�s�p�e�t�t�o �a�g�l�i� �s�t�a�t�i� �i�n�i�z�i�a�l�i� �e �f�i�n�a�l�i� �d�e�l�l��e�v�o�l�u�-
�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�i� �u�n� �s�i�s�t�e�m�a�. L�a� �s�e�c�o�n�d�a� �l�e�g�g�e �s�t�a�b�i�l�i�s�c�e
�u�n�'�a�s�i�m�m�e�t�r�i�a� �t�r�a� �p�a�s�s�a�t�o �e �f�u�t�u�r�o.

R�i�t�o�r�n�i�a�m�o �a�l�l�a� �b�o�t�t�i�g�l�i�a� �d�'�a�c�q�u�a� �c�o�n� �c�u�i� �a�b�b�i�a�m�o �i�n�c�o-
�m�i�n�c�i�a�t�o �i�l 1.4. C�e�d�e�n�d�o �c�a�l�o�r�e �a�l�l��a�m�b�i�e�n�t�e, �l��a�c�q�u�a� �d�i�v�e�n�t�a�
�t�i�e�p�i�d�a�, �r�a�g�g�i�u�n�g�e�n�d�o �c�o�s�ì� �u�n�o �s�t�a�t�o �f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o-
�d�i�n�a�m�i�c�o. S�e �v�o�l�e�s�s�i�m�o �c�a�r�a�t�t�e�r�i�z�z�a�r�e �g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o
�t�e�r�m�o�d�i�n�a�m�i�c�o �c�o�m�e �s�t�a�t�i� �c�h�e �m�i�n�i�m�i�z�z�a�n�o �u�n�a� �q�u�a�l�c�h�e �v�a�-
�r�i�a�b�i�l�e �f�i�s�i�c�a�, �c�i� �r�e�n�d�e�r�e�m�m�o �p�r�e�s�t�o �c�o�n�t�o �c�h�e �n�e�s�s�u�n�a� �d�e�l�l�a�
�v�a�r�i�a�b�i�l�i� �m�a�c�r�o�s�c�o�p�i�c�h�e �m�e�c�c�a�n�i�c�h�e �p�u�ò �s�e�r�v�i�r�e �a�l�l�o �s�c�o�p�o. D�i�
�c�e�r�t�o �n�o�n� �p�o�s�s�i�a�m�o �s�e�r�v�i�r�c�i� �d�e�l�l��e�n�e�r�g�i�a� U, �p�e�r�c�h�é �l��e�n�e�r�-
�g�i�a� �d�e�l �s�i�s�t�e�m�a� �a�c�q�u�a� �a�m�b�i�e�n�t�e �r�e�s�t�a� �c�o�s�t�a�n�t�e, �n�è �d�e�l�l�e �a�l�t�r�e
�v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e. D�o�b�b�i�a�m�o �c�o�n�c�l�u�d�e�r�e �c�h�e �e�s�i�s�t�e �i�n� �n�a�t�u�r�a�
�u�n�a� �n�u�o�v�a� �v�a�r�i�a�b�i�l�e �m�a�c�r�o�s�c�o�p�i�c�a�, �c�h�i�a�m�i�a�m�o�l�a� H, �d�i�v�e�r�s�a�
�d�a� �q�u�e�l�l�e �c�h�e �a�b�b�i�a�m�o �c�o�n�s�i�d�e�r�a�t�o �f�i�n�o�r�a�, �c�h�e �h�a� �l�a� �p�r�o�p�r�i�e�t�à�
�d�i� �a�s�s�u�m�e�r�e �u�n� �v�a�l�o�r�e �m�i�n�i�m�o �n�e�l �m�a�c�r�o�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o
�t�e�r�m�o�d�i�n�a�m�i�c�o.

L'�i�r�r�e�v�e�r�s�i�b�i�l�i�t�à� �d�e�l �p�r�o�c�e�s�s�o �c�h�e �p�o�r�t�a� �a�l�l��a�c�q�u�a� �t�i�e�p�i�-
�d�a� �r�i�s�u�l�t�a� �q�u�i�n�d�i� �s�p�i�e�g�a�t�a� �d�a�l�l�a� �l�e�g�g�e �s�e�c�o�n�d�o �c�u�i� �i�l �v�a�l�o�r�e
�d�i� �q�u�e�s�t�a� �n�u�o�v�a� �v�a�r�i�a�b�i�l�e �p�e�r� �i�l �s�i�s�t�e�m�a� �a�c�q�u�a� �a�m�b�i�e�n�t�e
�n�o�n� �p�u�ò �m�a�i� �a�u�m�e�n�t�a�r�e �m�a� �s�o�l�o �d�i�m�i�n�u�i�r�e. Q�u�e�s�t�a� �n�u�o�v�a�
�v�a�r�i�a�b�i�l�e �f�u� �s�c�o�p�e�r�t�a� �d�a� C�l�a�u�s�i�u�� �n�e�l 1865 �e �a� �q�u�e�s�t�a� �n�u�o-
�v�a� �v�a�r�i�a�b�i�l�e C�l�a�u�s�i�u�� �d�i�e�d�e �i�l �n�o�m�e �e�n�t�r�o�p�i�a� �o �c�o�n�t�e�n�u�t�o �d�i�
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�t�r�a�s�f�o�r�m�a�z�i�o�n�e. L'�e�n�t�r�o�p�i�a� S �d�i� C�l�a�u�s�i�u�� �c�o�r�r�i�s�p�o�n�d�e �a�l�l�a�
�v�a�r�i�a�b�i�l�e H �a� �m�e�n�o �d�i� �u�n� �s�e�g�n�o, �p�e�r� �c�u�i�, �i�n�v�e�c�e �d�i� �d�i�m�i�n�u�i�r�e
�e �r�a�g�g�i�u�n�g�e�r�e �u�n� �m�i�n�i�m�o, S �d�e�v�e �a�u�m�e�n�t�a�r�e �e �r�a�g�g�i�u�n�g�e�r�e �u�n�
�m�a�s�s�i�m�o. I �n� �a�l�t�r�e �p�a�r�o�l�e, H = −S. M�a� �i�l �s�e�g�n�o �d�e�l�l�a� �v�a�r�i�a�-
�b�i�l�e �m�a�n�c�a�n�t�e �è �m�e�r�a�m�e�n�t�e �c�o�n�v�e�n�z�i�o�n�a�l�e, �n�i�e�n�t'�a�l�t�r�o �c�h�e �u�n�
�a�c�c�i�d�e�n�t�e �s�t�o�r�i�c�o. L�a� �s�o�s�t�a�n�z�a� �d�e�l �r�a�g�i�o�n�a�m�e�n�t�o �r�e�s�t�a� �i�n�a�l�t�e-
�r�a�t�a�: �i�n�v�e�c�e �d�i� �m�i�n�i�m�i�z�z�a�r�e H, �i� �s�i�s�t�e�m�i� �f�i�s�i�c�i� �i�s�o�l�a�t�i� (�c�o�m�e
�è �i�l �s�i�s�t�e�m�a� �a�c�q�u�a� �a�m�b�i�e�n�t�e) �m�a�s�s�i�m�i�z�z�a�n�o �l�a� �l�o�r�o �e�n�t�r�o�p�i�a�
S.

3.2 I�l �s�e�c�o�n�d�o �p�o�s�t�u�l�a�t�o �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�

L�e �p�r�e�c�e�d�e�n�t�i� �c�o�n�s�i�d�e�r�a�z�i�o�n�i� �p�o�s�s�o�n�o �e�s�s�e�r�e �c�o�n�v�e�r�t�i�t�e �n�e�l
�s�e�g�u�e�n�t�e �p�o�s�t�u�l�a�t�o

P�o�s�t�u�l�a�t�o IIA. E�s�i�s�t�e �u�n�a� �f�u�n�z�i�o�n�e, �c�h�i�a�m�a�t�a� �e�n�-
�t�r�o�p�i�a�, �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �d�i� �u�n� �q�u�a�l�u�n�q�u�e �s�i�-
�s�t�e�m�a� �c�o�m�p�o�s�t�o, �c�h�e �è �d�e�f�i�n�i�t�a� �p�e�r� �t�u�t�t�i� �g�l�i� �s�t�a�t�i�
�d�i� �e�q�u�i�l�i�b�r�i�o �e �h�a� �l�a� �s�e�g�u�e�n�t�i� �p�r�o�p�r�i�e�t�à�: �i� �v�a�l�o�r�i� �d�e�l-
�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �i�n�t�e�r�n�e �i�n� �a�s�s�e�n�z�a� �d�i� �v�i�n�c�o-
�l�i� �i�n�t�e�r�n�i� �s�o�n�o �q�u�e�l�l�i� �c�h�e �m�a�s�s�i�m�i�z�z�a�n�o �l��e�n�t�r�o�p�i�a�
�s�u�l�l��i�n�s�i�e�m�e �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i�.

Q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �s�e Y �s�o�n�o �l�e �v�a�r�i�a�b�i�l�i� �c�h�e �d�e�s�c�r�i�v�o�n�o �i�
�v�i�n�c�o�l�i� �i�n�t�e�r�n�i� �d�i� �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o, �i� �v�a�l�o�r�i� �d�i� �e�q�u�i�l�i�b�r�i�o
�d�i� �q�u�e�s�t�e �v�a�r�i�a�b�i�l�i� �q�u�e�l�l�i� �c�h�e �m�a�s�s�i�m�i�z�z�a�n�o �l��e�n�t�r�o�p�i�a� �d�e�l �s�i�-
�s�t�e�m�a� �c�o�m�p�o�s�t�o S̃. S�e S̃ �è �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e, �p�e�r� �u�n�a� �v�a�r�i�a�z�i�o�n�e
δY �d�e�i� �v�i�n�c�o�l�i�, �l�a� �v�a�r�i�a�z�i�o�n�e �p�r�i�m�a� �d�e�l�l��e�n�t�r�o�p�i�a� S̃ �è

δS̃ =
∂S̃
∂Y · δY ,
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�q�u�i�n�d�i� �i� �v�a�l�o�r�i� �d�'�e�q�u�i�l�i�b�r�i�o Y�e�� �s�o�n�o �l�e �s�o�l�u�z�i�o�n�i� �d�e�l�l��e�q�u�a�z�i�o-
�n�e

δS̃ = 0 ⇒ ∂S̃
∂Y = 0 . (3.1)

�e �i�n� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �d�i� �q�u�e�s�t�i� �v�a�l�o�r�i� �s�i� �h�a� �l��e�n�t�r�o�p�i�a� �d�i�
�e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �i�n� �a�s�s�e�n�z�a� �d�i� �v�i�n�c�o�l�i� �i�n�t�e�r�-
�n�i�

S̃�e�� = max
Y

S̃(Y) = S̃(Y�e��) . (3.2)

I�l �s�e�g�u�e�n�t�e �p�o�s�t�u�l�a�t�o �f�i�s�s�a� �l�e �p�r�o�p�r�i�e�t�à� �m�i�n�i�m�e �n�e�c�e�s�s�a�r�i�e
�d�e�l�l��e�n�t�r�o�p�i�a� �a�f�f�i�n�c�h�é �i�l �p�r�o�b�l�e�m�a� �d�i� �m�a�s�s�i�m�i�z�z�a�z�i�o�n�e (7.13)
�s�i�a� �r�i�s�o�l�u�b�i�l�e.

P�o�s�t�u�l�a�t�o IIB. L'�e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o-
�s�t�o �è �l�a� �s�o�m�m�a� �d�e�l�l�e �e�n�t�r�o�p�i�e �d�e�i� �s�u�o�i� �s�o�t�t�o�s�i�s�t�e�m�i�.
L'�e�n�t�r�o�p�i�a� �è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�t�i�n�u�a� �e �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e
�e�d� �è �u�n�a� �f�u�n�z�i�o�n�e �m�o�n�o�t�o�n�a� �c�r�e�s�c�e�n�t�e �d�e�l�l��e�n�e�r�g�i�a�.

Q�u�e�s�t�i� �d�u�e �p�o�s�t�u�l�a�t�i� �i�n�s�i�e�m�e �a�l �p�o�s�t�u�l�a�t�o I, �m�e�d�i�a�n�t�e �d�e�f�i�-
�n�i�z�i�o�n�i� �e �t�e�o�r�e�m�i�, �f�o�r�n�i�s�c�o�n�o �l�a� �s�o�l�u�z�i�o�n�e �d�i� �u�n� �q�u�a�l�u�n�q�u�e
�p�r�o�b�l�e�m�a� �d�i� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�l�a�s�s�i�c�a�.

3.3 I�l �p�r�o�b�l�e�m�a� �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�

V�e�d�i�a�m�o �i�n� �d�e�t�t�a�g�l�i�o �l�a� �s�o�l�u�z�i�o�n�e �d�e�l �p�r�o�b�l�e�m�a� �f�o�n�d�a�m�e�n�t�a�l�e
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� (1.2) �p�e�r� �l�a� �s�i�t�u�a�z�i�o�n�e `�c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e''
�d�i� �f�i�g�u�r�a� 1.1. P�e�r� �i�l �p�o�s�t�u�l�a�t�o IIB �è �d�e�f�i�n�i�t�a� �l��e�n�t�r�o�p�i�a� �d�e�l
�s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �c�o�m�e �s�o�m�m�a� �d�e�l�l�e �e�n�t�r�o�p�i�e �s�e�i� �s�i�n�g�o�l�i�
�s�i�s�t�e�m�i� �c�o�m�p�o�n�e�n�t�i�,

S̃ = SA + SB . (3.3)
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�e �c�i�a�s�c�u�n�a� �d�e�l�l�e �d�u�e �e�n�t�r�o�p�i�e SA �e SB �è �f�u�n�z�i�o�n�e �d�e�l�l�e �v�a�r�i�a�-
�b�i�l�i� �e�s�t�e�n�s�i�v�e �d�i� �c�i�a�s�c�u�n� �s�o�t�t�o-�s�i�s�t�e�m�a�. S�e �i�l �s�i�s�t�e�m�a� �c�o�m�p�o-
�s�t�o �è �i�s�o�l�a�t�o, �v�a�l�e �l�a� �l�e�g�g�e �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e (1.1), �p�e�r� �c�u�i� �l�e
�v�a�r�i�a�b�i�l�i� �i�n�t�e�r�n�e Y �s�o�n�o �l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �d�i� �u�n�o �d�e�i� �d�u�e
�s�o�t�t�o�s�i�s�t�e�m�i�, �d�i�c�i�a�m�o �i�l �s�i�s�t�e�m�a� A.

C�o�n�s�i�d�e�r�i�a�m�o �i�l �c�a�s�o �i�n� �c�u�i� �i�l �p�i�s�t�o�n�e �s�i�a� �b�l�o�c�c�a�t�o, �i�m�p�e�r�-
�m�e�a�b�i�l�e, �m�a� �a�d�i�a�t�e�r�m�i�c�o. A�l�l�o�r�a� �l�a� �v�a�r�i�a�b�i�l�e �i�n�t�e�r�n�a� �r�i�l�e�v�a�n�t�e
�p�e�r� �l�a� �m�a�s�s�i�m�i�z�z�a�z�i�o�n�e �d�e�l�l��e�n�t�r�o�p�i�a� �è �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� UA

�e �l��e�n�t�r�o�p�i�a� �d�e�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o, �c�o�m�e �f�u�n�z�i�o�n�e �d�e�g�l�i� �s�t�a�t�i�
�d�i� �e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i� �d�e�s�c�r�i�t�t�i� �d�a�l�l�a� �v�a�r�i�a�b�i�l�e UA, �è

S̃ = S̃(UA) = SA(UA) + SB(UB) , UB = Ũ −UA (3.4)

P�e�r� �i�l �p�o�s�t�u�l�a�t�o IIB, �l��e�n�t�r�o�p�i�a� �è �u�n�a� �f�u�n�z�i�o�n�e �d�i�f�f�e�r�e�n�z�i�a�b�i�-
�l�e. A�l�l�o�r�a� �d�i�f�f�e�r�e�n�z�i�a�n�d�o �l��e��. (3.4), �s�i� �o�t�t�i�e�n�e

δS̃ =
∂SA
∂UA

δUA +
∂SB
∂UB

δUB , δUB = − δUA , (3.5)

�e�s�s�e�n�d�o Ũ �c�o�s�t�a�n�t�e, �q�u�i�n�d�i�

δS̃ =

[
∂SA
∂UA

− ∂SB
∂UB

]
dUA

A�l�l�o�r�a�, �p�e�r� �l�a� (4.4), �l��e�q�u�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �è

∂SA
∂UA

=
∂SB
∂UB

, UA + UB = Ũ = �c�o�s�t. . (3.6)

L�e �s�o�l�u�z�i�o�n�i� �d�i� �q�u�e�s�t�e �e�q�u�a�z�i�o�n�i� �f�o�r�n�i�s�c�o�n�o �i� �v�a�l�o�r�i� �d�i�
�e�q�u�i�l�i�b�r�i�o �d�i� UA �e UB �e �q�u�i�n�d�i� �i�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o (7.13)
�d�e�l�l��e�n�t�r�o�p�i�a� �t�o�t�a�l�e.

P�r�o�c�e�d�e�n�d�o �i�n� �m�o�d�o �a�n�a�l�o�g�o �p�e�r� �i�l �v�o�l�u�m�e �e �i�l �n�u�m�e�r�o �d�i�
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�p�a�r�t�i�c�e�l�l�e �s�i� �o�t�t�e�n�g�o�n�o �l�e �r�i�m�a�n�e�n�t�i� �e�q�u�a�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o

∂SA
∂VA

=
∂SB
∂VB

, VA + VB = Ṽ = �c�o�s�t. . (3.7)

�e
∂SA
∂NA

=
∂SB
∂NB

, NA + NB = Ñ = �c�o�s�t. . (3.8)

R�i�s�o�l�v�e�n�d�o �q�u�e�s�t�e �e�q�u�a�z�i�o�n�i�, �s�i� �o�t�t�e�n�g�o�n�o �i� �v�a�l�o�r�i� �d�i� �e�q�u�i�l�i�-
�b�r�i�o �d�i� �t�u�t�t�e �l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �d�e�i� �s�i�s�t�e�m�i� A �e B �e �q�u�i�n�d�i�
�l�a� �s�o�l�u�z�i�o�n�e �c�o�m�p�l�e�t�a� �d�e�l �p�r�o�b�l�e�m�a� �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�r�-
�m�o�d�i�n�a�m�i�c�a� �p�e�r� �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �f�o�r�m�a�t�o �d�a� �d�u�e �s�o�t�t�o-
�s�i�s�t�e�m�i�. P�e�r� �s�i�s�t�e�m�i� �c�o�m�p�o�s�t�i� �f�o�r�m�a�t�i� �d�a� �p�i�ù� �s�o�t�t�o-�s�i�s�t�e�m�i�,
�s�i� �p�r�o�c�e�d�e �i�n� �m�a�n�i�e�r�a� �a�n�a�l�o�g�a�.

E�s�e�m�p�i�o (�g�a�� �i�d�e�a�l�e) A�s�s�u�m�i�a�m�o �c�h�e �l�e �d�u�e �p�a�r�t�i� �s�e-
�p�a�r�a�t�e �d�a�l �p�i�s�t�o�n�e �c�o�n�t�e�n�g�a�n�o �d�e�i� �g�a�� �c�h�e �p�o�s�s�o�n�o �e�s�s�e�r�e
�t�r�a�t�t�a�t�i� �c�o�m�e �g�a�� �p�e�r�f�e�t�t�i� �a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �c�o�s�t�a�n�t�e. C�o�m�e
�v�e�d�r�e�m�o �n�e�l �s�e�g�u�i�t�o, �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� S = S(U, V, N) �d�e�l
�g�a�� �i�d�e�a�l�e �a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �c�o�s�t�a�n�t�e �è

S = Ns0 + Nk log
[(

U
Nu0

)c V
Nv0

]

�d�o�v�e c �è �u�n�a� �c�o�s�t�a�n�t�e, k �è �l�a� �c�o�s�t�a�n�t�e �d�i� B�o�l�t�z�m�a�n�n� �e s0, u0

�e v0 �s�o�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �e�n�t�r�o�p�i�a�, �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �e �v�o�l�u�-
�m�e �p�e�r� �m�o�l�e�c�o�l�a� �d�i� �u�n�o �s�t�a�t�o �d�i� �r�i�f�e�r�i�m�e�n�t�o (�a�r�b�i�t�r�a�r�i�a�m�e�n�t�e
�s�c�e�l�t�o).

A�s�s�u�m�i�a�m�o �c�h�e �l�e �p�a�r�e�t�i� �d�e�l �p�i�s�t�o�n�e �s�i�a�n�o �m�o�b�i�l�i�, �d�i�a�-
�t�e�r�m�i�c�h�e �e �i�m�p�e�r�m�e�a�b�i�l�i�, �p�e�r� �c�u�i� �l�o �s�p�a�z�i�o �d�e�g�l�i� �s�t�a�t�i� �d�i�
�e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i� �è �d�e�s�c�r�i�t�t�o �d�a�l�l�e �v�a�r�i�a�b�i�l�i� UA �e VA, �m�a� �n�o�n�
�d�a� NA (�e�s�s�e�n�d�o NA �c�o�s�t�a�n�t�e �n�e�l �p�r�o�c�e�s�s�o �a� �c�a�u�s�a� �d�e�l�l��i�m�-
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�p�e�r�m�e�a�b�i�l�i�t�à� �d�e�l �p�i�s�t�o�n�e). A�l�l�o�r�a� �l�e �e�q�u�a�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o
(3.6) �e (3.7) �f�o�r�n�i�s�c�o�n�o





NA
UA

=
NB
UB

NA
VA

=
NB
VB

⇒





UA �e�� =
NA
N

Ũ

VA �e�� =
NA
N

Ṽ
(3.9)

�e�s�s�e�n�d�o N = NA + NB. D�u�n�q�u�e, �a�l�l��e�q�u�i�l�i�b�r�i�o, �e�n�e�r�g�i�a� �e �v�o�l�u�m�e
�d�e�i� �d�u�e �g�a�� �s�i� �r�i�p�a�r�t�i�s�c�o�n�o �p�r�o�p�o�r�z�i�o�n�a�l�m�e�n�t�e �a�l �n�u�m�e�r�o �d�i�
�m�o�l�e�c�o�l�e �c�h�e �c�o�n�t�e�n�g�o�n�o.

3.4 L�e�g�g�e �d�i� �a�u�m�e�n�t�o �d�e�l�l��e�n�t�r�o�p�i�a�

A �p�a�r�t�i�r�e �d�a�g�l�i� �e�n�u�n�c�i�a�t�i� �d�e�l�l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�-
�n�a�m�i�c�a� �i�n� �t�e�r�m�i�n�i� �d�i� �m�a�c�c�h�i�n�e �t�e�r�m�i�c�h�e, C�l�a�u�s�i�u�� �d�i�m�o�s�t�r�ò
�l��e�s�i�s�t�e�n�z�a� �d�e�l�l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �e, �p�e�r� �l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i�
�d�i� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o, �d�i�m�o�s�t�r�ò �l�a� �d�i�s�u�g�u�a�g�l�i�a�n�z�a�

∆S ≥ 0 (3.10)

�n�o�t�a� �c�o�m�e �t�e�o�r�e�m�a� �d�i� C�l�a�u�s�i�u�� �o �l�e�g�g�e �d�i� �a�u�m�e�n�t�o �d�e�l�l��e�n�-
�t�r�o�p�i�a�. A�n�c�h�e �n�e�l �n�o�s�t�r�o �s�c�h�e�m�a� �l�a� (3.10) �è �u�n� �t�e�o�r�e�m�a�, �i�n�
�e�f�f�e�t�t�i� �u�n�a� �c�o�n�s�e�g�u�e�n�z�a� �i�m�m�e�d�i�a�t�a� �d�e�l �p�o�s�t�u�l�a�t�o IIA: �i�n�
�c�o�n�s�e�g�u�e�n�z�a� �d�e�l�l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �m�a�s�s�i�m�o, �l��e�n�t�r�o�p�i�a� �f�i�n�a�l�e
�d�i� �e�q�u�i�l�i�b�r�i�o (7.13) �è �s�e�m�p�r�e �m�a�g�g�i�o�r�e �o �a�l �l�i�m�i�t�e �u�g�u�a�l�e �a�l-
�l��e�n�t�r�o�p�i�a� �i�n�i�z�i�a�l�e S̃(Y) �i�n� �u�n� �q�u�a�l�u�n�q�u�e �p�r�o�c�e�s�s�o �r�i�s�u�l�t�a�n�t�e
�d�a�l�l�a� �r�i�m�o�z�i�o�n�e �d�i� �v�i�n�c�o�l�i� �i�n�t�e�r�n�i� �e �s�o�t�t�o �l�a� �c�o�n�d�i�z�i�o�n�e �c�h�e
�e�n�e�r�g�i�a�, �m�a�s�s�a� �e �v�o�l�u�m�e �t�o�t�a�l�i� �s�i�a�n�o �c�o�s�t�a�n�t�i�.
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3.5 S�v�i�l�u�p�p�o �s�t�o�r�i�c�o �d�e�l �c�o�n�c�e�t�t�o �d�i� �e�n�t�r�o�p�i�a�

I�l �p�r�i�m�o �p�a�s�s�o �v�e�r�s�o �l�a� �s�c�o�p�e�r�t�a� �d�e�l�l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a� �f�u� �f�a�t�t�o �d�a�l�l��i�n�g�e�g�n�e�r�e �f�r�a�n�c�e�s�e S�a�d�i� C�a�r�n�o�t
�c�h�e �n�e�l 1824 �p�u�b�b�l�i�c�ò �u�n�a� �m�o�n�o�g�r�a�f�i�a� �i�n� �c�u�i� �s�i� �p�r�e�s�e�n�t�a�v�a�
�l�a� �p�r�i�m�a� �t�e�o�r�i�a� �s�o�d�d�i�s�f�a�c�e�n�t�e �d�e�l�l�e �m�a�c�c�h�i�n�e �t�e�r�m�i�c�h�e �e �s�i�
�d�i�m�o�s�t�r�a�v�a� �u�n� �t�e�o�r�e�m�a� � �i�n� �s�e�g�u�i�t�o �c�h�i�a�m�a�t�o �t�e�o�r�e�m�a� �d�i�
C�a�r�n�o�t � �c�h�e �s�t�a�b�i�l�i�s�c�e �c�h�e �c'�è �u�n�a� �l�i�m�i�t�a�z�i�o�n�e �i�n�t�r�i�n�s�e�c�a� �a�l�l�a�
�m�a�s�s�i�m�a� �e�f�f�i�c�i�e�n�z�a� �d�i� �u�n�a� �q�u�a�l�u�n�q�u�e �m�a�c�c�h�i�n�a� �t�e�r�m�i�c�a� (�r�e�a�l�e
�o �i�d�e�a�l�e). P�e�r� �c�o�m�p�r�e�n�d�e�r�e �l��e�n�u�n�c�i�a�t�o �d�e�l �t�e�o�r�e�m�a� �d�i� C�a�r�n�o�t, R�e�n�d�i�m�e�n�t�o �d�i� �u�n�a� �m�a�c�c�h�i�n�a�

�t�e�r�m�i�c�a�:

η ≡ |W|
QC

= 1− |QF |
QC

�e�s�s�e�n�d�o, �i�n� �u�n� �c�i�c�l�o,

|W| = |QC | − |QF | .

�o�c�c�o�r�r�e �r�i�c�o�r�d�a�r�e �c�h�e �u�n�a� �m�a�c�c�h�i�n�a� �d�i� C�a�r�n�o�t �c�o�n�s�i�s�t�e �i�n�
�u�n�a� �s�o�s�t�a�n�z�a� (�t�i�p�i�c�a�m�e�n�t�e �u�n� �f�l�u�i�d�o �i�n� �u�n� �c�i�l�i�n�d�r�o �c�o�n�
�p�i�s�t�o�n�e) �c�h�e �e�s�p�a�n�d�e�n�d�o�s�i� �c�o�m�p�i�e �l�a�v�o�r�o W �s�u� �u�n�a� �s�o�r�g�e�n�t�e
�d�i� �l�a�v�o�r�o �e�s�t�e�r�n�a� �a�s�s�o�r�b�e�n�d�o �i�l �c�a�l�o�r�e QC �d�a� �u�n� �b�a�g�n�o �d�i�
�c�a�l�o�r�e �a� �t�e�m�p�e�r�a�t�u�r�a� �e�m�p�i�r�i�c�a� θC (�d�i�p�e�n�d�e�n�t�e �d�a�l�l�a� �s�c�e�l�t�a�
�d�i� �u�n� �t�e�r�m�o�m�e�t�r�o �e �d�i� �u�n�a� �s�c�a�l�a� �t�e�r�m�o�m�e�t�r�i�c�a�) �e �c�e�d�e�n�d�o
�c�a�l�o�r�e QF �a�d� �u�n� �b�a�g�n�o �f�r�e�d�d�o �a� �t�e�m�p�e�r�a�t�u�r�a� �e�m�p�i�r�i�c�a� θF. I �n�
�o�g�n�i� �c�i�c�l�o, �l�a� �s�o�s�t�a�n�z�a� �s�u�b�i�s�c�e �l�e �s�e�g�u�e�n�t�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�i�
�r�e�v�e�r�s�i�b�i�l�i�: 1) E�s�p�a�n�s�i�o�n�e �i�s�o�t�e�r�m�a� �a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�e�l
�b�a�g�n�o �c�a�l�d�o, 2) �e�s�p�a�n�s�i�o�n�e �r�e�v�e�r�s�i�b�i�l�e �a�d�i�a�b�a�t�i�c�a� �f�i�n�o �a� �c�h�e
�l�a� �s�o�s�t�a�n�z�a� �n�o�n� �r�a�g�g�i�u�n�g�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�e�l �b�a�g�n�o �f�r�e�d�d�o,
3) �c�o�m�p�r�e�s�s�i�o�n�e �i�s�o�t�e�r�m�a� �r�e�v�e�r�s�i�b�i�l�e �a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�e�l
�b�a�g�n�o �f�r�e�d�d�o, 4) �c�o�m�p�r�e�s�s�i�o�n�e �a�d�i�a�b�a�t�i�c�a� �r�e�v�e�r�s�i�b�i�l�e �f�i�n�o �a�
�c�h�e �l�a� �s�o�s�t�a�n�z�a� �n�o�n� �r�a�g�g�i�u�n�g�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�e�l �b�a�g�n�o
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�c�a�l�d�o.

T�e�o�r�e�m�a� �d�i� C�a�r�n�o�t. (�a�) Q�u�a�l�u�n�q�u�e �m�a�c�c�h�i�n�a� �t�e�r�-
�m�i�c�a� �r�e�a�l�e �c�h�e �u�t�i�l�i�z�z�a� �d�u�e �s�e�r�b�a�t�o�i� �d�i� �c�a�l�o�r�e �a�
�t�e�m�p�e�r�a�t�u�r�a� �d�i�f�f�e�r�e�n�t�i� �è �m�e�n�o �e�f�f�i�c�i�e�n�t�e �d�i� �u�n�a�
�m�a�c�c�h�i�n�a� �d�i� C�a�r�n�o�t �o�p�e�r�a�n�t�e �t�r�a� �g�l�i� �s�t�e�s�s�i� �s�e�r�-
�b�a�t�o�i�. (�b) T�u�t�t�e �l�e �m�a�c�c�h�i�n�e �t�e�r�m�i�c�h�e �r�e�v�e�r�s�i�b�i�l�i�
�c�h�e �u�t�i�l�i�z�z�a�n�o �d�u�e �s�e�r�b�a�t�o�i� �d�i� �c�a�l�o�r�e �a� �t�e�m�p�e-
�r�a�t�u�r�a� �d�i�f�f�e�r�e�n�t�i� �h�a�n�n�o �l�a� �s�t�e�s�s�a� �e�f�f�i�c�i�e�n�z�a� �d�i�
�u�n�a� �m�a�c�c�h�i�n�a� �d�i� C�a�r�n�o�t �o�p�e�r�a�n�t�e �t�r�a� �g�l�i� �s�t�e�s�s�i�
�s�e�r�b�a�t�o�i�.

(3.11)

D�a�l �t�e�o�r�e�m�a� �d�i� C�a�r�n�o�t (�b) �s�e�g�u�e �c�h�e |QF|/|QC| �p�e�r� �u�n�a�
�m�a�c�c�h�i�n�a� �d�i� C�a�r�n�o�t �è �u�n�a� �f�u�n�z�i�o�n�e �c�h�e �d�i�p�e�n�d�e �s�o�l�o �d�a�l�l�e
�t�e�m�p�e�r�a�t�u�r�e �e�m�p�i�r�i�c�h�e θC �e θF �d�e�i� �d�u�e �s�e�r�b�a�t�o�i� �d�i� �c�a�l�o�r�e. I �n�
�q�u�e�s�t�o �m�o�d�o, �n�e�l 1848, W�i�l�l�i�a�m� T�h�o�m�s�o�n� (L�o�r�d� K�e�l�v�i�n�),
�d�e�d�u�s�s�e �l��e�s�i�s�t�e�n�z�a� �s�i� �u�n�a� �s�c�a�l�a� �t�e�r�m�o�m�e�t�r�i�c�a� �a�s�s�o�l�u�t�a� T

�d�e�f�i�n�i�t�a� �d�a�l �r�a�p�p�o�r�t�o �t�r�a� �i� �c�a�l�o�r�i� �s�c�a�m�b�i�a�t�i� �i�n� �u�n�a� �m�a�c�c�h�i�n�a�
�d�i� C�a�r�n�o�t. L�a� �f�u�n�z�i�o�n�e T �è �d�u�n�q�u�e �u�n�i�c�a� �a� �m�e�n�o �d�i� �u�n�a�
�c�o�s�t�a�n�t�e �m�o�l�t�i�p�l�i�c�a�t�i�v�a�. M�e�d�i�a�n�t�e �s�c�e�l�t�a� (�c�o�n�v�e�n�z�i�o�n�a�l�e) �d�e�l�l�a�
�c�o�s�t�a�n�t�e �m�o�l�t�i�p�l�i�c�a�t�i�v�a� (�a�s�s�e�g�n�a�n�d�o �i�l �v�a�l�o�r�e 273,16 �a�l �p�u�n�t�o
�t�r�i�p�l�o �d�e�l�l��a�c�q�u�a�) �s�i� �o�t�t�i�e�n�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�
�a�s�s�o�l�u�t�a� T �n�e�l�l�a� �f�a�m�i�l�i�a�r�e �s�c�a�l�a� K�e�l�v�i�n�.

C�l�a�u�s�i�u��, �n�e�l 1850, �b�a�s�a�n�d�o�s�i� �a�n�c�h��e�g�l�i� �s�u�l �t�e�o�r�e�m�a� �d�i� C�a�r�-
�n�o�t, �g�e�t�t�ò �l�e �b�a�s�i� �p�e�r� �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�,
�e�s�a�m�i�n�a�n�d�o �i�l �r�a�p�p�o�r�t�o �t�r�a� �i�l �t�r�a�s�f�e�r�i�m�e�n�t�o �d�i� �c�a�l�o�r�e �e �d�i�
�l�a�v�o�r�o. L�a� �s�u�a� �f�o�r�m�u�l�a�z�i�o�n�e �d�e�l �s�e�c�o�n�d�o �p�r�i�n�c�i�p�i�o, �c�h�e �f�u�
�p�u�b�b�l�i�c�a�t�a� �i�n� �t�e�d�e�s�c�o �n�e�l 1854, �è �c�o�n�o�s�c�i�u�t�a� �c�o�m�e �e�n�u�n�c�i�a�t�o
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�d�i� C�l�a�u�s�i�u�� :

I�l �c�a�l�o�r�e �p�u�ò �m�a�i� �p�a�s�s�a�r�e �d�a� �u�n� �c�o�r�p�o �p�i�ù�
�f�r�e�d�d�o �a�d� �u�n�o �p�i�ù� �c�a�l�d�o �s�e�n�z�a� �c�h�e �s�i� �v�e�r�i�f�i�c�h�i�
�a�l�l�o �s�t�e�s�s�o �t�e�m�p�o �u�n� �q�u�a�l�c�h�e �a�l�t�r�o �c�a�m�b�i�a�m�e�n�t�o
�c�o�n�n�e�s�s�o �c�o�n� �q�u�e�s�t�o.

(3.12)

I�n� �a�l�t�r�e �p�a�r�o�l�e, �i�l �c�a�l�o�r�e �n�o�n� �p�u�ò �f�l�u�i�r�e �s�p�o�n�t�a�n�e�a�m�e�n�t�e
�d�a� �r�e�g�i�o�n�i� �f�r�e�d�d�e �a� �r�e�g�i�o�n�i� �c�a�l�d�e �s�e�n�z�a� �c�h�e �v�e�n�g�a� �e�s�e�g�u�i�t�o
�u�n� �l�a�v�o�r�o �e�s�t�e�r�n�o �s�u�l �s�i�s�t�e�m�a�. K�e�l�v�i�n� �e�s�p�r�e�s�s�e �n�e�l 1851
�l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �c�o�m�e:

N�o�n� �e�s�i�s�t�e �a�l�c�u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�-
�c�a� �i�l �c�u�i� �u�n�i�c�o �e�f�f�e�t�t�o �s�i�a� �d�i� �e�s�t�r�a�r�r�e �c�a�l�o�r�e �d�a�
�u�n� �b�a�g�n�o �e �c�o�n�v�e�r�t�i�r�e �q�u�e�l �c�a�l�o�r�e �c�o�m�p�l�e�t�a�m�e�n�t�e
�i�n� �l�a�v�o�r�o.

(3.13)

N�o�n� �è �d�i�f�f�i�c�i�l�e �m�o�s�t�r�a�r�e �l��e�q�u�i�v�a�l�e�n�z�a� �d�e�i� �d�u�e �e�n�u�n�c�i�a�t�i�
�c�o�n� �u�n�'�a�n�a�l�i�s�i� �b�a�s�a�t�a� �s�u�l�l�e �m�a�c�c�h�i�n�e �t�e�r�m�i�c�h�e. Q�u�e�s�t�o �p�u�ò
�e�s�s�e�r�e �t�r�o�v�a�t�o �i�n� �q�u�a�l�u�n�q�u�e �t�e�s�t�o �i�n�t�r�o�d�u�t�t�i�v�o �d�i� �t�e�r�m�o�d�i�n�a�-
�m�i�c�a�.

N�e�l 1865, C�l�a�u�s�i�u�� �d�i�e�d�e �l�a� �p�r�i�m�a� �v�e�r�s�i�o�n�e �m�a�t�e�m�a�t�i�c�a� �d�e�l
�c�o�n�c�e�t�t�o �d�i� �e�n�t�r�o�p�i�a�. E�g�l�i� �d�i�m�o�s�t�r�ò �c�h�e �d�a�l�l�a� �s�e�c�o�n�d�a� �l�e�g�g�e
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �s�e�g�u�e �c�h�e

δQ�r�e�v
T

�è �u�n� �d�i�f�f�e�r�e�n�z�i�a�l�e �e�s�a�t�t�o , (3.14)

�d�o�v�e δQ�r�e�v �è �i�l �c�a�l�o�r�e �i�n�f�i�n�i�t�e�s�i�m�o �a�s�s�o�r�b�i�t�o �d�a�l �s�i�s�t�e�m�a� �i�n�
�m�o�d�o �r�e�v�e�r�s�i�b�i�l�e. R�i�s�u�l�t�a� �c�o�s�ì� �d�e�f�i�n�i�t�a� �u�n�a� �n�u�o�v�a� �g�r�a�n�d�e�z�z�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a�, �l��e�n�t�r�o�p�i�a� S, �l�a� �c�u�i� �v�a�r�i�a�z�i�o�n�e ∆S = S f − Si �i�n�
�u�n� �p�r�o�c�e�s�s�o �d�a� �u�n�o �s�t�a�t�o �i�n�i�z�i�a�l�e i �a�d� �u�n�o �s�t�a�t�o �f�i�n�a�l�e f �è
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�d�a�t�a� �d�a�l�l��i�n�t�e�g�r�a�l�e
∆S =

∫ f

i

δQ�r�e�v
T

. (3.15)

C�l�a�u�s�i�u�� �s�c�e�l�s�e �l�a� �p�a�r�o�l�a� �e�n�t�r�o�p�i�a�, �p�e�r�c�h�é �i�l �s�i�g�n�i�f�i�c�a�t�o, �d�a�l
�g�r�e�c�o, �e�n� �t�r�o�p�e�i�n�, �è `̀ �c�o�n�t�e�n�u�t�o �d�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�e'' I �n�o�l-
�t�r�e, �e�g�l�i� �d�i�m�o�s�t�r�ò �l�a� �d�i�s�u�g�u�a�g�l�i�a�n�z�a� (3.10) �p�e�r� �u�n� �s�i�s�t�e�m�a�
�i�s�o�l�a�t�o.

3.6 I�l �t�e�r�z�o �p�o�s�t�u�l�a�t�o �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�

P�e�r� �o�t�t�e�n�e�r�e �t�u�t�t�a� �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�l�a�s�s�i�c�a� �o�c�c�o�r�r�e �a�g-
�g�i�u�n�g�e�r�e �u�n� �p�o�s�t�u�l�a�t�o �c�h�e �c�o�r�r�i�s�p�o�n�d�e �a�l�l�a� �t�e�r�z�a� �l�e�g�g�e �d�e�l�l�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a� �o �l�e�g�g�e �d�i� N�e�r�s�t. I�l �p�o�s�t�u�l�a�t�o �è �i�l �s�e�g�u�e�n�t�e:

P�o�s�t�u�l�a�t�o III. L'�e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �s�i� �a�n�n�u�l�l�a�
�n�e�l�l�o �s�t�a�t�o �p�e�r� �c�u�i�

∂U
∂S

= 0.
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Q�u�e�s�t�a� �s�e�z�i�o�n�e �è �d�e�d�i�c�a�t�a� �a� �p�r�e�s�e�n�t�a�r�e �l�a� �s�t�r�u�t�t�u�r�a� �f�o�r�m�a�l�e
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�, �a�l�l�a� �b�a�s�e �d�e�l�l�a� �q�u�a�l�e �s�t�a� �l��e�n�t�r�o�p�i�a�. P�e�r�
�i�l �p�o�s�t�u�l�a�t�o II, �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �è �i�n�v�e�r�t�i�b�i�l�e �r�i�s�p�e�t�t�o �a�l-
�l��e�n�e�r�g�i�a�. L'�e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �n�o�n�
�è �a�l�t�r�o �c�h�e �l��e�q�u�a�z�i�o�n�e �c�h�e �f�o�r�n�i�s�c�e �l��e�n�t�r�o�p�i�a� �i�n� �f�u�n�z�i�o�n�e �d�e�l-
�l��e�n�e�r�g�i�a� �e �d�e�l�l�e �a�l�t�r�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e,
�l��e�n�e�r�g�i�a� �c�o�m�e �f�u�n�z�i�o�n�e �d�e�l�l��e�n�t�r�o�p�i�a� �e �d�e�l�l�e �a�l�t�r�e �v�a�r�i�a�b�i�l�i�
�e�s�t�e�n�s�i�v�e. L�a� �f�o�r�m�a� �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� �q�u�e�s�t�e �e�q�u�a�z�i�o�n�i� �è �n�o�t�a�
�c�o�m�e �f�u�n�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b��. L'�e�q�u�a�z�i�o�n�e �d�i� G�i�b�b��
�p�e�r�m�e�t�t�e �d�i� �i�n�t�e�r�p�r�e�t�a�r�e �l�e �d�e�r�i�v�a�t�e �d�e�l�l��e�n�t�r�o�p�i�a� �i�n� �t�e�r�m�i�-
�n�i� �d�i� �q�u�a�n�t�i�t�à� �i�n�t�e�n�s�i�v�e �c�h�e �c�a�r�a�t�t�e�r�i�z�z�a�n�o �l�e �c�o�n�d�i�z�i�o�n�i� �d�i�
�e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o. I �n� �p�a�r�t�i�c�o�l�a�r�e, �l�a� �t�e�m�p�e�r�a�t�u�r�a�, �è
�d�e�f�i�n�i�t�a� �c�o�m�e �d�e�r�i�v�a�t�a� �d�e�l�l��e�n�e�r�g�i�a� �r�i�s�p�e�t�t�o �a�l�l��e�n�t�r�o�p�i�a�, �l�a�
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�p�r�e�s�s�i�o�n�e, �c�o�m�e �d�e�r�i�v�a�t�a� �d�e�l�l��e�n�e�r�g�i�a� �r�i�s�p�e�t�t�o �a�l �v�o�l�u�m�e, �e
�i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o, �c�o�m�e �d�e�r�i�v�a�t�a� �d�e�l�l��e�n�e�r�g�i�a� �r�i�s�p�e�t�t�o �a�l
�n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e. M�o�s�t�r�e�r�e�m�o �c�h�e �q�u�e�s�t�e �d�e�f�i�n�i�z�i�o�n�i� �f�o�r�n�i�-
�s�c�o�n�o �n�o�z�i�o�n�i� �c�h�e �s�o�n�o �i�n� �c�o�m�p�l�e�t�o �a�c�c�o�r�d�o �c�o�n� �l�e �u�s�u�a�l�i� �n�o-
�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �t�e�m�p�e�r�a�t�u�r�a�, �p�r�e�s�s�i�o�n�e �e �p�o�t�e�n�z�i�a�l�e
�c�h�i�m�i�c�o.

4.1 R�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e

L'�e�n�t�r�o�p�i�a� �i�n� �f�u�n�z�i�o�n�e �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e U �e Y �d�i� �u�n�
�s�i�s�t�e�m�a�,

S = S(U, Y), (4.1)

�è �d�e�t�t�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l �s�i�s�t�e�m�a�. L�a� �c�o�n�t�i�n�u�i�-
�t�à�, �d�i�f�f�e�r�e�n�z�i�a�b�i�l�i�t�à� �e �m�o�n�o�t�o�n�i�c�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �s�t�a�b�i�l�i�t�e �d�a�l
P�o�s�t�u�l�a�t�o IIB �i�m�p�l�i�c�a�n�o �c�h�e �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �p�u�ò �e�s�s�e-
�r�e �i�n�v�e�r�t�i�t�a� �r�i�s�p�e�t�t�o �a�l�l��e�n�e�r�g�i�a�. L�a� �f�u�n�z�i�o�n�e �e�n�e�r�g�i�a� �c�o�s�ì�
�o�t�t�e�n�u�t�a�

U = U(S, Y) (4.2)

�è �a�n�c�h��e�s�s�a� �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�t�i�n�u�a� �e �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e �d�e�i� �s�u�o�i�
�a�r�g�o�m�e�n�t�i�. P�o�i�c�h�é �d�a�l�l�a� (4.1) �s�i� �p�a�s�s�a� �u�n�i�c�a�m�e�n�t�e �a�l�l�a� (4.2)
�e �v�i�c�e�v�e�r�s�a�, �p�o�s�s�i�a�m�o �r�i�g�u�a�r�d�a�r�e �q�u�e�s�t�e �f�u�n�z�i�o�n�i� �c�o�m�e �r�a�p�-
�p�r�e�s�e�n�t�a�z�i�o�n�i� �e�q�u�i�v�a�l�e�n�t�i� �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e. D�i�r�e-
�m�o �c�h�e �l�a� (4.1) �è �l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�t�r�o�p�i�a� �e �l�a� (4.2) �l�a�
�r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�e�r�g�i�a� �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e.

L�e �r�e�l�a�z�i�o�n�i� �f�o�n�d�a�m�e�n�t�a�l�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �m�e�r�i�t�a�n�o �i�l
�l�o�r�o �n�o�m�e �p�e�r�c�h�é �c�o�n�t�e�n�g�o�n�o �i�n�f�o�r�m�a�z�i�o�n�i� �s�u� �t�u�t�t�e �l�e �p�r�o-
�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e (�e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o, �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a�,
�c�o�m�p�r�e�s�s�i�b�i�l�i�t�à�, �c�oe�f�f�i�c�i�e�n�t�i� �d�i� �e�s�p�a�n�s�i�o�n�e, �i�l �c�o�m�p�o�r�t�a�m�e�n�t�o
�d�i� �f�a�s�e �e �c�o�s�ì� �v�i�a�) �d�e�l �s�i�s�t�e�m�a�. Q�u�e�s�t�o, �t�u�t�t�a�v�i�a�, �è �s�o�p�r�a�t�t�u�t-
�t�o �d�i� �i�n�t�e�r�e�s�s�e �t�e�o�r�i�c�o, �d�a�l �m�o�m�e�n�t�o �c�h�e �p�e�r� �l�a� �m�a�g�g�i�o�r� �p�a�r�t�e
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�d�e�i� �s�i�s�t�e�m�i� �n�o�n� �s�o�n�o �d�i�s�p�o�n�i�b�i�l�i� �e�s�p�r�e�s�s�i�o�n�i� �a�n�a�l�i�t�i�c�h�e �d�e�l�l�e
�e�q�u�a�z�i�o�n�i� �f�o�n�d�a�m�e�n�t�a�l�i�. L�a� �s�e�m�p�l�i�c�e �e�s�i�s�t�e�n�z�a� �d�i� �e�q�u�a�z�i�o�n�i�
�f�o�n�d�a�m�e�n�t�a�l�i�, �t�u�t�t�a�v�i�a�, �è �g�i�à� �m�o�l�t�o �i�m�p�o�r�t�a�n�t�e �p�e�r� �s�t�a�b�i�l�i�-
�r�e �r�e�l�a�z�i�o�n�i� �t�r�a� �l�e �v�a�r�i�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e; �q�u�e�s�t�a�
�e�n�f�a�s�i� �s�u�l�l�e �r�e�l�a�z�i�o�n�i� �è �l��e�s�s�e�n�z�a� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�.

4.2 P�r�i�n�c�i�p�i�o �d�i� �m�i�n�i�m�o �p�e�r� �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a�

I�l �p�o�s�t�u�l�a�t�o IIA �s�t�a�b�i�l�i�s�c�e �c�h�e �l��e�n�t�r�o�p�i�a� �è �m�a�s�s�i�m�a� �r�i�s�p�e�t�t�o
�a�i� �p�a�r�a�m�e�t�r�i� �d�e�i� �s�o�t�t�o�s�i�s�t�e�m�i� �q�u�a�n�d�o �q�u�e�s�t�i� �p�o�s�s�o�n�o �v�a�r�i�a�r�e
�l�i�b�e�r�a�m�e�n�t�e. D�a� �q�u�e�s�t�o �e �d�a�l�l�a� (4.2) �s�e�g�u�e �u�n� �p�r�i�n�c�i�p�i�o �d�i�
�m�i�n�i�m�o �p�e�r� �l��e�n�e�r�g�i�a�:

I�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �q�u�a�l�u�n�q�u�e �p�a�r�a�m�e-
�t�r�o �i�n�t�e�r�n�o �n�o�n� �v�i�n�c�o�l�a�t�o �è �t�a�l�e �d�a� �m�i�n�i�m�i�z�z�a�r�e
�l��e�n�e�r�g�i�a� �p�e�r� �u�n� �d�a�t�o �v�a�l�o�r�e �d�e�l�l��e�n�t�r�o�p�i�a� �t�o�t�a�l�e.

(4.3)

I�n� �f�o�r�m�u�l�e, �i� �v�a�l�o�r�i� �d�'�e�q�u�i�l�i�b�r�i�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�r�n�e Y�e��

�s�o�n�o �l�e �s�o�l�u�z�i�o�n�i� �d�e�l�l��e�q�u�a�z�i�o�n�e

δŨ = 0 ⇒ ∂Ũ
∂Y = 0 . (4.4)

L�e �s�o�l�u�z�i�o�n�i� �d�i� �q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �d�a�n�n�o �l��e�n�e�r�g�i�a� �d�e�l �s�i�s�t�e�m�a�
�c�o�m�p�o�s�t�o �i�n� �a�s�s�e�n�z�a� �d�i� �v�i�n�c�o�l�i� �i�n�t�e�r�i�, �c�h�e �è �q�u�i�n�d�i�

Ũ�e�� = min
Y

Ũ(Y) = Ũ(Y�e��) . (4.5)

S�i� �o�s�s�e�r�v�i� �c�h�e �m�e�n�t�r�e �i�l �p�r�i�n�c�i�p�i�o �d�i� �m�a�s�s�i�m�o �d�e�l�l��e�n�-
�t�r�o�p�i�a� �s�i� �r�e�a�l�i�z�z�a� �s�p�o�n�t�a�n�e�a�m�e�n�t�e �i�n� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o
�q�u�a�n�d�o �l�e �c�u�i� �p�a�r�t�i� �d�i� �c�u�i� �è �f�o�r�m�a�t�o �n�o�n� �s�o�n�o �i�n�i�z�i�a�l�m�e�n�t�e
�i�n� �e�q�u�i�l�i�b�r�i�o �t�r�a� �l�o�r�o, �l�a� �m�i�n�i�m�i�z�z�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �n�o�n� �p�u�ò
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Yαj

piano

piano

Yαj

F�i�g�u�r�a� 4.1: F�i�g�u�r�a� �s�o�p�r�a�. L�o
�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o A �c�o�r�r�i�s�p�o�n�d�e
�a�l �m�a�s�s�i�m�o �d�e�l�l��e�n�t�r�o�p�i�a� �s�o�t�t�o �i�l
�v�i�n�c�o�l�o �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e-
�n�e�r�g�i�a� �t�o�t�a�l�e Ũ �c�o�s�t�a�n�t�e. Yαj �è
�u�n� �p�a�r�a�m�e�t�r�o �c�h�e �c�a�r�a�t�t�e�r�i�z�z�a�
�i�l �s�o�t�t�o�s�i�s�t�e�m�a� α. P�e�r� �e�s�e�m�p�i�o,
�i�l �s�i�s�t�e�m�a� �è �i�d�e�a�l�m�e�n�t�e �d�i�v�i�s�o �i�n�
�d�u�e �s�o�t�t�o�s�i�s�t�e�m�i� �c�o�m�e �n�e�l�l�a� �s�i�t�u�a�-
�z�i�o�n�e �d�e�s�c�r�i�t�t�a� �i�n� �f�i�g�u�r�a� 1.1 �e Yαj

�è �l��e�n�e�r�g�i�a� �d�i� �u�n�o �d�e�i� �d�u�e �s�o�t�t�o�s�i�-
�s�t�e�m�i�. F�i�g�u�r�a� �s�o�t�t�o. L�o �s�t�a�t�o �d�i�
�e�q�u�i�l�i�b�r�i�o A �c�o�r�r�i�s�p�o�n�d�e �a�l �m�i�n�i�-
�m�o �d�e�l�l��e�n�e�r�g�i�a� �s�o�t�t�o �i�l �v�i�n�c�o�l�o �d�i�
�c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�t�r�o�p�i�a� �t�o�t�a�l�e
S̃.

�e�s�s�e�r�e �o�t�t�e�n�u�t�a� �s�p�o�n�t�a�n�e�a�m�e�n�t�e: �o�c�c�o�r�r�e �i�n�f�a�t�t�i� �g�a�r�a�n�t�i�r�e �c�h�e
�l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �c�h�e �p�o�r�t�a�n�o �a�l�l�o �s�t�a�t�o �f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o
�s�i�a� �s�u�f�f�i�c�i�e�n�t�e�m�e�n�t�e �l�e�n�t�e, �c�i�o�è �q�u�a�s�i�-�s�t�a�t�i�c�h�e , �i�n� �m�o�d�o �t�a�l�e
�c�h�e �l��e�n�t�r�o�p�i�a� �r�e�s�t�i� �c�o�s�t�a�n�t�e. S�i�a� �c�o�m�e �s�i�a�, �i�n�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e
�d�a� �c�o�m�e �l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �v�i�e�n�e �r�a�g�g�i�u�n�t�o, �è �i�m�p�o�r�t�a�n�t�e
�s�o�t�t�o�l�i�n�e�a�r�e �c�h�e �e�s�s�o �s�o�d�d�i�s�f�a� �e�n�t�r�a�m�b�e �l�e �c�o�n�d�i�z�i�o�n�i� �d�i� �m�a��-
�s�i�m�o �d�e�l�l��e�n�t�r�o�p�i�a� �e �d�i� �m�i�n�i�m�o �d�e�l�l��e�n�e�r�g�i�a�; �s�i� �v�e�d�a� �l�a� �f�i�g�u�r�a�
4.1.
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4.3 T�e�m�p�e�r�a�t�u�r�a�

L�e �d�e�r�i�v�a�t�e �d�e�l�l��e�n�t�r�o�p�i�a� �o �d�e�l�l��e�n�e�r�g�i�a� �r�i�s�p�e�t�t�o �a�l�l�e �v�a�r�i�a�b�i�-
�l�i� �e�s�t�e�n�s�i�v�e �g�i�o�c�a�n�o �u�n� �r�u�o�l�o �c�e�n�t�r�a�l�e �i�n� �t�e�r�m�o�d�i�n�a�m�i�c�a�: �l�e
�e�q�u�a�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o �s�t�a�b�i�l�i�s�c�o�n�o �c�h�e �s�i� �h�a� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o-
�d�i�n�a�m�i�c�o �q�u�a�n�d�o �q�u�e�s�t�e �d�e�r�i�v�a�t�e �s�o�n�o �u�g�u�a�l�i�. S�i� �o�s�s�e�r�v�i� �c�h�e
�s�i� �t�r�a�t�t�a� �d�i� �v�a�r�i�a�b�i�l�i� �i�n�t�e�n�s�i�v�e, �i�n� �q�u�a�n�t�o �d�e�r�i�v�a�t�e �d�i� �v�a�r�i�a�b�i�-
�l�i� �e�s�t�e�n�s�i�v�e (�l��e�n�t�r�o�p�i�a� �o �l��e�n�e�r�g�i�a�) �r�i�s�p�e�t�t�o �a�d� �a�l�t�r�e �v�a�r�i�a�b�i�l�i�
�e�s�t�e�n�s�i�v�e.

L�a� �v�a�r�i�a�b�i�l�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �p�e�r� �e�c�c�e�l�l�e�n�z�a� �è �t�e�m�p�e�r�a�t�u�r�a�
T, �d�e�f�i�n�i�t�a� �d�a�l�l��e�q�u�a�z�i�o�n�e

T =
∂U
∂S

, (4.6)

�p�e�r� �c�u�i� �l��e�q�u�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o (3.9) �c�o�r�r�i�s�p�o�n�d�e �a�l�l�a� �c�o�n�d�i�-
�z�i�o�n�e �d�i� �u�g�u�a�g�l�i�a�n�z�a� �d�e�l�l�e �t�e�m�p�e�r�a�t�u�r�e, �c�i�o�è �a�l�l�a� �c�o�n�d�i�z�i�o�n�e
�d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�i�c�o. P�e�r� �l�a� �r�e�g�o�l�a� �d�e�l�l�a� �d�e�r�i�v�a�t�a� �d�e�l�l�a� �f�u�n�-
�z�i�o�n�e �i�n�v�e�r�s�a�, �l�a� �t�e�m�p�e�r�a�t�u�r�a� �è �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e �d�e�f�i�n�i�t�a�
�d�a�l�l��e�q�u�a�z�i�o�n�e

1
T

=
∂S
∂U

(4.7)

�c�h�e �è �l�a� �f�u�n�z�i�o�n�e �c�h�e �e�n�t�r�a� �i�n� �g�i�o�c�o �n�e�l�l��e�q�u�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�-
�b�r�i�o (3.6):

∂SA
∂UA

=
∂SB
∂UB

⇒ 1
TA

=
1

TB
(4.8)

P�e�r� �c�o�m�e �è �s�t�a�t�a� �d�e�f�i�n�i�t�a�, �l�a� T �h�a� �l�e �p�r�o�p�r�i�e�t�à� �c�h�e �u�n�a�
�f�u�n�z�i�o�n�e �t�e�m�p�e�r�a�t�u�r�a� �d�e�v�e �a�v�e�r�e:

(�i�) È �u�n�a� �f�u�n�z�i�o�n�e �p�o�s�i�t�i�v�a�.

(�i�i�) D�u�e �c�o�r�p�i� �i�n� �c�o�n�t�a�t�t�o �t�e�r�m�i�c�o, �a�l�l��e�q�u�i�l�i�b�r�i�o �h�a�n�n�o �u�g�u�a�l�i�
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�t�e�m�p�e�r�a�t�u�r�e.

(�i�i�i�) S�e �d�u�e �c�o�r�p�i� �a� �t�e�m�p�e�r�a�t�u�r�a� �d�i�f�f�e�r�e�n�t�e �s�o�n�o �p�o�s�t�i� �i�n�
�c�o�n�t�a�t�t�o �t�e�r�m�i�c�o, �i�l �c�a�l�o�r�e �f�l�u�i�s�c�e �d�a� �d�a�l �c�o�r�p�o �p�i�ù� �c�a�l�d�o,
�c�i�o�è �a� �t�e�m�p�e�r�a�t�u�r�a� �s�u�p�e�r�i�o�r�e, �a� �q�u�e�l�l�o �p�i�ù� �f�r�e�d�d�o, �c�i�o�è
�a� �t�e�m�p�e�r�a�t�u�r�a� �i�n�f�e�r�i�o�r�e.

L�a� �p�r�i�m�a� �p�r�o�p�r�i�e�t�à� �s�e�g�u�e �i�m�m�e�d�i�a�t�a�m�e�n�t�e �d�a�l�l�a� �m�o�n�o�t�o-
�n�i�c�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �r�i�s�p�e�t�t�o �a�l�l��e�n�e�r�g�i�a� �s�t�a�b�i�l�i�t�a� �d�a�l �p�o�s�t�u�l�a�t�o
II (�c). L�a� �s�e�c�o�n�d�a� �p�r�o�p�r�i�e�t�à� �è �p�r�o�p�r�i�o �c�i�ò �c�h�e �n�e �h�a� �m�o�t�i�v�a�-
�t�o �l�a� �d�e�f�i�n�i�z�i�o�n�e: �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �e�s�p�r�e�s�s�a� �d�a�l�l�a�
(4.8)

L�a� �t�e�r�z�a� �p�r�o�p�r�i�e�t�à� �p�u�ò �e�s�s�e�r�e �d�i�m�o�s�t�r�a�t�a� �n�e�l �s�e�g�u�e�n�t�e
�m�o�d�o. C�o�n�s�i�d�e�r�i�a�m�o �d�u�e �c�o�r�p�i� A �e B, �c�h�e �p�r�i�m�a� �d�i� �e�s�s�e�r�e
�m�e�s�s�i� �i�n� �c�o�n�t�a�t�t�o �t�e�r�m�i�c�o �s�i�a�n�o �s�e�p�a�r�a�t�a�m�e�n�t�e �i�n� �e�q�u�i�l�i�b�r�i�o
�c�o�n� �t�e�m�p�e�r�a�t�u�r�e TA0 �e TB0 . A�l�l�o�r�a�, �p�e�r� �l�a� �d�i�f�i�n�i�z�i�o�n�e �d�i�
�t�e�m�p�e�r�a�t�u�r�a�,

1
TA0

=
∂SA
∂UA

,
1

TB0

=
∂SA
∂UB

.

A�s�s�u�m�i�a�m�o �c�h�e �i�l �s�i�t�e�m�a� �c�o�m�p�o�s�t�o �f�o�r�m�a�t�o �d�a�i� �d�u�e �c�o�r�-
�p�i� �s�i�a� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o. Q�u�a�n�d�o �i� �c�o�r�p�i� �s�o�n�o �i�n� �c�o�n�t�a�t�t�o
�t�e�r�m�i�c�o, �i�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �s�u�b�i�s�c�e �u�n� �p�r�o�c�e�s�s�o �c�h�e �l�o
�p�o�r�t�a� �i�n� �u�n�o �s�t�a�t�o �f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o, �c�a�r�a�t�t�e�r�i�z�z�a�t�o �d�a�l-
�l�a� (3.6), �i�n� �c�u�i� �l��e�n�t�r�o�p�i�a� S̃ �è �m�a�s�s�i�m�a�. L�a� �v�a�r�i�a�z�i�o�n�e �d�i�
�e�n�t�r�o�p�i�a� ∆S̃ �t�r�a� �l�o �s�t�a�t�o �i�n�i�z�i�a�l�e �e �l�o �s�t�a�t�o �f�i�n�a�l�e �è �d�u�n�q�u�e
�p�o�s�i�t�i�v�a�.

C�a�l�c�o�l�i�a�m�o ∆S̃ �a�s�s�u�m�e�n�d�o, �p�e�r� �s�e�m�p�l�i�c�i�t�à�, �c�h�e �l�e �v�a�r�i�a�-
�z�i�o�n�i� �i�n� �g�i�o�c�o �s�i�a�n�o �a�b�b�a�s�t�a�n�z�a� �p�i�c�c�o�l�e �i�n� �m�o�d�o �d�a� �p�o�t�e�r�
�a�p�p�r�o�s�s�i�m�a�r�e �l�e �v�a�r�i�a�z�i�o�n�i� �f�i�n�i�t�e �c�o�n� �d�i�f�f�e�r�e�n�z�i�a�l�i�. A�l�l�o�r�a�,
�d�a�l�l�a� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a�, UA + UB = �c�o�s�t., �s�e�g�u�e �c�h�e



�l��e�q�u�a�z�i�o�n�e �fo�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� 43

dUB = −dUA, �e �q�u�i�n�d�i�

∆S̃ ≈ dS̃ =
∂SA
∂UA

dUA +
∂SB
∂UB

dUB =
∂SA
∂UA

dUA −
∂SB
∂UB

∣∣∣∣
d

UA ,

�d�a� �c�u�i�
∆S̃ ≈

(
1

TA0

− 1
TB0

)
∆UA

M�a� ∆S̃ > 0, �q�u�i�n�d�i� ∆UA > 0 �s�e TA0 < TB0 , �v�a�l�e �a� �d�i�r�e,
�s�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �i�n�i�z�i�a�l�e �d�e�l �c�o�r�p�o A �è �i�n�f�e�r�i�o�r�e �a� �q�u�e�l-
�l�a� �d�e�l �c�o�r�p�o B �c'�è �u�n� �f�l�u�s�s�o �d�i� �c�a�l�o�r�e �d�a� B �a� A �f�i�n� �t�a�n�t�o
�c�h�e �l�e �t�e�m�p�e�r�a�t�u�r�e �n�o�n� �s�i� �e�q�u�a�l�i�z�z�a�n�o; �i�n� �c�o�n�s�e�g�u�e�n�z�a� �d�i�
�q�u�e�s�t�o, �l��e�n�e�r�g�i�a� �d�i� A �a�u�m�e�n�t�a�. A�n�a�l�o�g�a�m�e�n�t�e, ∆UA < 0 �s�e
TA0 > TB0 �c�i�o�è �i�l �c�o�r�p�o A �c�e�d�e �e�n�e�r�g�i�a� �a�l �c�o�r�p�o B �s�e �l�a� �s�u�a�
�t�e�m�p�e�r�a�t�u�r�a� �i�n�i�z�i�a�l�e �è �p�i�ù� �e�l�e�v�a�t�a�.

N�e�l�l�a� �s�e�z�i�o�n�e 6.2 �d�i�m�o�s�t�r�e�r�e�m�o �c�h�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�e-
�f�i�n�i�t�a� �d�a�l�l�a� �r�e�l�a�z�i�o�n�e (4.14) �c�o�i�n�c�i�d�e �c�o�n� �l�a� �t�e�m�p�e�r�a�t�u�r�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a� �a�s�s�o�l�u�t�a�. Q�u�e�s�t�o �f�a�t�t�o �p�u�ò �p�e�r�ò �e�s�s�e�r�e �a�n�-
�t�i�c�i�p�a�t�o �c�o�n�f�r�o�n�t�a�n�d�o �l�a� (4.12) �c�o�n� �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� �d�i� �u�n� �s�i�s�t�e�m�a� �d�o�v�u�t�a� �a�l�l��i�n�t�e�r�a�z�i�o�n�e �t�e�r�m�i�c�a� �d�e�l
�s�i�s�t�e�m�a� �c�o�n� �u�n� �b�a�g�n�o �d�i� �c�a�l�o�r�e �a� �t�e�m�p�e�r�a�t�u�r�a� T. S�u�p�p�o�n�i�a�-
�m�o �c�h�e �i�l �p�r�o�c�e�s�s�o �s�i�a� �q�u�a�s�i� �s�t�a�t�i�c�o �e �s�i�a� �t�a�l�e �c�h�e �s�i� �a�b�b�i�a�n�o
�s�o�l�a�m�e�n�t�e �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �d�e�l �s�i�s�t�e�m�a�. P�o�s�s�i�a�m�o �a�l-
�l�o�r�a� �c�o�n�s�i�d�e�r�a�r�e �c�o�s�t�a�n�t�i� �t�u�t�t�e �l�e �v�a�r�i�a�b�i�l�i� �d�e�l �s�i�s�t�e�m�a� �f�a�t�t�a�
�e�c�c�e�z�i�o�n�e �p�e�r� �l��e�n�t�r�o�p�i�a�. I �n� �q�u�e�s�t�o �c�a�s�o �l�a� (4.12) �d�i�v�e�n�t�a�

dU = T dS , (4.9)

�c�h�e, �c�o�n�f�r�o�n�t�a�t�a� �c�o�n� �l��e��. (2.7) �p�o�r�t�a� �a�l�l�e �e�q�u�a�z�i�o�n�e

δQ�q�� = T dS, (4.10)
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�c�h�e �è �p�r�o�p�r�i�o �l��e�q�u�a�z�i�o�n�e �c�h�e C�l�a�u�s�i�u�� �u�s�ò �p�e�r� �d�e�f�i�n�i�r�e
�l��e�n�t�r�o�p�i�a� �i�n� �t�e�r�m�i�n�i� �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �a�s�s�o�l�u�t�a� T.

4.4 E�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b��

I�n� �q�u�a�n�t�o �d�e�r�i�v�a�t�a� �d�e�l�l��e�n�e�r�g�i�a� �r�i�s�p�e�t�t�o �a�l�l��e�n�t�r�o�p�i�a�, �l�a� �t�e�m�-
�p�e�r�a�t�u�r�a� �è �r�i�g�u�a�r�d�a�t�a� �c�o�m�e �l�a� �v�a�r�i�a�b�i�l�e �i�n�t�e�n�s�i�v�a� �c�o�n�i�u�g�a�t�a�
�a�l�l�a� �v�a�r�i�a�b�i�l�e �e�s�t�e�n�s�i�v�a� �e�n�e�r�g�i�a�. A�n�a�l�o�g�a�m�e�n�t�e, �s�i� �d�e�f�i�n�i�s�c�o�n�o
�l�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�n�s�i�v�e F �c�o�n�i�u�g�a�t�e �a�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e Y ,

F =
∂U
∂Y

. (4.11)

S�e �s�c�r�i�v�i�a�m�o �i�l �d�i�f�f�e�r�e�n�z�i�a�l�e �d�e�l�l��e�n�e�r�g�i�a� �t�e�n�d�e�n�d�o �c�o�n�t�o
�d�e�l�l�e �e��. (4.6) �e (4.11), �o�t�t�e�n�i�a�m�o

dU = T dS + F · dY (4.12)

�c�h�e �è �n�o�t�a� �c�o�m�e �e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b�� �n�e�l�l�a� �r�a�p�-
�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�e�r�g�i�a�.

V�a� �s�o�t�t�o�l�i�n�e�a�t�o �c�h�e, �n�o�n�o�s�t�a�n�t�e �l�a� �s�o�m�i�g�l�i�a�n�z�a� �f�o�r�m�a�l�e
�d�e�l�l�e �e��. (2.4) �e (4.12), �q�u�e�s�t�e �e�s�p�r�e�s�s�i�o�n�i� �s�o�n�o �f�o�n�d�a�m�e�n�-
�t�a�l�m�e�n�t�e �d�i�f�f�e�r�e�n�t�i�. L'�e��. (2.4) �è �u�n�a� �e�q�u�a�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o
�p�e�r� dU, �e�s�p�r�e�s�s�o �i�n� �t�e�r�m�i�n�i� �d�i� �q�u�a�n�t�i�t�à� �c�h�e �d�i�p�e�n�d�o�n�o �d�a�
�u�n� �p�r�o�c�e�s�s�o �c�h�e �d�e�s�c�r�i�v�e �u�n� �t�r�a�s�f�e�r�i�m�e�n�t�o �d�i� �e�n�e�r�g�i�a�, �m�e�n�-
�t�r�e (4.12) �è �i�l �d�i�f�f�e�r�e�n�z�i�a�l�e �t�o�t�a�l�e �d�e�l�l�a� �v�a�r�i�a�b�i�l�e �d�i� �s�t�a�t�o U,
�e�s�p�r�e�s�s�a� �c�o�m�e �f�u�n�z�i�o�n�e �d�i� �u�n� �i�n�s�i�e�m�e �c�o�m�p�l�e�t�o �d�i� �v�a�r�i�a�b�i�l�i�
�d�i� �s�t�a�t�o.

R�i�s�o�l�v�e�n�d�o �l�a� (4.12) �r�i�s�p�e�t�t�o �a� dS, �s�i� �o�t�t�i�e�n�e

dS =
1
T

dU − F
T
· dY , (4.13)
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�d�a� �c�u�i� �s�e�g�u�o�n�o �l�e �u�g�u�a�g�l�i�a�n�z�e

1
T

=
∂S
∂U

(4.14)

− F
T

=
∂S
∂Y

(4.15)

L'�e�q�u�a�z�i�o�n�e (4.13) �è �n�o�t�a� �c�o�m�e �e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i�
G�i�b�b�� �n�e�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�t�r�o�p�i�a�. L�e �v�a�r�i�a�b�i�l�i�

F? = − F
T

(4.16)

�s�o�n�o �l�e �v�a�r�i�a�b�i�l�i� �c�o�n�i�u�g�a�t�e �a�l�l�e Y �n�e�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e
�e�n�t�r�o�p�i�a�.

4.5 P�r�e�s�s�i�o�n�e

P�e�r� �c�h�i�a�r�i�r�e �i�l �s�i�g�n�i�f�i�c�a�t�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �c�o�n�i�u�g�a�t�e, �c�o�n�s�i�d�e-
�r�i�a�m�o �u�n� �f�l�u�i�d�o �s�e�m�p�l�i�c�e �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i�, �l�e �c�u�i� �v�a�r�i�a�b�i�l�i�
�e�s�t�e�n�s�i�v�e Y �s�o�n�o V �e N. D�a�l�l�a� �m�e�c�c�a�n�i�c�a� �s�a�p�p�i�a�m�o �c�h�e �l�a�
�p�r�e�s�s�i�o�n�e �a�n�d� �u�n�a� �d�i�m�i�n�u�z�i�o�n�e �d�i� �v�o�l�u�m�e −δV �c�o�r�r�i�s�p�o�n�d�e
�u�n� �a�u�m�e�n�t�o �d�i� �e�n�e�r�g�i�a� δU = −PδV, �d�o�v�e P �è �l�a� �p�r�e�s�s�i�o�n�e �d�e�l
�f�l�u�i�d�o. D�e�f�i�n�i�a�m�o �q�u�i�n�d�i� �l�a� �p�r�e�s�s�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a�

P = −∂U
∂V

(4.17)

�p�e�r� �c�u�i� −P �è �l�a� �v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a� �d�i� V (�i�n� �r�a�p�p�r�e�s�e�n�t�a�z�i�o-
�n�e �e�n�e�r�g�i�a�). E�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e, �p�e�r� �l�a� (4.16),

P
T

=
∂S
∂V

(4.18)

�è �l�a� �v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a� �a�l �v�o�l�u�m�e �n�e�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e
�e�n�t�r�o�p�i�a�.

P�o�i�c�h�é �i�l �s�i�g�n�i�f�i�c�a�t�o �t�e�r�m�o�d�i�n�a�m�i�c�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �c�o�n�i�u�g�a�t�e
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�è �d�a�t�o �d�a�l�l�e �c�o�n�d�i�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o, �r�i�c�o�n�s�i�d�e�r�i�a�m�o �i�l �s�i�s�t�e-
�m�a� `̀ �c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e'', �a�s�s�u�m�e�n�d�o �c�h�e �i�l �p�i�s�t�o�n�e �s�i�a� �m�o�b�i�l�e,
�d�i�a�t�e�r�m�i�c�o, �i�m�p�e�r�m�e�a�b�i�l�e �e �c�h�e �i� �v�a�l�o�r�i� �t�o�t�a�l�i� �d�e�l�l�e �v�a�r�i�a�b�i�-
�l�i� �e�s�t�e�n�s�i�v�e �s�i�a�n�o �c�o�s�t�a�n�t�i�. A�l�l�o�r�a� �i�l �s�i�g�n�i�f�i�c�a�t�o �f�i�s�i�c�o �d�i� P

�c�o�m�e �p�r�e�s�s�i�o�n�e �e�m�e�r�g�e �d�a�l�l�e �e�q�u�a�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o (3.7),

∂SA
∂VA

=
∂SB
∂VB

⇒ PA
TA

=
PB
TB

(4.19)

A�v�e�n�d�o �a�s�s�u�n�t�o �c�h�e �l�e �p�a�r�e�t�i� �d�e�l �p�i�s�t�o�n�e �s�o�n�o �d�i�a�t�e�r�m�i�c�h�e,
�v�a�l�e �l�a� (4.8), �c�i�o�è �l��u�g�u�a�g�l�i�a�n�z�a� �d�e�l�l�e �t�e�m�p�e�r�a�t�u�r�e, TA = TB,
�p�e�r� �c�u�i� �l�a� (4.26) �i�m�p�l�i�c�a� �l��u�g�u�a�g�l�i�a�n�z�a� �d�e�l�l�e �p�r�e�s�s�i�o�n�i� �a�l-
�l��e�q�u�i�l�i�b�r�i�o, PA = PB. L'�e�q�u�i�l�i�b�r�i�o �m�e�c�c�a�n�i�c�o (�u�g�u�a�g�l�i�a�n�z�a� �d�e�l�l�e
�p�r�e�s�s�i�o�n�i�) �è �d�u�n�q�u�e �u�n� �c�a�s�o �p�a�r�t�i�c�o�l�a�r�e �d�e�l�l��e�q�u�i�l�i�b�r�i�o �t�e�r�m�o-
�d�i�n�a�m�i�c�o. I �n�o�l�t�r�e, �n�e�l �c�a�s�o �i�n� �c�u�i� �l�e �s�o�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e
�d�i� �u�n� �f�l�u�i�d�o �c�h�e �p�o�s�s�o�n�o �v�a�r�i�a�r�e �s�o�n�o �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �e
�v�o�l�u�m�e �l�a� (4.12) �d�i�v�e�n�t�a�

dU = T dS + PdV . (4.20)

C�o�n�f�r�o�n�t�a�n�d�o �q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �c�o�n� �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� �d�i� �u�n� �s�i�s�t�e�m�a� �d�o�v�u�t�a� �a�l�l��i�n�t�e�r�a�z�i�o�n�e �d�e�l �s�i�s�t�e�m�a�
�c�o�n� �u�n�a� �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o, �s�u�p�p�o�n�e�n�d�o �c�h�e �i�l �p�r�o�c�e�s�s�o �s�i�a�
�q�u�a�s�i� �s�t�a�t�i�c�o �e �t�a�l�e �c�h�e �s�i� �a�b�b�i�a�n�o �s�o�l�a�m�e�n�t�e �v�a�r�i�a�z�i�o�n�e �d�i�
�v�o�l�u�m�e �d�e�l �s�i�s�t�e�m�a�, �s�i� �p�e�r�v�i�e�n�e �a�l�l��i�d�e�n�t�i�f�i�c�a�t�i�o�n�e �d�i� −P dV

�c�o�n� �i�l �l�a�v�o�r�o �q�u�a�s�i�-�s�t�a�t�i�c�o δW�q��, �c�i�o�è

δW�q�� = −P dV . (4.21)
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4.6 P�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o

C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �l�a� �v�a�r�i�a�b�i�l�e �e�s�t�e�n�s�i�v�a� �d�e�s�c�r�i�t�t�a� �d�a�l �v�e�t-
�t�o�r�e N = (N1, . . . , Nr), �d�o�v�e �d�o�v�e Nk, �è �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�-
�c�e�l�l�e �d�e�l�l�a� k-�e�s�i�m�a� �s�p�e�c�i�e �c�h�i�m�i�c�a� �e r �è �i�l �n�u�m�e�r�o �d�i� �s�p�e�c�i�e
�c�h�i�m�i�c�h�e �c�h�e �c�o�m�p�o�n�g�o�n�o �u�n� �f�l�u�i�d�o �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i�. L�a�
�v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a� �a� N �è �i�l (�v�e�t�t�o�r�e) �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o

µµµ =
∂U
∂N

(4.22)

�e �l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� �d�e�l �f�l�u�i�d�o �è

dU = T dS− P dV +µµµ · dN (4.23)

�o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e,

dS =
1
T

dU + P dV − µµµ

T
· dN , (4.24)

�d�a� �c�u�i�
µµµ

T
= − ∂S

∂N
(4.25)

S�i� �o�s�s�e�r�v�i� �c�h�e µµµ · dN �n�e�l�l�a� (4.23) �p�u�ò �e�s�s�e�r�e �i�n�t�e�r�p�r�e�t�a�t�o
�c�o�m�e �l�a�v�o�r�o �q�u�a�s�i�s�t�a�t�i�c�o δW�c�h�i�m� �p�e�r� �v�a�r�i�a�r�e �l�a� �c�o�m�p�o�s�i�z�i�o�n�e
�c�h�i�m�i�c�a� �d�e�l �f�l�u�i�d�o (δW�c�h�i�m� (k) = µkdNk �è �i�l �l�a�v�o�r�o �n�e�c�e�s�s�a�r�i�o
�p�e�r� �v�a�r�i�a�r�e �d�i� dNk �i�l �n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e �d�e�l�l�a� �s�p�e�c�i�e �c�h�i�m�i�c�a�
k).

S�i�a� �c�o�m�e �s�i�a�, �c�o�m�e �p�e�r� �t�e�m�p�e�r�a�t�u�r�a� �e �p�r�e�s�s�i�o�n�e, �i�l �s�i�g�n�i�-
�f�i�c�a�t�o �d�e�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �è �p�r�i�m�a�r�i�a�m�e�n�t�e �q�u�e�l�l�o �d�e�t�t�a�t�o
�d�a�l�l�e �c�o�n�d�i�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o. S�e �l�e �p�a�r�e�t�i� �d�e�l �p�i�s�t�o�n�e �s�o�n�o
�p�e�r�m�e�a�b�i�l�i� �a�l�l�e �s�p�e�c�i�e �c�h�i�m�i�c�h�e, �a�l�l�o�r�a� �l��e�q�u�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o
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�p�e�r� �v�a�r�i�a�z�i�o�n�i� �d�i� N �è

∂SA
∂N A

=
∂SB
∂NB

⇒ µµµA
TA

=
µµµB
TB

(4.26)

�l�a� �c�a�r�a�t�t�e�r�i�s�t�i�c�a� �s�a�l�i�e�n�t�e �d�e�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �è �c�h�e �l�e
�p�a�r�t�i�c�e�l�l�e �t�e�n�d�o�n�o �a� �m�u�o�v�e�r�s�i� �d�a� �e�l�e�v�a�t�o �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o
�a� �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �i�n�f�e�r�i�o�r�e. I �n� �q�u�e�s�t�o �m�o�d�o, �i�l �p�o�t�e�n�z�i�a�l�e
�c�h�i�m�i�c�o, �a�n�a�l�o�g�a�m�e�n�t�e �a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a�, �è �u�n�a� �g�e�n�e�r�a�l�i�z�z�a�-
�z�i�o�n�e �d�e�i� `̀ �p�o�t�e�n�z�i�a�l�i�'' �d�e�l�l�a� �f�i�s�i�c�a�. U�n� �s�e�m�p�l�i�c�e �e�s�e�m�p�i�o �è
�u�n� �s�i�s�t�e�m�a� �d�i� �m�o�l�e�c�o�l�e �c�h�e �d�i�f�f�o�n�d�o�n�o �i�n� �u�n� �a�m�b�i�e�n�t�e �o�m�o-
�g�e�n�e�o. I �n� �q�u�e�s�t�o �s�i�s�t�e�m�a�, �l�e �m�o�l�e�c�o�l�e �t�e�n�d�o�n�o �a� �m�u�o�v�e�r�s�i�
�d�a� �z�o�n�e �c�o�n� �a�l�t�a� �c�o�n�c�e�n�t�r�a�z�i�o�n�e �a� �z�o�n�e �d�i� �b�a�s�s�a� �c�o�n�-
�c�e�n�t�r�a�z�i�o�n�e, �f�i�n�c�h�é �a�l�l�a� �f�i�n�e �l�a� �c�o�n�c�e�n�t�r�a�z�i�o�n�e �è �l�a� �s�t�e�s�s�a�
�o�v�u�n�q�u�e.

D�i�m�o�s�t�r�i�a�m�o �c�h�e �l�a� �m�a�t�e�r�i�a� �t�e�n�d�e �a� �f�l�u�i�r�e �d�a� �r�e�g�i�o�n�i� �c�o�n�
�p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �a�l�t�o �a� �r�e�g�i�o�n�i� �c�o�n� �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �b�a��-
�s�o. C�o�n�s�i�d�e�r�i�a�m�o �n�u�o�v�a�m�e�n�t�e �i�l �s�i�s�t�e�m�a� `̀ �c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e'' �e
�p�e�r� �s�e�m�p�l�i�c�i�t�à� �a�s�s�u�m�i�a�m�o �c�h�e �n�e�l �l�a�t�o A �c�i� �s�i�a� �u�n�a� �s�o�l�a�
�s�p�e�c�i�e �c�h�i�m�i�c�a� �d�i� �t�i�p�o `̀ A'' �e �a� �n�e�l �l�a�t�o B �u�n�a� �s�o�l�a� �s�p�e�c�i�e
�c�h�i�m�i�c�a� �d�i� �t�i�p�o `̀B''. C�o�n�s�i�d�e�r�i�a�m�o �c�o�m�e �s�t�a�t�o �i�n�i�z�i�a�l�e �q�u�e�l�l�o
�i�n� �c�u�i� �i�l �p�i�s�t�o�n�e �m�o�b�i�l�e �d�i� �m�a�t�e�r�i�a�l�e �d�i�a�t�e�r�m�i�c�o �a�b�b�i�a� �r�a�g-
�g�i�u�n�t�o �l�a� �p�o�s�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �i�n� �c�u�i� �l�e �t�e�m�p�e�r�a�t�u�r�e �e �l�e
�p�r�e�s�s�i�o�n�i� �d�i� �e�n�t�r�a�m�b�i� �i� �g�a�� �s�o�n�o �u�g�u�a�l�i�, �m�a� �n�o�n� �i� �l�o�r�o �p�o-
�t�e�n�z�i�a�l�i� �c�h�i�m�i�c�i�, �c�h�e �h�a�n�n�o �v�a�l�o�r�i� µA0 �e µB0 . A�s�s�u�m�i�a�m�o �c�h�e
�a� �q�u�e�s�t�o �i�s�t�a�n�t�e, �m�e�d�i�a�n�t�e �u�n� �q�u�a�l�c�h�e �a�r�t�i�f�i�c�i�o, �i�l �p�i�s�t�o�n�e �s�i�a�
�r�e�s�o �p�e�r�m�e�a�b�i�l�e �i�n� �m�o�d�o �t�a�l�e �c�h�e �i� �d�u�e �g�a�� �p�o�s�s�a�n�o �s�c�a�m�-
�b�i�a�r�s�i� �m�a�t�e�r�i�a�. N�a�t�u�r�a�l�m�e�n�t�e, �i�l �n�u�m�e�r�o �t�o�t�a�l�e �d�i� �m�o�l�e�c�o�l�e
NA + NB �è �c�o�s�t�a�n�t�e. C�a�l�c�o�l�i�a�m�o �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �t�r�a�
�l�o �s�t�a�t�o �i�n�i�z�i�a�l�e �s�o�p�r�a� �d�e�s�c�r�i�t�t�o �e �l�o �s�t�a�t�o �f�i�n�a�l�e �i�n� �c�u�i� �i�
�p�o�t�e�n�z�i�a�l�i� �c�h�i�m�i�c�i� �d�e�i� �d�u�e �g�a�� �s�o�n�o �u�g�u�a�l�i�. P�r�o�c�e�d�e�n�d�o �c�o�m�e
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�p�e�r� �l�a� �t�e�m�p�e�r�a�t�u�r�a�, �o�t�t�e�n�i�a�m�o

∆S ≈ dS =
∂SA
∂NA

dNA +
∂SB
∂UB

dNB =
∂SA
∂NA

dNA −
∂SB
∂NB

dNA

=
−µA

T
− −µB

T

�e�s�s�e�n�d�o dNB = −dNA �e TA = TB ≡ T. Q�u�i�n�d�i�,

∆S ≈ µB − µA
T

∆NA > 0 ,

S�i� �h�a� �a�l�l�o�r�a� �a�u�m�e�n�t�o �d�e�l �n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e �d�i� A, �c�i�o�è ∆NA >

0, �s�e µB > µA. V�i�c�e�v�e�r�s�a�, �n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e �d�i� A �d�i�m�i�n�u�i�s�c�e,
�c�i�o�è ∆NA < 0, �s�e µB < µA. N�e�l �p�r�i�m�o �c�a�s�o, �s�i� �h�a� �u�n� �f�l�u�s�s�o
�d�i� �m�a�t�e�r�i�a� �d�a� B �a� A, �m�e�n�t�r�e �n�e�l �s�e�c�o�n�d�o �d�a� A �a� B.

4.7 E�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o

L�e �d�i�p�e�n�d�e�n�z�e �f�u�n�z�i�o�n�a�l�i� �i�m�p�l�i�c�a�t�e �d�a�l�l�e �e��. (4.6) �e (4.11) �o,
�e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e, �d�a�l�l�e (4.14) �e (4.15) �s�o�n�o �e�q�u�a�z�i�o�n�i� �c�o�s�t�i�-
�t�u�t�i�v�e, �n�o�t�e �c�o�m�e �e�q�u�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �s�t�a�t�o. P�e�r� �u�n�
�f�l�u�i�d�o �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i�, �s�o�n�o





T = T(U, V, N) =
1

∂S/∂U

P = P(U, V, N) =
∂S/∂V
∂S/∂U

µµµ = µµµ(U, V, N) =
−∂S/∂N
∂S/∂U

(4.27)

�i�n� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�t�r�o�p�i�a�, �e




T = T(S, V, N) =
∂U
∂S

P = P(S, V, N) = −∂U
∂V

µµµ = µµµ(S, V, N) = − ∂U
∂N

(4.28)
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�i�n� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�e�r�g�i�a�.
C�o�n�t�r�a�r�i�a�m�e�n�t�e �a�l�l�e �e�q�u�a�z�i�o�n�i� �f�o�n�d�a�m�e�n�t�a�l�i� �c�o�m�e �l�a� (4.2),

�u�n�'�e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �n�o�n� �c�o�n�t�i�e�n�e �t�u�t�t�e �l�e �i�n�f�o�r�m�a�z�i�o�n�i�
�s�u�l�l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�e�l �s�i�s�t�e�m�a�, �m�a� �s�o�l�o �u�n�a�
�p�a�r�t�e �d�i� �e�s�s�e.
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5.1 O�m�o�g�e�n�e�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a�

U�n�a� �c�o�n�s�e�g�u�e�n�z�e �m�a�t�e�m�a�t�i�c�a� �i�m�m�e�d�i�a�t�a� �d�e�l �p�o�s�t�u�l�a�t�o III
(�a�) �d�i� �a�d�d�i�t�i�v�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �è �c�h�e �l��e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a�
�s�e�m�p�l�i�c�e �è �u�n�a� �f�u�n�z�i�o�n�e �o�m�o�g�e�n�e�a� �d�i� �g�r�a�d�o 1 �d�e�i� �p�a�r�a�m�e�t�r�i�
�e�s�t�e�n�s�i�v�i�. Q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �s�e �t�u�t�t�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i�
�s�o�n�o �m�o�l�t�i�p�l�i�c�a�t�i� �p�e�r� �u�n�a� �c�o�s�t�a�n�t�e λ, �a�l�l�o�r�a� �l��e�n�t�r�o�p�i�a� �è
�m�o�l�t�i�p�l�i�c�a�t�a� �p�e�r� �l�a� �s�t�e�s�s�a� �c�o�s�t�a�n�t�e,

S(λU, λY) = λS(U, Y) (5.1)
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S�e�r� �u�n� �f�l�u�i�d�o �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i� S = S(U, V, N). A�l�l�o�r�a�,
�d�a�l�l�a� (5.1) �p�e�r� λ = 1/V, �s�i� �o�t�t�i�e�n�e

S
(

U
V

, 1,
N
V

)
=

1
V

S(U, V, N)

I�n� �p�a�r�t�i�c�o�l�a�r�e, �p�e�r� �u�n� �f�l�u�i�d�o �s�e�m�p�l�i�c�e N = N (�s�c�a�l�a�r�e) �e
�q�u�i�n�d�i�

S(U, V, N) = V ��(�u�, ρ), (5.2)

�d�o�v�e
�u� = U

V
ρ =

N
V

�e ��(�u�, ρ) = S(�u�, 1, ρ).

L�e �v�a�r�i�a�b�i�l�i� ��, �u� �e ρ �s�o�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �l��e�n�t�r�o�p�i�a�, �l��e�n�e�r�-
�g�i�a�, �e �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �p�e�r� �u�n�i�t�à� �d�i� �v�o�l�u�m�e.

A�n�a�l�o�g�a�m�e�n�t�e, �s�i� �i�n�t�r�o�d�u�c�o�n�o �q�u�a�n�t�i�t�à� �m�o�l�a�r�i� (�p�e�r� �u�n�i�t�à�
�d�i� �m�o�l�e) �e �s�p�e�c�i�f�i�c�h�e (�p�e�r� �u�n�i�t�à� �d�i� �m�a�s�s�a�). L�e �q�u�a�n�t�i�t�à� �p�e�r�
�m�o�l�e�c�o�l�a� �s�o�n�o �p�a�r�t�i�c�o�l�a�r�m�e�n�t�e �u�t�i�l�i� �i�n� �t�e�r�m�o�d�i�n�a�m�i�c�a� �e �i�n�
�m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �d�e�l�l��e�q�u�i�l�i�b�r�i�o. E�s�s�e �s�i� �o�t�t�e�n�g�o�n�o �p�o�n�e�n�d�o
λ = 1/N �n�e�l�l�a� (5.1), �d�o�v�e N �è �i�l �n�u�m�e�r�o �t�o�t�a�l�e �d�i� �m�o�l�e�c�o�l�e.
P�e�r� �u�n� �f�l�u�i�d�o �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i� N = ∑k Nk, �q�u�i�n�d�i�,

S(U, V, N) = Ns
(

U
N

,
V
N

,
N
N

)
= Ns(u, v, x), (5.3)

�d�o�v�e
u =

U
N

, v =
V
N

, x =
N
N

(5.4)

�s�o�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �l��e�n�e�r�g�i�a� �e �i�l �v�o�l�u�m�e �m�o�l�e�c�o�l�a�r�e �e �i�l
�v�e�t�t�o�r�e �d�e�l�l�e �f�r�a�z�i�o�n�i� �m�o�l�e�c�o�l�a�r�i�. I �n� �p�a�r�t�i�c�o�l�a�r�e, �p�e�r� �u�n�
�f�l�u�i�d�o �s�e�m�p�l�i�c�e, N = N, �e �q�u�i�n�d�i�

S(U, V, N) = Ns(u, v), (5.5)
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�d�o�v�e
s(u, v) = S(u, v, 1) (5.6)

�è �l��e�n�t�r�o�p�i�a� �p�e�r� �m�o�l�e�c�o�l�a�.

5.2 E�q�u�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m�

D�e�r�i�v�a�n�d�o �l�a� (5.1) �r�i�s�p�e�t�t�o �a� λ, �s�i� �o�t�t�i�e�n�e

λ
∂S(λU, λY)

∂λU

∣∣∣∣
Y

dλU
dλ

+ λ
∂S(λU, λY)

∂λY

∣∣∣∣
U
· dλY

dλ
= S(U, Y) .

P�o�n�e�n�d�o λ = 1 �e �r�i�c�o�r�d�a�n�d�o �l�e �d�e�f�i�n�i�z�i�o�n�i� (4.14) �e (4.15),
�o�t�t�e�n�i�a�m�o �l��e�q�u�a�z�i�o�n�e �d�i� E�u�l�e�r�o

S =
1
T

U − F
T
· Y , (5.7)

�o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e,

U = TS + F · Y . (5.8)

S�e �d�i�f�f�e�r�e�n�z�i�a�m�o �q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e, �o�t�t�i�e�n�i�a�m�o

dU = T dS + S dT + dF · Y + F · dY ,

�c�h�e, �c�o�n�f�r�o�n�t�a�t�a� �c�o�n� �l�a� (4.12), �f�o�r�n�i�s�c�e

S dT + Y · dF = 0 , (5.9)

�c�h�e �è �n�o�t�a� �c�o�m�e �r�e�l�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m� �n�e�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�-
�z�i�o�n�e �e�n�e�r�g�i�a�. D�i�f�f�e�r�e�n�z�i�a�n�d�o �l�a� (5.7) �e �p�r�o�c�e�d�e�n�d�o �i�n� �m�o�d�o
�a�n�a�l�o�g�o, �s�i� �t�r�o�v�a�

U d
(

1
T

)
− Y · d

(
F
T

)
= 0 , (5.10)
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�c�h�e �è �l�a� �r�e�l�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m� �n�e�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e
�e�n�t�r�o�p�i�a�.

5.3 E�n�t�r�o�p�i�a� �e�d� �e�n�e�r�g�i�a� �d�i� �f�l�u�i�d�i� �s�e�m�p�l�i�c�i�

R�e�n�d�i�a�m�o �p�i�ù� �c�o�n�c�r�e�t�o �i�l �d�i�s�c�o�r�s�o, �a�p�p�l�i�c�a�n�d�o �l�e �n�o�z�i�o�n�i�
�i�n�t�r�o�d�o�t�t�e �a�l�l�o �s�t�u�d�i�o �d�e�i� �f�l�u�i�d�i� �s�e�m�p�l�i�c�i�.

L'�e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b�� (4.23) �p�e�r� �u�n� �f�l�u�i�d�o
�s�e�m�p�l�i�c�e �è

dU = T dS− P dV + µ dN (5.11)

�o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e,

dS =
1
T

dU +
P
T

dV − µ

T
dN . (5.12)

T�e�n�u�t�o �c�o�n�t�o �c�h�e U = Nu, S = Ns �e v = Nv, �l�e �v�a�r�i�a�b�i�l�i�
�i�n�d�i�p�e�n�d�e�n�t�i� �d�e�l�l�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o (4.28) �i�n� �r�a�p�p�r�e�s�e�n�t�a�-
�z�i�o�n�e �e�n�t�r�o�p�i�a� �s�o�n�o �q�u�i�n�d�i� �s�o�l�o u �e v, �q�u�i�n�d�i� �l�e �e�q�u�a�z�i�o�n�i� �d�i�
�s�t�a�t�o �d�e�l �f�l�u�i�d�o �s�e�m�p�l�i�c�e �i�n� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�t�r�o�p�i�a� �s�o�n�o

1
T

=
1

T(u, v)
=

∂s(u, v)
∂u

(5.13)
P
T

=
P(u, v)
T(u, v)

=
∂s(u, v)

∂v
(5.14)

µ

T
=

µ(u, v)
T(u, v)

=
∂S(U, V, N)

∂N
. (5.15)

L'�e�q�u�a�z�i�o�n�e �d�i� E�u�l�e�r�o (5.7), �c�h�e �p�e�r� �u�n� �f�l�u�i�d�o �s�e�m�p�l�i�c�e �è

S =
1
T

U +
P
T

V − µ

T
N , (5.16)

�p�e�r�m�e�t�t�e �d�i� �r�i�t�r�o�v�a�r�e �l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e S = S(U, V, N)

�s�e �s�o�n�o �n�o�t�e �l�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o. Q�u�i�n�d�i� �l�a� �t�o�t�a�l�i�t�à� �d�e�l-
�l�e �t�r�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �è �e�q�u�i�v�a�l�e�n�t�e �a�l�l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�-
�m�e�n�t�a�l�e �e �c�o�n�t�i�e�n�e �l�a� �s�t�e�s�s�a� �i�n�f�o�r�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a�
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�d�e�l�l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e.
L�a� �r�i�d�o�n�d�a�n�z�a� �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�n�s�i�v�e �r�i�s�u�l�t�a� �c�h�i�a�r�a� �s�e

�s�i� �s�o�s�t�i�t�u�i�s�c�o�n�o U = Nu, S = Ns �e V = Nv �n�e�l�l�a� (5.11).
U�g�u�a�g�l�i�a�n�d�o �i� �d�i�f�f�e�r�e�n�z�i�a�l�i�, �s�i� �o�t�t�e�n�g�o�n�o �d�u�e �e�q�u�a�z�i�o�n�i�: �u�n�a� �è
�l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� �m�o�l�e�c�o�l�a�r�e

du = T ds− P dv , (5.17)

�l��a�l�t�r�a� �è �l��e�q�u�a�z�i�o�n�e �d�i� E�u�l�e�r�o �p�e�r� �l�e �q�u�a�n�t�i�t�à� �m�o�l�e�c�o�l�a�r�i�

µ

T
=

u
T
+ P

v
T
− s . (5.18)

D�i�f�f�e�r�e�n�z�i�a�n�d�o �l��e�q�u�a�z�i�o�n�e �d�i� E�u�l�e�r�o �s�i� �o�t�t�e�n�g�o�n�o �l�e �r�e�l�a�z�i�o�n�i�
�d�i� G�i�b�b��-D�u�h�e�m�,

dµ = −s dT + v dP , (5.19)

�o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e,

d
( µ

T

)
= u d

(
1
T

)
+ v d

(
P
T

)
. (5.20)

D�u�n�q�u�e, �s�e �s�o�n�o �n�o�t�e �s�o�l�o �d�u�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o, �l�e �r�e�l�a�z�i�o-
�n�i� �d�i� G�i�b�b��-D�u�h�e�m� �p�o�s�s�o�n�o �e�s�s�e�r�e �i�n�t�e�g�r�a�t�e �p�e�r� �o�t�t�e�n�e�r�e �l�a�
�t�e�r�z�a�. L'�e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �c�o�s�ì� �o�t�t�e�n�u�t�a� �c�o�n�t�e�r�r�à� �u�n�a� �c�o-
�s�t�a�n�t�e �a�r�b�i�t�r�a�r�i�a� �d�i� �i�n�t�e�g�r�a�z�i�o�n�e. P�e�r�c�i�ò �d�u�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�-
�t�o �s�o�n�o �s�u�f�f�i�c�i�e�n�t�i� �a� �d�e�t�e�r�m�i�n�a�r�e �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e
�a� �m�e�n�o �d�i� �u�n�a� �c�o�s�t�a�n�t�e �a�r�b�i�t�r�a�r�i�a�. I �n� �p�a�r�t�i�c�o�l�a�r�e, �l�e �r�e�l�a�z�i�o-
�n�i� �d�i� G�i�b�b��-D�u�h�e�m� �m�o�s�t�r�a�n�o �c�h�e �l�a� �v�a�r�i�a�z�i�o�n�e �d�e�l �p�o�t�e�n�z�i�a�l�e
�c�h�i�m�i�c�o �n�o�n� �è �i�n�d�i�p�e�n�d�e�n�t�e �d�a�l�l�e �v�a�r�i�a�z�i�o�n�i� �i�n� �t�e�m�p�e�r�a�t�u�r�a� �e
�p�r�e�s�s�i�o�n�e, �m�a� �c�h�e �p�u�ò �e�s�s�e�r�e �d�e�t�e�r�m�i�n�a�t�a� �i�n� �f�u�n�z�i�o�n�e �d�e�l�l�e
�v�a�r�i�a�z�i�o�n�i� �d�i� �q�u�e�s�t�e �u�l�t�i�m�e.

D�i� �s�o�l�i�t�o, �n�o�n� �s�o�n�o �n�o�t�e �l�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �n�e�l�l�a� �f�o�r�m�a�
(5.13) (5.14) �e (5.15), �m�a� �è �n�o�t�a� �d�a�i� �d�a�t�i� �s�p�e�r�i�m�e�n�t�a�l�i� �l�
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�e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �e�m�p�i�r�i�c�a�, �c�h�e �è �u�n�a� �r�e�l�a�z�i�o�n�e �f�u�n�z�i�o�n�a�l�e
f (P, v, T) = 0 �t�r�a� �p�r�e�s�s�i�o�n�e, �v�o�l�u�m�e �e �t�e�m�p�e�r�a�t�u�r�a�. S�e �è �n�o�t�a�
�a�n�c�h�e �l�a� �d�i�p�e�n�d�e�n�z�a� �f�u�n�z�i�o�n�a�l�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� u �d�a�
�u�n�a� �c�o�p�p�i�a� �d�i� �v�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e, �s�i� �p�u�ò �r�i�c�o�s�t�r�u�i�r�e
�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l �s�i�s�t�e�m�a�. V�e�d�i�a�m�o �i�n� �c�h�e �m�o�d�o,
�c�o�n�s�i�d�e�r�a�n�d�o �l��e�s�e�m�p�i�o �d�e�l �g�a�� �i�d�e�a�l�e.

G�a�� �i�d�e�a�l�e I�l �f�l�u�i�d�o �s�e�m�p�l�i�c�e �p�e�r� �a�n�t�o�n�o�m�a�s�i�a� �è �i�l �g�a��
�i�d�e�a�l�e. L'�e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �e�m�p�i�r�i�c�a� �d�i� N �m�o�l�i� �d�i� �u�n� �g�a��
�i�d�e�a�l�e

PV = NRT ,

�d�o�v�e R = 8.314 J /( K �m�o�l) �è �l�a� �c�o�s�t�a�n�t�e �u�n�i�v�e�r�s�a�l�e �d�e�i� �g�a��, �è
�u�n�a� �b�u�o�n�a� �a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �p�e�r� �i�l �c�o�m�p�o�r�t�a�m�e�n�t�o �d�i� �m�o�l�t�i�
�g�a�� �s�o�t�t�o �v�a�r�i�e �c�o�n�d�i�z�i�o�n�i�, �a�n�c�h�e �s�e �h�a� �d�i�v�e�r�s�i� �l�i�m�i�t�a�z�i�o�n�i�.
È �s�t�a�t�a� �f�o�r�m�u�l�a�t�a� �d�a� É�m�i�l�e C�l�a�p�e�y�r�o�n� �n�e�l 1834 �c�o�m�e �u�n�a�
�c�o�m�b�i�n�a�z�i�o�n�e �d�i� �l�e�g�g�e �d�i� B�o�y�l�e �e �l�e�g�g�e �d�i� C�h�a�r�l�e��, �a�n�c�h�e �s�e
�l��i�n�t�r�o�d�u�z�i�o�n�e �d�e�l�l�a� �c�o�s�t�a�n�t�e �u�n�i�v�e�r�s�a�l�e �d�e�i� �g�a�� �è �d�o�v�u�t�a� �a�
D�i�m�i�t�r�i� M�e�n�d�e�l�e�e�v �n�e�l 1874. P�r�e�f�e�r�i�a�m�o �r�i�s�c�r�i�v�e�r�l�a� �n�e�l�l�a�
�f�o�r�m�a�

PV = NkT �o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e, Pv = kT (5.21)

�d�o�v�e k = R/NA = 1.38064881023 J/K �è �l�a� �c�o�s�t�a�n�t�e �d�i� B�o�l�t�z-
�m�a�n�n�. L�a� �c�o�s�t�a�n�t�e �d�i� B�o�l�t�z�m�a�n�n� �è �s�t�a�t�a� �i�n�t�r�o�d�o�t�t�a� �p�e�r�
�l�a� �p�r�i�m�a� �v�o�l�t�a� �d�a� P�l�a�n�c�k� �n�e�l �s�u�o �f�a�m�o�s�o �l�a�v�o�r�o �d�e�l 1900
�s�u�l�l�a� �d�e�r�i�v�a�z�i�o�n�e �d�e�l�l�a� �l�e�g�g�e �d�i� �c�o�r�p�o �n�e�r�o, �d�o�v�e �f�a� �a�n�c�h�e �l�a�
�s�u�a� �p�r�i�m�a� �c�o�m�p�a�r�s�a� �l�a� �c�o�s�t�a�n�t�e �d�i� P�l�a�n�c�k� h.

L�a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �d�i� �u�n� �g�a�� �i�d�e�a�l�e

Cv ≡
∂U
∂T

∣∣∣∣
V

.
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�i�n� �u�n� �i�n�t�e�r�v�a�l�l�o �a�b�b�a�s�t�a�n�z�a� �a�m�p�i�o �d�i� �t�e�m�p�e�r�a�t�u�r�e �p�u�ò �e�s�s�e-
�r�e �c�o�n�s�i�d�e�r�a�t�a� �c�o�s�t�a�n�t�e �e �p�a�r�i� �a� cNk, �d�o�v�e c = 1/2 �p�e�r� �i� �g�a��
�m�o�n�o�a�t�o�m�i�c�i� �e 5/2 �p�e�r� �i� �b�i�a�t�o�m�i�c�i�. S�i� �p�u�ò �d�u�n�q�u�e �a�s�s�u�m�e�r�e
�c�h�e �v�a�l�g�a� �l�a� �l�e�g�g�e

u = ckT . (5.22)

L�e �d�u�e �e�q�u�a�z�i�o�n�i� (5.21) �e (5.22) �p�o�s�s�o�n�o �a�n�c�h�e �e�s�s�e�r�e �d�e-
�r�i�v�a�t�e �d�a�l�l�a� �t�e�o�r�i�a� �c�i�n�e�t�i�c�a�, �c�o�m�e �f�u� �o�t�t�e�n�u�t�o �i�n� �m�o�d�o �i�n�d�i�-
�p�e�n�d�e�n�t�e �d�a� A�u�g�u�s�t K�r�o�n�i�g �n�e�l 1856 �e R�u�d�o�l�f C�l�a�u�s�i�u�� �n�e�l
1857.

L�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �n�e�l�l�a� �f�o�r�m�a� (5.13), (5.14) �s�o�n�o
�d�u�n�q�u�e:

1
T

=
ck
u

,
P
T

=
k
v

P�e�r� �d�e�t�e�r�m�i�n�a�r�e �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �d�e�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o,
�s�o�s�t�i�t�u�i�a�m�o �n�e�l�l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m� (5.20) �l�e �e�q�u�a�z�i�o�n�i�
�d�i� �s�t�a�t�o. O�t�t�e�n�i�a�m�o

d
µ

T
= u d

ck
u

+ v d
k
v
= −ck

du
u
− k

dv
v

�c�h�e, �i�n�t�e�g�r�a�t�a�, �f�o�r�n�i�s�c�e

µ

T
−
( µ

T

)
0
= −ck log

u
u0
− k log

v
v0

, (5.23)

�d�o�v�e u0 �e v0 �s�o�n�o �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �e �v�o�l�u�m�e �p�e�r� �p�a�r�t�i�c�e�l�l�a�
�d�i� �u�n�o �s�t�a�t�o �d�i� �r�i�f�e�r�i�m�e�n�t�o �e (µ/T)0 �e�m�e�r�g�e �c�o�m�e �c�o�s�t�a�n�t�e
�i�n�d�e�t�e�r�m�i�n�a�t�a� �d�i� �i�n�t�e�g�r�a�z�i�o�n�e.
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U�s�a�n�d�o �a�d�e�s�s�o �l��e�q�u�a�z�i�o�n�e �d�i� E�u�l�e�r�o (5.16), �s�i� �o�t�t�i�e�n�e

S =
1
T

U +
P
T

V − µ

T
N

= cNk + Nk−
( µ

T

)
0
+ ckN log

u
u0
− Nk log

v
v0

= Ns0 + Nk log
[(

U
Nu0

)c V
Nv0

]

�d�a� �c�u�i�, �p�o�n�e�n�d�o U = Nu �e V = Nv �e

s0 =
( µ

T

)
0
+ (c + 1)k

�s�i� �o�t�t�i�e�n�e
S = Ns0 + Nk log

[(
U

Nu0

)c V
Nv0

]
(5.24)

L�a� �v�i�a� �c�h�e �a�b�b�i�a�m�o �s�c�e�l�t�o �p�e�r� �o�t�t�e�n�e�r�e S �n�o�n� �è �l�a� �p�i�ù�
�s�e�m�p�l�i�c�e (�l��a�b�b�i�a�m�o �s�e�g�u�i�t�a� �p�e�r� �o�t�t�e�n�e�r�e �c�o�m�e �s�o�t�t�o�p�r�o�d�o�t�t�o
�l�a� �f�o�r�m�u�l�a� (5.23) �p�e�r� �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o). D�a�t�e �l�e �e�q�u�a�-
�z�i�o�n�i� �d�i� �s�t�a�t�o �i�n� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�t�r�o�p�i�a�, �l�a� �v�i�a� �p�i�ù�
�s�e�m�p�l�i�c�e �è �i�n�t�e�g�r�a�r�e �d�i�r�e�t�t�a�m�e�n�t�e �l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� (5.17)
�r�i�s�o�l�t�a� �r�i�s�p�e�t�t�o �a� ds:

ds =
1
T

du +
P
T

dv (5.25)

S�i� �o�s�s�e�r�v�i� �i�n�f�i�n�e �c�h�e �m�e�n�t�r�e �n�e�l�l�e �t�r�a�t�t�a�z�i�o�n�i� �u�s�u�a�l�i� �l��e-
�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �e �l��e�q�u�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �s�o�n�o
�a�s�s�e�g�n�a�t�e �i�n� �m�a�n�i�e�r�a� �i�n�d�i�p�e�n�d�e�n�t�e, �e�s�s�e �s�o�n�o �i�n� �r�e�a�l�t�à� �c�o�n�-
�s�e�g�u�e�n�z�a� �d�e�l�l�a� �s�o�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �c�h�e, �c�o�m�e �a�b�b�i�a�m�o
�s�o�t�t�o�l�i�n�e�a�t�o, �f�o�r�n�i�s�c�e �t�u�t�t�a� �l��i�n�f�o�r�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a�
�c�o�n�c�e�p�i�b�i�l�e �s�u�l �s�i�s�t�e�m�a�.
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5.4 S�t�a�b�i�l�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�a� �e �c�o�n�c�a�v�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a�

C�h�e �l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �c�o�r�r�i�s�p�o�n�d�e �a�d� �u�n� �m�a�s�s�i�m�o �d�e�l-
�l��e�n�t�r�o�p�i�a� �i�m�p�l�i�c�a�, �i�n� �p�a�r�t�i�c�o�l�a�r�e, �c�h�e �l�o �s�t�a�t�o �d�i� �e�q�u�i�l�b�r�i�o
�s�i�a� �s�t�a�b�i�l�e �s�e �i� �v�i�n�c�o�l�i� �e�s�t�e�r�n�i� �n�o�n� �s�o�n�o �m�o�d�i�f�i�c�a�t�i�, �e �q�u�e�s�t�o,
�a� �s�u�a� �v�o�l�t�a�, �i�m�p�l�i�c�a� �c�h�e �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e-
�m�a� �s�e�m�p�l�i�c�e �s�i�a� �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�c�a�v�a� �d�e�i� �s�u�o�i� �p�a�r�a�m�e�t�r�i�
�e�s�t�e�n�s�i�v�i�.

U, V, N U, V, N

F�i�g�u�r�a� 5.1: D�u�e �g�a�� �i�d�e�n�t�i�c�i� �i�n�
�c�o�n�d�i�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �i�d�e�n�t�i�c�h�e
�d�e�n�t�r�o �u�n� �r�e�c�i�p�i�e�n�t�e �c�o�n� �p�a�r�e�t�i�
�r�i�g�i�d�e �e �a�d�i�a�b�a�t�i�c�h�e.

S�e �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �n�o�n� �f�o�s�s�e �c�o�n�c�a�v�a�, �i�l �s�i�s�t�e�m�a�
�n�o�n� �s�a�r�e�b�b�e �s�t�a�b�i�l�e. P�e�r� �d�i�m�o�s�t�r�a�r�e �q�u�e�s�t�o, �c�o�n�s�i�d�e�r�i�a�m�o
�d�u�e �s�i�s�t�e�m�i� �i�d�e�n�t�i�c�i�, �c�i�a�s�c�u�n�o �c�o�n� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e
S = S(U, V, N) = Ns(u, v), �i�n� �u�n� �r�e�c�i�p�i�e�n�t�e �c�o�n� �p�a�r�e�t�i� �r�i�g�i�d�e
�e �a�d�i�a�b�a�t�i�c�h�e. N�e�l �m�e�z�z�o �d�e�l �r�e�c�i�p�i�e�n�t�e �è �p�o�s�t�o �u�n� �p�i�s�t�o�n�e
�c�o�m�e �i�n� �f�i�g�u�r�a� 5.1. P�e�r� �s�i�m�m�e�t�r�i�a�, �p�r�e�s�s�i�o�n�i� �e �t�e�m�p�e�r�a�t�u�-
�r�e �a� �d�e�s�t�r�a� �e �a� �s�i�n�i�s�t�r�a� �d�e�l �p�i�s�t�o�n�e �s�o�n�o �u�g�u�a�l�i�, �e �q�u�i�n�d�i�
�i�l �s�i�s�t�e�m�a� �è �i�n� �e�q�u�i�l�i�b�r�i�o �e �c�i� �a�s�p�e�t�t�i�a�m�o �c�h�e �r�i�m�a�n�g�a� �i�n�
�t�a�l�e �s�t�a�t�o �f�i�n� �t�a�n�t�o �c�h�e �i� �v�i�n�c�o�l�i� �n�o�n� �s�o�n�o �m�o�d�i�f�i�c�a�t�i�. T�u�t-
�t�a�v�i�a�, �s�e �l�a� �d�i�p�e�n�d�e�n�z�a� �d�e�l�l��e�n�t�r�o�p�i�a� �d�a�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a�
�f�o�s�s�e �c�o�m�e �m�o�s�t�r�a�t�o �q�u�a�l�i�t�a�t�i�v�a�m�e�n�t�e �i�n� �f�i�g�u�r�a� 5.2, �q�u�e-
�s�t�o �n�o�n� �a�c�c�a�d�r�e�b�b�e: �a�v�v�e�r�r�e�b�b�e �u�n� �t�r�a�s�f�e�r�i�m�e�n�t�o �d�i� �e�n�e�r�g�i�a�
∆U �d�a� �u�n� �s�i�s�t�e�m�a� �a�d� �u�n� �a�l�t�r�o �p�e�r�c�h�é �i�l �v�a�l�o�r�e �d�i� �e�n�t�r�o�p�i�a�
�c�o�r�r�i�s�p�o�n�d�e�n�t�e �a� �q�u�e�s�t�o �s�c�a�m�b�i�o,

S(U + ∆U, V, N) + S(U − ∆U, V, N)

�è �m�a�g�g�i�o�r�e �d�e�l �v�a�l�o�r�e �i�n�i�z�i�a�l�e 2S(U, V, N). A�f�f�i�n�c�h�é �g�l�i� �s�t�a�t�i�
�d�i� �e�q�u�i�l�i�b�r�i�o �s�i�a�n�o �s�t�a�b�i�l�i� �o�c�c�o�r�r�e �q�u�i�n�d�i� �c�h�e S �s�i�a� �u�n�a� �f�u�n�-
�z�i�o�n�e �c�o�n�c�a�v�a� �d�e�l�l��e�n�e�r�g�i�a�, �c�i�o�è �t�a�l�e �c�h�e, �p�e�r� �q�u�a�l�u�n�q�u�e �v�a�l�o�r�e
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•

•
•

•

U U + ∆UU −∆U

S(U −∆U)

S(U + ∆U)

S(U)

1

2
[S(U + ∆U) + S(U −∆U)]

F�i�g�u�r�a� 5.2: I�p�o�t�e�t�i�c�a� �f�u�n�z�i�o�n�e
�e�n�t�r�o�p�i�a� �c�h�e �c�o�m�p�o�r�t�a� �a�s�s�e�n�z�a�
�d�i� �e�q�u�i�l�i�b�r�i�o �s�t�a�b�i�l�e.

�d�i� U �e ∆U, �s�i� �a�b�b�i�a�

S(U + ∆U, V, N) + S(U − ∆U, V, N) ≤ 2S(U, V, N)

�o�s�s�i�a�
s(u + ∆u, v) + s(u− ∆u, v) ≤ 2s(u, v) (5.26)

Q�u�e�s�t�o �i�m�p�l�i�c�a� �l�a� �c�o�n�d�i�z�i�o�n�e �l�o�c�a�l�e

∂2s
∂u2 = − 1

T2
∂T
∂u

∣∣∣∣
v
≤ 0 (5.27)

R�a�g�i�o�n�a�n�d�o �i�n� �m�a�n�i�e�r�a� �a�n�a�l�o�g�a� �p�e�r� �i�l �v�o�l�u�m�e, �s�i� �c�o�n�-
�c�l�u�d�e �c�h�e �l��e�n�t�r�o�p�i�a� �è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�c�a�v�a� �d�e�l �v�o�l�u�m�e,

s(u, v + ∆v) + s(u, v− ∆v) ≤ 2s(u, v) , (5.28)

�d�a� �c�u�i�
∂2s
∂v2 ≤ 0 . (5.29)

L�e �c�o�n�s�i�d�e�r�a�z�i�o�n�i� �p�r�e�c�e�d�e�n�t�i� �s�i� �e�s�t�e�n�d�o �f�a�c�i�l�m�e�n�t�e �a� �p�i�ù�
�d�i�m�e�n�s�i�o�n�i�. N�e�l�l�o �s�p�a�z�i�o �t�r�i�d�i�m�e�n�s�i�o�n�a�l�e s-u-v, �l�a� �c�o�n�d�i�z�i�o�n�e
�g�l�o�b�a�l�e �d�i� �s�t�a�b�i�l�i�t�à� �r�i�c�h�i�e�d�e �c�h�e �l�a� �s�u�p�e�r�f�i�c�i�e �d�e�l�l��e�n�t�r�o�p�i�a� s =

s(u, v) �s�t�i�a� �t�u�t�t�a� �s�o�t�t�o �i�l �s�u�o �p�i�a�n�o �t�a�n�g�e�n�t�e. L'�e�s�p�r�e�s�s�i�o�n�e
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�m�a�t�e�m�a�t�i�c�a� �d�i� �q�u�e�s�t�o �è �c�h�e �p�e�r� ∆u �e ∆v �a�r�b�i�t�r�a�r�i� �s�i� �a�b�b�i�a�

s(u + ∆u, v + ∆v) + s(u− ∆u, v∆v) ≤ 2s(u, v). (5.30)

Q�u�e�s�t�o �i�m�p�l�i�c�a� �n�o�n� �s�o�l�o �c�h�e �d�e�b�b�a�n�o �v�a�l�e�r�e �l�e �c�o�n�d�i�z�i�o�n�i�
(5.27) �e (5.29), �m�a� �a�n�c�h�e �c�h�e �s�i�a� �s�o�d�d�i�s�f�a�t�t�a� �l�a� �c�o�n�d�i�z�i�o�n�e
�c�h�e �l�a� �m�a�t�r�i�c�e �h�e�s�s�i�a�n�a� �d�i� s(u, v) �s�i�a� �n�o�n� �n�e�g�a�t�i�v�a�:

∂2s
∂u2

∂2s
∂v2 −

(
∂2s

∂u∂v

)2

≥ 0 . (5.31)

R�i�c�a�p�i�t�o�l�a�n�d�o, �l�a� �s�t�a�b�i�l�i�t�à� �r�i�c�h�i�e�d�e �c�h�e �l�a� �s�u�p�e�r�f�i�c�i�e �d�e�l-
�l��e�n�t�r�o�p�i�a� s(u, v) �s�t�i�a� �t�u�t�t�a� �s�o�t�t�o �l�a� �s�u�a� �f�a�m�i�g�l�i�a� �d�i� �p�i�a�n�i�
�t�a�n�g�e�n�t�i�. L�e �c�o�n�d�i�z�i�o�n�i� �l�o�c�a�l�i� �d�i� �s�t�a�b�i�l�i�t�à� �e (5.27) �e (5.29)
�e (5.31) �s�o�n�o �p�i�ù� �d�e�b�o�l�i� �d�e�l�l�a� �c�o�n�d�i�z�i�o�n�e �g�l�o�b�a�l�e �d�i� �s�t�a�b�i�l�i�t�à�
(5.30) �c�h�e �e�s�p�r�i�m�e �l�a� �p�r�o�p�r�i�e�t�à� �d�i� �c�o�n�c�a�v�i�t�à� �d�e�l�l�a� �r�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e s = s(u, v).

L�e �c�o�n�d�i�z�i�o�n�i� �l�o�c�a�l�i� �r�i�c�h�i�e�d�o�n�o �n�o�n� �s�o�l�o �c�h�e ∂2s
∂u2 �e ∂2s

∂v2 �s�i�a�-
�n�o �n�e�g�a�t�i�v�e, �m�a� �a�n�c�h�e �c�h�e ∂2s

∂u2
∂2s
∂v2 −

(
∂2s

∂u∂v

)2 �s�i�a� �p�o�s�i�t�i�v�o. L�a�
�c�o�n�d�i�z�i�o�n�e ∂2s

∂u2 �a�s�s�i�c�u�r�a� �c�h�e �l�a� �c�u�r�v�a� �d�i� �i�n�t�e�r�s�e�z�i�o�n�e �d�e�l�l�a�
�s�u�p�e�r�f�i�c�i�e �d�e�l�l��e�n�t�r�o�p�i�a� �c�o�n� �i�l �p�i�a�n�o �d�i� v �c�o�s�t�a�n�t�e (�c�h�e �p�a��-
�s�a� �p�e�r� �i�l �p�u�n�t�o �d�i� �e�q�u�i�l�i�b�r�i�o) �a�b�b�i�a� �c�u�r�v�a�t�u�r�a� �n�e�g�a�t�i�v�a�. L�a�
�c�o�n�d�i�z�i�o�n�e ∂2s

∂v2 �a�s�s�i�c�u�r�a� �a�n�a�l�o�g�a�m�e�n�t�e �c�h�e �l�a� �c�u�r�v�a� �d�i� �i�n�t�e�r�-
�s�e�z�i�o�n�e �d�e�l�l�a� �s�u�p�e�r�f�i�c�i�e �d�e�l�l��e�n�t�r�o�p�i�a� �c�o�n� �i�l �p�i�a�n�o �d�i� �c�o�s�t�a�n�t�e
�d�i� u �c�o�s�t�a�n�t�e �a�b�b�i�a� �c�u�r�v�a�t�u�r�a� �n�e�g�a�t�i�v�a�. Q�u�e�s�t�e �d�u�e `̀ �c�u�r�v�a�-
�t�u�r�e �p�a�r�z�i�a�l�i�'' �n�o�n� �s�o�n�o �s�u�f�f�i�c�i�e�n�t�i� �a� �g�a�r�a�n�t�i�r�e �l�a� �c�o�n�c�a�v�i�t�à�,
�p�e�r�c�h�é �l�a� �s�u�p�e�r�f�i�c�i�e �p�o�t�r�e�b�b�e �a�v�e�r�e �s�c�a�l�a�n�a�t�u�r�e, �c�u�r�v�a�n�d�o
�v�e�r�s�o �i�l �b�a�s�s�o �l�u�n�g�o �l�e �q�u�a�t�t�r�o �d�i�r�e�z�i�o�n�i� ±u �e ±v, �m�a� �c�u�r�-
�v�a�n�d�o�v�e�r�s�o �l��a�l�t�o �l�u�n�g�o �l�e �q�u�a�t�t�r�o �d�i�r�e�z�i�o�n�i� �d�i�a�g�o�n�a�l�i� (�t�r�a�
�g�l�i� �a�s�s�i� �u� �e �v). È �q�u�e�s�t�a� �s�t�r�u�t�t�u�r�a� �c�h�e �è �p�r�o�i�b�i�t�a� �d�a�l �t�e�r�z�o
�c�r�i�t�e�r�i�o �d�i� �s�t�a�b�i�l�i�t�à� �d�i�f�f�e�r�e�n�z�i�a�l�e (5.31).
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F�i�g�u�r�a� 5.3: D�a� �m�o�d�e�l�l�i� �d�i� �m�e�c-
�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �o �p�e�r� �e�s�t�r�a�p�o-
�l�a�z�i�o�n�e �d�e�i� �d�a�t�i� �s�p�e�r�i�m�e�n�t�a�l�i� �è
�p�o�s�s�i�b�i�l�e �c�h�e �r�i�s�u�l�t�i�n�o �r�e�l�a�z�i�o�n�i�
�f�o�n�d�a�m�e�n�t�a�l�i� �c�h�e �n�o�n� �h�a�n�n�o �l�a�
�p�r�o�p�r�i�e�t�à� �d�i� �c�o�n�c�a�v�i�t�à�. D�a� �q�u�e�s�t�e
�r�e�l�a�z�i�o�n�i� �è �p�o�s�s�i�b�i�l�e �o�t�t�e�n�e�r�e �u�n�a�
�r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �s�t�a�b�i�l�e
�m�e�d�i�a�n�t�e �l�a� �c�o�s�t�r�u�z�i�o�n�e �m�o�s�t�r�a�t�a�
�i�n� �f�i�g�u�r�a�: �s�o�n�o �d�i�s�e�g�n�a�t�e �l�e �l�i�n�e�e
�t�a�n�g�e�n�t�i� �c�h�e �s�o�n�o �d�a�p�p�e�r�t�u�t�t�o
�s�o�p�r�a� �l�a� �c�u�r�v�a�. L�a� �r�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �s�t�a�b�i�l�e �è �l��i�n�v�i�l�u�p�p�o
�d�i� �q�u�e�s�t�e �l�i�n�e�e �t�a�n�g�e�n�t�i� �s�u�p�e�r�i�o�r�i�.

I�n� �t�e�r�m�i�n�i� �f�i�s�i�c�i�, �l�e �c�o�n�d�i�z�i�o�n�i� �d�i� �s�t�a�b�i�l�i�t�à� �l�o�c�a�l�i� �a�s�s�i�c�u�r�a�-
�n�o �c�h�e �d�i�s�o�m�o�g�e�n�e�i�t�à� �d�i� u �o v �s�e�p�a�r�a�t�a�m�e�n�t�e �n�o�n� �a�u�m�e�n�t�a�n�o
�l��e�n�t�r�o�p�i�a�, �e �a�n�c�h�e �c�h�e �u�n�a� �d�i�s�o�m�o�g�e�n�e�i�t�à� �a�c�c�o�p�p�i�a�t�a� �d�i� u �ev
�i�n�s�i�e�m�e �n�o�n� �a�u�m�e�n�t�a� �l��e�n�t�r�o�p�i�a�.

5.5 S�t�a�b�i�l�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�a� �e �c�o�n�v�e�s�s�i�t�à� �d�e�l�l��e�n�e�r�g�i�a�

L�a� �c�o�n�d�i�z�i�o�n�e �d�i� �s�t�a�b�i�l�i�t�à�, �e�s�p�r�e�s�s�a� �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �d�a�l-
�l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �c�o�n�c�a�v�i�t�à� �d�e�l�l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a�, �s�i� �t�r�a�-
�d�u�c�e �n�e�l�l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �c�o�n�v�e�s�s�i�t�à� �p�e�r� �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a�
�c�o�m�e �f�u�n�z�i�o�n�e �d�e�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i�. L�a� �c�o�n�d�i�z�i�o�n�e �d�i�
�c�o�n�v�e�s�s�i�t�à� �g�l�o�b�a�l�e �è

u(s + ∆s, v + ∆v) + u(s− ∆s, v− ∆v) ≥ 2u(s, v). (5.32)

�e �l�e �c�o�n�d�i�z�i�o�n�i� �l�o�c�a�l�i� �a�d�e�s�s�o �s�o�n�o

∂2u
∂s2 =

∂T
∂s

∣∣∣∣
v
≥ 0, (5.33)

∂2u
∂v2 = − ∂P

∂v

∣∣∣∣
s
≥ 0 . (5.34)
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�e
∂2u
∂s2

∂2u
∂v2 −

(
∂2u
∂s∂v

)2

≥ 0 . (5.35)
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6.1 I�n�t�e�r�a�z�i�o�n�e �t�e�r�m�i�c�a� �c�o�n� �u�n� �b�a�g�n�o �d�i� �c�a�l�o�r�e

A�d�e�s�s�o �s�t�u�d�i�a�m�o �u�n� �p�r�o�c�e�s�s�o �d�e�l �t�i�p�o �s�c�h�e�m�a�t�i�z�z�a�t�o �i�n�
�f�i�g�u�r�a� 2.3 �i�n� �c�u�i� �u�n� �s�i�s�t�e�m�a� �a�s�s�o�r�b�e �u�n�a� �q�u�a�n�t�i�t�à� �d�i� �c�a�l�o�r�e
Q �d�a� �u�n� �b�a�g�n�o �d�i� �c�a�l�o�r�e �e �c�o�m�p�i�e �u�n� �l�a�v�o�r�o −W �s�u� �u�n�a�
�s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o, �v�a�r�i�a�n�d�o �c�o�s�ì� �l�a� �s�u�a� �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�i�
�u�n�a� �q�u�a�n�t�i�t�à�

∆U = Q + W . (6.1)

P�o�i�c�h�é �c�o�n�s�i�d�e�r�e�r�e�m�o �s�o�l�o �s�c�a�m�b�i� �d�i� �e�n�e�r�g�i�a�, �p�e�r� �c�o�m�o�d�i�t�à�
�o�m�e�t�t�e�r�e�m�o �n�e�l�l�e �f�o�r�m�u�l�e �l�e �a�l�t�r�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e. L�a�
�s�i�t�u�a�z�i�o�n�e �f�i�s�i�c�a� �è �a�n�a�l�o�g�a� �a� �q�u�e�l�l�a� �n�e�l�l�a� �s�e�z�i�o�n�e 3.3, �m�a�
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�a�d�e�s�s�o �a�s�s�u�m�e�r�e�m�o �c�h�e �i�l �s�i�s�t�e�m�a� B �s�i�a� �u�n� �b�a�g�n�o �d�i� �c�a�l�o�r�e
�e �a�b�b�i�a� �u�n�'�e�n�e�r�g�i�a� �m�o�l�t�o �m�a�g�g�i�o�r�e �d�i� �q�u�e�l�l�a� �d�e�l �s�i�s�t�e�m�a� A;
�n�o�n� �u�s�e�r�e�m�o �a�l�c�u�n� �p�e�d�i�c�e �p�e�r� �i�l �s�i�s�t�e�m�a� A �e �l�o �c�h�i�a�m�e�r�e�m�o
�s�e�m�p�l�i�c�e�m�e�n�t�e `̀ �s�i�s�t�e�m�a�'', �m�e�n�t�r�e �u�s�e�r�e�m�o �u�n� �p�e�d�i�c�e `̀0'' �p�e�r�
�i�l �b�a�g�n�o �d�i� �c�a�l�o�r�e.

I�l �c�a�l�o�r�e Q �a�s�s�o�r�b�i�t�o �d�a�l �s�i�s�t�e�m�a� �è �p�a�r�i� �a�l�l�a� �d�i�m�i�n�u�z�i�o�n�e
�d�i� �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U0 − Q �d�e�l �b�a�g�n�o. L�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o-
�p�i�a� �d�e�l �b�a�g�n�o �i�n� �c�o�n�s�e�g�u�e�n�z�a� �d�i� �t�a�l�e �d�i�m�i�n�u�z�i�o�n�e �d�e�l�l�a� �s�u�a�
�e�n�e�r�g�i�a� �è

∆S0 = S0(U0 −Q)− S0(U0) = −
∂S0

∂U0
Q = − Q

T0
(6.2)

L�a� �t�r�o�n�c�a�t�u�r�a� �a�l �p�r�i�m�o �o�r�d�i�n�e �n�e�l�l�o �s�v�i�l�u�p�p�o �d�i� T�a�y�l�o�r�
�d�i� S0(U0 − Q) �è �g�i�u�s�t�i�f�i�c�a�t�a� �d�a�l �f�a�t�t�o �c�h�e Q � U0 (�a�v�e�n�d�o �a��-
�s�u�n�t�o �c�h�e �i�l �b�a�g�n�o �h�a� �u�n�'�e�n�e�r�g�i�a� �m�o�l�t�o �m�a�g�g�i�o�r�e �d�i� �q�u�e�l�l�a� �d�e�l
�s�i�s�t�e�m�a�); �a�b�b�i�a�m�o �i�n�o�l�t�r�e �u�t�i�l�i�z�z�a�t�o �l�a� �d�e�f�i�n�i�z�i�o�n�e (4.14) �d�i�
�t�e�m�p�e�r�a�t�u�r�a�: T0 �è �l�a� �t�e�m�p�e�r�a�t�u�r�a� (�i�n�v�a�r�i�a�t�a� �n�e�l �p�r�o�c�e�s�s�o)
�d�e�l �b�a�g�n�o.

A�s�s�u�m�e�n�d�o �c�h�e �l�a� �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o �o�p�e�r�i� �i�n� �m�o�d�o
�r�e�v�e�r�s�i�b�i�l�e, �l�a� �v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a� �d�e�l �p�r�o�c�e�s�s�o
�è

∆S̃ = ∆S + ∆S0 = ∆S− Q
T0

. (6.3)

D�a� �q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �s�e�g�u�e �i�m�m�e�d�i�a�t�a�m�e�n�t�e �l��e�n�u�n�c�i�a�t�o �d�i�
K�e�l�v�i�n� �d�e�l�l�a� �s�e�c�o�n�d�a� �l�e�g�g�e. I �n�f�a�t�t�i�, �a�f�f�i�n�c�h�è �n�o�n� �s�i� �a�b�b�i�a�n�o
�a�l�t�r�i� �e�f�f�e�t�t�i� �o�l�t�r�e �a�l�l�a� �c�o�n�v�e�r�s�i�o�n�e �d�i� �c�a�l�o�r�e �i�n� �l�a�v�o�r�o �o�c�c�o�r�r�e
�c�h�e �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �s�i�a� �c�i�c�l�i�c�a�, �e �q�u�i�n�d�i� �t�a�l�e �c�h�e ∆S = 0,
�p�e�r� �c�u�i� �s�i� �d�o�v�r�e�b�b�e �a�v�e�r�e

∆S̃ = − Q
T0

,
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�m�a� �q�u�e�s�t�o �è �i�m�p�o�s�s�i�b�i�l�e �p�e�r�c�h�é Q �è �p�o�s�i�t�i�v�o �e �l�a� �v�a�r�i�a�z�i�o�n�e
�t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a� ∆S̃ �n�o�n� �p�u�ò �e�s�s�e�r�e �n�e�g�a�t�i�v�a�.

6.2 M�a�c�c�h�i�n�e �t�e�r�m�i�c�h�e

U�n�a� �m�a�c�c�h�i�n�a� �t�e�r�m�i�c�a� �u�n� �c�o�n�g�e�g�n�o �u�t�i�l�i�z�z�a�t�o �p�e�r� �t�r�a�s�f�o�r�-
�m�a�r�e �p�a�r�t�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �l�a�v�o�r�o.
I �m�e�c�c�a�n�i�s�m�i� �d�e�l�l�a� �m�a�c�c�h�i�n�a� (�c�h�e �p�u�ò �e�s�s�e�r�e �u�n� �s�i�s�t�e�m�a�
�f�o�r�m�a�t�a� �d�a� �v�a�r�i� �p�i�s�t�o�n�i�, �c�i�l�i�n�d�r�i�, �e�t�c.) �d�o�v�r�e�b�b�e�r�o �r�i�m�a�n�e�r�e
�i�n�v�a�r�i�a�t�i� �d�u�r�a�n�t�e �i�l �p�r�o�c�e�s�s�o. Q�u�e�s�t�o �s�i� �o�t�t�i�e�n�e �f�a�c�e�n�d�o �i�n�
�m�o�d�o �c�h�e �l�a� �m�a�c�c�h�i�n�a� �p�e�r�c�o�r�r�a� �u�n� �c�i�c�l�o �d�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�i�
�i�n� �m�o�d�o �c�h�e �a�l�l�a� �f�i�n�e �r�i�t�o�r�n�i� �a�l�l�o �s�t�e�s�s�o �s�t�a�t�o �d�a� �c�u�i� �e�r�a�
�p�a�r�t�i�t�a�. S�i� �p�u�ò �f�a�r�e �i�n� �m�o�d�o �c�h�e �l�a� �m�a�c�c�h�i�n�a� �l�a�v�o�r�i� �c�o�n�
�c�o�n�t�i�n�u�i�t�à� �f�a�c�e�n�d�o�l�e �p�e�r�c�o�r�r�e�r�e �u�n�a� �s�u�c�c�e�s�s�i�o�n�e �d�i� �q�u�e�s�t�i� �c�i�-
�c�l�i� �r�i�p�e�t�u�t�i�. L'�e�n�t�r�o�p�i�a� �d�e�l�l�a� �m�a�c�c�h�i�n�a� �n�o�n� �v�a�r�i�a� �i�n� �u�n� �c�i�c�l�o
�d�a�t�o �c�h�e �t�o�r�n�a� �a�l �s�u�o �s�t�a�t�o �i�n�i�z�i�a�l�e. S�i� �s�u�p�p�o�n�e �s�e�m�p�l�i�c�e-
�m�e�n�t�e �c�h�e �l�a� �m�a�c�c�h�i�n�a� �c�o�m�p�i�a� �l�a�v�o�r�o −W �s�u� �u�n�a� �s�o�r�g�e�n�t�e
�r�e�v�e�r�s�i�b�i�l�e �d�i� �l�a�v�o�r�o, �v�a�r�i�a�n�d�o�n�e �a�d� �e�s�e�m�p�i�o �u�n� �p�a�r�a�m�e�t�r�o
�e�s�t�e�r�n�o, �p�e�r� �e�s�e�m�p�i�o, �s�p�o�s�t�a�n�d�o �u�n� �p�i�s�t�o�n�e �o �s�o�l�l�e�v�a�n�d�o
�u�n� �p�e�s�o. A�l�l�o�r�a�, �q�u�a�n�d�o �l�a� �m�a�c�c�h�i�n�a� �p�e�r�c�o�r�r�e �u�n� �c�i�c�l�o �l��u�-
�n�i�c�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �c�h�e �s�i� �v�e�r�i�f�i�c�a� �è �q�u�e�l�l�a� �a�s�s�o�c�i�a�t�a�
�a�i� �s�i�s�t�e�m�i� �c�o�n� �c�u�i� �l�a� �m�a�c�c�h�i�n�a� �i�n�t�e�r�a�g�i�s�c�e �p�e�r� �t�r�a�s�f�o�r�m�a�r�e
�p�a�r�t�e �d�e�l�l�a� �l�o�r�o �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �i�n� �l�a�v�o�r�o.

6.3 L�a�v�o�r�o �m�a�s�s�i�m�o �i�n� �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �c�i�c�l�i�c�h�e

S�e �m�e�d�i�a�n�t�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �c�i�c�l�i�c�h�e �d�i� �u�n� �s�i�s�t�e�m�a�, �c�i�o�è �m�e-
�d�i�a�n�t�e �u�n�a� �m�a�c�c�h�i�n�a� �t�e�r�m�i�c�a�, �s�i� �v�u�o�l�e �t�r�a�s�f�o�r�m�a�r�e �p�a�r�t�e
�d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�i� �u�n� �b�a�g�n�o �d�i� �c�a�l�o�r�e �i�n� �l�a�v�o�r�o �o�c�c�o�r�r�e
�c�o�m�p�e�n�s�a�r�e �l�a� �d�i�m�i�n�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �d�e�l �b�a�g�n�o (6.2) �f�a�-
�c�e�n�d�o �i�n�t�e�r�v�e�n�i�r�e �u�n� �q�u�a�l�c�h�e �a�l�t�r�o �s�i�s�t�e�m�a� �i�n� �m�o�d�o �t�a�l�e �c�h�e
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∆S̃ ≥ 0. L�a� �p�o�s�s�i�b�i�l�i�t�à� �p�i�ù� �s�e�m�p�l�i�c�e �e �q�u�e�l�l�a� �d�i� �p�r�e�n�d�e�r�e, �o�l-
�t�r�e �a�d� �u�n� �b�a�g�n�o �c�a�l�d�o �a� �t�e�m�p�e�r�a�t�u�r�a� TC, �u�n� �b�a�g�n�o �f�r�e�d�d�o, �a�d�
�u�n�a� �t�e�m�p�e�r�a�t�u�r�a� TF < TC, �c�h�e �p�o�s�s�a� �a�s�s�o�r�b�i�r�e �d�a�l �s�i�s�t�e�m�a�
�u�n�a� �q�u�a�n�t�i�t�à� �d�i� �c�a�l�o�r�e QF �d�u�r�a�n�t�e �u�n� �c�i�c�l�o �e �q�u�i�n�d�i� �p�o�s�s�a�
�a�u�m�e�n�t�a�r�e �l�a� �s�u�a� �e�n�t�r�o�p�i�a� �d�i� �u�n�a� �q�u�a�n�t�i�t�à�

∆SF =
QF
TF

> 0

P�o�i�c�h�é �n�é �l�a� �m�a�c�c�h�i�n�a� �n�é �l�a� �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o �s�u�b�i�s�c�o�n�o
�m�o�d�i�f�i�c�a�z�i�o�n�i� �l�a� �l�o�r�o �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �è �n�u�l�l�a� �e �q�u�i�n�d�i�
�l�a� �v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a� �è

∆S̃ = ∆SF + ∆SC =
QF
TF
− QC

TC
(6.4)

L�a� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �a�p�p�l�i�c�a�t�a� �a�l�l�a� �m�a�c�c�h�i�n�a� �f�o�r�n�i�-
�s�c�e

−W = QC − |QF| (6.5)

C�o�m�b�i�n�a�n�d�o (6.4) �c�o�n� (6.5) �p�e�r� �e�l�i�m�i�n�a�r�e QF �o�t�t�e�n�i�a�m�o

−W = −TF∆S̃ + QC
TC − TF

TC
(6.6)

S�t�i�a�m�o �c�o�n�s�i�d�e�r�a�n�d�o �u�n�a� �m�a�c�c�h�i�n�a� �c�h�e �i�n�t�e�r�a�g�i�s�c�e �c�o�n� �u�n�a�
�s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o, �p�e�r� �c�u�i� −W �d�e�v�e �e�s�s�e�r�e �p�o�s�i�t�i�v�o �o �a�v�e-
�r�e �u�n� �v�a�l�o�r�e �l�i�m�i�t�e �p�a�r�i� �a� �z�e�r�o. N�e�l �l�i�m�i�t�e W = 0 �l�a� �m�a�c�c�h�i�-
�n�a� �è �c�o�m�p�l�e�t�a�m�e�n�t�e �i�n�e�f�f�i�c�i�e�n�t�e �p�e�r� �c�u�i� �i�l �p�r�o�c�e�s�s�o �s�i� �r�i�d�u�c�e
�a�d� �u�n� �s�e�m�p�l�i�c�e �t�r�a�s�f�e�r�i�m�e�n�t�o �d�i� �c�a�l�o�r�e �t�r�a� �l�e �d�u�e �s�o�r�g�e�n�t�i�
�d�i� �c�a�l�o�r�e (QC = QF). A �q�u�e�s�t�o �c�a�s�o �l�i�m�i�t�e �c�o�r�r�i�s�p�o�n�d�e �l�a�
�v�a�r�i�a�z�i�o�n�e �m�a�s�s�i�m�a� �d�i� �e�n�t�r�o�p�i�a� �t�o�t�a�l�e:

∆S�t�o�t �m�a�x = QC
TC − TF

TFTC
(6.7)
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Q�u�a�n�d�o ∆S̃ = 0 �i�l �l�a�v�o�r�o �è �m�a�s�s�i�m�o:

|W �m�a�x| = QC
TC − TF

TC
.

Q�u�e�s�t�o �c�a�s�o �d�i� �p�e�r�f�e�t�t�a� �c�o�m�p�e�n�s�a�z�i�o�n�e �t�r�a� �l�e �v�a�r�i�a�z�i�o�n�i� �d�i�
�e�n�t�r�o�p�i�a� �d�e�l�l�e �d�u�e �s�o�r�g�e�n�t�i�, �c�o�r�r�i�s�p�o�n�d�e �a�l �c�a�s�o �i�d�e�a�l�e �i�n� �c�u�i�
�t�u�t�t�i� �i� �p�r�o�c�e�s�s�i� �s�o�n�o �r�e�v�e�r�s�i�b�i�l�i�.

QC

QF

TF

−W

TC

F�i�g�u�r�a� 6.1: S�c�h�e�m�a�t�i�z�z�a�z�i�o�n�e
�d�i� �u�n�a� �m�a�c�c�h�i�n�a� �t�e�r�m�i�c�a� �c�h�e,
�o�p�e�r�a�n�d�o �i�n� �u�n� �c�i�c�l�o, �a�s�s�o�r�b�e �u�n�a�
�q�u�a�n�t�i�t�à� �d�i� �c�a�l�o�r�e QC �d�a� �u�n� �b�a�g�n�o
�c�a�l�d�o �a� �t�e�m�p�e�r�a�t�u�r�a� TC , �c�e�d�e
�u�n�a� �q�u�a�n�t�i�t�à� �d�i� �c�a�l�o�r�e QF �a�d� �u�n�
�b�a�g�n�o �f�r�e�d�d�o �a� �t�e�m�p�e�r�a�t�u�r�a� TF , �e
�f�o�r�n�i�s�c�e �u�n�a� �q�u�a�n�t�i�t�à� �d�i� �l�a�v�o�r�o
|W| = QC − |QF | �a�d� �u�n�a� �s�o�r�g�e�n�t�e
�e�s�t�r�e�n�a� �d�i� �l�a�v�o�r�o.

I�l �r�e�n�d�i�m�e�n�t�o �d�i� �u�n�a� �t�a�l�e �m�a�c�c�h�i�n�a�, �c�i�o�è �u�n�a� �m�a�c�c�h�i�n�a�
�t�e�r�m�i�c�a� �r�e�v�e�r�s�i�b�i�l�e �o�p�e�r�a�n�t�e �t�r�a� �d�u�e �s�o�r�g�e�n�t�i� �d�i� �c�a�l�o�r�e �a�
�t�e�m�p�e�r�a�t�u�r�a� �p�r�e�f�i�s�s�a�t�a�, �è

η �m�a�x =
|W �m�a�x|

QC
= 1− TF

TC
(6.8)

�c�h�e �è �i�l �r�e�n�d�i�m�e�n�t�o �d�i� �u�n�a� �m�a�c�c�h�i�n�a� �d�i� C�a�r�n�o�t. P�e�r� �u�n�a�
�m�a�c�c�h�i�n�a� �r�e�a�l�e

W ≤ QC
TC − TF

TC
⇒ η =

|W|
QC
≤ η �m�a�x

I�l �v�a�l�o�r�e η �m�a�x �c�o�s�t�i�t�u�i�s�c�e �d�u�n�q�u�e �u�n� �l�i�m�i�t�e �m�a�s�s�i�m�o �p�e�r� �i�l
�r�e�n�d�i�m�e�n�t�o �d�i� �t�u�t�t�e �l�e �m�a�c�c�h�i�n�e �o�p�e�r�a�n�t�i� �t�r�a� �l�e �s�t�e�s�s�e �t�e�m�-
�p�e�r�a�t�u�r�e, �v�a�l�e �a� �d�i�r�e, �n�o�n� �e�s�i�s�t�o�n�o �m�a�c�c�h�i�n�e �t�e�r�m�i�c�h�e, �f�u�n�-
�z�i�o�n�a�n�t�i� �t�r�a� �d�u�e �s�o�r�g�e�n�t�i� �d�i� �c�a�l�o�r�e �a� �t�e�m�p�e�r�a�t�u�r�e TC �e TF,
�i�l �c�u�i� �r�e�n�d�i�m�e�n�t�o �s�i�a� �s�u�p�e�r�i�o�r�e �a� �q�u�e�l�l�o �d�i� �u�n�a� �m�a�c�c�h�i�n�a� �d�i�
C�a�r�n�o�t �f�u�n�z�i�o�n�a�n�t�e �t�r�a� �l�e �s�t�e�s�s�e �t�e�m�p�e�r�a�t�u�r�e. Q�u�e�s�t�a� �a�f�f�e�r�-
�m�a�z�i�o�n�e �è �n�o�t�a� �c�o�m�e �t�e�o�r�e�m�a� �d�i� C�a�r�n�o�t (�p�a�r�t�e (�a�) �d�i� (3.11)).
S�i� �n�o�t�i� �i�n�o�l�t�r�e �c�h�e �l�a� �f�o�r�m�u�l�a� (6.8) �p�e�r� �i�l �r�e�n�d�i�m�e�n�t�o �d�i� �u�n�a�
�m�a�c�c�h�i�n�a� �d�i� C�a�r�n�o�t �è �s�t�a�t�a� �d�e�d�o�t�t�a� �s�o�l�t�a�n�t�o �s�o�t�t�o �l��i�p�o�t�e�s�i�
�c�h�e ∆S̃ = 0. N�e �s�e�g�u�e �c�h�e �t�u�t�t�e �l�e �m�a�c�c�h�i�n�e �r�e�v�e�r�s�i�b�i�l�i�, �f�u�n�z�i�o-
�n�a�n�t�i� �t�r�a� �l�e �s�t�e�s�s�e �t�e�m�p�e�r�a�t�u�r�e �d�i� �u�n�a� �m�a�c�c�h�i�n�a� �d�i� C�a�r�n�o�t
�h�a�n�n�o �l�o �s�t�e�s�s�o �r�e�n�d�i�m�e�n�t�o. Q�u�e�s�t�a� �a�f�f�e�r�m�a�z�i�o�n�e �è �n�o�t�a� �c�o-
�m�e C�o�r�o�l�l�a�r�i�o �d�e�l T�e�o�r�e�m�a� �d�i� C�a�r�n�o�t (�p�a�r�t�e (�b) �d�i� (3.11)).
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N�o�t�i�a�m�o �i�n�f�i�n�e �c�h�e �l��e�q�u�a�z�i�o�n�e �d�i� C�a�r�n�o�t

QC

|QF|
=

TC
TF

(6.9)

�è �u�n�a� �c�o�n�s�e�g�u�e�n�z�a� �i�m�m�e�d�i�a�t�a� �d�e�l�l��e�q�u�a�z�i�o�n�e (6.8).
R�i�s�u�l�t�a� �c�o�s�ì� �d�i�m�o�s�t�r�a�t�a� �n�o�n� �s�o�l�o �l��e�q�u�i�v�a�l�e�n�z�a� �t�r�a� �l�a� �d�e-

�f�i�n�i�z�i�o�n�e (4.14) �d�i� �t�e�m�p�e�r�a�t�u�r�a� �e �l�a� �n�o�z�i�o�n�e �d�i� �t�e�m�p�e�r�a�t�u�r�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a� �a�s�s�o�l�u�t�a�, �m�a� �a�n�c�h�e �l��e�q�u�i�v�a�l�e�n�z�a� �p�i�ù� �g�e�n�e�r�a�l�e
�t�r�a� �l�e �u�s�u�a�l�i� �f�o�r�m�u�l�a�z�i�o�n�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �b�a�s�a�t�i� �s�u�l�l�e
�m�a�c�c�h�i�n�e �t�e�r�m�i�c�h�e �e �l�a� �f�o�r�m�u�l�a�z�i�o�n�e �b�a�s�a�t�a� �s�u�i� �p�o�s�t�u�l�a�t�i� I �e
II.

M�o�r�a�l�e L�a� �t�e�n�d�e�n�z�a� �n�a�t�u�r�a�l�e �d�e�i� �s�i�s�t�e�m�i� �f�i�s�i�c�i� �a�d� �a�u�m�e�n�-
�t�a�r�e �l�a� �l�o�r�o �e�n�t�r�o�p�i�a� �p�u�ò �e�s�s�e�r�e �i�n�c�a�n�a�l�a�t�a� �p�e�r� �p�r�o�d�u�r�r�e
�l�a�v�o�r�o �u�t�i�l�e �s�f�r�u�t�t�a�n�d�o �i�l �s�e�g�u�e�n�t�e `̀ �p�r�i�n�c�i�p�i�o �d�i� �c�o�m�p�e�n�s�a�-
�z�i�o�n�e �d�e�l�l�e �e�n�t�r�o�p�i�e'': L'�e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �p�u�ò �d�i�m�i�n�u�i�-
�r�e �s�o�l�o �s�e �s�i� �p�e�r�m�e�t�t�e �a�l �s�i�s�t�e�m�a� �d�i� �i�n�t�e�r�a�g�i�r�e �c�o�n� �u�n�o �o
�p�i�ù� �s�i�s�t�e�m�i� �a�u�s�i�l�i�a�r�i� �c�o�n� �u�n� �p�r�o�c�e�s�s�o �c�h�e �f�o�r�n�i�s�c�e �a� �q�u�e�s�t�i�
�u�l�t�i�m�i� �a�l�m�e�n�o �u�n�a� �q�u�a�n�t�i�t�à� �d�i� �e�n�t�r�o�p�i�a� �e�q�u�i�v�a�l�e�n�t�e.

6.4 L�a�v�o�r�o �m�a�s�s�i�m�o �i�n� �p�r�o�c�e�s�s�i� �a�r�b�i�t�r�a�r�i�

C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �u�n�a� �s�i�t�u�a�z�i�o�n�e �u�n� �p�o' �p�i�ù� �g�e�n�e�r�a�l�e �d�i�
�q�u�e�l�l�a� �c�o�n�s�i�d�e�r�a�t�a� �n�e�l�l�a� �s�e�z�i�o�n�e 6.1. U�n� �s�i�s�t�e�m�a�, �p�e�r� �s�e�m�-
�p�l�i�c�i�t�à� �a� �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �c�o�s�t�a�n�t�e, �i�n�i�z�i�a�l�m�e�n�t�e �i�n� �u�n�o
�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �i�n�t�e�r�n�o �è �p�o�s�t�o �a� �c�o�n�t�a�t�t�o
�c�o�n� �u�n� �a�m�b�i�e�n�t�e �e�s�t�e�r�n�o �l�a� �c�u�i� �t�e�m�p�e�r�a�t�u�r�a� T0 �e �p�r�e�s�s�i�o-
�n�e P0 �p�o�s�s�o�n�o �d�i�f�f�e�r�i�r�e �d�a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� T �e �p�r�e�s�s�i�o�n�e
P �d�e�l �s�i�s�t�e�m�a�. I�l �s�i�s�t�e�m�a� �p�u�ò �f�a�r�e �l�a�v�o�r�o �s�u� �q�u�a�l�c�h�e �a�l�t�r�o
�s�i�s�t�e�m�a�, �u�n�a� �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o �c�h�e �s�i� �a�s�s�u�m�e �t�e�r�m�i�c�a�-
�m�e�n�t�e �i�s�o�l�a�t�o �s�i�a� �d�a�l�l��a�m�b�i�e�n�t�e �s�i�a� �d�a�l �s�i�s�t�e�m�a�. I�l �s�i�s�t�e�m�a�
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�c�o�m�p�o�s�t�o

�s�i�s�t�e�m�a� �a�m�b�i�e�n�t�e �e�s�t�e�r�n�o �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o

�è �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o. A�s�s�u�m�i�a�m�o �c�h�e �v�o�l�u�m�e �e �l��e�n�e�r�g�i�a� �d�e�l-
�l��a�m�b�i�e�n�t�e �s�i�a�n�o �c�o�s�ì� �g�r�a�n�d�i� �c�h�e �l�a� �l�o�r�o �v�a�r�i�a�z�i�o�n�e �i�n� �s�e�g�u�i�t�o
�a� �p�r�o�c�e�s�s�i� �c�h�e �c�o�i�n�v�o�l�g�o�n�o �i�l �s�i�s�t�e�m�a� �n�o�n� �c�o�m�p�o�r�t�a� �a�l�c�u�n�a�
�v�a�r�i�a�z�i�o�n�e �a�p�p�r�e�z�z�a�b�i�l�e �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �e �d�e�l�l�a� �p�r�e�s�s�i�o�n�e
�d�e�l�l��a�m�b�i�e�n�t�e �e�s�t�e�r�n�o, �c�h�e �p�o�s�s�o�n�o �q�u�i�n�d�i� �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�e
�c�o�s�t�a�n�t�i�.

S�e �l��a�m�b�i�e�n�t�e �f�o�s�s�e �a�s�s�e�n�t�e, �i�l �l�a�v�o�r�o W �f�a�t�t�o �d�a�l �s�i�s�t�e�m�a�
�s�u�l�l�a� �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o, �p�e�r� �u�n� �d�a�t�o �c�a�m�b�i�a�m�e�n�t�o �d�i� �s�t�a�t�o
�d�e�l �s�i�s�t�e�m�a� (�c�i�o�è, �p�e�r� �d�e�t�e�r�m�i�n�a�t�i� �s�t�a�t�i� �i�n�i�z�i�a�l�i� �e �f�i�n�a�l�i�)
�s�a�r�e�b�b�e �c�o�m�p�l�e�t�a�m�e�n�t�e �d�e�f�i�n�i�t�o, �e �p�a�r�i� �a�l�l�a� �v�a�r�i�a�z�i�o�n�e ∆U �d�i�
�e�n�e�r�g�i�a� �d�e�l �s�i�s�t�e�m�a�. L�a� �p�r�e�s�e�n�z�a� �d�e�l�l��a�m�b�i�e�n�t�e, �c�h�e �p�r�e�n�d�e
�p�a�r�t�e �a�n�c�h�e �a�l �p�r�o�c�e�s�s�o, �r�e�n�d�e �i�l �r�i�s�u�l�t�a�t�o �i�n�d�e�f�i�n�i�t�o, �e �s�i�
�p�o�n�e �l�a� �q�u�e�s�t�i�o�n�e �d�e�l �l�a�v�o�r�o �m�a�s�s�i�m�o �c�h�e �i�l �s�i�s�t�e�m�a� �p�u�ò
�f�a�r�e �p�e�r� �u�n�a� �d�a�t�a� �v�a�r�i�a�z�i�o�n�e �n�e�l �s�u�o �s�t�a�t�o.

I �n� �q�u�e�s�t�o �p�r�o�c�e�s�s�o, �i�l �l�a�v�o�r�o �f�a�t�t�o �d�a�l �s�i�s�t�e�m�a� �c�o�n�t�r�o �l�a�
�p�r�e�s�s�i�o�n�e �e�s�t�e�r�n�a� �è P0∆V0 , �d�o�v�e ∆V0 �è �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �v�o-
�l�u�m�e �d�e�l�l��a�m�b�i�e�n�t�e �e �i�l �c�a�l�o�r�e �a�s�s�o�r�b�i�t�o �d�a�l�l��a�m�b�i�e�n�t�e �è T0∆S0,
�d�o�v�e ∆S0 �è �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �d�e�l�l��a�m�b�i�e�n�t�e. A�l�l�o�r�a�,
�i�n� �c�o�n�s�e�g�u�e�n�z�a� �d�e�l �p�r�o�c�e�s�s�o �d�i� �i�n�t�e�r�a�z�i�o�n�e �c�o�n� �l��a�m�b�i�e�n�-
�t�e �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�e�l �s�i�s�t�e�m�a� �s�u�b�i�s�c�e �u�n�a� �v�a�r�i�a�z�i�o�n�e ∆U,
�c�h�e, �p�e�r� �l�a� �p�r�i�m�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �a�p�p�l�i�c�a�t�a� �a�l
�s�i�s�t�e�m�a�, �è:

∆U = P0∆V0 + W − T0∆S0. (6.10)

S�i�a�n�o V �e V0 �i�l �v�o�l�u�m�e �d�e�l �s�i�s�t�e�m�a� �e �d�e�l�l��a�m�b�i�e�n�t�e, �r�i�s�p�e�t-
�t�i�v�a�m�e�n�t�e. A�s�s�u�m�e�n�d�o �c�o�s�t�a�n�t�e �n�e�l �p�r�o�c�e�s�s�o �i�l �v�o�l�u�m�e �t�o�t�a�l�e
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V + V0, �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �v�o�l�u�m�e �d�e�l �s�i�s�t�e�m�a� �è �c�o�m�p�e�n�s�a�-
�t�a� �e�s�a�t�t�a�m�e�n�t�e �d�a�l�l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �v�o�l�u�m�e �d�e�l�l��a�m�b�i�e�n�t�e, �c�i�o�è
∆V = −∆V0. P�e�r� �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�, �l��e�n�-
�t�r�o�p�i�a� �t�o�t�a�l�e �n�o�n� �p�u�ò �d�i�m�i�n�u�i�r�e, ∆S̃ = ∆S + ∆S0 ≥ 0, �e �q�u�i�n�d�i�
∆S0 ≥ −∆S. A�l�l�o�r�a�,

∆U ≤ −P0∆V + W + T0∆S,

�d�a� �c�u�i�
−W ≤ −∆U − P0∆V + T0∆S (6.11)

I�l �l�a�v�o�r�o �m�a�s�s�i�m�o �f�a�t�t�o �d�a�l �s�i�s�t�e�m�a� �s�u�l�l�a� �s�o�r�g�e�n�t�e �d�i�
�l�a�v�o�r�o �è �d�u�n�q�u�e

|W�m�a�x| = −∆U − P0∆V + T0∆S (6.12)

�e �c�o�r�r�i�s�p�o�n�d�e �a�l �c�a�s�o �i�n� �c�u�i� �t�u�t�t�i� �i� �p�r�o�c�e�s�s�i� �s�o�n�o �r�e�v�e�r�s�i�b�i�-
�l�i� �e �l�a� �v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a� ∆S̃ �è �n�u�l�l�a�.

6.5 S�i�g�n�i�f�i�c�a�t�o �t�e�r�m�o�d�i�n�a�m�i�c�o �d�e�l �l�a�v�o�r�o �m�i�n�i�m�o

I�l �l�a�v�o�r�o �m�a�s�s�i�m�o �p�r�o�d�o�t�t�o �d�a�l �s�i�s�t�e�m�a� �n�e�l �p�a�s�s�a�g�g�i�o �d�a�l
�s�u�o �s�t�a�t�o �i�n�i�z�i�a�l�e �a� �q�u�e�l�l�o �f�i�n�a�l�e �è �u�g�u�a�l�e �i�n� �m�o�d�u�l�o �e �o�p�p�o-
�s�t�o �i�n� �s�e�g�n�o �a�l �l�a�v�o�r�o �m�i�n�i�m�o

W�m�i�n� = ∆U + P0∆V − T0∆S

�c�h�e �d�e�v�e �e�s�s�e�r�e �f�a�t�t�o �d�a�l�l�a� �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o �p�e�r� �r�i�p�o�r�t�a�r�e
�i�l �s�i�s�t�e�m�a� �n�e�l �s�u�o �s�t�a�t�o �i�n�i�z�i�a�l�e.

U�n� �s�i�g�n�i�f�i�c�a�t�o �t�e�r�m�o�d�i�n�a�m�i�c�o �i�n�t�e�r�e�s�s�a�n�t�e �p�u�ò �e�s�s�e�r�e �a�t-
�t�r�i�b�u�i�t�o �a�l �l�a�v�o�r�o �m�i�n�i�m�o. S�i�a� S̃ �l��e�n�t�r�o�p�i�a� �t�o�t�a�l�e �d�e�l �s�i�s�t�e�m�a�
�e �d�e�l�l��a�m�b�i�e�n�t�e. S�e �i�l �s�i�s�t�e�m�a� �è �i�n� �e�q�u�i�l�i�b�r�i�o �c�o�n� �l��a�m�b�i�e�n�-
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�t�e, S̃ �è �f�u�n�z�i�o�n�e �d�e�l�l�a� �l�o�r�o �e�n�e�r�g�i�a� �t�o�t�a�l�e Ũ, S̃ = S̃(Ũ). S�e
�i�l �s�i�s�t�e�m�a� �n�o�n� �è �i�n� �e�q�u�i�l�i�b�r�i�o �c�o�n� �l��a�m�b�i�e�n�t�e, �p�e�r� �l�o �s�t�e�s�s�o
�v�a�l�o�r�e �d�e�l�l��e�n�e�r�g�i�a� �t�o�t�a�l�e Ũ, �l�a� �l�o�r�o �e�n�t�r�o�p�i�a� �t�o�t�a�l�e �d�i�f�f�e�r�i�-
�s�c�e �d�a� S̃(Ũ) �d�i� �u�n� �q�u�a�l�c�h�e �q�u�a�n�t�i�t�a�t�i�v�o ∆S̃ < 0. I �n� �f�i�g�u�r�a�
6.2, �l�a� �l�i�n�e�a� �i�n� �v�i�o�l�a� �è �i�l �g�r�a�f�i�c�o �d�e�l�l�a� �f�u�n�z�i�o�n�e S̃ = S̃(Ũ) �e
�l�a� �l�u�n�g�h�e�z�z�a� �d�e�l �s�e�g�m�e�n�t�o BC �è −∆S̃. I�l �s�e�g�m�e�n�t�o AB �r�a�p�-
�p�r�e�s�e�n�t�a� �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�e�r�g�i�a� �t�o�t�a�l�e �q�u�a�n�d�o �i�l �s�i�s�t�e�m�a�
�p�a�s�s�a� �r�e�v�e�r�s�i�b�i�l�m�e�n�t�e �d�a�l�l�o �s�t�a�t�o �i�n�i�z�i�a�l�e A �d�i� �e�q�u�i�l�i�b�r�i�o �c�o�n�
�l��a�m�b�i�e�n�t�e �a�l�l�o �s�t�a�t�o �f�i�n�a�l�e �c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�l �p�u�n�t�o B. I �n�
�a�l�t�r�e �p�a�r�o�l�e, �q�u�e�s�t�o �s�e�g�m�e�n�t�o �r�a�p�p�r�e�s�e�n�t�a� �i�l �l�a�v�o�r�o �m�i�n�i�m�o
�c�h�e �d�e�v�e �e�s�s�e�r�e �f�a�t�t�o �d�a� �q�u�a�l�c�h�e �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o �s�u�l �s�i�s�t�e-
�m�a� �p�e�r� �p�o�r�t�a�l�o �d�a�l�l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �c�o�n� �l��a�m�b�i�e�n�t�e �a�l�l�o
�s�t�a�t�o B.

S̃

Ẽ

Wmin

−∆S̃

A B

C

F�i�g�u�r�a� 6.2: E�n�t�r�o�p�i�a� �d�e�l �s�i�s�t�e�m�a�
�t�o�t�a�l�e �i�n� �f�u�n�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a�
�t�o�t�a�l�e.

P�o�i�c�h�é �i�l �s�i�s�t�e�m�a� �è �u�n�a� �p�a�r�t�e �m�o�l�t�o �p�i�c�c�o�l�a� �d�e�l �s�i�s�t�e�m�a�
�c�o�m�p�l�e�s�s�i�v�o, �i� �p�r�o�c�e�s�s�i� �c�h�e �a�v�v�e�n�g�o�n�o �i�n� �e�s�s�o �c�a�u�s�a�n�o
�u�n�a� �v�a�r�i�a�z�i�o�n�e �r�e�l�a�t�i�v�a� �t�r�a�s�c�u�r�a�b�i�l�e �d�e�l�l��e�n�e�r�g�i�a� �t�o�t�a�l�e �e
�d�e�l�l��e�n�t�r�o�p�i�a� �t�o�t�a�l�e. L�a� �f�i�g�u�r�a� 6.2 �m�o�s�t�r�a� �q�u�i�n�d�i� �c�h�e

∆S̃ = −dS̃(Ũ)

dŨ
W�m�i�n� = −

1
T0

W�m�i�n�,

�p�e�r� �l�a� �r�e�l�a�z�i�o�n�e �t�r�a� �d�e�r�i�v�a�t�a� �d�e�l�l��e�n�t�r�o�p�i�a� �r�i�s�p�e�t�t�o �a�l�l��e�n�e�r�-
�g�i�a� �e �t�e�m�p�e�r�a�t�u�r�a�. P�e�r�c�i�ò

∆S̃ = −W�m�i�n�

T0
= − 1

T0
(∆U − T0∆S + P0∆V) (6.13)

Q�u�e�s�t�a� �f�o�r�m�u�l�a� �d�e�t�e�r�m�i�n�a� �d�i� �q�u�a�n�t�o �l��e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e-
�m�a� �c�h�i�u�s�o �s�i�s�t�e�m�a� �a�m�b�i�e�n�t�e �d�i�f�f�e�r�i�s�c�e �d�a�l �s�u�o �v�a�l�o�r�e �p�i�ù�
�g�r�a�n�d�e �p�o�s�s�i�b�i�l�e, �s�e �i�l �c�o�r�p�o �n�o�n� �è �i�n� �e�q�u�i�l�i�b�r�i�o �c�o�n� �l��a�m�b�i�e�n�-
�t�e; ∆U, ∆S �e ∆V �s�o�n�o �q�u�i� �l�e �d�i�f�f�e�r�e�n�z�e �s�o�n�o �t�r�a� �l��e�n�e�r�g�i�a�,
�e�n�t�r�o�p�i�a� �e �v�o�l�u�m�e �d�e�l �s�i�s�t�e�m�a� �e �i� �l�o�r�o �v�a�l�o�r�i� �i�n� �u�n�o �s�t�a�t�o
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�d�i� �c�o�m�p�l�e�t�o �e�q�u�i�l�i�b�r�i�o.

6.6 S�i�s�t�e�m�a� �i�n� �i�n�t�e�r�a�z�i�o�n�e �c�o�n� �b�a�g�n�i� �g�e�n�e�r�a�l�i�

L�a� �f�o�r�m�u�l�a� (6.13) �p�e�r� �l�a� �v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a�, �p�u�ò
�e�s�s�e�r�e �r�i�s�c�r�i�t�t�a� �i�n� �m�o�d�o �d�a� �r�i�c�o�n�o�s�c�e�r�e �i�m�m�e�d�i�a�t�a�m�e�n�t�e �l�a�
�v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �d�e�l�l��a�m�b�i�e�n�t�e

∆S̃ = ∆S +

(
− 1

T0
∆U +

P0

T0
∆V
)

︸ ︷︷ ︸
∆S0 .

I�n�f�a�t�t�i�, �l��a�m�b�i�e�n�t�e �è �u�n� �b�a�g�n�o �d�i� �c�a�l�o�r�e �e �d�i� �p�r�e�s�s�i�o�n�e, �c�i�o�è
�t�a�l�e �c�h�e �i�n� �c�o�n�s�e�g�u�e�n�z�a� �d�i� �s�c�a�m�b�i� �e�n�e�r�g�e�t�i�c�i� �c�o�n� �i�l �s�i�s�t�e�m�a�
�n�o�n� �v�a�r�i�a� �l�a� �s�u�a� �t�e�m�p�e�r�a�t�u�r�a� �e �l�a� �s�u�a� �p�r�e�s�s�i�o�n�e, �p�e�r� �c�u�i�
�l�o �s�v�i�l�u�p�p�o �d�i� T�a�y�l�o�r� �d�i� S0(U0 − U′, V0 − V′) �n�o�n� �c�o�n�t�i�e�n�e
�t�e�r�m�i�n�i� �s�u�p�e�r�i�o�r�i� �a�l �p�r�i�m�o �o�r�d�i�n�e,

S0(U0 −U′, V0 −V′) = S0(U0, V0)−
∂S0

∂U0
U′ − ∂S0

∂V0
V′

= − 1
T0

U′ − P0

T0
V′ . (6.14)

D�u�n�q�u�e,
∆S0 =

∂S0

∂U0
∆U0 +

∂S0

∂V0
∆V0 = − 1

T0
∆U − P0

T0
∆V

�d�o�v�e, �n�e�l �s�e�c�o�n�d�o �p�a�s�s�a�g�g�i�o, �s�i� �s�o�n�o �u�s�a�t�e �l�e �d�e�f�i�n�i�z�i�o�n�i� �d�i�
�t�e�m�p�e�r�a�t�u�r�a� �e �p�r�e�s�s�i�o�n�e �e �l�e �l�e�g�g�i� �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e ∆V0 =

−∆V �e ∆U0 = −∆U.
A�n�a�l�o�g�a�m�e�n�t�e, �s�i� �p�u�ò �c�o�n�s�i�d�e�r�a�r�e �u�n�a� �a�m�b�i�e�n�t�e �c�h�e �s�i�a�

�a�n�c�h�e �u�n� �b�a�g�n�o �r�i�s�p�e�t�t�o �a�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o µ0, �c�h�e �è
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�c�o�n�i�u�g�a�t�o �a�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e. I �n� �q�u�e�s�t�o �c�a�s�o,

S0(U0 −U′, V0 −V′, N0 − N′) = S0(U0, V0)−
∂S0

∂U0
U′ − ∂S0

∂V0
V′ +

∂S0

∂N0
V

= − 1
T0

U′ − P0

T0
V′ +

µ0

T0
N′ (6.15)

L�a� �f�o�r�m�u�l�a� �p�i�ù� �g�e�n�e�r�a�l�e �p�e�r� �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a�
�d�e�l�l��a�m�b�i�e�n�t�e �è �d�u�n�q�u�e

∆S0 = − 1
T0

∆U − P0

T0
∆V +

µ0

T0
∆N ,

�d�a� �c�u�i� �s�e�g�u�e �l�a� �v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a�

∆S̃ = − 1
T0

(∆U − T0∆S + P0∆V − µ0∆N) (6.16)

(�a�v�e�n�d�o �a�s�s�u�n�t�o �c�o�s�t�a�n�t�e �i�l �n�u�m�e�r�o �t�o�t�a�l�e �d�i� �p�a�r�t�i�c�e�l�l�e �e
�q�u�i�n�d�i� ∆N0 = −∆N).

A�n�c�o�r�a� �p�i�ù� �i�n� �g�e�n�e�r�a�l�e, �p�e�r� �u�n� �b�a�g�n�o �r�i�s�p�e�t�t�o �a�l�l�e
�v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e U0 �e Y0, �s�i� �h�a�

S0(U0 −U′, Y0 − Y ′) = S0(U0, Y0)−
1
T0

U′ − F0

T0
· Y ′ (6.17)

�d�o�v�e F0 �s�o�n�o �l�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�n�s�i�v�e �c�o�s�t�a�n�t�i� �c�o�n�i�u�g�a�t�e �a�l�l�e Y0.
S�e �v�a�l�g�o�n�o �l�e �l�e�g�g�i� �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e ∆U = −∆U0 �e ∆Y =

−∆Y0 �a�l�l�o�r�a� �l�a� �v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a� �è

∆S̃ = − 1
T0

(∆U − T0∆S + F0 · ∆Y) (6.18)
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7.1 D�i�s�p�o�n�i�b�i�l�i�t�à� �e �c�o�n�d�i�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o

R�i�p�r�e�n�d�i�a�m�o �l�a� �f�o�r�m�u�l�a� (6.11) �p�e�r� �i�l �l�a�v�o�r�o �m�a�s�s�i�m�o �e
�o�s�s�e�r�v�i�a�m�o �c�h�e �s�e �i�n�t�r�o�d�u�c�i�a�m�o �a�d�e�s�s�o �l�a� �f�u�n�z�i�o�n�e

A = U − T0S + P0V , (7.1)

�l�a� �p�o�s�s�i�a�m�o �r�i�s�c�r�i�v�e�r�e �c�o�m�e

|W| ≤ −∆U − P0∆V + T0∆S = |W�m�a�x| = −∆A , (7.2)

�e�s�s�e�n�d�o T0 �e P0 �c�o�s�t�a�n�t�i�. L�a� �n�u�o�v�a� �q�u�a�n�t�i�t�à�, A, �è �c�h�i�a�m�a�t�a�
�l�a� �d�i�s�p�o�n�i�b�i�l�i�t�à� �d�e�l �s�i�s�t�e�m�a�. S�i� �o�s�s�e�r�v�i� �c�h�e, �d�a�l �m�o�m�e�n�t�o �c�h�e
T0 �e P0, �i�n�v�e�c�e �d�i� T �e P, �e�n�t�r�a�n�o �n�e�l�l�a� �s�u�a� �d�e�f�i�n�i�z�i�o�n�e, A
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�n�o�n� �è �u�n�a� �p�r�o�p�r�i�e�t�à� �s�o�l�o �d�e�l �s�i�s�t�e�m�a�, �m�a� �d�e�l �s�i�s�t�e�m�a� �i�n�
�u�n� �d�a�t�o �a�m�b�i�e�n�t�e. L�a� �d�i�s�p�o�n�i�b�i�l�i�t�à� �è �u�n�a� �f�u�n�z�i�o�n�e �c�h�e �è �s�t�a�-
�t�a� �p�i�ù� �c�o�m�u�n�e�m�e�n�t�e �i�m�p�i�e�g�a�t�a� �d�a�g�l�i� �i�n�g�e�g�n�e�r�i� �c�h�e �d�a�i� �f�i�s�i�c�i�,
�e �i�l �n�o�m�e �e�s�p�r�i�m�e �t�e�c�n�i�c�a�m�e�n�t�e �l��i�m�p�o�r�t�a�n�t�e �p�r�o�p�r�i�e�t�à� �d�i�
�m�i�s�u�r�a�r�e �l�a� �q�u�a�n�t�i�t�à� �m�a�s�s�i�m�a� �d�i� �l�a�v�o�r�o �u�t�i�l�e �c�h�e �p�u�ò �e�s�s�e�r�e
�e�s�t�r�a�t�t�o �d�a� �u�n� �s�i�s�t�e�m�a� (�a�d� �e�s�e�m�p�i�o �u�n�a� �c�a�l�d�a�i�a�) �d�u�r�a�n�t�e �u�n�
�d�a�t�o �c�a�m�b�i�a�m�e�n�t�o �i�n� �u�n� �d�a�t�o �a�m�b�i�e�n�t�e, �c�h�e �è �e�s�a�t�t�a�m�e�n�t�e �c�i�o�è
�c�h�e �f�o�r�n�i�s�c�e �l�a� �f�o�r�m�u�l�a� (7.2), �c�h�e �s�t�a�b�i�l�i�s�c�e �a�p�p�u�n�t�o �c�h�e �i�l �l�a�-
�v�o�r�o �m�a�s�s�i�m�o �u�t�i�l�e �c�h�e �u�n� �s�i�s�t�e�m�a� �p�u�ò �f�o�r�n�i�r�e �i�n� �u�n�a� �d�a�t�a�
�t�r�a�s�f�o�r�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �p�a�r�i� �a�l�l�a� �d�i�m�i�n�u�z�i�o�n�e �d�e�l�l�a�
�s�u�a� �d�i�s�p�o�n�i�b�i�l�i�t�à�.

R�i�o�t�t�e�n�i�a�m�o �q�u�e�s�t�o �r�i�s�u�l�t�a�t�o, �c�o�n�s�i�d�e�r�a�n�d�o �s�o�l�o �v�a�r�i�a�z�i�o�n�i�
�r�e�v�e�r�s�i�b�i�l�i�, �d�a�t�o �c�h�e �è �i�m�m�e�d�i�a�t�o �d�a�l�l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �c�h�e �s�o�l�o
�q�u�e�s�t�e �v�a�r�i�a�z�i�o�n�i� �f�o�r�n�i�s�c�o�n�o �l�a� �m�a�g�g�i�o�r� �q�u�a�n�t�i�t�à� �d�i� �l�a�v�o�r�o.
P�e�r� �o�g�n�i� �v�a�r�i�a�z�i�o�n�e �i�n�f�i�n�i�t�e�s�i�m�a� �d�i� �e�n�t�r�o�p�i�a� �e �v�o�l�u�m�e, �s�i� �h�a�

δA =
∂U
∂S

δS +
∂U
∂V

δV − T0 δS + P0 δV

�e �q�u�i�n�d�i�

δA = (T − T0) δS− (P− P0) δV ,

�e�s�s�e�n�d�o T = ∂U/∂S �e P = −∂U/∂V �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �l�a� �t�e�m�-
�p�e�r�a�t�u�r�a� �e �l�a� �p�r�e�s�s�i�o�n�e �d�e�l �s�i�s�t�e�m�a�. S�e �i�l �c�a�m�b�i�a�m�e�n�t�o �è
�r�e�v�e�r�s�i�b�i�l�e, −T δS �è �i�l �c�a�l�o�r�e �e�s�t�r�a�t�t�o �d�a�l �s�i�s�t�e�m�a�, �c�h�e �p�u�ò
�e�s�s�e�r�e �i�m�p�i�e�g�a�t�o �t�r�a�s�f�e�r�e�n�d�o�l�o �a�d� �u�n�a� �m�a�c�c�h�i�n�a� �d�i� C�a�r�n�o�t
�i�d�e�a�l�e �c�h�e �l�a�v�o�r�a� �t�r�a� �l�e �t�e�m�p�e�r�a�t�u�r�a� T �e T0. I�l �l�a�v�o�r�o �f�a�t-
�t�o �d�a�l�l�a� �m�a�c�c�h�i�n�a� �e �s�a�r�à� �q�u�i�n�d�i� −(T − T0) δS. S�e �a�l �s�i�s�t�e�m�a�
�è �c�o�n�s�e�n�t�i�t�o �d�i� �e�s�p�a�n�d�e�r�s�i� �r�e�v�e�r�s�i�b�i�l�m�e�n�t�e �d�i� �u�n�a� �q�u�a�n�t�i�t�à�
δV, �u�n�a� �p�r�e�s�s�i�o�n�e �a�g�g�i�u�n�t�i�v�a� (P− P0) �d�e�v�e �e�s�s�e�r�e �a�p�p�l�i�c�a�t�a�
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�e�s�t�e�r�n�a�m�e�n�t�e, �e �i�l �l�a�v�o�r�o �u�t�i�l�e �d�i� �e�s�p�a�n�s�i�o�n�e �v�i�e�n�e �e�s�e�g�u�i�-
�t�o �c�o�n�t�r�o �c�h�e �l�a� �p�r�e�s�s�i�o�n�e �a�g�g�i�u�n�t�i�v�a�, �i�l �l�a�v�o�r�o �r�i�m�a�n�e�n�t�e
�f�a�t�t�o �d�a�l �s�i�s�t�e�m�a� �n�o�n� �è �u�t�i�l�e, �e�s�s�e�n�d�o �s�p�e�s�o �n�e�l�l�o �s�p�i�n�g�e�r�e
�i�n�d�i�e�t�r�o �l��a�t�m�o�s�f�e�r�a� (�o �q�u�a�l�s�i�a�s�i� �a�l�t�r�a� �f�o�n�t�e �p�a�s�s�i�v�a� �d�e�l�l�a�
�p�r�e�s�s�i�o�n�e �e�s�t�e�r�n�a� P0). Q�u�i�n�d�i� (P − P0) δV �è �i�l �l�a�v�o�r�o �u�t�i�l�e,
�e �l�a� �s�o�m�m�a� �d�e�i� �d�u�e �t�e�r�m�i�n�i� �d�i� �l�a�v�o�r�o �d�à� − δA. P�e�r�c�i�ò �l�a�
�d�i�m�i�n�u�z�i�o�n�e �d�i� A �è �u�n�a� �m�i�s�u�r�a� �d�e�l �l�a�v�o�r�o �m�a�s�s�i�m�o �u�t�i�l�e �a�
�d�i�s�p�o�s�i�z�i�o�n�e.

Q�u�e�s�t�a� �i�n�t�e�r�p�r�e�t�a�z�i�o�n�e �d�i� A �a�u�g�g�e�r�s�i�c�e �c�h�e A �d�e�b�b�a� �a��-
�s�u�m�a�r�e �u�n� �v�a�l�o�r�e �m�i�n�i�m�o �v�a�l�o�r�e �q�u�a�n�d�o T = T0 �e P = P0,
�p�e�r�c�h�é �i�n� �t�a�l �c�a�s�o �i�l �s�i�s�t�e�m�a� �è �i�n� �e�q�u�i�l�i�b�r�i�o �c�o�n� �l��a�m�b�i�e�n�t�e
�c�i�r�c�o�s�t�a�n�t�e �e �n�o�n� �p�u�ò �a�g�i�r�e �c�o�m�e �s�o�r�g�e�n�t�e �d�i� �l�a�v�o�r�o �u�t�i�l�e,
�c�i�o�è �c�h�e �v�a�l�g�a� �l��e�q�u�a�z�i�o�n�e

δA = 0 . (7.3)

S�i� �d�i�m�o�s�t�r�a� �f�a�c�i�l�m�e�n�t�e �c�h�e �i�l �p�u�n�t�o �s�t�a�z�i�o�n�a�r�i�o �d�i� A �è �u�n�i�c�o
�e�d� �è �u�n� �m�i�n�i�m�o. I �n�f�a�t�t�i�, �q�u�a�n�d�o �i�l �s�i�s�t�e�m�a� `̀ �s�i�s�t�e�m�a� �a�m�-
�b�i�e�n�t�e'' �è �l�a�s�c�i�a�t�o �a� �s�e �s�t�e�s�s�o �e �n�o�n� �c�o�m�p�i�e �a�l�c�u�n� �l�a�v�o�r�o �e�d�
�e�v�o�l�v�e �f�i�n� �t�a�n�t�o �c�h�e �n�o�n� �r�a�g�g�i�u�n�g�e �u�n�o �s�t�a�t�o �f�i�n�a�l�e �i�n� �c�u�i�
�l��e�n�t�r�o�p�i�a� �t�o�t�a�l�e �n�o�n� �a�s�s�u�m�e �i�l �s�u�o �v�a�l�o�r�e �m�a�s�s�i�m�o. M�a� �l�a�
�v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a� �è �d�a�t�a� �l�a� �f�o�r�m�u�l�a� (6.13), �c�h�e,
�i�n� �t�e�r�m�i�n�i� �d�i� �v�a�r�i�a�z�i�o�n�e �d�i� �d�i�s�p�o�n�i�b�i�l�i�t�à� �p�u�ò �e�s�s�e�r�e �r�i�s�c�r�i�t�t�a�
�c�o�m�e

∆S̃ = −∆A
T0

. (7.4)

Q�u�i�n�d�i� �i�l �m�a�s�s�i�m�o �d�i� S̃ �è �i�n� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �c�o�n� �i�l �m�i�n�i�m�o
�d�i� A. I �n� �v�i�r�t�ù� �d�e�l�l�a� �c�o�n�c�a�v�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �d�e�l �s�i�s�t�e�m�a� �t�o�t�a�-
�l�e, �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �s�t�a�z�i�o�n�a�r�i�e�t�à� �d�i� A �è �d�u�n�q�u�e �a�n�c�h�e �c�o�n�d�i�-
�z�i�o�n�e �s�u�f�f�i�c�i�e�n�t�e �a�f�f�i�n�c�h�é �c�i� �s�i�a� �u�n� �s�o�l�o �p�u�n�t�o �s�t�a�z�i�o�n�a�r�i�o, �e
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�c�h�e �e�s�s�o �s�i�a� �u�n� �m�i�n�i�m�o.
V�a�l�e �d�u�n�q�u�e �i�l �s�e�g�u�e�n�t�e �p�r�i�n�c�i�p�i�o �d�i� �m�i�n�i�m�o:

S�e �i� �v�i�n�c�o�l�i� �d�i� �u�n� �s�i�s�t�e�m�a�, �i�l �c�u�i� �a�m�b�i�e�n�t�e �e�s�t�e�r�-
�n�o �è �m�a�n�t�e�n�u�t�o �a� �t�e�m�p�e�r�a�t�u�r�a� �e �p�r�e�s�s�i�o�n�e �c�o-
�s�t�a�n�t�i�, �s�o�n�o �a�l�t�e�r�a�t�i� �i�n� �m�o�d�o �d�a� �n�o�n� �c�o�m�p�o�r�t�a�r�e
�a�l�c�u�n� �l�a�v�o�r�o �o �c�a�l�o�r�e �d�i�v�e�r�s�i� �d�a� �q�u�e�l�l�o �f�o�r�n�i�t�o �o
�a�s�s�o�r�b�i�t�o �d�a�l�l��a�m�b�i�e�n�t�e, �l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l
�s�i�s�t�e�m�a� �è �t�a�l�e �d�a� �m�i�n�i�m�i�z�z�a�r�e �l�a� �d�i�s�p�o�n�i�b�i�l�i�t�à�
�d�e�l �s�i�s�t�e�m�a�.

(7.5)

Q�u�e�s�t�o �è �l��e�n�u�n�c�i�a�t�o �p�i�ù� �g�e�n�e�r�a�l�e �d�e�l �p�r�i�n�c�i�p�i�o �v�a�r�i�a�z�i�o�n�a�-
�l�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�h�e �c�o�n�t�i�e�n�e �c�o�m�e �c�a�s�o
�p�a�r�t�i�c�o�l�a�r�e �i�l �p�r�i�n�c�i�p�i� �d�i� �m�a�s�s�i�m�a� �e�n�t�r�o�p�i�a�. I �n�f�a�t�t�i�, �p�e�r� �u�n�
�s�i�s�t�e�m�a� �i�s�o�l�a�t�o, U �r�i�m�a�n�e �c�o�s�t�a�n�t�e, �e �l�a� �c�o�n�d�i�z�i�o�n�e �c�h�e A �a��-
�s�u�m�e �u�n� �v�a�l�o�r�e �m�i�n�i�m�o �è �u�g�u�a�l�e �a�l�l�a� �c�o�n�d�i�z�i�o�n�e �c�h�e �l�a� �s�u�a�
�e�n�t�r�o�p�i�a� S �s�i�a� �m�a�s�s�i�m�a�.

7.2 P�o�t�e�n�z�i�a�l�e �d�i� H�e�l�m�h�o�l�t�z

C�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� �d�i� �v�o�l�u�m�e �c�o�s�t�a�n�t�e V �i�n� �c�o�n�t�a�t-
�t�o �t�e�r�m�i�c�o �c�o�n� �u�n� �a�m�b�i�e�n�t�e �a� �t�e�m�p�e�r�a�t�u�r�a� T0. A�l�l�o�r�a� �l�a�
�s�u�a� �d�i�s�p�o�n�i�b�i�l�i�t�à�, �p�e�r� �i�l �p�r�i�n�c�i�p�i�o (7.5), �a�s�s�u�m�e �i�l �v�a�l�o�r�e �d�i�
�e�q�u�i�l�i�b�r�i�o

min
S

[U(S, V, N) + P0V − T0S] (7.6)

S�i� �o�s�s�e�r�v�i� �c�h�e �a�v�e�n�d�o �a�s�s�u�n�t�o �c�h�e �i�l �v�o�l�u�m�e �d�e�l �s�i�s�t�e�m�a� �è
�c�o�s�t�a�n�t�e, �l�a� �p�r�e�s�s�i�o�n�e P = −∂U/∂V �d�e�l �s�i�s�t�e�m�a� �n�o�n� �è �n�e�c�e��-
�s�a�r�i�a�m�e�n�t�e �u�g�u�a�l�e �a� P0: �n�e�l�l�a� (7.3) �s�i� �h�a� dV = 0 �s�i� �m�o�d�o �c�h�e
P− P0 �è �i�n�d�e�t�e�r�m�i�n�a�t�o. P�o�i�c�h�é P0V �è �u�n�a� �c�o�s�t�a�n�t�e, �p�o�s�s�i�a�m�o
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�o�m�e�t�t�e�r�l�a� �e �c�o�n�s�i�d�e�r�a�r�e A�e�� − P0V. I �n�o�l�t�r�e �p�o�s�s�i�a�m�o �d�e�n�o�t�a�r�e
T0 �c�o�n� T �n�e�l�l�a� (7.17). L�a� �f�u�n�z�i�o�n�e �c�o�s�ì� �o�t�t�e�n�u�t�a�,

F(T, V, N) = min
S

[U(S, V, N)− TS] , (7.7)

�è �d�e�t�t�a� �e�n�e�r�g�i�a� �l�i�b�e�r�a� �o �p�o�t�e�n�z�i�a�l�e �d�i� H�e�l�m�h�o�l�t�z �e�d� �è �u�n�a�
�f�u�n�z�i�o�n�e �s�o�l�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �d�e�l �s�i�s�t�e�m�a�. S�i� �o�s�s�e�r�v�i� �c�h�e �e�s�s�a�
�p�u�ò �e�s�s�e�r�e �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e �d�e�f�i�n�i�t�a� �c�o�m�e

F(T, V, N) = min
U

[U − TS(U, V, N)] , (7.8)

N�e�l �l�i�b�r�i� �d�i� �t�e�r�m�o�d�i�n�a�m�i�c�a� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �è �d�i� �s�o�l�i�t�o
�s�c�r�i�t�t�a� �n�e�l�l�a� �f�o�r�m�a� �c�o�m�p�a�t�t�a�

F = U − TS . (7.9)

È �i�m�p�o�r�t�a�n�t�e �a�v�e�r� �c�h�i�a�r�o �c�h�e �q�u�e�s�t�a� �s�c�r�i�t�t�u�r�a� �p�r�e�s�u�p�p�o-
�n�e �i�m�p�l�i�c�i�t�a�m�e�n�t�e �i� �s�e�g�u�e�n�t�i� �p�a�s�s�a�g�g�i�. L�a� �m�i�n�i�m�i�z�z�a�z�i�o�n�e
�r�i�s�p�e�t�t�o �a� S �n�e�l�l�a� (7.34) �f�o�r�n�i�s�c�e �l��e�q�u�a�z�i�o�n�e

∂U
∂S

= T . (7.10)

P�e�r� �i�l �c�r�i�t�e�r�i�o �d�i� �s�t�a�b�i�l�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�a�, �l�a� �d�e�r�i�v�a�t�a� �s�e�c�o�n�d�a�
�d�e�l�l�a� �f�u�n�z�i�o�n�e U �r�i�s�p�e�t�t�o �a� S �è �n�o�n� �n�u�l�l�a�, ∂2U/∂S2 6= 0,
�d�u�n�q�u�e �l��e�q�u�a�z�i�o�n�e (7.10) �p�u�ò �e�s�s�e�r�e �i�n�v�e�r�t�i�t�a� �r�i�s�p�e�t�t�o �a�d� S,
�o�t�t�e�n�e�n�d�o �c�o�s�ì� �l�a� �f�u�n�z�i�o�n�e U = U](T, V, N). I �n�s�e�r�e�n�d�o �q�u�e�s�t�a�
�f�u�n�z�i�o�n�e �i�n� S(U, V, N) �s�i� �o�t�t�i�e�n�e S = S(U](T, V, N), V, N) =

S](T, V, N). F�i�n�a�l�m�e�n�t�e, �s�i� �o�t�t�i�e�n�e

F(T, V, N) = U](T, V, N)− TS](T, V, N) = U − TS .

Q�u�e�s�t�o �è �i�l �m�o�d�o �c�o�r�r�e�t�t�o �d�i� �i�n�t�e�n�d�e�r�e �l��e��. (7.10). E�q�u�i�v�a�l�e�n�-
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�t�e�m�e�n�t�e, �s�i� �p�u�ò �p�a�r�t�i�r�e �d�a�l�l�a� �d�e�f�i�n�i�z�i�o�n�e (7.8) �e �p�r�o�c�e�d�e�r�e �i�n�
�m�o�d�o �a�n�a�l�o�g�o.

F

YYeq Yin

Fmin

Fin

F�i�g�u�r�a� 7.1: E�n�e�r�g�i�a� �l�i�b�e�r�a� �i�n� �f�u�n�-
�z�i�o�n�e �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�r�n�e Y �c�h�e
�i�n�i�z�i�a�l�m�e�n�t�e �h�a�n�n�o �i�l �v�a�l�o�r�e Y�i�n�.
I�l �s�i�s�t�e�m�a� �è �i�n� �c�o�n�t�a�t�t�o �t�e�r�m�i�c�o
�c�o�n� �l��a�m�b�i�e�n�t�e �e �a� �v�o�l�u�m�e �c�o�s�t�a�n�-
�t�e. S�e �i� �v�i�n�c�o�l�i� �v�e�n�g�o�n�o �r�i�m�o�s�s�i�,
�i�l �s�i�s�t�e�m�a� �e�v�o�l�v�e �s�p�o�n�t�a�n�e�a�m�e�n�-
�t�e �f�i�n�o �a� �c�h�e �l�e �v�a�r�i�a�b�i�l�i� Y �n�o�n�
�a�s�s�u�m�o�n�o �i�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o
Y = Y�e�� �i�n� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �d�e�l
�q�u�a�l�e �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �è �m�i�n�i�m�a�. S�e
�a�n�z�i�c�h�è �e�v�o�l�v�e�r�e �s�p�o�n�t�a�n�e�a�m�e�n�-
�t�e �i�l �s�i�s�t�e�m�a� �è �c�o�l�l�e�g�a�t�o �a�d� �u�n�a�
�s�o�r�g�e�n�t�e �r�e�v�e�r�s�i�b�i�l�e �d�i� �l�a�v�o�r�o, �i�l
�l�a�v�o�r�o �m�a�s�s�i�m�o �c�h�e �p�u�ò �p�r�o�d�u�r�r�e
�è −∆F = F�i�n� − F�m�i�n�.

I�l �p�o�t�e�n�z�i�a�l�e �d�i� H�e�l�m�h�o�l�t�z �h�a� �l�e �c�a�r�a�t�t�e�r�i�s�t�i�c�h�e �d�i� �u�n� `̀ �p�o-
�t�e�n�z�i�a�l�e'' �v�e�r�o �e �p�r�o�p�r�i�o �q�u�a�n�d�o �i�l �s�i�s�t�e�m�a� �i�n� �c�o�n�s�i�d�e�r�a�z�i�o�n�e
�è �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �i� �c�u�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i� �s�o-
�n�o �d�e�s�c�r�i�t�t�i� �d�a� �o�p�p�o�r�t�u�n�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�r�n�e Y . A�l�l�o�r�a�, �c�o�m�e
�c�a�s�o �p�a�r�t�i�c�o�l�a�r�e �d�i� (7.5), �s�i� �h�a� �i�l �s�e�g�u�e�n�t�e �p�r�i�n�c�i�p�i�o:

I�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �q�u�a�l�u�n�q�u�e �p�a�r�a�m�e�t�r�o
�i�n�t�e�r�n�o Y �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �c�o�n�t�a�t�o �t�e�r�m�i�c�o �c�o�n�
�u�n� �b�a�g�n�o �a� �v�a�l�o�r�e �c�o�s�t�a�n�t�e �d�i� �t�e�m�p�e�r�a�t�u�r�a� T0 �è
�t�a�l�e �d�a� �m�i�n�i�m�i�z�z�a�r�e �i�l �p�o�t�e�n�z�i�a�l�e �d�i� H�e�l�m�h�o�l�t�z
F(T, V, N,Y) �s�u�l�l�l��i�n�s�i�e�m�e �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o
�v�i�n�c�o�l�a�t�i� �p�e�r� �c�u�i� T = T0 �e �i�l �v�o�l�u�m�e �t�o�t�a�l�e V �d�e�l
�s�i�s�t�e�m�a� �è �c�o�s�t�a�n�t�e.

(7.11)

I�n� �f�o�r�m�u�l�e, �i� �v�a�l�o�r�i� �d�i� �e�q�u�i�l�i�b�r�i�o Y�e�� �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�r�n�e
Y �s�o�n�o �l�e �s�o�l�u�z�i�o�n�i� �d�e�l�l��e�q�u�a�z�i�o�n�e

δF = 0 ⇒ ∂F
∂Y = 0 . (7.12)

�e �i�n� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �d�i� �q�u�e�s�t�i� �v�a�l�o�r�i� �s�i� �h�a� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�
�d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �i�n� �a�s�s�e�n�z�a� �d�i� �v�i�n�c�o�l�i�
�i�n�t�e�r�n�i�

F�e�� = min
Y

F(Y) = F(Y�e��) . (7.13)

Q�u�e�s�t�o �i�m�p�l�i�c�a� �c�h�e �i�n� �u�n� �p�r�o�c�e�s�s�o �s�p�o�n�t�a�n�e�o �a� �v�o�l�u�m�e
�c�o�s�t�a�n�t�e �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �c�o�n�t�a�t�t�o �t�e�r�m�i�c�o �c�o�n� �l��a�m�b�i�e�n�t�e,
�l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i�m�i�n�u�i�s�c�e �f�i�n�o �a� �c�h�e �n�o�n� �r�a�g�g�i�u�n�g�e �i�l �s�u�o
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�v�a�l�o�r�e �m�i�n�i�m�o �d�i� �e�q�u�i�l�i�b�r�i�o, �v�a�l�e �a� �d�i�r�e

∆F ≤ 0 (7.14)

S�e, �i�n�v�e�c�e �i�l �p�r�o�c�e�s�s�o �v�i�e�n�e �f�a�t�t�o �a�v�v�e�n�i�r�e �r�e�v�e�r�s�i�b�i�l�m�e�n�t�e
�c�o�m�p�i�e�n�d�o �l�a�v�o�r�o �s�u� �u�n�a� �s�o�r�g�e�n�t�e �r�e�v�e�r�s�i�b�i�l�e �d�i� �l�a�v�o�r�o, �i�l
�l�a�v�o�r�o �m�a�s�s�i�m�o �o�t�t�e�n�i�b�i�l�e �è

|W�m�a�x| = −∆F (7.15)

I�n�o�l�t�r�e, �p�e�r� �p�r�o�c�e�s�s�i� �d�i� �q�u�e�s�t�o �t�i�p�o �l�a� (7.4) �d�i�v�e�n�t�a�

∆S̃ = −∆F
T0

, (7.16)

D�u�n�q�u�e �l�a� (7.14) �n�o�n� �è �a�l�t�r�o �c�h�e �l�a� �l�e�g�g�e �d�i� �a�u�m�e�n�t�o �d�e�l-
�l��e�n�t�r�o�p�i�a� �p�e�r� �i�l �s�i�s�t�e�m�a� �t�o�t�a�l�e �f�o�r�m�a�t�o �d�a�l �s�i�s�t�e�m�a� �i�n� �c�o�n�-
�s�i�d�e�r�a�z�i�o�n�e �e �d�a�l�l��a�m�b�i�e�n�t�e �e�s�t�e�r�n�o. S�i� �o�s�s�e�r�v�i� �l��i�m�p�o�r�t�a�n�z�a�
�d�e�l�l�e �v�a�r�i�a�b�i�l�i� �v�i�n�c�o�l�a�t�e Y : �i�l �s�i�s�t�e�m�a� �d�e�v�e �e�s�s�e�r�e �i�n�i�z�i�a�l�m�e�n�-
�t�e �i�n� �u�n�o �s�t�a�t�o �d�i� �n�o�n� �e�q�u�i�l�i�b�r�i�o, �o�s�s�i�a� �i�n� �u�n� �s�t�a�t�o �d�i� �e�q�u�i�-
�l�i�b�r�i�o �v�i�n�c�o�l�a�t�o �d�e�s�c�r�i�t�t�o �d�a�l�l�e �v�a�r�i�a�b�i�l�i� Y , �d�i� �m�o�d�o �c�h�e �i�l �s�u�o
�s�t�a�t�o �n�o�n� �è �d�e�f�i�n�i�t�o �s�o�l�o �d�a� T, V �e N , �a�l�t�r�i�m�e�n�t�i� �l�a� �c�o�s�t�a�n�-
�z�a� �d�i� �q�u�e�s�t�e �q�u�a�n�t�i�t�à� �s�i�g�n�i�f�i�c�h�e�r�e�b�b�e �c�h�e �n�e�s�s�u�n� �p�r�o�c�e�s�s�o
�p�o�t�r�e�b�b�e �d�i� �f�a�t�t�o �v�e�r�i�f�i�c�a�r�s�i�.

I�l �n�o�m�e `̀ �e�n�e�r�g�i�a� �l�i�b�e�r�a�'' �n�a�s�c�e �d�a�l�l�a� �s�e�g�u�e�n�t�e �o�s�s�e�r�v�a�z�i�o�n�e:
�i�n� �u�n� �p�r�o�c�e�s�s�o �a� T �c�o�s�t�a�n�t�e, δF = δU − δ(TS) = δU − T δS.
M�a� T δS �è �i�l �c�a�l�o�r�e �i�n�f�i�n�i�t�e�s�i�m�o �c�e�d�u�t�o �a�l �b�a�g�n�o �d�i� �c�a�l�o�r�e �e
�q�u�i�n�d�i� δF �è �l�a� �p�a�r�t�e �d�i� δU �c�h�e �è `̀ �l�i�b�e�r�a�'', �a�d� �e�s�e�m�p�i�o, �p�e�r�
�p�r�o�d�u�r�r�e �l�a�v�o�r�o �u�t�i�l�e.

T, VA, NA T, VB , NB

T

F�i�g�u�r�a� 7.2: D�u�e �g�a�� �i�n� �u�n� �s�i�-
�s�t�e�m�a� �c�l�i�n�d�r�o-�p�i�s�t�o�n�e: �i�l �g�a�� �a�
�s�i�n�i�s�t�r�a� �c�o�n�t�i�e�n�e NA �m�o�l�e�c�o�l�e �e
�o�c�c�u�p�a� �u�n� �v�o�l�u�m�eVA , �m�e�n�t�r�e �i�l
�g�a�� �d�e�s�t�r�a� �c�o�n�t�i�e�n�e NB �m�o�l�e�c�o�l�e
�e �o�c�c�u�p�a� �u�n� �v�o�l�u�m�eVB. T�u�t�t�e �l�e
�p�a�r�e�t�i�, �i�n�c�l�u�s�o �i�l �p�i�s�t�o�n�e, �s�o�n�o
�d�i�a�t�e�r�m�i�c�h�e �e �i�l �s�i�s�t�e�m�a� �è �i�n� �c�o�n�-
�t�a�t�t�o �t�e�r�m�i�c�o �c�o�n� �u�n� �a�m�b�i�e�n�t�e
�e�s�t�e�r�n�o �a� �t�e�m�p�e�r�a�t�u�r�a� T, �q�u�i�n�d�i�
�t�u�t�t�i� �i� �s�i�s�t�e�m�i� �s�o�n�o �a�l�l�a� �t�e�m�p�e-
�r�a�t�u�r�a� T. I�l �v�o�l�u�m�e �t�o�t�a�l�e VA + VB

�è �c�o�s�t�a�n�t�e.

E�s�e�m�p�i�o C�o�m�e �i�l�l�u�s�t�r�a�z�i�o�n�e �d�e�l�l��u�s�o �d�e�l �p�o�t�e�n�z�i�a�l�e �d�i� H�e�l-
�m�o�l�t�z, �c�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �f�o�r�m�a�t�o �d�a� �d�u�e
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�s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i� �s�e�p�a�r�a�t�i� �d�a� �u�n� �p�i�s�t�o�n�e �m�o�b�i�l�e �d�i�a�t�e�r�m�i�c�o
�e �i�m�p�e�r�m�e�a�b�i�l�e, �c�o�m�e �i�n� �f�i�g�u�r�a� 7.2. I �d�u�e �s�o�t�t�o�s�i�s�t�e�m�i� �s�o�n�o
�c�i�a�s�c�u�n�o �i�n� �c�o�n�t�a�t�t�o �t�e�r�m�i�c�o �c�o�n� �u�n� �a�m�b�i�e�n�t�e �e�s�t�e�r�n�o �a� �t�e�m�-
�p�e�r�a�t�u�r�a� T. I �n� �q�u�e�s�t�o �c�a�s�o �l�a� �v�a�r�i�a�b�i�l�e Y �è �i�l �v�o�l�u�m�e �d�i� �u�n�o
�d�e�i� �d�u�e �s�i�s�t�e�m�i�, �d�i�c�i�a�m�o �i�l �s�i�s�t�e�m�a� A. A�l�l�o�r�a�

F = U − TS = UA(T, VA, NA) + UB(T, V −VA, NB)− TS ,

�p�e�r� �c�u�i� �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �m�i�n�i�m�o �d�a�t�a� �d�a�l�l�a� (7.12) �d�i�v�e�n�t�a�

∂F
∂VA

=
∂UA
∂VA

∣∣∣∣
T,NA

− ∂UA
∂VB

∣∣∣∣
T,NB

= 0 ,

�c�h�e �n�o�n� �è �a�l�t�r�o �c�h�e �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �u�g�u�a�g�l�i�a�n�z�a� �d�e�l�l�e �p�r�e��-
�s�i�o�n�i�, �v�a�l�e �a� �d�i�r�e,

PA(T, VA, NA) = PB(T, V −VA, NB) .

Q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �f�o�r�n�i�s�c�e �i�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� VA.

7.3 P�o�t�e�n�z�i�a�l�e �d�i� G�i�b�b��

C�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� �i�n� �c�o�n�t�a�t�t�o �t�e�r�m�i�c�o �e �m�e�c�c�a�n�i�-
�c�o �c�o�n� �u�n� �a�m�b�i�e�n�t�e �a� �t�e�m�p�e�r�a�t�u�r�a� �c�o�s�t�a�n�t�e T0 �e �p�r�e�s�s�i�o-
�n�e �c�o�s�t�a�n�t�e P0 �p�e�r� �c�u�i� �t�u�t�t�e �l�e �p�a�r�t�i� �d�e�l �s�i�s�t�e�m�a� �h�a�n�n�o �l�a�
�s�t�e�s�s�a� �p�r�e�s�s�i�o�n�e P0 �e �l�a� �s�t�e�s�s�a� �t�e�m�p�e�r�a�t�u�r�a� T0. A�l�l�o�r�a� �l�a�
�s�u�a� �d�i�s�p�o�n�i�b�i�l�i�t�à�, �p�e�r� �i�l �p�r�i�n�c�i�p�i�o (7.5), �a�s�s�u�m�e �i�l �v�a�l�o�r�e �d�i�
�e�q�u�i�l�i�b�r�i�o

min
S,V

[U(S, V, N) + P0V − T0S] (7.17)
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D�e�n�o�t�i�a�m�o T0 �e P0 �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �c�o�n� T �e P �e �c�o�n�s�i�d�e�r�i�a�m�o
�l�a� �f�u�n�z�i�o�n�e

G(T, P, N) = min
S,V

[U(S, V, N)− TS] , (7.18)

Q�u�e�s�t�a� �f�u�n�z�i�o�n�e �è �d�e�t�t�a� �e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� G�i�b�b�� �o �p�o�t�e�n�z�i�a�l�e
�d�i� G�i�b�b�� �e�d� �è �u�n�a� �f�u�n�z�i�o�n�e �s�o�l�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �d�e�l �s�i�s�t�e�m�a�.

S�e �a�d�e�s�s�o �a�s�s�u�m�i�a�m�o �c�h�e �i�l �s�i�s�t�e�m�a� �s�i�a� �c�o�m�p�o�s�t�o �c�o�n�
�v�i�n�c�o�l�i� �i�n�t�e�r�n�i� Y , �a�n�a�l�o�g�a�m�e�n�t�e �a� �p�r�i�m�a�, �s�i� �h�a� �i�l �s�e�g�u�e�n�t�e
�p�r�i�n�c�i�p�i�o �v�a�r�i�a�z�i�o�n�a�l�e: (7.5).

I�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �q�u�a�l�u�n�q�u�e �p�a�r�a�m�e-
�t�r�o �i�n�t�e�r�n�o Y �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �c�o�n�t�a�t�o �t�e�r�m�i�c�o
�e �m�e�c�c�a�n�i�c�o �c�o�n� �u�n� �b�a�g�n�o �a� �v�a�l�o�r�i� �c�o�s�t�a�n�t�i� �d�i�
�t�e�m�p�e�r�a�t�u�r�a� T0 �e �p�r�e�s�s�i�o�n�e P0 �è �t�a�l�e �d�a� �m�i�n�i�-
�m�i�z�z�a�r�e �i�l �p�o�t�e�n�z�i�a�l�e �d�i� G�i�b�b�� G(T, P,Y) �s�u�l�l�l��i�n�-
�s�i�e�m�e �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i� �p�e�r� �c�u�i�
T = T0 �e P = P0.

(7.19)

A�n�a�l�o�g�a�m�e�n�t�e �a� �p�r�i�m�a�, �s�i� �h�a�n�n�o �l�e �e�q�u�a�z�i�o�n�i�

δG = 0 ⇒ ∂G
∂Y = 0 , (7.20)

G�e�� = min
Y

G(Y) = G(Y�e��) . (7.21)

I�n�o�l�t�r�e �s�i� �h�a�

∆G ≤ 0 (7.22)

�p�e�r� �p�r�o�c�e�s�s�i� �s�p�o�n�t�a�n�e�i� �a� �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e �d�i� �u�n� �s�i�s�t�e�m�a�
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�i�n� �c�o�n�t�a�t�t�o �t�e�r�m�i�c�o �c�o�n� �l��a�m�b�i�e�n�t�e,

|W�m�a�x| = −∆G (7.23)

�q�u�a�n�d�o �i�l �p�r�o�c�e�s�s�o �v�i�e�n�e �f�a�t�t�o �a�v�v�e�n�i�r�e �r�e�v�e�r�s�i�b�i�l�m�e�n�t�e
�c�o�m�p�i�e�n�d�o �l�a�v�o�r�o �s�u� �u�n�a� �s�o�r�g�e�n�t�e �r�e�v�e�r�s�i�b�i�l�e �d�i� �l�a�v�o�r�o, �e

∆S̃ = −∆G
T0

, (7.24)

�p�e�r� �l�a� �v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a� �d�i� �s�i�s�t�e�m�a� �a�m�b�i�e�n�t�e.
L�a� �g�i�u�s�t�i�f�i�c�a�z�i�o�n�e �d�e�l�l�a� �s�c�r�i�t�t�u�r�a� �c�o�m�p�a�t�t�a�

G = U + PV − TS . (7.25)

�è �a�n�a�l�o�g�a� �a� �q�u�e�l�l�a� �d�a�t�a� �p�e�r� (7.9): �l�a� �m�i�n�i�m�i�z�z�a�z�i�o�n�e �r�i�s�p�e�t-
�t�o �a� S �e V �n�e�l�l�a� �f�o�r�n�i�s�c�e �l��e�q�u�a�z�i�o�n�i�

∂U
∂S

= T ,
∂U
∂V

= P . (7.26)

E�s�s�e�n�d�o U �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�v�e�s�s�a�, �p�r�o�c�e�d�e�n�d�o �i�n� �m�o�d�o �a�n�a�-
�l�o�g�o �p�e�r� �i�l �p�o�t�e�n�z�i�a�l�e �d�i� H�e�l�m�h�o�l�t�z, �s�i� �o�t�t�i�e�n�e �l�a� (7.25) �p�e�r�
U = U](T, P, N), V = V](T, P, N) �e S = S](T, P, N).

I�l �p�o�t�e�n�z�i�a�l�e �d�i� G�i�b�b�� �è �u�n�a� �f�u�n�z�i�o�n�e �n�a�t�u�r�a�l�e �d�e�l�l�e �v�a�r�i�a�-
�b�i�l�i� T, P, N = (N1, N2, . . .), �e�d� �è �p�a�r�t�i�c�o�l�a�r�m�e�n�t�e �c�o�n�v�e�n�i�e�n�t�e
�d�a� �u�t�i�l�i�z�z�a�r�e �n�e�l�l��a�n�a�l�i�s�i� �d�e�i� �p�r�o�b�l�e�m�i� �c�h�e �c�o�i�n�v�o�l�g�o�n�o �c�o-
�s�t�a�n�t�i� T �e P. I �n�n�u�m�e�r�e�v�o�l�i� �p�r�o�c�e�s�s�i� �d�i� �c�o�m�u�n�e �e�s�p�e�r�i�e�n�z�a�
�s�i� �v�e�r�i�f�i�c�a�n�o �i�n� �c�o�n�t�a�t�t�o �c�o�n� �l��a�t�m�o�s�f�e�r�a�, �e �q�u�i�n�d�i� �a� �v�a�l�o�r�i�
�c�o�s�t�a�n�t�i� �d�i� �t�e�m�p�e�r�a�t�u�r�a� �e �p�r�e�s�s�i�o�n�e. S�p�e�s�s�o �u�n� �p�r�o�c�e�s�s�o
�d�i� �i�n�t�e�r�e�s�s�e �s�i� �v�e�r�i�f�i�c�a� �i�n� �u�n� �p�i�c�c�o�l�o �s�o�t�t�o�s�i�s�t�e�m�a� �d�i� �u�n�
�s�i�s�t�e�m�a� �p�i�ù� �g�r�a�n�d�e �c�h�e �a�g�i�s�c�e �s�i�a� �d�a� �b�a�g�n�o �t�e�r�m�i�c�o �s�i�a� �d�a�
�b�a�g�n�o �d�i� �p�r�e�s�s�i�o�n�e (�c�o�m�e �n�e�l�l�a� �f�e�r�m�e�n�t�a�z�i�o�n�e �d�e�l�l��u�v�a� �i�n�
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�u�n�a� �g�r�a�n�d�e �b�o�t�t�e).
I�l �p�o�t�e�n�z�i�a�l�e �d�i� G�i�b�b�� �u�n� �s�i�s�t�e�m�a� �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i� �è

�l�e�g�a�t�o �a�i� �p�o�t�e�n�z�i�a�l�i� �c�h�i�m�i�c�i� �d�e�i� �s�i�n�g�o�l�i� �c�o�m�p�o�n�e�n�t�i�, �i�n� �q�u�a�n�t�o
G = U − TS + PV �e �i�n�s�e�r�e�n�d�o �l�a� �r�e�l�a�z�i�o�n�e �d�i� E�u�l�e�r�o U =

TS− PV +µµµ · N , �t�r�o�v�i�a�m�o

G = µµµ · N = µ1N1 + µ2N2 + . . . (7.27)

C�o�s�ì�, �p�e�r� �u�n� �s�i�s�t�e�m�a� �c�o�n� �u�n� �s�i�n�g�o�l�o �c�o�m�p�o�n�e�n�t�e �i�l �p�o�t�e�n�-
�z�i�a�l�e �d�i� G�i�b�b�� �p�e�r� �p�a�r�t�i�c�e�l�l�a� �è �i�d�e�n�t�i�c�o �c�o�n� µ �è

g =
G
N

= µ (7.28)

�m�a� �p�e�r� �u�n� �s�i�s�t�e�m�a� �a� �p�i�ù� �c�o�m�p�o�n�e�n�t�i�

g =
G
N

= µµµ · x = µ1x1 + µ2x2 + . . . + µrxr (7.29)

�d�o�v�e xi �è �l�a� �f�r�a�z�i�o�n�e �m�o�l�e�c�o�l�a�r�e (N/Ni) �d�e�l �c�o�m�p�o�n�e�n�t�e i-
�e�s�i�m�o. P�e�r�t�a�n�t�o, �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �c�o�i�n�c�i�d�e �c�o�n� �p�o�t�e�n�-
�z�i�a�l�e �d�i� G�i�b�b�� �p�e�r� �p�a�r�t�i�c�e�l�l�a� �n�e�i� �s�i�s�t�e�m�i� �c�o�n� �u�n� �s�i�n�g�o�l�o
�c�o�m�p�o�n�e�n�t�e.

E�s�e�m�p�i�o: �r�e�a�z�i�o�n�e �c�h�i�m�i�c�h�e L�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�e�l�l�e �r�e�a�-
�z�i�o�n�i� �c�h�i�m�i�c�h�e �è �u�n�a� �p�a�r�t�i�c�o�l�a�r�e �i�m�p�o�r�t�a�n�t�e �a�p�p�l�i�c�a�z�i�o�n�e
�d�e�l �p�o�t�e�n�z�i�a�l�e �d�i� G�i�b�b��. S�i� �c�o�n�s�i�d�e�r�i� �a�d� �e�s�e�m�p�i�o �l�a� �r�e�a�z�i�o�n�e
�c�h�i�m�i�c�a� 2H2 +O2 −−⇀↽−− 2H2O �n�e�l�l�a� �f�o�r�m�a�

0 −−⇀↽−− −2H2−O2 + 2 H2O

A�l�l�o�r�a� −2,−1,+2 �s�o�n�o �i� �c�oe�f�f�i�c�i�e�n�t�i� �s�t�e�c�h�i�o�m�e�t�r�i�c�i� �d�e�l�l�a�
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�r�e�a�z�i�o�n�e. P�e�r� �u�n�a� �r�e�a�z�i�o�n�e �c�h�i�m�i�c�a� �g�e�n�e�r�a�l�e �s�i� �s�c�r�i�v�e

0 −−⇀↽−− ∑
j

νjA j

�d�o�v�e Aj �s�o�n�o �i� �c�o�m�p�o�n�e�n�t�i� �c�h�i�m�i�c�i� �e νj �i� �c�o�r�r�i�s�p�o�n�d�e�n�t�i�
�c�oe�f�f�i�c�i�e�n�t�i� �s�t�e�c�h�i�o�m�e�t�r�i�c�i�.

I �v�i�n�c�o�l�i� �i�n�t�e�r�n�i� �p�e�r� �u�n�a� �r�e�a�z�i�o�n�e �c�h�i�m�i�c�a� �s�o�n�o �i� �n�u�-
�m�e�r�i� �d�i� �p�a�r�t�i�c�e�l�l�e Nj �d�i� �c�i�a�s�c�u�n�a� �s�i�n�g�o�l�a� �s�p�e�c�i�e �c�h�i�m�i�c�a�.
Q�u�e�s�t�i� �n�u�m�e�r�i� �n�o�n� �s�o�n�o �i�n�d�i�p�e�n�d�e�n�t�i�, �m�a� �d�e�v�o�n�o �v�a�r�i�a�r�e
�p�r�o�p�o�r�z�i�o�n�a�l�m�e�n�t�e �a�l �c�oe�f�f�i�c�i�e�n�t�e �s�t�e�c�h�i�o�m�e�t�r�i�c�o,

δN1

ν1
=

δN2

ν2
= . . . ≡ δN

�p�e�r� �c�u�i�
δNj = νj δN

P�e�r� �u�n�a� �v�a�r�i�a�z�i�o�n�e δNj �d�i� �q�u�e�s�t�i� �n�u�m�e�r�i�, �i�l �p�o�t�e�n�z�i�a�l�e �d�i�
G�i�b�b�� �s�u�b�i�s�c�e �u�n�a� �v�a�r�i�a�z�i�o�n�e

δG = ∑
j

µj δNj =

(
∑

j
νjµj

)
δN

Q�u�i�n�d�i�, �p�e�r� �l�a� (7.20), �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n�a�
�r�e�a�z�i�o�n�e �c�h�i�m�i�c�a� �è

∑
j

νjµj = 0 . (7.30)

�d�o�v�e �l�a� �v �s�o�n�o �i� �c�oe�f�f�i�c�i�e�n�t�i� �s�t�e�c�h�i�o�m�e�t�r�i�c�i� �d�e�f�i�n�i�t�e �n�e�l�l�a�
�s�e�z�i�o�n�e 2.9. L�a� �v�a�r�i�a�z�i�o�n�e �d�e�l �p�o�t�e�n�z�i�a�l�e �d�i� G�i�b�b��

7.4 E�n�t�a�l�p�i�a� �e �p�o�t�e�n�z�i�a�l�e �d�i� L�a�n�d�a�u�

C�i� �s�o�n�o �a�l�t�r�i� �d�u�e �p�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �i�m�p�o�r�t�a�n�t�i�. S�e �i�l
�b�a�g�n�o �c�o�n� �c�u�i� �i�l �s�i�s�t�e�m�a� �i�n�t�e�r�a�g�i�s�c�e �è �s�o�l�t�a�n�t�o �i�s�o�b�a�r�i�c�o, �m�a�
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�n�o�n� �t�e�r�m�i�c�o, �e �i� �p�r�o�c�e�s�s�i� �s�o�n�o �i�s�oe�n�t�r�o�p�i�c�i�, �l�a� �d�i�s�p�o�n�i�b�i�l�i�t�à�
�d�i� �e�q�u�i�l�i�b�r�i�o �è �u�n� �c�a�s�o �p�a�r�t�i�c�o�l�a�r�e �d�e�l�l�a� (7.17),

min
V

[U(S, V, N) + P0V] , (7.31)

�d�o�v�e �s�i� �è �o�m�e�s�s�o �i�l �t�e�r�m�i�n�e T0S �c�h�e �è �a�s�s�u�n�t�o �c�o�s�t�a�n�t�e. L�a�
�f�u�n�z�i�o�n�e �d�i� �s�t�a�t�o �c�h�e �n�e �r�i�s�u�l�t�a�,

H(S, P, N) = min
V

[U(S, V, N) + PV] , (7.32)

�è �d�e�t�t�a� �e�n�t�a�l�p�i�a�. S�e �i�n�v�e�c�e �s�i� �c�o�n�s�i�d�e�r�a�n�o �p�r�o�c�e�s�s�i� �a� �v�o-
�l�u�m�e �c�o�s�t�a�n�t�e �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �c�o�n�t�a�t�t�o �c�o�n� �u�n� �b�a�g�n�o �a�
�t�e�m�p�e�r�a�t�u�r�a� �c�o�s�t�a�n�t�e T0 �e �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �c�o�s�t�a�n�t�e µ0, �s�i�
�d�e�v�e �c�o�n�s�i�d�e�r�a�r�e �l�a� �f�o�r�m�u�l�a� �p�i�ù� �g�e�n�e�r�a�l�e �d�e�l�l�a� �d�i�s�p�o�n�i�b�i�l�i�t�à�,
�a�s�s�o�c�i�a�t�a� �a�l�l�a� (6.16), �v�a�l�e �a� �d�i�r�e

A = U − T0S + P0V − µ0S . (7.33)

I�l �p�o�t�e�n�z�i�a�l�e �t�e�r�m�o�d�i�n�a�m�i�c�o �c�h�e �n�e �r�i�s�u�l�t�a�

Ω(T, V, µ) = min
S,N

[U(S, V, N)− TS + µN] , (7.34)

�è �d�e�t�t�o �p�o�t�e�n�z�i�a�l�e �d�i� L�a�n�d�a�u� �o �p�o�t�e�n�z�i�a�l�e �g�r�a�n�c�a�n�o�n�i�c�o (�i�l
�t�e�r�m�i�n�e PV �n�o�n� �c�o�m�p�a�r�e �p�e�r�c�h�è P0V �è �c�o�s�t�a�n�t�e).

P�e�r� �q�u�e�s�t�i� �d�u�e �p�o�t�e�n�z�i�a�l�i� �s�i� �h�a�n�n�o �i� �s�e�g�u�e�n�t�i� �p�r�i�n�c�i�p�i� �d�i�
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�m�i�n�i�m�o �a�n�a�l�o�g�h�i� �a� �q�u�e�l�l�i� �c�h�e �a�b�b�i�a�m�o �g�i�à� �i�n�c�o�n�t�r�a�t�o.

I�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �q�u�a�l�u�n�q�u�e �p�a�r�a�m�e-
�t�r�o �i�n�t�e�r�n�o Y �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �c�o�n�t�a�t�o �m�e�c-
�c�a�n�i�c�o �c�o�n� �u�n� �a�m�b�i�e�n�t�e �e�s�t�e�r�n�o �a� �v�a�l�o�r�e �c�o-
�s�t�a�n�t�e �d�i� �p�r�e�s�s�i�o�n�e P0 �è �t�a�l�e �d�a� �m�i�n�i�m�i�z�z�a�r�e
�l��e�n�t�a�l�p�i�a�H(S, P, N,Y) �s�u�l�l�l��i�n�s�i�e�m�e �d�e�g�l�i� �s�t�a�t�i� �d�i�
�e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i� �p�e�r� �c�u�i� P = P0.

(7.35)

I�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �q�u�a�l�u�n�q�u�e �p�a�r�a�m�e�t�r�o
�i�n�t�e�r�n�o Y �d�i� �u�n� �s�i�s�t�e�m�a� �a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e �i�n�
�c�o�n�t�a�t�o �c�o�n� �u�n� �b�a�g�n�o �a� �t�e�m�p�e�r�a�t�u�r�a� �c�o�s�t�a�n�t�e T0

�e �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �c�o�s�t�a�n�t�e µ0 �a� �è �t�a�l�e �d�a� �m�i�-
�n�i�m�i�z�z�a�r�e �i�l �p�o�t�e�n�z�i�a�l�e �d�i� L�a�n�d�a�u� Ω(V, T, µ,Y)

�s�u�l�l�l��i�n�s�i�e�m�e �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �v�i�n�c�o�l�a�t�i�
�p�e�r� �c�u�i� T = T0 �e µ = µ0.

(7.36)

7.5 V�i�n�c�o�l�i� �e�s�t�e�r�n�i� �e�d� �i�n�t�e�r�n�i�

O�c�c�o�r�r�e �a�v�e�r� �c�h�i�a�r�a� �l�a� �d�i�s�t�i�n�z�i�o�n�e �t�r�a� �v�i�n�c�o�l�i� �e�s�t�e�r�n�i� �e �v�i�n�-
�c�o�l�i� �i�n�t�e�r�n�i� �e �i� �d�u�e �d�i�v�e�r�s�i� �s�e�n�s�i� �d�i� �m�i�n�i�m�i�z�z�a�z�i�o�n�e �c�h�e
�a�b�b�i�a�m�o �i�n�c�o�n�t�r�a�t�o. I �v�i�n�c�o�l�i� �e�s�t�e�r�n�i�, Y �d�e�f�i�n�i�s�c�o�n�o �i�l �b�a�g�n�o:
�i�l �b�a�g�n�o �è �t�a�l�e �c�h�e �l�e �v�a�r�i�a�b�i�l�i� �c�o�n�i�u�g�a�t�e F �r�e�s�t�a�n�o �c�o�s�t�a�n�-
�t�i� �i�n� �c�o�n�s�e�g�u�e�n�z�a� �d�e�l�l��i�n�t�e�r�a�z�i�o�n�e �c�o�n� �i�l �s�i�s�t�e�m�a�. I �v�i�n�c�o�l�i�
�i�n�t�e�r�n�i� Y �d�e�s�c�r�i�v�o�n�o �i� �p�o�s�s�i�b�i�l�i� �s�t�a�t�i� �i�n�t�e�r�n�i� �d�e�l �s�i�s�t�e�m�a�.
I�l �p�o�t�e�n�z�i�a�l�e �t�e�r�m�o�d�i�n�a�m�i�c�o �r�i�s�p�e�t�t�o �a� Y �è �u�n�a� �f�u�n�z�i�o�n�e
ΦY = ΦY(F,Y) �d�e�l�l�a� �v�a�r�i�a�b�i�l�e �i�n�t�e�n�s�i�v�a� �c�o�n�i�u�g�a�t�a� F �e �d�e�i�
�v�i�n�c�o�l�i� �i�n�t�e�r�n�i� �c�h�e �è �d�e�f�i�n�i�t�o (�a� �m�e�n�o �d�i� �t�e�r�m�i�n�i� �c�o�s�t�a�n�t�i�) �c�o-
�m�e �l�a� �d�i�s�p�o�n�i�b�i�l�i�t�à� �a�l�l��e�q�u�i�l�i�b�r�i�o �a� �v�a�l�o�r�i� �c�o�s�t�a�n�t�i� �d�e�i� �v�i�n�c�o�l�i�
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�i�n�t�e�r�n�i� �e �p�e�r� F0 = F:

ΦY(F,Y) = min
Y

[U − FY] (7.37)

I �v�a�l�o�r�i� �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�r�n�e �i�n� �a�s�s�e�n�z�a� �d�i�
�v�i�n�c�o�l�i� �i�n�t�e�r�n�i� �c�o�r�r�i�s�p�o�n�d�o�n�o �i�n�v�e�c�e �a�i� �v�a�l�o�r�i� Y = Y�e�� �p�e�r�
�c�u�i� �i�l �p�o�t�e�n�z�i�a�l�e ΦY(F,Y) �è �m�i�n�i�m�o.
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8.1 T�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�i� �f�u�n�z�i�o�n�i� �l�i�s�c�i�e

L�a� �n�o�z�i�o�n�e �d�i� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �h�a� �l�e �s�u�e �r�a�d�i�c�i� �n�e�l
�s�e�g�u�e�n�t�e �p�r�o�b�l�e�m�a�. S�i�a� �d�a�t�a� �u�n�a� �r�e�l�a�z�i�o�n�e �f�u�n�z�i�o�n�a�l�e �d�e�l-
�l�a� �f�o�r�m�a� y = f (x) (P�e�r� �i�l �m�o�m�e�n�t�o �c�i� �l�i�m�i�t�i�a�m�o �a�l �c�a�s�o �d�i�
�u�n�a� �s�o�l�a� �v�a�r�i�a�b�i�l�e �i�n�d�i�p�e�n�d�e�n�t�e.) S�i� �c�e�r�c�a� �u�n� �m�e�t�o�d�o �d�o�v�e �l�e
�d�e�r�i�v�a�t�e

p =
dy
dx

(8.1)

�p�o�s�s�o�n�o �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�e �c�o�m�e �v�a�r�i�a�b�i�l�i� �i�n�d�i�p�e�n�d�e�n�t�i� �s�e�n�-
�z�a� �s�a�c�r�i�f�i�c�a�r�e �n�i�e�n�t�e �d�e�l�l��i�n�f�o�r�m�a�z�i�o�n�e �c�o�n�t�e�n�u�t�a� �n�e�l�l�a� �r�e�l�a�-
�z�i�o�n�e �f�u�n�z�i�o�n�a�l�e �d�i� �p�a�r�t�e�n�z�a�. Q�u�e�s�t�o �p�r�o�b�l�e�m�a� �m�a�t�e�m�a�t�i�c�o
�c�a�l�z�a� �a� �p�e�n�n�e�l�l�o �a�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�: �s�e y �è �p�e�r� �e�s�e�m�p�i�o
�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �e x �l��e�n�t�r�o�p�i�a�, �q�u�e�s�t�o �c�o�r�r�i�s�p�o�n�d�e �a�l �p�r�o-



94 �m�a�n�u�a�l�e�t�t�o �d�i� �t�e�r�m�o�d�i�n�a�m�i�c�a�

�b�l�e�m�a� �d�i� �t�r�o�v�a�r�e �u�n�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�-
�d�a�m�e�n�t�a�l�e �i�n� �c�u�i� �l�a� �t�e�m�p�e�r�a�t�u�r�a� �è �l�a� �v�a�r�i�a�b�i�l�e �i�n�d�i�p�e�n�d�e�n�t�e;
�p�i�ù� �i�n� �g�e�n�e�r�a�l�e, �i�l �p�r�o�b�l�e�m�a� �è �q�u�e�l�l�o �d�i� �p�a�s�s�a�r�e �d�a� �v�a�r�i�a�b�i�l�i�
�i�n�d�i�p�e�n�d�e�n�t�i� �e�s�t�e�n�s�i�v�e �a� �v�a�r�i�a�b�i�l�i� �i�n�d�i�p�e�n�d�e�n�t�i� �i�n�t�e�n�s�i�v�e.

y

x

y = f(x)

F�i�g�u�r�a� 8.1: R�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e y = f (x).

Q�u�e�s�t�o �p�r�o�b�l�e�m�a� �h�a� �l�a� �s�u�a� �c�o�n�t�r�o�p�a�r�t�e �i�n� �g�e�o�m�e�t�r�i�a� �e
�i�n� �a�l�c�u�n�i� �a�l�t�r�i� �c�a�m�p�i� �d�e�l�l�a� �f�i�s�i�c�a�. L�a� �s�o�l�u�z�i�o�n�e �d�e�l �p�r�o�b�l�e-
�m�a�, �i�m�p�i�e�g�a�n�d�o �l�a� �t�e�c�n�i�c�a� �m�a�t�e�m�a�t�i�c�a� �d�e�l�l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i�
�d�i� L�e�g�e�n�d�r�e, �è �p�i�ù� �i�n�t�u�i�t�i�v�a� �q�u�a�n�d�o �s�e �n�e �d�à� �u�n�'�i�n�t�e�r�p�r�e�t�a�-
�z�i�o�n�e �g�e�o�m�e�t�r�i�c�a�. G�e�o�m�e�t�r�i�c�a�m�e�n�t�e, �l�a� �r�e�l�a�z�i�o�n�e �f�u�n�z�i�o�n�a�l�e
y = f (x) �è �r�a�p�p�r�e�s�e�n�t�a�t�a� �d�a� �u�n� �c�u�r�v�a� �i�n� �u�n�o �s�p�a�z�i�o �b�i�-
�d�i�m�e�n�s�i�o�n�a�l�e �c�o�n� �c�o�o�r�d�i�n�a�t�e �c�a�r�t�e�s�i�a�n�e x �e y �e �l�a� �d�e�r�i�v�a�t�a�
p = f ′(x) �è �l�a� �p�e�n�d�e�n�z�a� �d�i� �q�u�e�s�t�a� �c�u�r�v�a�. O�r�a�, �s�e �d�e�s�i�d�e�r�i�a�m�o
�c�o�n�s�i�d�e�r�a�r�e p �c�o�m�e �v�a�r�i�a�b�i�l�e �i�n�d�i�p�e�n�d�e�n�t�e �a�l �p�o�s�t�o �d�i� x, �i�l
�p�r�i�m�o �i�m�p�u�l�s�o �p�o�t�r�e�b�b�e �e�s�s�e�r�e �s�e�m�p�l�i�c�e�m�e�n�t�e �d�i� �e�l�i�m�i�n�a�r�e x

�u�s�a�n�d�o �l�e �e�q�u�a�z�i�o�n�i� y = f (x) �e p = f ′(x), �c�o�n� �c�i�ò �o�t�t�e�n�e�n�d�o y

�c�o�m�e �u�n� �f�u�n�z�i�o�n�e �d�i� p, �c�i�o�è y = g(p). U�n� �m�o�m�e�n�t�o �d�i� �r�i�f�l�e��-
�s�i�o�n�e �i�n�d�i�c�a�, �t�u�t�t�a�v�i�a�, �c�h�e �i�n� �q�u�e�s�t�o �m�o�d�o �s�i� �s�a�c�r�i�f�i�c�h�e�r�e�b�b�e
�u�n� �p�o' �d�i� �c�o�n�t�e�n�u�t�o �m�a�t�e�m�a�t�i�c�o �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e
y = f (x) �p�e�r�c�h�é �è �c�h�i�a�r�o, �d�a� �u�n� �p�u�n�t�o �d�i� �v�i�s�t�a� �g�e�o�m�e�t�r�i�c�o,
�c�h�e �l�a� �c�o�n�o�s�c�e�n�z�a� �d�i� y �c�o�m�e �f�u�n�z�i�o�n�e �d�e�l�l�a� �p�e�n�d�e�n�z�a� p �n�o�n�
�p�e�r�m�e�t�t�e�r�e �d�i� �r�i�c�o�s�t�r�u�i�r�e �l�a� �c�u�r�v�a� y = f (x). I �n�f�a�t�t�i�, �c�i�a�s�c�u�n�a�
�d�e�l�l�e �c�u�r�v�e �t�r�a�s�l�a�t�e �m�o�s�t�r�a�t�e �i�n� �f�i�g�u�r�a� 8.2 �c�o�r�r�i�s�p�o�n�d�e �b�e�n�e
�a�l�l�o �s�t�e�s�s�o �m�o�d�o �a�l�l�a� �r�e�l�a�z�i�o�n�e g = g(p). D�a� �u�n� �p�u�n�t�o �d�i�
�v�i�s�t�a� �a�n�a�l�i�t�i�c�o �l�a� �r�e�l�a�z�i�o�n�e y = g(p) �è �u�n�'�e�q�u�a�z�i�o�n�e �d�i�f�f�e�r�e�n�-
�z�i�a�l�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e, �e �l�a� �s�u�a� �i�n�t�e�g�r�a�z�i�o�n�e �d�à� y = f (x)

�s�o�l�o �a� �m�e�n�o �d�i� �u�n�a� �c�o�s�t�a�n�t�e �i�n�d�e�t�e�r�m�i�n�a�t�a� �d�i� �i�n�t�e�g�r�a�z�i�o�n�e.
P�e�r�t�a�n�t�o �s�i� �v�e�d�e �c�h�e �a�c�c�e�t�t�a�r�e y = g(p) �c�o�m�e �u�n�' �e�q�u�a�z�i�o�n�e
�d�i� �b�a�s�e �a�l �p�o�s�t�o �d�i� y = f (x) �c�o�m�p�o�r�t�e�r�e�b�b�e �i�l �s�a�c�r�i�f�i�c�i�o �d�i�
�a�l�c�u�n�e �i�n�f�o�r�m�a�z�i�o�n�i� �o�r�i�g�i�n�a�r�i�a�m�e�n�t�e �c�o�n�t�e�n�u�t�e �n�e�l�l�a� �r�e�l�a�z�i�o�n�e
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�f�o�n�d�a�m�e�n�t�a�l�e. N�o�n�o�s�t�a�n�t�e �l�a� �d�e�s�i�d�e�r�a�b�i�l�i�t�à� �d�i� �a�v�e�r�e p �c�o�m�e
�u�n�a� �v�a�r�i�a�b�i�l�e �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �i�n�d�i�p�e�n�d�e�n�t�e �q�u�e�s�t�o �s�a�c�r�i�f�i�-
�c�i�o �d�i� �c�o�n�t�e�n�u�t�o �i�n�f�o�r�m�a�t�i�v�o �d�e�l �f�o�r�m�a�l�i�s�m�o �s�a�r�e�b�b�e �e�s�s�e�r�e
�c�o�m�p�l�e�t�a�m�e�n�t�e �i�n�a�c�c�e�t�t�a�b�i�l�e.

y

x

F�i�g�u�r�a� 8.2: C�u�r�v�e �t�r�a�s�l�a�t�e �d�e�l�l�a�
�r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e.

L�a� �t�r�a�s�fo�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �p�e�r� �fu�n�z�i�o�n�i� �l�i�s�c�i�e L�a�
�s�o�l�u�z�i�o�n�e �a�l �p�r�o�b�l�e�m�a� �è �f�o�r�n�i�t�a� �d�a�l�l�a� �d�u�a�l�i�t�à� �t�r�a� �l�a� �c�o�n�-
�v�e�n�z�i�o�n�a�l�e �g�e�o�m�e�t�r�i�a� �d�e�i� �p�u�n�t�i� �e �l�a� �g�e�o�m�e�t�r�i�a� �d�i� P�l�u�e�c�k�e�r�
�d�e�l�l�e �l�i�n�e�e. I�l �c�o�n�c�e�t�t�o �e�s�s�e�n�z�i�a�l�e �d�e�l�l�e �g�e�o�m�e�t�r�i�a� �d�e�l�l�e �l�i�n�e�e
�è �c�h�e �u�n�a� �d�a�t�a� �c�u�r�v�a� �p�u�ò �e�s�s�e�r�e �r�a�p�p�r�e�s�e�n�t�a�t�a� �b�e�n�e �a�l�l�o
�s�t�e�s�s�o �m�o�d�o (�a�) �c�o�m�e �l��i�n�v�i�l�u�p�p�o �d�e�l�l�a� �f�a�m�i�g�l�i�a� �d�i� �r�e�t�t�e �t�a�n�-
�g�e�n�t�i�, �f�i�g�u�r�a� 8.3, �o (�b) �c�o�m�e �i�l �l�u�o�g�o �d�e�i� �p�u�n�t�i� �s�o�d�d�i�s�f�a�c�e�n�t�e
�l�a� �r�e�l�a�z�i�o�n�e y = f (x). Q�u�a�l�s�i�a�s�i� �e�q�u�a�z�i�o�n�e �c�h�e �c�i� �c�o�n�s�e�n�t�e �d�i�
�c�o�s�t�r�u�i�r�e �l�a� �f�a�m�i�g�l�i�a� �d�e�l�l�e �l�i�n�e�e �t�a�n�g�e�n�t�i� �p�e�r�t�a�n�t�o �d�e�t�e�r�m�i�n�a�
�l�a� �c�u�r�v�a� �t�a�n�t�o �b�e�n�e �q�u�a�n�t�o �l�a� �r�e�l�a�z�i�o�n�e y = f (x).

C�o�s�ì� �c�o�m�e �o�g�n�i� �p�u�n�t�o �d�e�l �p�i�a�n�o �è �d�e�s�c�r�i�t�t�o �d�a� �i�l �d�u�e �n�u�-
�m�e�r�i� x �e y, �c�o�s�ì� �o�g�n�i� �l�i�n�e�a� �r�e�t�t�a� �n�e�l y = px − ` �p�i�a�n�o �p�u�ò
�e�s�s�e�r�e �d�e�s�c�r�i�t�t�a� �d�a� �d�u�e �n�u�m�e�r�i� p �e `, �d�o�v�e p �è �l�a� �p�e�n�d�e�n�z�a�
�d�e�l�l�a� �l�i�n�e�a� �e ` �è �l�a� �s�u�a� �i�n�t�e�r�s�e�z�i�o�n�e �c�o�n� �l��a�s�s�e �d�e�l�l�e �o�r�d�i�n�a�-
�t�e �c�a�m�b�i�a�t�a� �d�i� �s�e�g�n�o. (�i�l �c�a�m�b�i�a�m�e�n�t�o �d�i� �s�e�g�n�o �è �p�u�r�a�m�e�n�t�e
�c�o�n�v�e�n�z�i�o�n�a�l�e: �s�i� �s�c�e�g�l�i�e �q�u�e�s�t�a� �c�o�n�v�e�n�z�i�o�n�e �p�e�r�c�h�é �f�o�r�n�i�s�c�e
�l��u�s�u�a�l�e �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e). C�o�s�ì� �c�o�m�e �l�a� �r�e�l�a�z�i�o�n�e
y = f (x) �s�e�l�e�z�i�o�n�a� �u�n� �s�o�t�t�o�i�n�s�i�e�m�e �d�i� �t�u�t�t�i� �p�o�s�s�i�b�i�l�i� �p�u�n�t�i�
(x, y), �l�a� �r�e�l�a�z�i�o�n�e �c�h�e �f�o�r�n�i�s�c�e ` �i�n� �f�u�n�z�i�o�n�e �d�i� p, �c�h�e �d�e-
�n�o�t�e�r�e�m�o ` = f ?(p), �s�e�l�e�z�i�o�n�a� �u�n� �s�o�t�t�o�i�n�s�i�e�m�e �d�i� �t�u�t�t�e �l�e
�p�o�s�s�i�b�i�l�i� �l�i�n�e�e (p, `).

A�s�s�u�m�i�a�m�o �c�h�e �l�a� �f�u�n�z�i�o�n�e f (x) �s�i�a� �l�i�s�c�i�a� �e �s�t�r�e�t�t�a�m�e�n�-
�t�e �c�o�n�v�e�s�s�a�. A�l�l�o�r�a� �l�a� �c�o�n�o�s�c�e�n�z�a� �d�e�l�l��i�n�t�e�r�s�e�z�i�o�n�e �c�o�n�
�l��a�s�s�e �d�e�l�l�e �o�r�d�i�n�a�t�e �d�e�l�l�e �l�i�n�e�e �t�a�n�g�e�n�t�i� �c�o�m�e �f�u�n�z�i�o�n�e �d�e�l-
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�l�a� �p�e�n�d�e�n�z�a� �c�i� �c�o�n�s�e�n�t�e �d�i� �c�o�s�t�r�u�i�r�e �l�a� �f�a�m�i�g�l�i�a� �d�i� �l�i�n�e�e
�t�a�n�g�e�n�t�i� �e �q�u�i�n�d�i� �l�a� �c�u�r�v�a� �d�i� �c�u�i� �s�o�n�o �l��i�n�v�i�l�u�p�p�o. C�o�s�ì� �l�a�
�r�e�l�a�z�i�o�n�e ` = f ?(p) �è �c�o�m�p�l�e�t�a�m�e�n�t�e �e�q�u�i�v�a�l�e�n�t�e �a�l�l�a� �r�e�l�a�-
�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e y = f (x). I �n� �q�u�e�s�t�a� �r�e�l�a�z�i�o�n�e �l�a� �v�a�r�i�a�b�i�l�e
�i�n�d�i�p�e�n�d�e�n�t�e �è p, �c�o�s�ì� �c�h�e �l��e�q�u�a�z�i�o�n�e ` = f ?(p) �f�o�r�n�i�s�c�e
�u�n�a� �s�o�l�u�z�i�o�n�e �c�o�m�p�l�e�t�a� �e �s�o�d�d�i�s�f�a�c�e�n�t�e �d�e�l �p�r�o�b�l�e�m�a�. S�i�c-
�c�o�m�e �l�a� �r�e�l�a�z�i�o�n�e ` = f ?(p) �è �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �e�q�u�i�v�a�l�e�n�t�e
�a�l�l�a� �r�e�l�a�z�i�o�n�e y = f (x), �a�n�c�h�e �e�s�s�a� �p�u�ò �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�-
�t�a� �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e. P�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e, �d�i�r�e�m�o �c�h�e
y = f (x) �è �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �n�e�l�l�a� `̀ �r�a�p�p�r�e�s�e�n�t�a�-
�z�i�o�n�e y'' �m�e�n�t�r�e ` = f ?(p) �è �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �n�e�l�l�a�
`̀ �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e `''.

y

x

y = f(x)

−ℓ

y = px − ℓ

F�i�g�u�r�a� 8.3: I�n�v�i�l�u�p�p�o �d�e�l�l�a� �f�a�m�i�-
�g�l�i�a� �d�i� �r�e�t�t�e �t�a�n�g�e�n�t�i� �a�l�l�a� �c�u�r�v�a�
�n�e�l �p�i�a�n�o x-y �c�h�e �r�a�p�p�r�e�s�e�n�t�a� �l�a�
�r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e y = f (x).
L�a� �l�e�g�g�e �c�h�e �d�à� ` �i�n� �f�u�n�z�i�o�n�e
�d�e�l�l�a� �p�e�n�d�e�n�z�a� p, �c�i�o�è ` = f ?(p) �e
�q�u�e�l�l�a� �c�h�e �d�à� y �i�n� �f�u�n�z�i�o�n�e �d�i� x,
�c�i�o�è y = f (x), �s�o�n�o �d�u�e �r�a�p�p�r�e�s�e�n�-
�t�a�z�i�o�n�i� �e�q�u�i�v�a�l�e�n�t�i� �d�e�l�l�a� �s�t�e�s�s�a�
�c�u�r�v�a�.

L�a� �d�o�m�a�n�d�a� �c�h�e �o�r�a� �s�i� �p�o�n�e �è �c�o�m�e �c�a�l�c�o�l�a�r�e �l�a� �r�e�l�a�z�i�o-
�n�e ` = g(p) �s�e �è �d�a�t�a� �l�a� �r�e�l�a�z�i�o�n�e y = f (x). L'�o�p�e�r�a�z�i�o�n�e
�m�a�t�e�m�a�t�i�c�a� �a�p�p�r�o�p�r�i�a�t�a� �è �n�o�t�a� �c�o�m�e �u�n� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �d�i�
L�e�g�e�n�d�r�e: ` = f ?(p) �è �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�i� y = f (x).

C�o�n�s�i�d�e�r�i�a�m�o �l�a� �r�e�t�t�a� �t�a�n�g�e�n�t�e �c�h�e �p�a�s�s�a� �p�e�r� �i�l �p�u�n�t�o
(x, y) �e �h�a� �u�n�a� �p�e�n�d�e�n�z�a� p = f ′(x), �c�o�m�e �i�n� �f�i�g�u�r�a� 8.4. S�e
�l��i�n�t�e�r�c�e�t�t�a� �c�o�n� �l��a�s�s�e y �è −`, �a�l�l�o�r�a�

p =
y− (−`)

x− 0
=

y + `

x
⇒ ` = px− y (8.2)

S�u�p�p�o�n�i�a�m�o �a�d�e�s�s�o �c�h�e �s�i�a� �d�a�t�a� �l��e�q�u�a�z�i�o�n�e y = f (x). P�e�r� �i�l
�c�r�i�t�e�r�i�o �d�i� �s�t�a�b�i�l�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�a�, �l�a� �d�e�r�i�v�a�t�a� �s�e�c�o�n�d�a� �d�e�l�l�a�
�f�u�n�z�i�o�n�e f �è �n�o�n� �n�u�l�l�a�, f ′′(x) 6= 0, �d�u�n�q�u�e �l��e�q�u�a�z�i�o�n�e

p =
dy
dx

(8.3)

�p�u�ò �e�s�s�e�r�e �i�n�v�e�r�t�i�t�a� �e �s�i� �d�e�t�e�r�m�i�n�a� x = x(p). A�l�l�o�r�a�,

` = f ?(p) = px(p)− f (x(p)) (8.4)
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I�l �p�r�o�b�l�e�m�a� �i�n�v�e�r�s�o �è �q�u�e�l�l�o �d�i� �r�i�t�r�o�v�a�r�e �l�a� �r�e�l�a�z�i�o�n�e
y = f (x) �s�e �è �n�o�t�a� �l�a� �r�e�l�a�z�i�o�n�e ` = f ?(p). P�r�e�n�d�e�n�d�o �i�l
�d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� f ?(p) = px− y �e �t�e�n�e�n�d�o �c�o�n�t�o �c�h�e dy = pdx �s�i�
�o�t�t�i�e�n�e

d` = pdx + xdp− dy = pdx + xdp− pdx = xdp

�o�v�v�e�r�o
x =

d`
dp

(8.5)

E�l�i�m�i�n�a�n�d�o ` �e p �d�a�l�l�e �e�q�u�a�z�i�o�n�i� (8.5) �e ` = px− y, �s�i� �o�t�t�i�e�n�e
�l�a� �r�e�l�a�z�i�o�n�e y = f (x).

y

x

y = f(x)

y = px − ℓ

−ℓ

(x, y)

F�i�g�u�r�a� 8.4: C�o�s�t�r�u�z�i�o�n�e �g�e�o-
�m�e�t�r�i�c�a� �d�e�l�l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i�
L�e�g�e�n�d�r�e.E�s�e�m�p�i�o S�i�a� y = ax2. A�l�l�o�r�a�

p =
dy
dx

= 2ax ⇒ x(p) =
p

2a

�d�a� �c�u�i�
` = px− ax2 = p

p
2a
− a

p2

4a2 =
p2

4a

V�e�d�i�a�m�o �a�d�e�s�s�o �l��i�n�v�e�r�s�o. S�i�a� ` = p2/(4a). A�l�l�o�r�a�

x =
d`
dp

=
p

2a
⇒ p = 2ax

�d�a� �c�u�i�
y = px− ` = (2ax)x− (2ax)2

4a
= 2ax2 − ax2 = ax2

L�a� �s�i�m�m�e�t�r�i�a� �t�r�a� �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �e �l�a� �s�u�a�
�i�n�v�e�r�s�a� �è �i�n�d�i�c�a�t�a� �d�a�l �s�e�g�u�e�n�t�e �c�o�n�f�r�o�n�t�o �s�c�h�e�m�a�t�i�c�o:
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y

xx(p)

y = f(x)

y = px

y

xx(p)

y = f(x)

y = px

−f ⋆(p)

F�i�g�u�r�a� 8.5: A �s�i�n�i�s�t�r�a�. P�e�r� p

�f�i�s�s�a�t�o, �i� �d�i�v�e�r�s�i� �v�a�l�o�r�i� �d�e�l�l�a�
�f�u�n�z�i�o�n�e `(p, x) = px − f (x) �s�o�n�o
�r�a�p�p�r�e�s�e�n�t�a�t�i� �d�a�l�l�e �l�u�n�g�h�e�z�z�e �d�e�i�
�s�e�g�m�e�n�t�i� �v�e�r�t�i�c�a�l�i� (�i�n� �v�e�r�d�e). I�l
�s�e�g�m�e�n�t�o �b�l�u� �c�o�r�r�i�s�p�o�n�d�e �a�l �m�a��-
�s�i�m�o �d�e�l�l�a� �f�u�n�z�i�o�n�e. L'�e�s�t�r�e�m�o
�s�u�p�e�r�i�o�r�e �s�i� �h�a� �i�n� �c�o�r�r�i�s�p�o�n�-
�d�e�n�z�a� �d�e�l �v�a�l�o�r�e x = x(p) �c�h�e, �s�e
�l�a� �f�u�n�z�i�o�n�e �è �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e, �è �l�a�
�s�o�l�u�z�i�o�n�e �d�e�l�l��e�q�u�a�z�i�o�n�e f ′(x) = p.

A �d�e�s�t�r�a�. D�i�m�o�s�t�r�a�z�i�o�n�e �g�e�o-
�m�e�t�r�i�c�a� �d�e�l�l��e�q�u�i�v�a�l�e�n�z�a� (�a� �m�e�n�o
�d�i� �u�n� �s�e�g�n�o) �t�r�a� �l�a� �d�e�f�i�n�i�z�i�o�n�e
(??) �e �l�a� �d�e�f�i�n�i�z�i�o�n�e �d�a�t�a� �i�n� 8.1.

y = f (x) ` = f ?(p)

p =
dy
dx

x =
d`
dp

` = px− y y = px− `

�e�l�i�m�i�n�a�z�i�o�n�e �d�i� x �e y �f�o�r�n�i�s�c�e: �e�l�i�m�i�n�a�z�i�o�n�e �d�i� p �e ` �f�o�r�n�i�s�c�e:
` = f ?(p) y = f (x)

8.2 T�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e-F�e�n�c�h�e�l

P�e�r� �c�o�m�e �è �s�t�a�t�a� �d�e�f�i�n�i�t�a�, �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �d�i� L�e�g�e�n�d�r�e
�n�o�n� �s�i� �a�p�p�l�i�c�a� �a� �u�n�a� �f�u�n�z�i�o�n�e �n�o�n� �l�i�s�c�i�a� (�c�o�m�e �è, �i�n� �e�f-
�f�e�t�t�i�, �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� �s�i�s�t�e�m�i� �c�h�e �h�a�n�n�o �t�r�a�n�-
�s�i�z�i�o�n�i� �d�i� �f�a�s�e). Q�u�e�s�t�o �p�u�ò �e�s�s�e�r�e �o�v�v�i�a�t�o, �p�a�s�s�a�n�d�o �a�l�l�a�
�s�e�g�u�e�n�t�e �d�e�f�i�n�i�z�i�o�n�e:

f ?(p) = max
x

[px− f (x)] = −min
x

[ f (x)− px] , (8.6)

�d�o�v�e �l��e�s�t�r�e�m�o �s�u�p�e�r�i�o�r�e �è �c�a�l�c�o�l�a�t�o �t�r�a� �t�u�t�t�i� �i� �p�u�n�t�i� x �n�e�l
�d�o�m�i�n�i�o �d�e�l�l�a� �f�u�n�z�i�o�n�e. P�e�r� �u�n�a� �f�u�n�z�i�o�n�e �l�i�s�c�i�a� �s�i� �r�i�t�r�o�v�a�
�l�a� (8.4) �i�n� �q�u�a�n�t�o �l��e�s�t�r�e�m�o �s�u�p�e�r�i�o�r�e �d�i� `(x, p) = px − f (x)

�s�i� �r�a�g�g�i�u�n�g�e �p�e�r� x = x(p) �s�o�l�u�z�i�o�n�e p = f ′(x) (�e�d� �è �p�r�o�p�r�i�o
�u�n� �m�a�s�s�i�m�o, �i�n� �q�u�a�n�t�o ∂2`(x, p)/∂x2 = − f ′′(x) ≤ 0, �e�s�s�e�n�d�o f
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�c�o�n�v�e�s�s�a�).
L�a� (8.6) �f�o�r�n�i�s�c�e �u�n�a� �d�e�f�i�n�i�z�i�o�n�e �m�o�l�t�o �g�e�n�e�r�a�l�e �d�i� �t�r�a�-

�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e. N�e�l�l�a� �l�e�t�t�e�r�a�t�u�r�a� �m�a�t�e�m�a�t�i�c�a�, �q�u�e�s�t�a�
�t�r�a�s�f�o�r�m�a�z�i�o�n�e �è �n�o�t�a� �a�n�c�h�e �c�o�m�e �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e-
F�e�n�c�h�e�l �i�n� �o�n�o�r�e �d�e�l �m�a�t�e�m�a�t�i�c�o W�e�r�n�e�r� F�e�n�c�h�e�l (1905-1988)
�c�h�e �g�e�n�e�r�a�l�i�z�z�ò �l�a� �n�o�z�i�o�n�e �d�i� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e. C�o-
�m�e �l�e �f�a�m�i�l�i�a�r�i� �t�r�a�s�f�o�r�m�a�t�a� �d�i� F�o�u�r�i�e�r� �e L�a�p�l�a�c�e, �l�a� �t�r�a�-
�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �p�r�e�n�d�e �u�n�a� �f�u�n�z�i�o�n�e f (x) �e �p�r�o-
�d�u�c�e �u�n�a� �f�u�n�z�i�o�n�e �d�i� �u�n�a� �v�a�r�i�a�b�i�l�e �d�i�v�e�r�s�a� p. T�u�t�t�a�v�i�a�,
�m�e�n�t�r�e �l�a� �t�r�a�s�f�o�r�m�a�t�e �d�i� F�o�u�r�i�e�r� �o L�a�p�l�a�c�e �c�o�n�s�i�s�t�o�n�o �i�n�
�u�n�a� �i�n�t�e�g�r�a�z�i�o�n�e �c�o�n� �u�n� �n�u�c�l�e�o �i�n�t�e�g�r�a�l�e, �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i�
L�e�g�e�n�d�r�e �u�t�i�l�i�z�z�a� �l�a� �m�a�s�s�i�m�i�z�z�a�z�i�o�n�e �c�o�m�e �p�r�o�c�e�d�u�r�a� �d�i�
�t�r�a�s�f�o�r�m�a�z�i�o�n�e.

8.3 T�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�i� �f�u�n�z�i�o�n�i� �c�o�n�c�a�v�e

S�e g(x) �è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�c�a�v�a�, �a�l�l�o�r�a� −g(x) �è �u�n�a� �f�u�n�z�i�o-
�n�e �c�o�n�v�e�s�s�a�. A�p�p�l�i�c�h�i�a�m�o �l�a� �t�r�a�s�f�o�r�m�a�t�a� (8.6) �a� −g(x)

h(p) = max
x

[px + g(x)] = −min
x

[−px− g(x)] .

A�l�l�o�r�a� �s�i� �p�u�ò �d�e�f�i�n�i�r�e −h(p) �c�o�m�e �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�-
�d�r�e �d�i� g(x). R�i�s�u�l�t�a� �p�e�r�ò �c�o�m�o�d�o �c�o�m�o�d�o �f�a�r�e �i�l �c�a�m�b�i�a�m�e�n�t�o
�d�i� �v�a�r�i�a�b�i�l�e β = −p �e �d�e�f�i�n�i�r�e

g?(β) = min
x

[βx− g(x)] (8.7)

�c�o�m�e �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�i� g. I �n� �q�u�e�s�t�o �m�o�d�o �s�i�
�o�t�t�i�e�n�e �u�n�a� �t�r�a�s�f�o�r�m�a�t�a� �p�e�r� �l�e �f�u�n�z�i�o�n�i� �c�o�n�c�a�v�e �c�h�e �è
�f�o�r�m�a�l�m�e�n�t�e �a�n�a�l�o�g�a� �a� �q�u�e�l�l�a� �p�e�r� �l�e �f�u�n�z�i�o�n�i� �c�o�n�v�e�s�s�e.
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8.4 E�s�t�e�n�s�i�o�n�e �a� �p�i�ù� �v�a�r�i�a�b�i�l�i�

L�a� �g�e�n�e�r�a�l�i�z�z�a�z�i�o�n�e �d�e�l�l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �a� �f�u�n�-
�z�i�o�n�i� �d�i� �p�i�ù� �v�a�r�i�a�b�i�l�i� �è �s�e�m�p�l�i�c�e �e �d�i�r�e�t�t�a�: �s�e f (x) �è �u�n�a�
�f�u�n�z�i�o�n�e �c�o�n�v�e�s�s�a� �s�u� �u�n� �d�o�m�i�n�i�o �c�o�n�v�e�s�s�o �i�n� Rn �a�l�l�o-
�r�a� �l�a� (8.6) �c�o�n�t�i�n�u�a� �a� �v�a�l�e�r�e �a� �p�a�t�t�o �d�i� �i�n�t�e�r�p�r�e�t�a�r�e x =

(x1, . . . , xn) �e p = (p1, . . . , pn) �c�o�m�e �v�e�t�t�o�r�i� �i�n� Rn �e px �c�o�m�e �i�l
�l�o�r�o �p�r�o�d�o�t�t�o �s�c�a�l�a�r�e

px ≡ 〈p , x〉 = p1x1 + . . . + pnxn.

L�e �p�r�o�p�r�i�e�t�à� �d�e�l�l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e (8.6) �s�o�n�o �s�t�a�b�i�l�i�t�e �d�a�l
�s�e�g�u�e�n�t�e �t�e�o�r�e�m�a�

S�i�a� f (x) �u�n�a� �f�u�n�z�i�o�n�e �a�r�b�i�t�r�a�r�i�a� �s�u� Rn. A�l�l�o�r�a�
f ?(p) = max

x
[〈p , x〉 − f (x)]

�è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�v�e�s�s�a�. S�e f (x) �è �c�o�n�v�e�s�s�a�
�a�l�l�o�r�a� �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �è �i�n�v�o�l�u�t�i�v�a�,
�c�i�o�è,

f ?? ≡ ( f ?)? = f .

(8.8)
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9.1 P�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �e �t�r�a�s�f�o�r�m�a�t�e �d�i� L�e�g�e�n�-
�d�r�e

S�e �d�a� �u�n� �p�u�n�t�o �d�i� �v�i�s�t�a� �f�i�s�i�c�o �l�a� (7.37) �d�e�f�i�n�i�s�c�e �i�l �p�o�t�e�n�-
�z�i�a�l�e �t�e�r�m�o�d�i�n�a�m�i�c�o �m�e�d�i�a�n�t�e �u�n�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o
�c�o�n� �u�n� �b�a�g�n�o, �d�a�l �p�u�n�t�o �d�i� �v�i�s�t�a� �m�a�t�e�m�a�t�i�c�o �e�s�s�a� �è �l�a� �t�r�a�-
�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e�n�e�r�g�i�a�, �c�a�m�b�i�a�t�a� �d�i� �s�e�g�n�o, �c�o�m�e
�r�i�s�u�l�t�a� �d�a�l �c�o�n�f�r�o�n�t�o �d�e�l�l�a� (7.37) �c�o�n� �l�a� (8.6).

I �p�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i�, �i�n�t�r�o�d�o�t�t�i� �n�e�l �c�a�p�i�t�o�l�o �p�r�e-
�c�e�d�e�n�t�e �i�n� �t�e�r�m�i�n�i� �d�i� �d�i�s�p�o�n�i�b�i�l�i�t�à� (�o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e �d�i�
�e�n�t�r�o�p�i�a� �t�o�t�a�l�e) �p�o�s�s�o�n�o �i�n� �e�f�f�e�t�t�i� �e�s�s�e�r�e �d�e�f�i�n�i�t�i� �i�n� �m�a�n�i�e�r�a�
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�i�n�d�i�p�e�n�d�e�n�t�e �c�o�m�e �t�r�a�s�f�o�r�m�a�t�e �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e�n�e�r�g�i�a�. I �n�
�q�u�e�s�t�a� �s�e�z�i�o�n�e �v�e�r�r�a�n�n�o �b�r�e�v�e�m�e�n�t�e �p�a�s�s�a�t�i� �i�n� �r�a�s�s�e�g�n�a�
�s�e�c�o�n�d�o �q�u�e�s�t�o �p�u�n�t�o �d�i� �v�i�s�t�a�. P�e�r� �s�e�m�p�l�i�c�i�t�à�, �c�o�n�s�i�d�e�r�i�a�m�o
�u�n� �f�l�u�i�d�o �s�e�m�p�l�i�c�e �c�o�n� �u�n� �s�i�n�g�o�l�o �c�o�m�p�o�n�e�n�t�e, �l�a� �c�u�i� �r�e�l�a�-
�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �p�u�ò �e�s�s�e�r�e �e�s�p�r�e�s�s�a� �c�o�m�e u = u(s, v),
�d�o�v�e u = U/N, s = S/N �e v = V/N �s�o�n�o �l�e �v�a�r�i�a�b�i�l�i� �p�e�r�
�m�o�l�e�c�o�l�a�.

E �n�e�r�g�i�a� �l�i�b�e�r�a� L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� H�e�l�m�h�o�l�t�z f (T, v) �è �i�l
�n�e�g�a�t�i�v�o �d�e�l�l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e�n�e�r�g�i�a� u(s, v)

�r�i�s�p�e�t�t�o �a�l�l�a� �v�a�r�i�a�b�i�l�e s:

− f (u, v) = max
s

[Ts− u(s, v)] ,

�v�a�l�e �a� �d�i�r�e

f (u, v) = −max
s

[Ts− u(s, v)] = min
s

[u(s, v)− Ts] . (9.1)

E�s�s�e�n�d�o �l�a� �f�u�n�z�i�o�n�e u = u(s, v) �c�o�n�v�e�s�s�a�, �p�e�r� �i�n�v�e�r�t�i�r�e �l�a�
�t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �p�o�s�s�i�a�m�o �u�t�i�l�i�z�z�a�r�e �i�l T�e�o�r�e�m�a�
(8.8) �p�e�r� n = 1 �e �s�c�r�i�v�e�r�e

u(s, v) = max
T

[Ts + f (T, v)] . (9.2)

L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �è �u�n�'�i�m�p�o�r�t�a�n�t�e �q�u�a�n�t�i�t�à� �i�n� �t�e�r�m�o�d�i�n�a�-
�m�i�c�a� �p�e�r�c�h�é �i�n� �m�o�l�t�e �s�i�t�u�a�z�i�o�n�i� �s�p�e�r�i�m�e�n�t�a�l�i� �è �p�i�ù� �f�a�c�i�l�e
�c�o�n�t�r�o�l�l�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �a�n�z�i�c�h�é �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a�. N�o�t�a�r�e
�c�h�e �l��e�s�t�r�e�m�o �s�u�p�e�r�i�o�r�e �n�e�l�l��e��. (9.1) �è �r�a�g�g�i�u�n�t�o �p�e�r� �i�l �v�a�l�o�r�e
�d�i� s �c�h�e �s�o�d�d�i�s�f�a� �l��e�q�u�a�z�i�o�n�e (�a�s�s�u�m�e�n�d�o f �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e)

T =
∂u
∂s

∣∣∣∣
v

(9.3)
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�c�o�s�ì� �è �l�e�g�i�t�t�i�m�o �i�n�t�e�r�p�r�e�t�a�r�e �l�a� �v�a�r�i�a�b�i�l�e T �n�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a�
�c�o�m�e �t�e�m�p�e�r�a�t�u�r�a�. S�i� �p�u�ò �p�e�r�t�a�n�t�o �s�c�r�i�v�e�r�e

f (T, v) = u
(

s](T, v), v
)
− Ts](T, v), (9.4)

�d�o�v�e s = s](T, v) �è �l�a� �s�o�l�u�z�i�o�n�e �d�e�l�l�a� (9.3), �o, �i�n� �f�o�r�m�a�
�a�b�b�r�e�v�i�a�t�a�,

f = u− Ts . (9.5)

P�r�e�n�d�e�n�d�o �i�l �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� �a�m�b�o �i� �m�e�m�b�r�i� �d�e�l�l�a� (9.5) �e
�t�e�n�e�n�d�o �c�o�n�t�o �d�e�l�l�a� (5.17), �s�i� �o�t�t�i�e�n�e

d f = du− Tds− sdT = −Pdv− sdT, (9.6)

�d�a� �c�u�i�

∂ f
∂v

∣∣∣∣
T
= −p(T, v) (9.7)

∂ f
∂T

∣∣∣∣
v
= −s(T, v) (9.8)

(�c�h�e �c�o�i�n�c�i�d�o�n�o, �o�v�v�i�a�m�e�n�t�e, �c�o�n� �c�i�ò �c�h�e �s�i� �o�t�t�i�e�n�e �d�e�r�i�v�a�n�d�o
�l�a� (9.4) �r�i�s�p�e�t�t�o �a� v �e �a� T , �u�s�a�n�d�o �l�a� �r�e�g�o�l�a� �d�e�l�l�a� �d�e�r�i�v�a�t�a�
�d�i� �u�n�a� �f�u�n�z�i�o�n�e �c�o�m�p�o�s�t�a�).

L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� �u�n� �s�i�s�t�e�m�a� �d�i� N �p�a�r�t�i�c�e�l�l�e �è F = N f �e

F = U − TS (9.9)

S�i� �o�s�s�e�r�v�i� �c�h�e �l��e��. (9.6) �i�m�p�l�i�c�a� �i�n� �p�a�r�t�i�c�o�l�a�r�e �c�h�e �p�e�r� �u�n�
�p�r�o�c�e�s�s�o �i�s�o�t�e�r�m�i�c�o �d�a� �u�n�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �a�d� �u�n� �a�l�t�r�o, �i�l
�l�a�v�o�r�o �f�a�t�t�o �d�a�l �s�i�s�t�e�m�a� �è �d�a�t�o �d�a�

Li→ f = −∆F (9.10)
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L'�e�n�e�r�g�i�a� �l�i�b�e�r�a�, �c�o�m�e �a�b�b�i�a�m�o �g�i�à� �s�o�t�t�o�l�i�n�e�a�t�o, �g�i�o�c�a� �u�n� �r�u�o�l�o
�s�i�m�i�l�e �a�l�l��e�n�e�r�g�i�a� �p�o�t�e�n�z�i�a�l�e �i�n� �m�e�c�c�a�n�i�c�a�; �d�a�t�o �l�o �s�t�a�t�o �i�n�i�-
�z�i�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o �e �i�l �l�a�v�o�r�o �f�a�t�t�o �i�n� �u�n� �p�r�o�c�e�s�s�o �i�s�o�t�e�r�m�o,
�l��e�q�u�a�z�i�o�n�e (9.10) �d�e�t�e�r�m�i�n�a� �l�o �s�t�a�t�o �f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o.

E �n�t�a�l�p�i�a� I �n� �a�l�c�u�n�i� �c�a�s�i� �e�s�s�o �è �c�o�n�v�e�n�i�e�n�t�e �l�a�v�o�r�a�r�e �c�o�n�
�l�e �v�a�r�i�a�b�i�l�i� s �e P. P�r�e�n�d�i�a�m�o �a�l�l�o�r�a� �u�n�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i�
L�e�g�e�n�d�r�e �r�i�s�p�e�t�t�o �a� v �s�i� �o�t�t�i�e�n�e �l��e�n�t�a�l�p�i�a�

h(s, P) = −max
v

[v(−P)− u(s, v)] = min
v

[Pv + u(s, v)] (9.11)

S�i� �d�i�m�o�s�t�r�a� �f�a�c�i�l�m�e�n�t�e �c�h�e

dh = Tds + vdP (9.12)

Q�u�e�s�t�o �p�o�t�e�n�z�i�a�l�e �è �u�t�i�l�e �p�e�r� �p�r�o�c�e�s�s�i� �c�h�e �s�i� �v�e�r�i�f�i�c�a�n�o �a�
�p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e, �d�a�t�o �c�h�e �i�n� �q�u�e�s�t�o �c�a�s�o �i�l �c�a�m�b�i�a�m�e�n�t�o �i�n�
H = Nh �u�g�u�a�g�l�i�a� �i�l �c�a�l�o�r�e Q �a�s�s�o�r�b�i�t�o �d�a�l �s�i�s�t�e�m�a�,

∆H =
∫

TdS = Q . (9.13)

L'�e�n�t�a�l�p�i�a� �è �p�e�r�t�a�n�t�o �s�p�e�c�i�a�l�m�e�n�t�e �u�t�i�l�e �i�n� �c�h�i�m�i�c�a�, �p�o�i�c�h�é
�m�o�l�t�e �r�e�a�z�i�o�n�i� �c�h�i�m�i�c�h�e �a�v�v�e�n�g�o�n�o �a� �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e.

E �n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� G�i�b�b�� L' �e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� G�i�b�b�� �è �l�a�
�t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�i� u(s, v) �r�i�s�p�e�t�t�o �a� �e�n�t�r�a�m�b�e �l�e
�v�a�r�i�a�b�i�l�i�:

g(T, P) = min
s,v

[Pv− Ts + u(s, v)] (9.14)

U�t�i�l�i�z�z�a�n�d�o �d�i� �n�u�o�v�o �i�l T�e�o�r�e�m�a� (8.8), �o�r�a� �p�e�r� �i�l �c�a�s�o
�d�i� n = 2, �c�i�o�è �p�e�r� �l�e �f�u�n�z�i�o�n�i� �d�i� �d�u�e �v�a�r�i�a�b�i�l�i�, �s�i� �p�u�ò �a�n�c�h�e
�i�n�v�e�r�t�i�r�e �q�u�e�s�t�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�o�p�p�i�a� �e �o�t�t�e�n�e�r�e
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u(s, v)

u(s, v) = max
p,T

[Ts− pv + g(P, T)] . (9.15)

I�l �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� g �è �d�a�t�o �d�a�

dg = −sdT + vdP (9.16)

C�o�m�e �a�b�b�i�a�m�o �v�i�s�t�o �n�e�l �c�a�p�i�t�o�l�o �p�r�e�c�e�d�e�n�t�e, �p�e�r� �u�n� �s�i�s�t�e�m�a�
�a�d� �u�n� �s�o�l�o �c�o�m�p�o�n�e�n�t�e g = G/N = µ

P�o�t�e�n�z�i�a�l�e �d�i� L�a�n�d�a�u� I �n� �q�u�e�s�t�o �c�a�s�o �è �c�o�n�v�e�n�i�e�n�t�e �l�a�v�o-
�r�a�r�e �d�i�r�e�t�t�a�m�e�n�t�e �c�o�n� �l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �e �c�o�n�s�i�d�e�r�a�r�e �l�a�
�t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e

Ω(µ, T) = −max
S,N

[TS + µN −U(S, V, N)] = min
S,N

[U(S, V, N)− TS− µN] .

(9.17)
A�l�l�o�r�a�, �l��e�s�t�r�e�m�o �è �d�a�t�o �d�a�l�l�e �e�q�u�a�z�i�o�n�i�

T =
∂U
∂S

∣∣∣∣
V,N

, µ =
∂U
∂N

∣∣∣∣
S,V

(9.18)

Q�u�i�n�d�i� �è �c�o�r�r�e�t�t�o �i�n�t�e�r�p�r�e�t�a�r�e µ �c�o�m�e �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�-
�c�o. I�l �p�o�t�e�n�z�i�a�l�e �c�o�s�ì� �o�t�t�e�n�u�t�o,

Ω(T, µ) = U − TS− µN , ω =
Ω
N

= u− Ts− µ (9.19)

�è �n�o�t�o �c�o�m�e �p�o�t�e�n�z�i�a�l�e �g�r�a�n�c�a�n�o�n�i�c�o. D�a�l�l�a� �r�e�l�a�z�i�o�n�e �d�i�
G�i�b�b��-D�u�h�e�m� (5.16),

Ω = −PV , ω = −Pρ (9.20)

N�o�n� �c�i� �s�o�n�o �a�l�t�r�i� �p�o�t�e�n�z�i�a�l�i� D�a�l�l�a� �r�e�l�a�z�i�o�n�e �d�i� G�i�b�b��-
D�u�h�e�m� (5.16) �s�e�g�u�e �c�h�e �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�i� U
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�r�i�s�p�e�t�t�o �a� �t�u�t�t�e �l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e, �c�i�o�è U − TS + PV − µN

�è �i�d�e�n�t�i�c�a�m�e�n�t�e �n�u�l�l�a�.

R�a�p�p�r�e�s�e�n�t�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �e�q�u�i�v�a�l�e�n�t�i� �d�e�l-
�l�a� �r�e�l�a�z�i�o�n�e �fo�n�d�a�m�e�n�t�a�l�e U = U(S, V, N) �f�o�r�n�i�s�c�e �u�n�a�
�r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�q�u�i�v�a�l�e�n�t�e �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e
S = S(U, V, N). P�o�i�c�h�é �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �è �i�n�v�e�r�t�i�-
�b�i�l�e, �l�e �f�u�n�z�i�o�n�i� H = H(S, P, N), F = F(T, V, N), G = G(P, T, N)

�e Ω = Ω(V, P, µ), �c�h�e �s�o�n�o �t�r�a�s�f�o�r�m�a�t�e �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e-
�n�e�r�g�i�a� �i�n�t�e�r�n�a� U = U(S, V, N), �f�o�r�n�i�s�c�o�n�o �a�n�c�h��e�s�s�e �d�e�l�l�e
�r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�i� �e�q�u�i�v�a�l�e�n�t�i� �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e.

9.2 R�e�l�a�z�i�o�n�i� �d�i� M�a�x�w�e�l�l

D�a�l�l��u�g�u�a�g�l�i�a�n�z�a� �d�e�l�l�e �d�e�r�i�v�a�t�e �m�i�s�t�e �d�e�i� �d�i�f�f�e�r�e�n�z�i�a�l�i� �d�e�i�
�p�o�t�e�n�z�i�a�l�i� �s�e�g�u�o�n�o �l�e �c�o�s�i�d�d�e�t�t�e �r�e�l�a�z�i�o�n�i� �d�i� M�a�x�w�e�l�l �t�r�a�
�l�e �d�e�r�i�v�a�t�e �d�e�l�l�e �g�r�a�n�d�e�z�z�e �t�e�r�m�o�d�i�n�a�m�i�c�h�e �f�o�n�d�a�m�e�n�t�a�l�i�. L�e
�p�i�ù� �i�m�p�o�r�t�a�n�t�i� �s�o�n�o:

du = Tds− Pdv ⇒ ∂T
∂v

∣∣∣∣
s
= − ∂P

∂s

∣∣∣∣
v

(9.21)

d f = −Pdv− sdT ⇒ ∂P
∂T

∣∣∣∣
v
=

∂s
∂v

∣∣∣∣
T

(9.22)

dh = Tds + vdP ⇒ ∂T
∂P

∣∣∣∣
s
=

∂v
∂s

∣∣∣∣
P

(9.23)

dg = −sdT + vdP ⇒ ∂s
∂P

∣∣∣∣
T
= − ∂v

∂T

∣∣∣∣
P

(9.24)

9.3 F�u�n�z�i�o�n�i� �d�i� M�a�s�s�i�e�u�

S�i� �p�o�s�s�o�n�o �d�e�f�i�n�i�r�e �a�l�t�r�e �f�u�n�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �i�n� �t�e�r�m�i�n�i�
�d�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �d�i� L�e�g�e�n�d�r�e �e�s�e�g�u�e�n�d�o �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e
�d�i� L�e�g�e�n�d�r�e �s�u�l �e�n�t�r�o�p�i�a� �p�i�u�t�t�o�s�t�o �c�h�e �s�u�l�l��e�n�e�r�g�i�a�. C�i�o�è,
�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �n�e�l�l�a� �f�o�r�m�a� S = S(U, V, N) �p�u�ò
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�e�s�s�e�r�e �p�r�e�s�a� �c�o�m�e �f�u�n�z�i�o�n�e �s�u� �c�u�i� �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �v�i�e�n�e
�e�s�e�g�u�i�t�a�. T�a�l�i� �t�r�a�s�f�o�r�m�a�t�e �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e�n�t�r�o�p�i�a� �s�o�n�o
�s�t�a�t�e �i�n�v�e�n�t�a�t�e �d�a� M�a�s�s�i�e�u� �n�e�l 1869, �q�u�i�n�d�i� �p�r�i�m�a� �d�e�l�l�e
�t�r�a�s�f�o�r�m�a�z�i�o�n�i� �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�r�o�d�o�t�t�e �d�a� G�i�b�b�� �n�e�l 1875. C�i�
�r�i�f�e�r�i�a�m�o �a�l�l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �d�i� �e�n�t�r�o�p�i�a� �c�o�m�e �f�u�n�z�i�o�n�i� �d�i�
M�a�s�s�i�e�u�. L�e �f�u�n�z�i�o�n�i� M�a�s�s�i�e�u� �s�i� �r�i�v�e�l�a�n�o �p�a�r�t�i�c�o�l�a�r�m�e�n�t�e
�u�t�i�l�i� �n�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �n�o�n� �e�q�u�i�l�i�b�r�i�o �e �i�n� �m�e�c�c�a�n�i�c�a�
�s�t�a�t�i�s�t�i�c�a�.

P�o�i�c�h�é s = s(u) �è �c�o�n�c�a�v�a� �c�o�m�e �f�u�n�z�i�o�n�e �d�i� u, �l�a� �s�u�a�
�t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �r�i�s�p�e�t�t�o �a� u �è �d�a�t�a� �d�a�l�l��e��. (8.7):

φ(β) = min
u

[βu− s(u)] (9.25)

S�i� �o�s�s�e�r�v�i� �c�h�e �l��e�s�t�r�e�m�o �i�n�f�e�r�i�o�r�e �è �r�a�g�g�i�u�n�t�o �p�e�r� �i�l �v�a�l�o�r�e
�d�i� u �c�h�e �s�o�d�d�i�s�f�a� �l��e�q�u�a�z�i�o�n�e (�a�s�s�u�m�e�n�d�o s �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e)

β =
∂s
∂u

(9.26)

�c�o�s�ì� �è �l�e�g�i�t�t�i�m�o �i�n�t�e�r�p�r�e�t�a�r�e �l�a� �v�a�r�i�a�b�i�l�e β �c�o�m�e �l�a� �t�e�m�p�e�r�a�-
�t�u�r�a� �i�n�v�e�r�s�a� β = 1/T. S�i� �p�u�ò �d�u�n�q�u�e �s�c�r�i�v�e�r�e

φ(β) = βu(β)− s(u(β)) (9.27)

�o, �i�n� �f�o�r�m�a� �a�b�b�r�e�v�i�a�t�a�

φ = βu− s =
u− Ts

T
=

f
T

= β f (9.28)

E�s�s�e�n�d�o �l�a� �f�u�n�z�i�o�n�e s = s(u) �c�o�n�c�a�v�a�, �p�e�r� �i�n�v�e�r�t�i�r�e �l�a�
�t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �p�o�s�s�i�a�m�o �u�t�i�l�i�z�z�a�r�e �i�l T�e�o�r�e�m�a�
(8.8) �p�e�r� n = 1 �e �s�c�r�i�v�e�r�e

s(u) = min
β

[βu− φ(β)] . (9.29)
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A�l�t�r�e �f�u�n�z�i�o�n�i� �d�i� M�a�s�s�i�e�u� �p�o�s�s�o�n�o �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�e �e
�a�n�a�l�i�z�z�a�t�e.
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10.1 C�o�n�d�i�z�i�o�n�i� �l�o�c�a�l�i� �d�i� �c�o�n�v�e�s�s�i�t�à�

D�a�l�l�a� �s�t�a�b�i�l�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�a� �s�e�g�u�o�n�o �l�e �c�o�n�d�i�z�i�o�n�i� �l�o�c�a�l�i� �d�i�
�c�o�n�v�e�s�s�i�t�à� �p�e�r� �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�a�t�e �d�a�l�l�e �d�i�s�u�g�u�a�g�l�i�a�n�z�e
(5.33), (5.34) �e (5.35). P�e�r� �q�u�e�l �c�h�e �r�i�g�u�a�r�d�a� �i� �p�o�t�e�n�z�i�a�-
�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i�, �l�a� �s�t�a�b�i�l�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�a� �h�a� �l�e �s�e�g�u�e�n�t�i�
�c�o�n�s�e�g�u�e�n�z�e.

- E�n�e�r�g�i�a� �l�i�b�e�r�a�. L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�c�a�v�a�
�d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �e �c�o�n�v�e�s�s�a� �d�e�l �v�o�l�u�m�e:

∂2 f
∂T2

∣∣∣∣
v
≤ 0,

∂2 f
∂v2

∣∣∣∣
v
≥ 0. (10.1)
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- E�n�t�a�l�p�i�a�. L'�e�n�t�a�l�p�i�a� �è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�v�e�s�s�a� �d�e�l�l��e�n�t�r�o�p�i�a�
�e �c�o�n�c�a�v�a� �d�e�l�l�a� �p�r�e�s�s�i�o�n�e:

∂2h
∂s2

∣∣∣∣
P
≥ 0,

∂2h
∂P2

∣∣∣∣
s
≤ 0. (10.2)

- E�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� G�i�b�b��. L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� G�i�b�b�� �è �u�n�a� �f�u�n�-
�z�i�o�n�e �c�o�n�c�a�v�a� �s�i�a� �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �s�i�a� �d�e�l�l�a� �p�r�e�s�s�i�o�n�e

∂2g
∂T2

∣∣∣∣
P
≤ 0,

∂2g
∂P2

∣∣∣∣
T
≤ 0. (10.3)

I�n�o�l�t�r�e, �c�o�m�e �f�u�n�z�i�o�n�e �d�i� (P, T), g �è �c�o�n�c�a�v�a� �e �q�u�i�n�d�i� �v�a�l�e
�l��a�n�a�l�o�g�o �d�e�l�l�a� (5.35):

∂2g
∂g2

∂2P
∂T2 −

(
∂2g

∂P∂T

)2

≥ 0 . (10.4)

R�i�a�s�s�u�m�e�n�d�o, �i� �p�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� (�l��e�n�e�r�g�i�a� �e �l�e �s�u�e
�t�r�a�s�f�o�r�m�a�t�e �d�i� L�e�g�e�n�d�r�e �c�a�m�b�i�a�t�e �d�i� �s�e�g�n�o) �s�o�n�o �f�u�n�z�i�o�n�i�
�c�o�n�v�e�s�s�e �d�e�l�l�e �l�o�r�o �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �e �f�u�n�z�i�o�n�i� �c�o�n�c�a�-
�v�e �d�e�l�l�e �l�o�r�o �v�a�r�i�a�b�i�l�i� �i�n�t�e�n�s�i�v�e. S�i�m�i�l�m�e�n�t�e, �l�e �f�u�n�z�i�o�n�i� �d�i�
M�a�s�s�i�e�u� (�l��e�n�t�r�o�p�i�a� �e �l�e �s�u�e �t�r�a�s�f�o�r�m�a�t�e �d�i� L�e�g�e�n�d�r�e) �s�o-
�n�o �f�u�n�z�i�o�n�i� �c�o�n�v�e�s�s�e �d�e�l�l�e �l�o�r�o �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �f�u�n�z�i�o�n�i�
�c�o�n�c�a�v�e �d�e�l�l�e �l�o�r�o �v�a�r�i�a�b�i�l�i� �i�n�t�e�n�s�i�v�e.

10.2 C�o�n�s�e�g�u�e�n�z�e �f�i�s�i�c�h�e �d�e�l�l�a� �s�t�a�b�i�l�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�-
�c�a�

L�e �c�o�n�d�i�z�i�o�n�i� �d�i� �s�t�a�b�i�l�i�t�à� �p�o�n�g�o�n�o �v�i�n�c�o�l�i� �g�e�n�e�r�a�l�i� �s�u�l�l�e
�d�e�r�i�v�a�t�e �t�e�r�m�o�d�i�n�a�m�i�c�h�e, �a�d� �e�s�e�m�p�i�o �s�u�l�l�a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a�
�m�o�l�a�r�e �a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e

cv =
∂u
∂T

∣∣∣∣
v

. (10.5)
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I�n�f�a�t�t�i�, �d�a�l�l�a� (5.27) �s�i� �o�t�t�i�e�n�e

∂2s
∂u2

∣∣∣∣
v
= − 1

T2
∂T
∂u

∣∣∣∣
v
= − 1

T2cv
≤ 0, (10.6)

�d�a� �c�u�i� �s�e�g�u�e �c�h�e cv �d�e�v�e �e�s�s�e�r�e �p�o�s�i�t�i�v�o �i�n� �u�n� �s�i�s�t�e�m�a�
�s�t�a�b�i�l�e. Q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �l��a�g�g�i�u�n�t�a� �d�i� �c�a�l�o�r�e �a� �v�o�l�u�m�e
�c�o�s�t�a�n�t�e, �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �f�a� �a�u�m�e�n�t�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�i�
�u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�l�e.

U�n� �a�l�t�r�a� �d�e�r�i�v�a�t�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �i�m�p�o�r�t�a�n�t�e �è �l�a� �c�o�m�-
�p�r�e�s�s�i�b�i�l�i�t�à� �a�d�i�a�b�a�t�i�c�a�

κs = −
1
v

∂v
∂P

∣∣∣∣
s

. (10.7)

L�a� (5.34) �i�m�p�l�i�c�a�

∂2u
∂v2 = − ∂P

∂v

∣∣∣∣
s
=

1
vκs
≥ 0 . (10.8)

Q�u�i�n�d�i�, κs �d�e�v�e �e�s�s�e�r�e �p�o�s�i�t�i�v�o �i�n� �u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�l�e, �i�l
�c�h�e �s�i�g�n�i�f�i�c�a� �c�h�e �l�a� �d�i�m�i�n�u�z�i�o�n�e �d�i� �v�o�l�u�m�e �i�s�oe�n�t�r�o�p�i�c�a� �n�e-
�c�e�s�s�a�r�i�a�m�e�n�t�e �f�a� �a�u�m�e�n�t�a�r�e �l�a� �p�r�e�s�s�i�o�n�e �d�i� �u�n� �s�i�s�t�e�m�a�
�s�t�a�b�i�l�e.

L�e �c�o�n�s�e�g�u�e�n�z�e �f�i�s�i�c�h�e �p�i�ù� �i�m�p�o�r�t�a�n�t�i� �d�e�l�l�a� �s�t�a�b�i�l�i�t�à� �s�o�n�o
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�c�o�m�p�a�t�t�a�m�e�n�t�e �e�s�p�r�e�s�s�e �d�a�l �s�e�g�u�e�n�t�e �t�e�o�r�e�m�a�:

L'�a�g�g�i�u�n�t�a� �d�i� �c�a�l�o�r�e, �s�i�a� �e�s�s�a� �a� �p�r�e�s�s�i�o�n�e �c�o-
�s�t�a�n�t�e �o �a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e, �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �f�a�
�a�u�m�e�n�t�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�i� �u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�-
�l�e � �d�i� �p�i�ù� �p�e�r� �u�n� �p�r�o�c�e�s�s�o �a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e
�c�h�e �p�e�r� �u�n�o �a� �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e. E �l�a� �d�i�m�i�-
�n�u�z�i�o�n�e �d�i� �v�o�l�u�m�e, �s�i�a� �e�s�s�a� �i�s�o�t�e�r�m�a� �o �i�s�oe�n�-
�t�r�o�p�i�c�a�, �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �f�a� �a�u�m�e�n�t�a�r�e �l�a� �p�r�e��-
�s�i�o�n�e �d�i� �u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�l�e � �d�i� �p�i�ù� �p�e�r� �u�n�
�p�r�o�c�e�s�s�o �i�s�o�t�e�r�m�o �c�h�e �p�e�r� �u�n�o �i�s�oe�n�t�r�o�p�i�c�o.

(10.9)

U�n�a� �p�a�r�t�e �d�i� �q�u�e�s�t�o �t�e�o�r�e�m�a� �è �g�i�à� �s�t�a�t�a� �d�i�m�o�s�t�r�a�t�a�: �l�e
�e�q�u�a�z�i�o�n�i� (10.6) �e (10.8) �m�o�s�t�r�a�n�o �c�h�e �l��a�g�g�i�u�n�t�a� �d�i� �c�a�l�o�r�e
�a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e �f�a� �a�u�m�e�n�t�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�i� �u�n� �s�i�-
�s�t�e�m�a� �s�t�a�b�i�l�e �e �l�a� �d�i�m�i�n�u�z�i�o�n�e �d�i� �v�o�l�u�m�e �i�s�oe�n�t�r�o�p�i�c�a� �n�e �f�a�
�a�u�m�e�n�t�a�r�e �l�a� �p�r�e�s�s�i�o�n�e. P�e�r� �c�o�m�p�l�e�t�a�r�e �l�a� �d�i�m�o�s�t�r�a�z�i�o�n�e
�d�i� (10.9), �c�o�n�s�i�d�e�r�i�a�m�o �o�l�t�r�e �a�l�l�a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �m�o�l�a�r�e
�a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e cv, �d�a�t�a� �d�a�l�l�a� (10.5), �e �a�l�l�a� �c�o�m�p�r�e�s�s�i�-
�b�i�l�i�t�à� �a�d�i�a�b�a�t�i�c�a� κs, �d�a�t�a� �d�a�l�l�a� (10.7), �l�e �s�e�g�u�e�n�t�i� �d�e�r�i�v�a�t�e
�t�e�r�m�o�d�i�n�a�m�i�c�h�e: �i�l �c�oe�f�f�i�c�i�e�n�t�e �d�i� �e�s�p�a�n�s�i�o�n�e �t�e�r�m�i�c�a�

α =
1
v

∂v
∂T

∣∣∣∣
P

, (10.10)

�l�a� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �i�s�o�t�e�r�m�a�

κT = −1
v

∂v
∂P

∣∣∣∣
T

(10.11)

�e �l�a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �m�o�l�a�r�e �a� �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e

cP =
∂h
∂T

∣∣∣∣
P

. (10.12)
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A�l�l�o�r�a� �s�i� �d�i�m�o�s�t�r�a� �c�h�e

cP − cv =
Tvα2

κT
�e κS

κT
=

cv

cP
.

I�n�o�l�t�r�e �d�a�l�l�e �c�o�n�d�i�z�i�o�n�i� �d�i� �s�t�a�b�i�l�i�t�à� �s�e�g�u�e �c�h�e

cP ≥ cv ≥ 0

κT ≥ κS ≥ 0 .

P�e�r�c�i�ò �e�n�t�r�a�m�b�e �l�e �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�h�e �e�d� �e�n�t�r�a�m�b�e �l�e �c�o�m�p�r�e��-
�s�i�b�i�l�i�t�à� �d�e�v�o�n�o �e�s�s�e�r�e �p�o�s�i�t�i�v�e �p�e�r� �u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�l�e.
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11.1 F�l�u�i�d�o �i�d�e�a�l�e �d�i� �v�a�n� �d�e�r� W�a�a�l��

U�n� �m�o�d�e�l�l�o �d�i� �f�l�u�i�d�o �p�i�ù� �r�e�a�l�i�s�t�i�c�o �d�e�l �g�a�� �p�e�r�f�e�t�t�o �f�u� �i�n�-
�t�r�o�d�o�t�t�o �n�e�l 1873 �d�a� �v�a�n� �d�e�r� W�a�a�l�� �n�e�l�l�a� �s�u�a� �t�e�s�i� �d�i� �d�o�t�t�o-
�r�a�t�o. V�a�n� �d�e�r� W�a�a�l�� �e�r�a� �i�n�t�e�r�e�s�s�a�t�o �a� �c�o�m�p�r�e�n�d�e�r�e �i� �d�a�t�i�
�d�i� A�n�d�r�e�w�� (1869), �c�h�e �m�o�s�t�r�a�v�a�n�o �u�n�a� �l�i�n�e�a� �d�i� �t�r�a�n�s�i�-
�z�i�o�n�e �d�i� �f�a�s�e �c�h�e �s�e�p�a�r�a� �l�e �f�a�s�i� �d�e�l �l�i�q�u�i�d�o �e �d�e�l �v�a�p�o�r�e �e
�c�h�e �p�o�i� �t�e�r�m�i�n�a� �i�n� �u�n� �p�u�n�t�o �c�r�i�t�i�c�o �i�n� �c�u�i� �l�e �d�u�e �d�i�v�e�n�t�a�n�o
�i�d�e�n�t�i�c�a�m�e�n�t�e �l�e �s�t�e�s�s�e. I�l �p�u�n�t�o �d�i� �p�a�r�t�e�n�z�a� �d�i� �v�a�n� �d�e�r�
W�a�a�l�� �f�u� �l�a� �l�e�g�g�e �d�e�i� �g�a�� �p�e�r�f�e�t�t�i�, �c�h�e �p�e�r�ò �n�o�n� �m�o�s�t�r�a� �a�l-
�c�u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e. V�a�n� �d�e�r� W�a�a�l�� �a�l�l�o�r�a� �i�n�t�r�o�d�u�s�s�e
�d�u�e �c�o�r�r�e�z�i�o�n�i� �p�e�r� �d�e�s�c�r�i�v�e�r�e �c�i�ò �c�h�e �a�v�e�v�a� �i�n�f�e�r�i�t�o �c�i�r�c�a� �i�
�f�l�u�i�d�i� �e �g�l�i� �a�t�o�m�i� �o �m�o�l�e�c�o�l�e �c�h�e �l�i� �f�o�r�m�a�n�o. I �n� �p�r�i�m�o �l�u�o�g�o,
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�e�g�l�i� �s�o�s�t�e�n�n�e �c�h�e �l�e �m�o�l�e�c�o�l�e �n�o�n� �p�o�t�e�v�a�n�o �a�v�v�i�c�i�n�a�r�s�i� �l��u�n�
�l��a�l�t�r�a� �t�r�o�p�p�o �v�i�c�i�n�o �a� �c�a�u�s�a� �d�i� �u�n�a� �i�n�t�e�r�a�z�i�o�n�e �r�e�p�u�l�s�i�v�a�
�a� �c�o�r�t�a� �d�i�s�t�a�n�z�a� �t�r�a� �l�e �m�o�l�e�c�o�l�e. P�r�o�b�a�b�i�l�m�e�n�t�e �b�a�s�ò �l�a� �s�u�a�
�c�o�m�p�r�e�n�s�i�o�n�e �d�i� �q�u�e�s�t�a� �r�e�p�u�l�s�i�o�n�e �s�u�l �f�a�t�t�o �c�h�e �è �m�o�l�t�o �d�i�f�f�i�-
�c�i�l�e �c�o�m�p�r�i�m�e�r�e �l�i�q�u�i�d�i� �c�o�m�e �l��a�c�q�u�a�. Q�u�e�s�t�o �e�f�f�e�t�t�o �r�e�p�u�l�s�i�v�o
�d�o�v�r�e�b�b�e �r�i�d�u�r�r�e �i�l �v�o�l�u�m�e �d�i�s�p�o�n�i�b�i�l�e �p�e�r� �l�e �m�o�l�e�c�o�l�e �d�i� �u�n�a�
�q�u�a�n�t�i�t�à� �p�r�o�p�o�r�z�i�o�n�a�l�e �a�l �n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e �n�e�l �s�i�s�t�e�m�a�.
C�o�s�ì�, V �n�e�l�l�a� �l�e�g�g�e �d�e�l �g�a�� �i�d�e�a�l�e �d�o�v�r�e�b�b�e �e�s�s�e�r�e �s�o�s�t�i�t�u�i�t�o
�d�a�l �v�o�l�u�m�e �d�i�s�p�o�n�i�b�i�l�e �o �e�f�f�i�c�a�c�e, V − Nb, �d�o�v�e b �s�t�a� �p�e�r� �i�l
�v�o�l�u�m�e �e�s�c�l�u�s�o �a�t�t�o�r�n�o �a�d� �o�g�n�i� �m�o�l�e�c�o�l�a�.

I�l �s�e�c�o�n�d�o �e�f�f�e�t�t�o �è �p�i�ù� �s�o�t�t�i�l�e. L�a� �p�r�e�s�s�i�o�n�e, P �è �u�n�a�
�f�o�r�z�a� �p�e�r� �u�n�i�t�à� �d�i� �s�u�p�e�r�f�i�c�i�e �p�r�o�d�o�t�t�a� �d�a�l�l�e �m�o�l�e�c�o�l�e �c�h�e �c�o�l-
�p�i�s�c�o�n�o �l�e �p�a�r�e�t�i� �d�e�l �c�o�n�t�e�n�i�t�o�r�e. T�u�t�t�a�v�i�a�, �v�a�n� �d�e�r� W�a�a�l��
�i�p�o�t�i�z�z�ò �c�h�e �c�i� �f�o�s�s�e �u�n�a� �i�n�t�e�r�a�z�i�o�n�e �a�t�t�r�a�t�t�i�v�a� �c�h�e �a�t�t�i�r�a�
�o�g�n�i� �m�o�l�e�c�o�l�a� �v�e�r�s�o �l�e �s�u�e �m�o�l�e�c�o�l�e �v�i�c�i�n�e. Q�u�e�s�t�a� �è �l�a� �r�a�g�i�o-
�n�e �f�o�n�d�a�m�e�n�t�a�l�e �p�e�r� �c�u�i� �u�n�a� �g�o�c�c�i�a� �d�i� �l�i�q�u�i�d�o �è �i�n� �g�r�a�d�o �d�i�
�s�t�a�r�e �i�n�s�i�e�m�e �e �d�i� �m�a�n�t�e�n�e�r�e �u�n�a� �f�o�r�m�a� �q�u�a�s�i� �s�f�e�r�i�c�a�. N�e�l
�m�e�n�t�r�e �l�e �m�o�l�e�c�o�l�e �s�i� �m�u�o�v�o�n�o �v�e�r�s�o �l�e �p�a�r�e�t�i�, �s�o�n�o �t�i�r�a�t�e
�i�n�d�i�e�t�r�o �d�a�l�l�e �m�o�l�e�c�o�l�e �c�h�e �h�a�n�n�o �l�a�s�c�i�a�t�o �d�i�e�t�r�o �d�i� �l�o�r�o, �e �l�a�
�l�o�r�o �v�e�l�o�c�i�t�à� �s�i� �r�i�d�u�c�e. A �c�a�u�s�a� �d�i� �q�u�e�s�t�a� �v�e�l�o�c�i�t�à� �r�i�d�o�t�t�a�, �i�
�l�o�r�o �i�m�p�a�t�t�i� �i�m�p�a�r�t�i�s�c�o�n�o �m�e�n�o �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �a�l�l�e �p�a�r�e-
�t�i�. L'�e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �c�o�n�t�i�e�n�e �l�a� �p�r�e�s�s�i�o�n�e �m�i�s�u�r�a�t�a� �a�l�l�a�
�p�a�r�e�t�e P. Q�u�e�s�t�a� �p�r�e�s�s�i�o�n�e �è �q�u�e�l�l�a� �p�r�o�d�o�t�t�a� �d�a�l �m�o�t�o �m�o�l�e-
�c�o�l�a�r�e �a�l�l��i�n�t�e�r�n�o �d�e�l �l�i�q�u�i�d�o, NkT/(V−Nb), �m�e�n�o �i�l �t�e�r�m�i�n�e �d�i�
�c�o�r�r�e�z�i�o�n�e �p�r�o�v�e�n�i�e�n�t�e �d�a�l�l��i�n�t�e�r�a�z�i�o�n�e �t�r�a� �l�e �m�o�l�e�c�o�l�e �v�i�c�i�n�e
�a�l�l�e �p�a�r�e�t�i�. Q�u�e�s�t�o �t�e�r�m�i�n�e �d�i� �c�o�r�r�e�z�i�o�n�e �è �p�r�o�p�o�r�z�i�o�n�a�l�e �a�l-
�l�a� �d�e�n�s�i�t�à� �d�e�l�l�e �m�o�l�e�c�o�l�e �a�l �q�u�a�d�r�a�t�o. L�a� �c�o�r�r�e�z�i�o�n�e �è �d�u�n�q�u�e
a(N/V)2, �d�o�v�e a �è �p�r�o�p�o�r�z�i�o�n�a�l�e �a�l�l�a� �f�o�r�z�a� �d�e�l�l��i�n�t�e�r�a�z�i�o�n�e
�t�r�a� �m�o�l�e�c�o�l�e. L'�e�s�p�r�e�s�s�i�o�n�e �c�o�r�r�e�t�t�a� �d�i� V�a�n� �d�e�r� W�a�a�l�� �p�e�r�
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�l�a� �p�r�e�s�s�i�o�n�e �è �q�u�i�n�d�i�

P =
NkT

V − Nb
− a

N2

V2

�o�s�s�i�a�
P
T

=
k

v− b
− a

v2
1
T

(11.1)

Q�u�i�, a �e b �s�o�n�o �p�a�r�a�m�e�t�r�i� �c�h�e �s�o�n�o �d�i�v�e�r�s�i� �p�e�r� �f�l�u�i�d�i� �d�i�f�f�e-
�r�e�n�t�i�.

P�e�r� �p�o�t�e�r� �d�e�t�e�r�m�i�n�a�r�e s �i�n�t�e�g�r�a�n�d�o �l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b��
(5.25), �o�c�c�o�r�r�e �c�o�n�o�s�c�e�r�e 1/T = f (u, v). M�a� f (u, v) �n�o�n� �p�u�ò
�e�s�s�e�r�e �a�r�b�i�t�r�a�r�i�a�, �d�o�v�e�n�d�o �e�s�s�e�r�e �s�o�d�d�i�s�f�a�t�t�a� �l�a� �c�o�n�d�i�z�i�o�n�e
�c�h�e �l�e �d�e�r�i�v�a�t�e �m�i�s�t�e �d�i� s �s�o�n�o �u�g�u�a�l�i�,

∂2s
∂u∂v

=
∂2s

∂v∂u
,

�v�a�l�e �a� �d�i�r�e,
∂

∂v
1
T

=
∂

∂u
P
T

,

�d�a� �c�u�i�
∂

∂v
1
T

=
∂

∂u

[
k

v− b
− a

v2
1
T

]
= − a

v2
∂

∂u
1
T

.

Q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �p�u�ò �e�s�s�e�r�e �r�i�s�c�r�i�t�t�a� �n�e�l�l�a� �f�o�r�m�a�

∂

∂(a/v)
1
T

=
∂

∂u
1
T

.

Q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e 1/T �d�e�v�e �e�s�s�e�r�e �u�n�a� �f�u�n�z�i�o�n�e �v�a�r�i�a�-
�b�i�l�i� a/v �e u �i�n� �m�o�d�o �t�a�l�e �c�h�e �l�a� �p�r�e�c�e�d�e�n�t�e �e�q�u�a�z�i�o�n�e �s�i�a�
�s�o�d�d�i�s�f�a�t�t�a�. U�n�a� �s�c�e�l�t�a� �s�e�m�p�l�i�c�e �è �c�h�e �s�i�a� �u�n�a� �f�u�n�z�i�o�n�e
�d�e�l�l�a� �l�o�r�o �s�o�m�m�a�, �c�i�o�è 1/T = f (u + a/v). P�e�r� �u�n� �g�a�� �i�d�e�a�l�e
1/T = k/u, �a�l�l�o�r�a�, �p�e�r� �c�o�n�f�r�o�n�t�o, �l�a� �s�c�e�l�t�a� �p�i�ù� �s�e�m�p�l�i�c�e
�p�o�s�s�i�b�i�l�e �è

1
T

=
ck

u + a/v
(11.2)
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Q�u�e�s�t�a� �s�c�e�l�t�a� �d�e�f�i�n�i�s�c�e �i�l �f�l�u�i�d�o �i�d�e�a�l�e �d�i� �v�a�n� �d�e�r� W�a�a�l��.
A�d�e�s�s�o �t�r�a�s�f�o�r�m�i�a�m�o �l�a� (11.1) �i�n� �u�n�a� �e�q�u�a�z�i�o�n�e �d�i� �s�t�a�-

�t�o �v�e�r�a� �e �p�r�o�p�r�i�a�, �c�i�o�è �i�n� �u�n� �f�u�n�z�i�o�n�e �d�i� �d�i� v �e u. D�a�l�l�a�
(11.2), �o�t�t�e�n�i�a�m�o

P
T

=
k

v− b
− ack

uv2 + av
, (11.3)

�e �d�a� �q�u�e�s�t�a�, �i�n�s�i�e�m�e �a�l�l�a� (11.2), �r�i�c�a�v�i�a�m�o �l��e�q�u�a�z�i�o�n�e �d�i�
G�i�b�b�� (5.25)

ds =
ck

u + a/v
du +

[
k

v− b
− ack

uv2 + av

]
dv ,

�l�a� �c�u�i� �i�n�t�e�g�r�a�z�i�o�n�e �f�o�r�n�i�s�c�e

s = s0 + k log
[
(v− b)

(
u +

a
v

)c] (11.4)

�d�o�v�e s0 �è �u�n�a� �c�o�s�t�a�n�t�e. P�e�r� b = 0 �e a = 0, �r�i�t�r�o�v�i�a�m�o �l�a�
�r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l �g�a�� �i�d�e�a�l�e (�c�o�n� �t�u�t�t�e �l�e �c�o�s�t�a�n�t�i�
�a�s�s�o�r�b�i�t�e �i�n� s0). O�s�s�e�r�v�i�a�m�o �c�h�e �q�u�e�s�t�a� �r�e�l�a�z�i�o�n�e (�c�o�m�e �p�e-
�r�a�l�t�r�o �q�u�e�l�l�a� �d�e�l �g�a�� �i�d�e�a�l�e) �n�o�n� �s�o�d�d�i�s�f�a� �i�l �t�e�r�z�o �p�o�s�t�u�l�a�t�o
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�. Q�u�i�n�d�i� �n�o�n� �è �f�i�s�i�c�a�m�e�n�t�e �c�o�r�r�e�t�t�a� �a�
�b�a�s�s�e �t�e�m�p�e�r�a�t�u�r�e.

11.2 R�a�d�i�a�z�i�o�n�e �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�a�

S�e �l�e �p�a�r�e�t�i� �d�i� �u�n� �q�u�a�l�u�n�q�u�e �r�e�c�i�p�i�e�n�t�e `̀ �v�u�o�t�o'' �s�o�n�o �m�a�n�t�e-
�n�u�t�e �a�d� �u�n�a� �t�e�m�p�e�r�a�t�u�r�a� T, �i�l �r�e�c�i�p�i�e�n�t�e, �i�n� �e�f�f�e�t�t�i�, �n�o�n� �è
�v�u�o�t�o, �m�a� �c�o�n�t�i�e�n�e �e�n�e�r�g�i�a� �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�a�. L'�e�q�u�a�z�i�o�n�e �d�i�
�s�t�a�t�o �e�m�p�i�r�i�c�a� �d�i� �u�n�a� �t�a�l�e �c�a�v�i�t�à� �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�a� �d�i� �v�o�l�u�m�e
V �s�o�n�o �l�a� �l�e�g�g�e �d�i� S�t�e�f�a�n�-B�o�l�t�z�m�a�n�n�

U = σVT4 (11.5)
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�d�o�v�e σ �è �l�a� �c�o�s�t�a�n�t�e �d�i� S�t�e�f�a�n�-B�o�l�t�z�m�a�n�n� [ 7.56 ×10−16

J/(�m�3 K4)], �e �l�a� �n�o�t�a� �l�e�g�g�e �p�e�r� �l�a� �p�r�e�s�s�i�o�n�e �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�a�

P =
1
3

U
V

(11.6)

S�i� �o�s�s�e�r�v�i� �c�h�e �q�u�e�s�t�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �e�m�p�i�r�i�c�h�e �s�o�n�o �f�u�n�-
�z�i�o�n�i� �d�i� U �e V, �m�a� �n�o�n� �d�i� N. Q�u�e�s�t�o �c�o�r�r�i�s�p�o�n�d�e �a�l �f�a�t�t�o
�c�h�e �n�e�l�l�a� �c�a�v�i�t�à� `̀ �v�u�o�t�a�'' �n�o�n� �e�s�i�s�t�o�n�o �p�a�r�t�i�c�e�l�l�e �c�o�n�s�e�r�v�a�t�e
�d�a� �c�o�n�t�a�r�e �c�o�n� �u�n� �p�a�r�a�m�e�t�r�o N. L�a� �r�a�d�i�a�z�i�o�n�e �e�l�e�t�t�r�o�m�a�-
�g�n�e�t�i�c�a� �a�l�l��i�n�t�e�r�n�o �d�e�l�l�a� �c�a�v�i�t�à� �è �g�o�v�e�r�n�a�t�a� �d�a� �u�n�a� �e�q�u�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �f�o�r�m�a� S = S(U, V) �i�n� �c�u�i� �c�i� �s�o�n�o �s�o�l�o �d�u�e
�i�n�v�e�c�e �d�i� �t�r�e �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i� �i�n�d�i�p�e�n�d�e�n�t�i�.

L�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �è �d�u�n�q�u�e �o�t�t�e�n�u�t�a� �d�a�l�l��e�q�u�a�z�i�o�n�e
�d�i� E�u�l�e�r�o �s�e�n�z�a� �l�a� �v�a�r�i�a�b�i�l�e N:

S =
1
T

U +
P
T

V , (11.7)

R�i�s�c�r�i�v�e�n�d�o �l�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �e�m�p�i�r�i�c�h�e �n�e�l�l�a� �f�o�r�m�a�

1
T

= σ1/4 V1/4

U1/4

P
T

=
1
3

σ1/4 U3/4

V3/4 ,

�d�a�l�l�a� (11.7) �o�t�t�e�n�i�a�m�o �c�h�e �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a�
�r�a�d�i�a�z�i�o�n�e �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�a� �è

S =
4
3

σ1/4U3/4V1/4 (11.8)

S�i� �o�s�s�e�r�v�i� �c�h�e �i�l �t�e�r�z�o �p�o�s�t�u�l�a�t�o �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è
�s�o�d�d�i�s�f�a�t�t�o. I �n�f�a�t�t�i�, �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �i�n� �f�u�n�z�i�o�n�e �d�i�
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�t�e�m�p�e�r�a�t�u�r�a� �e �v�o�l�u�m�e �è

S =
4
3

σVT3

�e �q�u�i�n�d�i� S→ 0 �q�u�a�n�d�o T → 0.

11.3 F�i�l�i�, �p�e�l�l�i�c�o�l�e �e �a�l�t�r�i� �s�i�s�t�e�m�i�

C�o�n�s�i�d�e�r�i�a�m�o �o�r�a� �s�i�s�t�e�m�i� �d�e�s�c�r�i�t�t�i� �d�a� �v�a�r�i�a�b�i�l�i� �c�o�n�i�u�g�a�t�e
�d�i�v�e�r�s�e �d�a� �v�o�l�u�m�e �e �p�r�e�s�s�i�o�n�e. L'�e�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� �n�e�l�l�a�
�f�o�r�m�a� (4.12),

dU = T dS + F · dY (4.12)

�f�o�r�n�i�s�c�e �d�i�r�e�t�t�a�m�e�n�t�e �l��i�n�t�e�r�p�r�e�t�a�z�i�o�n�e �f�i�s�i�c�a�: �i�l �l�a�v�o�r�o �q�u�a�s�i�-
�s�t�a�t�i�c�o δW = F · dY �d�o�v�u�t�o �a� �v�a�r�i�a�z�i�o�n�e �i�n�f�i�n�i�t�e�s�i�m�a� �d�e�l�l�e
�v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �d�e�l �s�i�s�t�e�m�a� �d�e�t�e�r�m�i�n�a� �u�n�a� �v�a�r�i�a�z�i�o�n�e �d�i�
�e�n�e�r�g�i�a� �d�e�l �s�i�s�t�e�m�a�. I �n� �g�e�n�e�r�a�l�e,

δW = −P dV + µ dN + φ dQ + v · dP + ψdM + . . . ,

�d�o�v�e φ �è �i�l �p�o�t�e�n�z�i�a�l�e �e�l�e�t�t�r�o�s�t�a�t�i�c�o, Q �l�a� �c�a�r�i�c�a� �e�l�e�t�t�r�i�-
�c�a�, v �l�a� �v�e�l�o�c�i�t�à�, P �l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o, ψ �i�l �p�o�t�e�n�z�i�a�l�e
�g�r�a�v�i�t�a�z�i�o�n�a�l�e, M �l�a� �m�a�s�s�a�, �e�c�c.

C�i� �s�o�n�o �i�n�o�l�t�r�e, �u�n�a� �s�e�r�i�e �d�i� �s�e�m�p�l�i�c�i� �c�a�s�i� �c�h�e �p�o�s�s�o�n�o
�e�s�s�e�r�e �s�c�r�i�t�t�i� �i�m�m�e�d�i�a�t�a�m�e�n�t�e, �c�o�m�e �i�l �l�a�v�o�r�o �s�v�o�l�t�o �d�a� �u�n�a�
�f�o�r�z�a� �d�i� �t�r�a�z�i�o�n�e �s�u� �u�n� �f�i�l�o, �o �i�l �l�a�v�o�r�o �f�a�t�t�o �n�e�l�l��a�l�l�a�r�g�a�r�e
�u�n�a� �p�e�l�l�i�c�o�l�a� �c�o�n�t�r�o �l�e �f�o�r�z�e �d�i� �t�e�n�s�i�o�n�e �s�u�p�e�r�f�i�c�i�a�l�e. N�e�l
�p�r�i�m�o �c�a�s�o, �s�e �u�n� �f�i�l�o �è �t�e�n�u�t�o �i�n� �t�e�n�s�i�o�n�e �d�a� �u�n�a� �f�o�r�z�a�
F �e �a�u�m�e�n�t�a� �l�a� �s�u�a� �l�u�n�g�h�e�z�z�a� �d�i� dL, �i�l �l�a�v�o�r�o �s�v�o�l�t�o �d�a�l-
�l��e�s�t�e�r�n�o �s�u�l �s�i�s�t�e�m�a�. A �c�o�n�d�i�z�i�o�n�e �c�h�e �i�l �f�i�l�o �s�i� �d�e�f�o�r�m�i�
�e�l�a�s�t�i�c�a�m�e�n�t�e, �n�o�n� �p�l�a�s�t�i�c�a�m�e�n�t�e, �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �l�u�n�g�h�e�z�z�a�
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�s�a�r�à� �q�u�a�s�i�-�s�t�a�t�i�c�a�, �e �q�u�i�n�d�i�

dU = T dS + F dL .

V�a� �n�o�t�a�t�o �c�h�e �l�a� �v�a�l�i�d�i�t�à� �d�i� �q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �n�o�n� �d�i�p�e�n�d�e
�d�a�l �f�a�t�t�o �c�h�e �i�l �f�i�l�o �o�b�b�e�d�i�s�c�a� �l�a� �l�e�g�g�e �d�i� H�o�o�k�e, �m�a� �s�o�l�t�a�n�-
�t�o �a�l�l�a� �m�a�n�c�a�n�z�a� �d�i� �i�s�t�e�r�e�s�i� �e�l�a�s�t�i�c�a� �i�n� �m�o�d�o �c�h�e �a�d� �u�n�a�
�t�e�m�p�e�r�a�t�u�r�a� �c�o�s�t�a�n�t�e �s�o�l�l�e�c�i�t�a�z�i�o�n�e �e �d�e�f�o�r�m�a�z�i�o�n�e �s�o�n�o
�u�n�i�v�o�c�a�m�e�n�t�e �c�o�r�r�e�l�a�t�i�. I�l �r�i�s�u�l�t�a�t�o �c�o�r�r�i�s�p�o�n�d�e�n�t�e �p�e�r� �u�n�a�
�p�e�l�l�i�c�o�l�a� �a�v�e�n�t�e �t�e�n�s�i�o�n�e �s�u�p�e�r�f�i�c�i�a�l�e γ �e �a�r�e�a� A �a�s�s�u�m�e
�u�n�a� �f�o�r�m�a� �s�i�m�i�l�e

dU = TdS + γ dA ,

�n�u�o�v�a�m�e�n�t�e �s�o�g�g�e�t�t�a� �a�l�l�a� �c�o�n�d�i�z�i�o�n�e �c�h�e γ �s�i�a� �u�n�a� �f�u�n�z�i�o-
�n�e �u�n�i�v�o�c�a� �d�i� A �a� �t�e�m�p�e�r�a�t�u�r�a� �c�o�s�t�a�n�t�e. Q�u�e�s�t�a� �c�o�n�d�i�z�i�o-
�n�e �è �n�o�r�m�a�l�m�e�n�t�e �s�o�d�d�i�s�f�a�t�t�a� �d�a� γ, �e�s�s�e�n�d�o �p�r�a�t�i�c�a�m�e�n�t�e
�i�n�d�i�p�e�n�d�e�n�t�e �d�a� A.

11.4 T�e�n�s�i�o�n�e �s�u�p�e�r�f�i�c�i�a�l�e

U�n� �e�s�e�m�p�i�o �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �c�u�i� �l�a� �t�e�m�p�e�r�a�t�u�r�a� �s�u�p�e�r�-
�f�i�c�i�a�l�e �è �i�m�p�o�r�t�a�n�t�e �è �q�u�e�l�l�a� �i�n� �c�u�i� �l�e �g�o�c�c�i�o�l�i�n�e �l�i�q�u�i�d�e �s�o�n�o
�i�n�c�o�r�p�o�r�a�t�e �i�n� �u�n�a� �q�u�a�l�c�h�e �f�o�r�m�a� �d�i� �m�e�z�z�o �c�o�n�t�i�n�u�o, �c�o�m�e
�u�n�a� �n�e�b�b�i�a� �d�o�v�e �c�i� �s�o�n�o �g�o�c�c�i�o�l�i�n�e �d�'�a�c�q�u�a� �i�n� �a�r�i�a�, �o �u�n� �c�o�l-
�l�o�i�d�e �q�u�a�l�e �i�l �l�a�t�t�e �d�o�v�e �c�i� �s�o�n�o �g�o�c�c�i�o�l�i�n�e �d�i� �u�n� �l�i�q�u�i�d�o �i�n� �u�n�
�a�l�t�r�o �l�i�q�u�i�d�o. L'�e�n�e�r�g�i�a� �a�s�s�o�c�i�a�t�a� �a�l�l�a� �t�e�n�s�i�o�n�e �s�u�p�e�r�f�i�c�i�a�l�e
�è �u�n� �m�i�n�i�m�o �q�u�a�n�d�o �l�a� �g�o�c�c�i�a� �è �u�n�a� �s�f�e�r�a�, �e �l�e �g�o�c�c�i�o�l�i�n�e
�p�o�s�s�o�n�o �q�u�i�n�d�i� �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�e �s�f�e�r�i�c�h�e. C�i� �d�e�v�e �e�s�s�e�r�e
�u�n�a� �d�i�f�f�e�r�e�n�z�a� �d�i� �p�r�e�s�s�i�o�n�e �t�r�a� �l��i�n�t�e�r�n�o �e �l��e�s�t�e�r�n�o �d�e�l�l�e
�g�o�c�c�i�o�l�i�n�e, �p�e�r�c�h�é �s�e �n�o�n� �c�i� �f�o�s�s�e �l�a� �t�e�n�d�e�n�z�a� �d�e�l�l�a� �t�e�n�s�i�o�n�e
�s�u�p�e�r�f�i�c�i�a�l�e �a� �c�o�n�t�r�a�r�r�e �l�a� �g�o�c�c�i�o�l�i�n�a� �n�o�n� �s�a�r�e�b�b�e �b�i�l�a�n�c�i�a�t�a�
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�e �q�u�i�n�d�i� �n�o�n� �c�i� �s�a�r�e�b�b�e �e�q�u�i�l�i�b�r�i�o. U�n� �c�a�l�c�o�l�o �p�u�r�a�m�e�n�t�e �m�e�c-
�c�a�n�i�c�o �m�o�s�t�r�a� �c�h�e �l�a� �d�i�f�f�e�r�e�n�z�a� �d�i� �p�r�e�s�s�i�o�n�e �n�e�c�e�s�s�a�r�i�a� �p�e�r�
�e�q�u�i�l�i�b�r�a�r�e �l�a� �t�e�n�s�i�o�n�e �s�u�p�e�r�f�i�c�i�a�l�e �è

∆P =
2γ

R
(11.9)

�p�e�r� �u�n�a� �s�f�e�r�a� �d�i� �r�a�g�g�i�o R. D�e�r�i�v�i�a�m�o �q�u�e�s�t�a� �f�o�r�m�u�l�a� �u�s�a�n�-
�d�o �a�r�g�o�m�e�n�t�i� �t�e�r�m�o�d�i�n�a�m�i�c�i�.

I�l �s�i�s�t�e�m�a� �t�o�t�a�l�e �d�i� �i�n�t�e�r�e�s�s�e �s�i�a� �c�o�s�t�i�t�u�i�t�o �d�a�l�l�a� �g�o�c�c�i�o-
�l�i�n�a� (�p�e�d�i�c�e �g), �i�l �m�e�z�z�o �e�s�t�e�r�n�o (�p�e�d�i�c�e �e) �e �l�a� �s�u�p�e�r�f�i�c�i�e
(�s�f�e�r�i�c�a�) �c�h�e �l�i� �s�e�p�a�r�a�. N�o�n� �s�i� �p�u�ò �s�u�p�p�o�r�r�e �c�h�e �i�l �n�u�m�e�r�o
�d�i� �p�a�r�t�i�c�e�l�l�e �s�i�a� �c�o�s�t�a�n�t�e �p�e�r�c�h�é �l�e �p�a�r�t�i�c�e�l�l�e �p�o�s�s�o�n�o �e�v�a�-
�p�o�r�a�r�e �d�a�l�l�a� �g�o�c�c�i�o�l�i�n�a� �n�e�l �m�e�z�z�o, �o �c�o�n�d�e�n�s�a�r�e �d�a�l �m�e�z�z�o
�s�u�l�a� �g�o�c�c�i�a�. I �n� �e�q�u�i�l�i�b�r�i�o, �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �a�l�l��i�n�t�e�r�n�o �e
�a�l�l��e�s�t�e�r�n�o �s�o�n�o �u�g�u�a�l�i�, �e �q�u�i�n�d�i� �è �c�o�n�v�e�n�i�e�n�t�e �s�c�e�g�l�i�e�r�e �u�n�a�
�d�e�s�c�r�i�z�i�o�n�e �d�e�l �m�e�z�z�o �i�n� �c�u�i� �è �f�i�s�s�a�t�o µ. L'�u�n�i�c�a� �f�u�n�z�i�o-
�n�e �d�i� �s�t�a�t�o �a�b�b�i�a�m�o �i�n�t�r�o�d�o�t�t�o �c�h�e �c�o�i�n�v�o�l�g�e µ �c�o�m�e �v�a�r�i�a�-
�b�i�l�e �i�n�d�i�p�e�n�d�e�n�t�e �è �i�l �p�o�t�e�n�z�i�a�l�e �d�i� �l�a�n�d�a�u� Ω(T, V, µ). C�o�n�
Vg = 4πR3/3, Ag = 4πR2 �p�e�r� �u�n�a� �s�f�e�r�a�, �e γ �u�n�a� �q�u�a�l�c�h�e
�f�u�n�z�i�o�n�e �s�p�e�c�i�f�i�c�a� �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a�, �a�b�b�i�a�m�o �l�e �c�o�r�r�e�t�t�e
�v�a�r�i�a�b�i�l�i� �p�e�r� �u�t�i�l�i�z�z�a�r�e Ω(T, V, µ) �c�o�m�e �p�o�t�e�n�z�i�a�l�e �t�e�r�m�o�d�i�n�a�-
�m�i�c�o, �c�o�n� A �c�o�n�s�i�d�e�r�a�t�a� �c�o�m�e �f�u�n�z�i�o�n�e �d�i� V. D�a�l�l�a� �e��. (9.20)
�a�b�b�i�a�m�o Ω = −PV �p�e�r� �u�n� �s�i�s�t�e�m�a� �i�n� �u�n� �u�n�i�c�o �v�o�l�u�m�e. N�e�l
�c�a�s�o �i�n� �e�s�a�m�e �a�b�b�i�a�m�o �t�r�e �c�o�n�t�r�i�b�u�t�i�,

Ω = −PgVg − PeVe + γAg

�d�o�v�u�t�i� �a�l�l�a� �g�o�c�c�i�a�, �i�l �m�e�z�z�o �e�s�t�e�r�n�o �e �l�a� �s�u�p�e�r�f�i�c�i�e �d�i� �s�e�p�a�-
�r�a�z�i�o�n�e, �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e. I �n� �e�q�u�i�l�i�b�r�i�o, dΩ/dR �d�e�v�e �e�s�s�e�r�e
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�u�g�u�a�l�e �a� �z�e�r�o. A�b�b�i�a�m�o

dVg

dR
= 4πR2 = −dVe

dR

(�l�a� �s�o�m�m�a� Vg + Ve �r�i�m�a�n�e �c�o�s�t�a�n�t�e �q�u�a�n�d�o �i�l �r�a�g�g�i�o �d�e�l�l�a�
�g�o�c�c�i�a� �c�a�m�b�i�a�) �e dAg/dR = 8πR. Q�u�i�n�d�i�, �a�b�b�i�a�m�o

dΩ
dR

= −(Pg − Pe)4πR2 + γ8πR = 0

I�l �r�i�s�u�l�t�a�t�o (11.9) �s�e�g�u�e �c�o�n� ∆P = Pg − Pe.
L'�e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �a�s�s�o�c�i�a�t�a� �a�l�l�a� �t�e�n�s�i�o�n�e �s�u�p�e�r�f�i�c�i�a�l�e �è

�u�n� �p�o' �s�o�t�t�i�l�e. L'�e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �p�u�ò �e�s�s�e�r�e �s�c�r�i�t�t�a� �c�o�m�e
U = TS − PV + µN + γA �c�h�e �s�e�g�u�e �d�a�l�l��e�q�u�a�z�i�o�n�e �d�i� E�u�l�e�r�o
�c�o�n� �i�l �t�e�r�m�i�n�e �d�i� �s�u�p�e�r�f�i�c�i�e γA �a�g�g�i�u�n�t�o, �d�o�v�e �o�r�a� �i�l �p�e�d�i�c�e
g �v�i�e�n�e �o�m�e�s�s�o. T�u�t�t�a�v�i�a�, �v�i� �è �a�n�c�h�e �u�n� �c�o�n�t�r�i�b�u�t�o �d�i� �s�u�-
�p�e�r�f�i�c�i�e �a�l�l��e�n�t�r�o�p�i�a� �c�h�e �d�e�v�e �e�s�s�e�r�e �e�s�p�l�i�c�i�t�a�t�o. I�l �c�o�n�t�r�i�b�u�t�o
�a�l �e�n�t�r�o�p�i�a� �d�a�l �t�e�r�m�i�n�e �s�u�p�e�r�f�i�c�i�e �p�u�ò �e�s�s�e�r�e �o�t�t�e�n�u�t�o �d�a�l
�p�o�t�e�n�z�i�a�l�e �t�e�r�m�o�d�i�n�a�m�i�c�o �u�s�a�n�d�o

S = − ∂Ω
∂T

∣∣∣∣
V,µ

C�o�n� Ω = γA, �q�u�e�s�t�o �d�à� �u�n� �c�o�n�t�r�i�b�u�t�o �d�i�v�e�r�s�o �d�a� �z�e�r�o �s�e
γ �è �u�n�a� �f�u�n�z�i�o�n�e �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a�, �c�o�m�e �è �s�e�m�p�r�e �i�l �c�a�-
�s�o. Q�u�i�n�d�i�, �s�e �i�s�o�l�i�a�m�o �i�l �c�o�n�t�r�i�b�u�t�o �d�i� �s�u�p�e�r�f�i�c�i�e �a� U �e �l�o
�d�e�n�o�t�i�a�m�o �c�o�m�e Us, �a�l�l�o�r�a�

Us =

(
γ− T

dγ

dT

)
A (11.10)

R�i�s�u�l�t�a� �a�n�c�h�e �d�a� �q�u�e�s�t�a� �d�i�p�e�n�d�e�n�z�a� �d�e�l�l��e�n�t�r�o�p�i�a� �d�a�l �t�e�r�-
�m�i�n�e �d�i� �s�u�p�e�r�f�i�c�i�e �c�h�e �v�i� �è �u�n�a� �q�u�a�n�t�i�t�à� �d�i� �c�a�l�o�r�e �a�s�s�o�r�b�i�t�a�
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�q�u�a�n�d�o �l��a�r�e�a� �s�u�p�e�r�f�i�c�i�a�l�e �c�a�m�b�i�a�. Q�u�e�s�t�o �è

δQ = −T
dγ

dT
δA

�p�e�r� �u�n� �c�a�m�b�i�a�m�e�n�t�o �n�e�l�l�a� �s�u�p�e�r�f�i�c�i�e �d�i� δA. L�a� �s�o�m�m�a� �d�i�
�q�u�e�s�t�o �c�o�n�t�r�i�b�u�t�o �a�l �c�a�l�o�r�e �e �i�l �c�o�n�t�r�i�b�u�t�o γ δA �a�l �l�a�v�o�r�o �è
�u�g�u�a�l�e �a�l�l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �i�m�p�l�i�c�a�t�a� �d�a�l�l�a�
(11.10), �c�o�m�e �r�i�c�h�i�e�s�t�o �d�a�l�l�a� �p�r�i�m�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�.
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12.1 L�a�v�o�r�o �m�a�g�n�e�t�i�c�o

A�l �f�i�n�e �d�i� �i�n�t�r�o�d�u�r�r�e �i�l �m�a�g�n�e�t�i�s�m�o �i�n� �t�e�r�m�o�d�i�n�a�m�i�c�a� �a�b�b�i�a�-
�m�o �b�i�s�o�g�n�o �d�i� �i�n�c�l�u�d�e�r�e �i�l �c�o�n�t�r�i�b�u�t�o �m�a�g�n�e�t�i�c�o �r�i�l�e�v�a�n�t�e �p�e�r�
�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �e �i�l �n�o�s�t�r�o �p�r�i�m�o �c�o�m�p�i�t�o �è �q�u�e�l�l�o �d�i� �r�i�c�a�-
�v�a�r�e �u�n�a� �f�o�r�m�u�l�a� �p�e�r� �q�u�e�s�t�o �c�o�n�t�r�i�b�u�t�o. C�i� �s�o�n�o �d�u�e �a�s�p�e�t�t�i�
�d�e�l�l�a� �d�e�r�i�v�a�z�i�o�n�e: �u�n�a� �i�d�e�n�t�i�f�i�c�a�z�i�o�n�e �d�e�l �l�a�v�o�r�o �e �u�n�a� �d�e-
�s�c�r�i�z�i�o�n�e �d�e�l�l�a� �r�i�s�p�o�s�t�a� �m�a�g�n�e�t�i�c�a� �d�e�l�l�a� �s�o�s�t�a�n�z�a�. L�a� �d�e-
�s�c�r�i�z�i�o�n�e �d�e�l�l�a� �r�i�s�p�o�s�t�a� �d�e�l �m�e�z�z�o �è �c�o�n�c�e�t�t�u�a�l�m�e�n�t�e �i�l �p�i�ù�
�d�i�f�f�i�c�i�l�e, �q�u�i�n�d�i� �l�a� �c�o�n�s�i�d�e�r�i�a�m�o �p�r�i�m�a�. U�n� �i�m�p�o�r�t�a�n�t�e �p�u�n�-
�t�o �p�r�e�l�i�m�i�n�a�r�e �è �c�h�e �i� �c�a�m�p�i� �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�i� �f�o�n�d�a�m�e�n�t�a�l�i�
�s�o�n�o �l��i�n�t�e�n�s�i�t�à� �d�e�l �c�a�m�p�o �e�l�e�t�t�r�i�c�o E �e �l��i�n�d�u�z�i�o�n�e �m�a�g�n�e�t�i�c�a�
B. L�a� �f�o�r�m�a� �d�i� �b�a�s�e �d�e�l�l�e �e�q�u�a�z�i�o�n�i� �d�i� M�a�x�w�e�l�l �c�o�i�n�v�o�l�g�e
�i� �d�u�e �c�a�m�p�i� E �e B, �l�a� �c�a�r�i�c�a� �e�l�e�t�t�r�i�c�a� �t�o�t�a�l�e ρ �e �d�e�n�s�i�t�à� �d�i�
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Corpo magnetizzabile
(dentro il solenoide)

Solenoide

Pareti
adiabatiche

filo elettrico
(di resistenza nulla)

Batteria
(con f.e.m. regolabile)

F�i�g�u�r�a� 12.1: S�i�s�t�e�m�a� �i�n� �u�n�
�s�o�l�e�n�o�i�d�e

�c�o�r�r�e�n�t�e J,

∇∇∇ • E =
1
ε0

ρ

∇∇∇ • B = 0

∇∇∇× E = −∂B
∂t

∇∇∇× B = µ0 J +
1
c2

∂E
∂t

U�s�u�a�l�m�e�n�t�e, �s�i� �i�n�t�r�o�d�u�c�o�n�o �a�l�t�r�i� �d�u�e �c�a�m�p�i�, �l��i�n�d�u�z�i�o�n�e �e�l�e�t-
�t�r�i�c�a� D �e �l��i�n�t�e�n�s�i�t�à� �d�e�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o H. Q�u�e�s�t�i� �s�o�n�o
�c�o�n�v�e�n�z�i�o�n�a�l�m�e�n�t�e �i�n�t�r�o�d�o�t�t�i� �s�e�p�a�r�a�n�d�o �l�a� �c�a�r�i�c�a� �e �l�a� �d�e�n�-
�s�i�t�à� �d�i� �c�o�r�r�e�n�t�e �i�n� �i�n�d�o�t�t�e �p�a�r�t�i� (�i�n�d�), �c�h�e �d�e�s�c�r�i�v�o�n�o �l�a�
�r�i�s�p�o�s�t�a� �d�e�l �m�e�z�z�o, �e �l�i�b�e�r�e (�l�i�b), �c�h�e �f�u�n�g�o�n�o �d�a� �t�e�r�m�i�n�i� �d�i�
�s�o�r�g�e�n�t�e. L�e �p�a�r�t�i� �i�n�d�o�t�t�e �s�o�n�o �c�o�l�l�e�g�a�t�e �a�l�l�a� �p�o�l�a�r�i�z�z�a�z�i�o�n�e
P, �o �m�o�m�e�n�t�o �d�i� �d�i�p�o�l�o �e�l�e�t�t�r�i�c�o �p�e�r� �u�n�i�t�à� �d�i� �v�o�l�u�m�e, �e �l�a�
�m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m, �o �m�o�m�e�n�t�o �d�i� �d�i�p�o�l�o �m�a�g�n�e�t�i�c�o �p�e�r� �u�n�i�t�à�



�s�i�s�t�e�m�i� �e�l�e�t�t�r�i�c�i� �e �m�a�g�n�e�t�i�c�i� 127

�d�i� �v�o�l�u�m�e,
ρ�i�n�d� = −∇∇∇ • P , J �i�n�d� =

∂P
∂t

+∇∇∇×m

I �d�u�e �c�a�m�p�i� �a�d�d�i�z�i�o�n�a�l�i� �s�o�n�o �i�n�t�r�o�d�o�t�t�i� �m�e�d�i�a�n�t�e �l�e �d�e�f�i�n�i�z�i�o-
�n�i�

D = ε0E + P , H =
B
µ0
−m (12.1)

A�l�l�o�r�a� �l�e �e�q�u�a�z�i�o�n�i� �d�i� M�a�x�w�e�l�l �p�o�s�s�o�n�o �e�s�s�e�r�e �r�i�s�c�r�i�t�t�e
�c�o�m�e

∇∇∇ • D = ρ�l�i�b (12.2)
∇∇∇ • B = 0 (12.3)
∇∇∇× E = −∂B

∂t
(12.4)

∇∇∇× H = J �l�i�b +
∂D
∂t

(12.5)

T�u�t�t�a�v�i�a�, �è �n�e�c�e�s�s�a�r�i�o �s�o�t�t�o�l�i�n�e�a�r�e �c�h�e �l�a� �s�e�p�a�r�a�z�i�o�n�e �i�n�
�p�a�r�t�e �i�n�d�o�t�t�a� �e �p�a�r�t�e �l�i�b�e�r�a� �è �a� �s�e�c�o�n�d�a� �d�e�l �m�o�d�e�l�l�o, �e �c�o�s�ì�
�l�a� �f�o�r�m�a� �d�e�l�l�e �e�q�u�a�z�i�o�n�i� �d�i� M�a�x�w�e�l�l �c�h�e �c�o�i�n�v�o�l�g�o�n�o D �e H

�è �a�n�c�h�e �i�n� �b�a�s�e �a�l �m�o�d�e�l�l�o.
I �c�a�m�p�i� �m�a�g�n�e�t�i�c�i� �n�o�n� �f�a�n�n�o �i�l �l�a�v�o�r�o, �e �n�o�n� �è �i�m�m�e�d�i�a�-

�t�a�m�e�n�t�e �e�v�i�d�e�n�t�e �c�h�e �v�i� �s�i�a� �u�n� �c�o�n�t�r�i�b�u�t�o �m�a�g�n�e�t�i�c�o �p�e�r� �l��e-
�n�e�r�g�i�a�. (L�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �c�l�a�s�s�i�c�a� �n�o�n� �p�u�ò �d�e�s�c�r�i�v�e�r�e
�e�f�f�e�t�t�i� �m�a�g�n�e�t�i�c�i� �a� �c�a�u�s�a� �d�i� �q�u�e�s�t�o, �m�a� �l�a� �m�e�c�c�a�n�i�c�a� �q�u�a�n�-
�t�i�s�t�i�c�a� �s�t�a�t�i�s�t�i�c�a� �s�u�p�e�r�a� �i�l �p�r�o�b�l�e�m�a�.) I�l �l�a�v�o�r�o �m�a�g�n�e�t�i�c�o,
�d�u�n�q�u�e, �n�o�n� �p�u�ò �e�s�s�e�r�e �v�a�l�u�t�a�t�o �d�i�r�e�t�t�a�m�e�n�t�e, �a�n�c�h�e �p�e�r�c�h�é
�l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �c�a�m�p�o �m�a�g�n�e�t�i�c�o �p�r�o�d�u�c�e �u�n� �c�a�m�p�o �e�l�e�t-
�t�r�i�c�o �p�e�r� �l�a� �l�e�g�g�e �d�i� F�a�r�a�d�a�y (12.4). P�e�r� �q�u�e�s�t�o �m�o�t�i�v�o, �i�l
�l�a�v�o�r�o �m�a�g�n�e�t�i�c�o, �c�o�m�e �l�a� �v�a�r�i�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �c�o�r�r�i�s�p�o�n�-
�d�e�n�t�e �a�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o �a�l�l��i�n�t�e�r�n�o �d�e�l �d�o�m�i�n�i�o �c�o�n�s�i�d�e�r�a�t�o,
�s�a�r�à� �v�a�l�u�t�a�t�o �d�a�l �l�a�v�o�r�o �e�l�e�t�t�r�i�c�o �s�u�l�l�e �c�o�r�r�e�n�t�i� (�c�o�m�e �f�o�n�t�i�
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�d�e�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o) �p�r�o�d�o�t�t�e �d�a�l �c�a�m�p�o �e�l�e�t�t�r�i�c�o �c�h�e �è �s�t�a�t�a�
�i�n�d�o�t�t�o �d�a�l�l�a� �v�a�r�i�a�z�i�o�n�e �d�e�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o, �c�o�m�e �n�e�l�l�a� �s�i�-
�t�u�a�z�i�o�n�e �s�p�e�c�i�f�i�c�a�, �i�l�l�u�s�t�r�a�t�a� �i�n� �f�i�g�u�r�a� 12.1, �d�o�v�e �u�n� �c�a�m�p�o
�m�a�g�n�e�t�i�c�o �è �p�r�o�d�o�t�t�o �p�e�r� �m�e�z�z�o �d�i� �u�n� �s�o�l�e�n�o�i�d�e �c�o�l�l�e�g�a�t�o �a�d�
�u�n�a� �b�a�t�t�e�r�i�a�.

L�a� �f�u�n�z�i�o�n�e �d�e�l�l�a� �b�a�t�t�e�r�i�a� �è �d�i� �f�o�r�n�i�r�e �i�l �l�a�v�o�r�o �n�e�c�e�s�s�a�r�i�o
�p�e�r� �c�r�e�a�r�e �o �m�o�d�i�f�i�c�a�r�e �i�l �c�a�m�p�o �n�e�l �s�o�l�e�n�o�i�d�e. E�s�s�a� �p�u�ò �e��-
�s�e�r�e �c�o�n�s�i�d�e�r�a�t�a� �i�n� �g�r�a�d�o �d�i� �f�o�r�n�i�r�e �u�n�a� �f.e.m�. �c�h�e �è �v�a�r�i�a�b�i�l�e
�a� �p�i�a�c�i�m�e�n�t�o. I�l �s�i�s�t�e�m�a� �t�e�r�m�o�d�i�n�a�m�i�c�o �è �t�u�t�t�o �a�l�l��i�n�t�e�r�n�o
�d�e�l�l�a� �l�i�n�e�a� �s�o�l�i�d�a� �i�n� �f�i�g�u�r�a� �e �c�o�n�s�i�s�t�e �n�e�l �s�o�l�e�n�o�i�d�e �e �n�e�l
�c�o�r�p�o �m�a�g�n�e�t�i�z�z�a�b�i�l�e. L�e �p�a�r�e�t�i� �d�e�l �s�i�s�t�e�m�a� �s�o�n�o �a�s�s�u�n�t�e
�a�d�i�a�b�a�t�i�c�h�e �e �i�l �l�a�v�o�r�o �p�u�ò �e�s�s�e�r�e �f�a�t�t�o �s�u�l �s�i�s�t�e�m�a� �d�a�l�l�a� �b�a�t-
�t�e�r�i�a�. I�l �l�a�v�o�r�o �f�a�t�t�o �d�a�l�l�a� �b�a�t�t�e�r�i�a� �n�e�l �t�e�m�p�o �i�n�f�i�n�i�t�e�s�i�m�o δt

�p�e�r� �c�o�m�p�e�n�s�a�r�e �u�n�a� �v�a�r�i�a�z�i�o�n�e δB(r) = δt∇∇∇× E �d�e�l �c�a�m�p�o
�d�i� �i�n�d�u�z�i�o�n�e �m�a�g�n�e�t�i�c�a� �è

δW = δt
∫

J �l�i�b • E d3r

U�s�a�n�d�o �l�a� (12.5), �e �l��i�d�e�n�t�i�t�à� �v�e�t�t�o�r�i�a�l�e

A •∇∇∇× B =∇∇∇ • (A× B) + B •∇∇∇A ,

�o�t�t�e�n�i�a�m�o

J�l�i�b • E =

(
∇∇∇× H − ∂D

∂t

)
• E

=∇∇∇ • (H × E) + H •∇∇∇× E− ∂D
∂t
• E ,

�d�a� �c�u�i�

δW = δt
[∫
∇∇∇ • (H × E)d3r +

∫
H •∇∇∇× E d3r−

∫
∂D
∂t
• E d3r

]
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I�l �p�r�i�m�o �i�n�t�e�g�r�a�l�e �p�u�ò �e�s�s�e�r�e �t�r�a�s�f�o�r�m�a�t�o �i�n� �u�n� �i�n�t�e�g�r�a�l�e
�d�i� �s�u�p�e�r�f�i�c�i�e �c�h�e �f�o�r�n�i�s�c�e �i�l �f�l�u�s�s�o �d�i� H × E. P�o�i�c�h�é �s�i�a�m�o �i�n�
�a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �q�u�a�s�i�s�t�a�t�i�c�a�, �i� �c�a�m�p�i� �n�o�n� �h�a�n�n�o �t�e�r�m�i�n�i�
�r�a�d�i�a�t�i�v�i�, �d�e�c�a�d�o�n�o �c�i�o�è �a�l �p�i�ù� �c�o�m�e 1/r2. Q�u�i�n�d�i� �i�l �p�r�i�m�o
�i�n�t�e�g�r�a�l�e �è �n�u�l�l�o. P�e�r� �i�l �s�e�c�o�n�d�o �e �t�e�r�z�o �i�n�t�e�g�r�a�l�e �u�s�i�a�m�o �l�e
�s�o�s�t�i�t�u�z�i�o�n�i� δB(r) = δt∇∇∇× E �e δD = δt∂D∂t �o�t�t�e�n�e�n�d�o �c�o�s�ì�

δW =
∫

H • δB d3r +
∫

D • δE d3r , (12.6)

�d�o�v�e �g�l�i� �i�n�t�e�g�r�a�l�i� �s�p�a�z�i�a�l�i� �s�o�n�o �s�u�l �v�o�l�u�m�e �d�e�l �c�a�m�p�i�o�n�e �e
�n�e�l �c�i�r�c�o�s�t�a�n�t�e �s�p�a�z�i�o �l�i�b�e�r�o. N�o�t�a�r�e �c�h�e �l�e `̀ �d�e�l�t�a�'' �i�n� δB(r)

�e δD(r) �r�a�p�p�r�e�s�e�n�t�a�n�o �c�a�m�b�i�a�m�e�n�t�i� �f�u�n�z�i�o�n�a�l�i� �d�e�i� �c�a�m�p�i�
�a�s�s�o�c�i�a�t�i� �a�l �t�e�m�p�u�s�c�o�l�o δt.

12.2 E�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� �p�e�r� �u�n� �m�a�t�e�r�i�a�l�e �m�a�g�n�e�t�i�c�o

L�i�m�i�t�a�n�d�o �l�a� �d�i�s�c�u�s�s�i�o�n�e �a� �f�e�n�o�m�e�n�i� �m�a�g�n�e�t�i�c�i�, �i�l �c�o�n�t�r�i�b�u�t�o
�m�a�g�n�e�t�i�c�o �a�l �l�a�v�o�r�o �q�u�a�s�i�s�t�a�t�i�c�o �è �q�u�i�n�d�i�

δW�m�a�g�n� =
∫

H • δB d3r . (12.7)

�c�o�s�i�c�c�h�é �l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� �p�e�r� dU �d�i�v�e�n�t�a�

dU = T dS− PdV +
∫

H • δB d3r (12.8)

Q�u�e�s�t�a� �è �l��e�q�u�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �f�o�n�d�a�m�e�n�t�a�l�e �p�e�r� �u�n�
�s�i�s�t�e�m�a� �m�a�g�n�e�t�i�c�o.

A�d�e�s�s�o �a�s�s�u�m�i�a�m�o �c�h�e �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m �i�n� �o�g�n�i�
�p�u�n�t�o r �s�i�a� �u�n�a� �f�u�n�z�i�o�n�e �u�n�i�v�o�c�a� �d�e�l �c�a�m�p�o H �n�e�l�l�o �s�t�e�s�s�o
�p�u�n�t�o

m(r) = f [H(r)] (12.9)
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S�i�s�t�e�m�i� �p�e�r� �i� �q�u�a�l�i� m(r) �n�o�n� �è �u�n�a� �f�u�n�z�i�o�n�e �a�d� �u�n� �s�o�l�o
�v�a�l�o�r�e �d�e�l �c�a�m�p�o H �e�s�i�b�i�s�c�o�n�o �i�s�t�e�r�e�s�i�. L'�i�s�t�e�r�e�s�i� �è �g�e�n�e�r�a�l-
�m�e�n�t�e �a�s�s�o�c�i�a�t�a� �a� �u�n�a� �e�t�e�r�o�g�e�n�e�i�t�à� �m�a�g�n�e�t�i�c�a� �d�e�l �c�a�m�p�i�o�n�e �e
�l�e �r�e�g�i�o�n�i� �s�e�p�a�r�a�t�e �s�o�n�o �d�e�t�t�e �d�o�m�i�n�i�. L�a� �m�a�g�g�i�o�r� �p�a�r�t�e �s�e�i�
�s�i�s�t�e�m�i� �f�e�r�r�o�m�a�g�n�e�t�i�c�i� �h�a�n�n�o �q�u�e�s�t�a� �p�r�o�p�r�i�e�t�à�. L'�a�n�a�l�i�s�i� �c�h�e
�s�v�i�l�u�p�p�e�r�e�m�o �s�i� �a�p�p�l�i�c�a� �d�e�n�t�r�o �o�g�n�i� �d�o�m�i�n�i�o �f�e�r�r�o�m�a�g�n�e-
�t�i�c�o, �m�a� �p�e�r� �s�e�m�p�l�i�c�i�t�à� �t�r�a�s�c�u�r�e�r�e�m�o �f�e�n�o�m�e�n�i� �d�i� �i�s�t�e�r�e�s�i�.
I �s�i�s�t�e�m�i� �p�a�r�a�m�a�g�n�e�t�i�c�i�, �d�i�a�m�a�g�n�e�t�i�c�i� �e �a�n�t�i�f�e�r�r�o�m�a�g�n�e�t�i�c�i�
�s�o�d�d�i�s�f�a�n�o �l�a� �c�o�n�d�i�z�i�o�n�e �c�h�e m �è �u�n�a� �f�u�n�z�i�o�n�e �a�d� �u�n� �s�o�l�o
�v�a�l�o�r�e �d�i� H. A�l�l�o�r�a� �l�a� �r�e�l�a�z�i�o�n�e (12.1), �c�h�e �r�i�s�c�r�i�v�i�a�m�o �c�o�s�ì�,

B = µ0H + µ0m . (12.10)

�d�a� �e�q�u�q�z�i�o�n�e �c�h�e �d�e�f�i�n�i�v�a� H �d�i�v�e�n�t�a� �u�n�'�e�q�u�a�z�i�o�n�e �c�o�s�t�i�t�u�t�i�v�a�
�c�h�e �p�e�r�m�e�t�t�e �d�i� �e�s�p�r�i�m�e�r�e B �i�n� �f�u�n�z�i�o�n�e �d�i� H. S�o�s�t�i�t�u�e�n�d�o
�l�a� (12.10) �n�e�l�l�a� (12.7), �o�t�t�e�n�i�a�m�o

δW�m�a�g�n� = µ0

∫
H • δH d3r + µ0

∫

V
H • δm d3r , (12.11)

�d�o�v�e �a�b�b�i�a�m�o �r�e�s�o �e�s�p�l�i�c�i�t�o �c�h�e �i�l �s�e�c�o�n�d�o �i�n�t�e�g�r�a�l�e �è �s�o�l�o �s�u�l
�v�o�l�u�m�e V �o�c�c�u�p�a�t�o �d�a�l �c�o�r�p�o, �e�s�s�e�n�d�o �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e
�d�i�v�e�r�s�a� �d�a� �z�e�r�o �s�o�l�o �n�e�l �m�a�t�e�r�i�a�l�e.

I�l �s�i�g�n�i�f�i�c�a�t�o �d�e�l�l�a� (12.11) �d�i�v�e�n�t�a� �p�a�r�t�i�c�o�l�a�r�m�e�n�t�e �t�r�a�s�p�a�-
�r�e�n�t�e �s�e �c�o�n�s�i�d�e�r�i�a�m�o �l�a� �s�i�t�u�a�z�i�o�n�e �i�l�l�u�s�t�r�a�t�a� �i�n� �f�i�g�u�r�a� 12.1
�p�e�r� �i�l �c�a�s�o �i�n� �c�u�i� �l�a� �g�e�o�m�e�t�r�i�a� �è �s�e�m�p�l�i�c�e �e �i�l �c�o�r�p�o �o�c�c�u�p�a�
�t�u�t�t�o �i�l �c�i�l�i�n�d�r�o �c�o�n�t�e�n�u�t�o �n�e�l�l��a�v�v�o�l�g�i�m�e�n�t�o. S�e �c�i� �s�o�n�o N �a�v-
�v�o�l�g�i�m�e�n�t�i� �e �s�e �l�a� �c�o�r�r�e�n�t�e �è �a�u�m�e�n�t�a�t�a� �d�i� dI �i�n� �u�n� �t�e�m�p�o
dt, �a�l�l�o�r�a� �l�a� �f.e.m�. �è

E = N d
dΦ
dt

= NA
dB
dt

,
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�d�o�v�e Φ �è �i�l �f�l�u�s�s�o �m�a�g�n�e�t�i�c�o �e A �è �l��a�r�e�a� �d�e�l�l�a� �s�e�z�i�o�n�e �t�r�a�-
�s�v�e�r�s�a�l�e �d�e�l �c�i�l�i�n�d�r�o. L�a� �p�o�t�e�n�z�a� �e�r�o�g�a�t�a� �d�a�l�l�a� �b�a�t�t�e�r�i�a� �è
E I, �e �c�o�s�ì� �i�l �l�a�v�o�r�o �s�v�o�l�t�o �n�e�l �t�e�m�p�o dt �è δW�m�a�g�n� = NAI dB .
L'�i�n�t�e�n�s�i�t�à� �d�e�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o H �d�o�v�u�t�o �a�d� �u�n�a� �l�u�n�g�h�e�z�z�a�
L �è H = NI/L, �i�n� �m�o�d�o �c�h�e �i�l �l�a�v�o�r�o �s�v�o�l�t�o �è H dBV, �c�o�n�
V = AL. dB = µ0 dH + µ0 dM, �i�n� �m�o�d�o �c�h�e �i�l �l�a�v�o�r�o �f�a�t�t�o
�d�i�v�e�n�t�a�

δW�m�a�g�n� = NAI dB = µ0H dH + VH • dM = µ0 d
(

1
2

H2
)
+ µ0H dM.

�d�o�v�e M = mV �è �i�l �m�o�m�e�n�t�o �m�a�g�n�e�t�i�c�o �t�o�t�a�l�e. S�i� �o�s�s�e�r�v�i� �c�h�e
�i�l �p�r�i�m�o �t�e�r�m�i�n�e �p�u�ò �e�s�s�e�r�e �i�n�t�e�r�p�r�e�t�a�t�o �c�o�m�e �l�a� �v�a�r�i�a�z�i�o�n�e
�d�i� �e�n�e�r�g�i�a� �m�a�g�n�e�t�i�c�a� �n�e�l �s�o�l�e�n�o�i�d�e �v�u�o�t�o, �c�i�o�è �s�e�n�z�a� �m�a�t�e�r�i�a�l�e,
�q�u�a�n�d�o �n�e�g�l�i� �a�v�v�o�l�g�i�m�e�n�t�i� �c�i�r�c�o�l�a� �u�n�a� �c�o�r�r�e�n�t�e I, �e �n�e�l �v�u�o�t�o
�s�i� �h�a� �u�n� �c�a�m�p�o B0 = µ0H = µo NI/L. S�i�m�i�l�m�e�n�t�e, �l��u�l�t�i�m�o
�t�e�r�m�i�n�e �r�a�p�p�r�e�s�e�n�t�a� �l�a� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�e�r�g�i�a� �d�i� �u�n� �d�i�p�o�l�o
�m�a�g�n�e�t�i�c�o �n�e�l �u�n� �c�a�m�p�o �e�s�t�e�r�n�o B0 = µ0H = µo NI/L.

I �n� �g�e�n�e�r�a�l�e, �p�e�r� �u�n�a� �g�e�o�m�e�t�r�i�a� �p�i�ù� �c�o�m�p�l�i�c�a�t�a�, �i�l �c�a�m�p�o
H �n�e�l �m�a�t�e�r�i�a�l�e �è �d�i�f�f�e�r�e�n�t�e �d�a�l �c�a�m�p�o �e�s�t�e�r�n�o �a�p�p�l�i�c�a�t�o
�g�e�n�e�r�a�t�o �d�a�l�l�e �c�o�r�r�e�n�t�i� �l�i�b�e�r�e I �i�n� �a�s�s�e�n�z�a� �d�i� �m�a�t�e�r�i�a�l�e �n�e�l
�s�o�l�e�n�o�i�d�e, �c�h�e �d�e�n�o�t�e�r�e�m�o �c�o�n� h. I�l �c�a�m�p�o h �è �o�t�t�e�n�u�t�o �d�a�l�l�a�
�s�e�p�a�r�a�z�i�o�n�e �d�i� H �i�n� �d�u�e �p�a�r�t�i� �i�n�d�i�p�e�n�d�e�n�t�i�,

H = h + Hs .

�c�o�n� h �è �d�e�f�i�n�i�t�o �c�o�m�e �i�l �c�a�m�p�o �i�n� �a�s�s�e�n�z�a� �d�i� �m�a�t�e�r�i�a�l�e,
�d�u�n�q�u�e �a� �d�i�v�e�r�g�e�n�z�a� �n�u�l�l�a�, �e �v�i�n�c�o�l�a�t�o �a�l�l�e �c�o�r�r�e�n�t�i� �l�i�b�e�r�e
�d�a�l�l��e�q�u�a�z�i�o�n�e

∇∇∇× h =∇∇∇× H = J �l�i�b +
∂D
∂t

, (12.12)
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I�l �c�a�m�p�o Hs �è �c�h�i�a�m�a�t�o �t�a�l�v�o�l�t�a� �c�h�i�a�m�a�t�o �c�a�m�p�o �m�a�g�n�e�t�i�c�o
�s�m�a�g�n�e�t�i�z�z�a�n�t�e. P�o�i�c�h�è �i�n� �m�o�d�e�l�l�i� �m�i�c�r�o�s�c�o�p�i�c�i� �d�i� �m�e�c�c�a�n�i�c�a�
�s�t�a�t�i�s�t�i�c�a�, �l�a� �f�u�n�z�i�o�n�e �e�n�e�r�g�i�a� �d�i�p�e�n�d�e �s�o�l�o �d�a�l �c�a�m�p�o �e�s�t�r�e-
�n�o �a�p�p�l�i�c�a�t�o �è �u�t�i�l�e �d�i�s�p�o�r�r�e �d�i� �u�n�'�e�s�p�r�e�s�s�i�o�n�e �p�r�a�t�i�c�a� �p�e�r�
�i�l �l�a�v�o�r�o �t�e�r�m�o�d�i�n�a�m�i�c�o δW�m�a�g�n� �i�n� �c�u�i� �c�o�m�p�a�r�e �e�s�p�r�e�s�s�a�-
�m�e�n�t�e �i�l �c�a�m�p�o h. S�i� �p�u�ò �d�i�m�o�s�t�r�a�r�e �c�h�e �t�a�l�e �e�s�p�r�e�s�s�i�o�n�e �è
�f�o�r�m�a�l�m�e�n�t�e �u�g�u�a�l�e �a�l�l�a� (12.11) �c�o�n� H �s�o�s�t�i�t�u�i�t�o �d�a� h, �c�i�o�è
�c�h�e �l��e�s�p�r�e�s�s�i�o�n�e �p�e�r� �i�l �l�a�v�o�r�o �m�a�g�n�e�t�i�c�o �p�u�ò �e�s�s�e�r�e �s�c�r�i�t�t�a�
�c�o�m�e

δW�m�a�g�n� = µ0

∫
h • δh d3r + µ0

∫
h • δm d3r . (12.13)

I�l �c�a�s�o �c�o�r�r�i�s�p�o�n�d�e�n�t�e �d�e�i� �c�a�m�p�i� �e�l�e�t�t�r�i�c�i� �e �c�o�r�p�i� �d�i�e�l�e�t�t�r�i�-
�c�i� �p�u�ò �e�s�s�e�r�e �t�r�a�t�t�a�t�o �i�n� �m�o�d�o �a�b�b�a�s�t�a�n�z�a� �a�n�a�l�o�g�o, �p�r�e�n�d�e�n�-
�d�o, �p�e�r� �e�s�e�m�p�i�o, �u�n� �c�o�n�d�e�n�s�a�t�o�r�e �c�o�m�e �s�o�r�g�e�n�t�e �d�e�l �c�a�m�p�o
�e�l�e�t�t�r�i�c�o �e�s�t�e�r�n�o.

S�e �a�d�e�s�s�o �p�a�s�s�i�a�m�o �a�l�l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� �p�e�r� �u�n� �s�i�s�t�e�m�a�
�m�a�g�n�e�t�i�c�o �o�m�o�g�e�n�e�o �u�n�'�u�l�t�e�r�i�o�r�e �s�e�m�p�l�i�f�i�c�a�z�i�o�n�e �è �p�o�s�s�i�b�i�-
�l�e: �s�i� �r�i�d�e�f�i�n�i�s�c�a� �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �s�o�t�t�r�a�e�n�d�o �l��e�n�e�r�g�i�a� �d�e�l
�c�a�m�p�o �e�s�t�e�r�n�o

U → U − µ0

2

∫
h2d3r ,

�a�l�l�o�r�a� �l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� �p�u�ò �e�s�s�e�r�e �s�c�r�i�t�t�a� �c�o�m�e

dU = T dS− PdV + µ0h dM , (12.14)

I�n� �c�o�n�c�l�u�s�i�o�n�e, �i�l �p�a�r�a�m�e�t�r�o �e�s�t�e�n�s�i�v�o �c�h�e �d�e�s�c�r�i�v�e �l�e �p�r�o-
�p�r�i�e�t�à� �m�a�g�n�e�t�i�c�h�e �d�i� �u�n� �c�o�r�p�o �è M �l�a� �c�o�m�p�o�n�e�n�t�e �d�e�l �m�o-
�m�e�n�t�o �m�a�g�n�e�t�i�c�o �t�o�t�a�l�e �p�a�r�a�l�l�e�l�o �a�l �c�a�m�p�o �e�s�t�e�r�n�o µ0h. L�a�
�v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a� �i�n�t�e�n�s�i�v�a� (�n�e�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�e�r�-
�g�i�a�) �è �i�l �c�a�m�p�o �e�s�t�e�r�n�o µ0h.
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12.3 E�q�u�a�z�i�o�n�e �d�i� C�u�r�i�e

L'�e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �e�m�p�i�r�i�c�a� �p�e�r� �u�n� �m�a�t�e�r�i�a�l�e �p�a�r�a�m�a�g�n�e-
�t�i�c�o �è �l��e�q�u�a�z�i�o�n�e �d�i� C�u�r�i�e

M = C
h
T

(12.15)

�d�o�v�e C �è �u�n�a� �c�o�s�t�a�n�t�e �c�h�e �d�i�p�e�n�d�e �d�a�l �m�a�t�e�r�i�a�l�e.
C'�è �u�n�'�a�n�a�l�o�g�i�a� �t�r�a� �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �u�n� �m�a�t�e�r�i�a�l�e �p�a�-

�r�a�m�a�g�n�e�t�i�c�o �c�h�e �o�b�b�e�d�i�s�c�e �a�l�l�a� �l�e�g�g�e �d�i� C�u�r�i�e �e �l�a� �t�e�r�m�o�d�i�-
�n�a�m�i�c�a� �d�i� �u�n� �g�a�� �i�d�e�a�l�e, �c�o�n� �l�a� �l�e�g�g�e �d�i� C�u�r�i�e �c�h�e �g�i�o�c�a� �u�n�
�r�u�o�l�o �a�n�a�l�o�g�o �a� �q�u�e�l�l�o �d�e�l�l�a� �e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �d�e�l �g�a�� �i�d�e�a�l�e.
D�i�m�o�s�t�r�i�a�m�o �u�n�a� �p�r�o�p�r�i�e�t�à� �i�m�p�o�r�t�a�n�t�e: �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�i�
�u�n� �m�a�t�e�r�i�a�l�e �p�a�r�a�m�a�g�n�e�t�i�c�o �c�h�e �o�b�b�e�d�i�s�c�e �a�l�l�a� �l�e�g�g�e �d�i� C�u�r�i�e
�n�o�n� �d�i�p�e�n�d�e �d�a�l�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e.





13
T�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e

13.1 G�e�n�e�r�a�l�i�t�à� �s�u�l�l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e

L�a� �m�a�t�e�r�i�a� �e�s�i�s�t�e �i�n� �d�i�v�e�r�s�e �f�a�s�i�, �s�t�a�t�i� �d�i�f�f�e�r�e�n�t�i� �d�e�l�l�a� �m�a�t�e-
�r�i�a� �c�o�n� �p�r�o�p�r�i�e�t�à� �q�u�a�l�i�t�a�t�i�v�a�m�e�n�t�e �d�i�v�e�r�s�i�. U�n�a� �t�r�a�n�s�i�z�i�o�n�e
�d�i� �f�a�s�e �è �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �d�i� �u�n� �s�i�s�t�e�m�a� �d�a� �u�n�o �s�t�a�t�o
�d�i� �a�g�g�r�e�g�a�z�i�o�n�e �a�d� �u�n� �a�l�t�r�o. L�a� �c�a�r�a�t�t�e�r�i�s�t�i�c�a� �d�i�s�t�i�n�t�i�v�a�
�d�i� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �è �i�l �b�r�u�s�c�o �c�a�m�b�i�a�m�e�n�t�o �d�i� �u�n�a�
�o �p�i�ù� �p�r�o�p�r�i�e�t�à� �f�i�s�i�c�h�e �a�l�l�a� �m�i�n�i�m�a� �v�a�r�i�a�z�i�o�n�e �d�i� �v�a�r�i�a�b�i�l�i�
�t�e�r�m�o�d�i�n�a�m�i�c�h�e �c�o�m�e �l�a� �t�e�m�p�e�r�a�t�u�r�a�.

U�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �è �d�e�t�t�a� �d�e�l �p�r�i�m�o �o�r�d�i�n�e �s�e �c�o�m�-
�p�o�r�t�a� �u�n� �s�a�l�t�o �d�i�s�c�o�n�t�i�n�u�o �i�n� �u�n�a� �q�u�a�l�c�h�e �v�a�r�i�a�b�i�l�e. L�a� �p�r�o-
�p�r�i�e�t�à� �d�i�s�c�o�n�t�i�n�u�a� �è �c�h�i�a�m�a�t�o �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e. L�e �t�r�a�n�-
�s�i�z�i�o�n�i� �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e �s�o�n�o �q�u�e�l�l�e �c�h�e �c�o�i�n�v�o�l�g�o�n�o
�u�n� �c�a�l�o�r�e �l�a�t�e�n�t�e. D�u�r�a�n�t�e �t�a�l�i� �t�r�a�n�s�i�z�i�o�n�i�, �u�n� �s�i�s�t�e�m�a� �t�e�r�-
�m�o�d�i�n�a�m�i�c�o �a�s�s�o�r�b�e �o �r�i�l�a�s�c�i�a� �u�n�a� �q�u�a�n�t�i�t�à� �d�i� �e�n�e�r�g�i�a� �f�i�s�s�a�,
�e �g�e�n�e�r�a�l�m�e�n�t�e �g�r�a�n�d�e. P�o�i�c�h�é �l��e�n�e�r�g�i�a� �n�o�n� �p�u�ò �e�s�s�e�r�e �i�s�t�a�n�-
�t�a�n�e�a�m�e�n�t�e �t�r�a�s�f�e�r�i�t�a� �d�a�l �s�i�s�t�e�m�a� �a�l�l��a�m�b�i�e�n�t�e �c�i�r�c�o�s�t�a�n�t�e, �l�e
�t�r�a�n�s�i�z�i�o�n�i� �d�e�l �p�r�i�m�o �o�r�d�i�n�e �s�o�n�o �a�s�s�o�c�i�a�t�e �a� `̀ �r�e�g�i�m�i� �d�i� �f�a�-
�s�e �m�i�s�t�a�'' �i�n� �c�u�i� �a�l�c�u�n�e �p�a�r�t�i� �d�e�l �s�i�s�t�e�m�a� �h�a�n�n�o �c�o�m�p�l�e�t�a�t�o
�l�a� �t�r�a�n�s�i�z�i�o�n�e, �m�e�n�t�r�e �a�l�t�r�e �a�n�c�o�r�a� �n�o. Q�u�e�s�t�o �f�e�n�o�m�e�n�o �è
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�f�a�m�i�l�i�a�r�e �a� �c�h�i�u�n�q�u�e �a�b�b�i�a� �m�a�i� �b�o�l�l�i�t�o �u�n� �p�o' �d�'�a�c�q�u�a�: �l��a�c�q�u�a�
�n�o�n� �d�i�v�e�n�t�a� �s�u�b�i�t�o �v�a�p�o�r�e, �m�a� �f�o�r�m�a� �u�n�a� �t�u�r�b�o�l�e�n�t�a� �m�i�s�t�u�-
�r�a� �d�i� �a�c�q�u�a� �e �v�a�p�o�r�e �a�c�q�u�e�o. I �s�i�s�t�e�m�i� �a� �f�a�s�e �m�i�s�t�a� �s�o�n�o
�d�i�f�f�i�c�i�l�i� �d�a� �s�t�u�d�i�a�r�e, �a� �c�a�u�s�a� �d�e�l�l�a� �l�o�r�o �d�i�n�a�m�i�c�a� �v�i�o�l�e�n�t�a� �e
�d�i�f�f�i�c�i�l�i� �d�a� �c�o�n�t�r�o�l�l�a�r�e. C�o�m�u�n�q�u�e, �m�o�l�t�e �i�m�p�o�r�t�a�n�t�i� �t�r�a�n�s�i�z�i�o-
�n�i� �s�o�n�o �i�n�c�l�u�s�e �i�n� �q�u�e�s�t�a� �c�a�t�e�g�o�r�i�a�, �c�o�m�p�r�e�s�e �l�e �t�r�a�n�s�i�z�i�o�n�i�
�s�o�l�i�d�o/�l�i�q�u�i�d�o/�g�a�� (�a�e�r�i�f�o�r�m�e).

O�g�n�i� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �h�a� �u�n� �p�r�o�p�r�i�o �p�a�r�a�m�e�t�r�o �d�'�o�r�-
�d�i�n�e. I �p�o�s�s�i�b�i�l�i� �p�a�r�a�m�e�t�r�i� �d�'�o�r�d�i�n�e �s�p�a�z�i�a�n�o �s�u� �u�n�a� �g�r�a�n�d�e
�v�a�r�i�e�t�à� �d�i� �p�r�o�p�r�i�e�t�à� �f�i�s�i�c�h�e. Q�u�e�s�t�e �p�r�o�p�r�i�e�t�à� �i�n�c�l�u�d�o�n�o �l�a�
�d�e�n�s�i�t�à� �d�i� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �l�i�q�u�i�d�o-�g�a��, �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e
�i�n� �u�n� �f�e�r�r�o�m�a�g�n�e�t�e, �l�a� �d�i�m�e�n�s�i�o�n�e �d�i� �u�n� �c�l�u�s�t�e�r� �c�o�l�l�e�g�a�t�o �i�n�
�u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �p�e�r�c�o�l�a�z�i�o�n�e, �e �u�n�a� �f�u�n�z�i�o�n�e �d�'�o�n�d�a� �c�o�n�-
�d�e�n�s�a�t�a� �i�n� �u�n� �s�u�p�e�r�f�l�u�i�d�o �o �s�u�p�e�r�c�o�n�d�u�t�t�t�o�r�e. U�n�a� �t�r�a�n�-
�s�i�z�i�o�n�e �d�i� �f�a�s�e �c�o�n�t�i�n�u�a� (�o �d�e�l �s�e�c�o�n�d�o �o�r�d�i�n�e) �s�i� �v�e�r�i�f�i�c�a�
�q�u�a�n�d�o �l�a� �d�i�s�c�o�n�t�i�n�u�i�t�à� �n�e�l �s�a�l�t�o �s�i� �a�v�v�i�c�i�n�a� �a� �z�e�r�o.

13.2 P�u�n�t�i� �c�r�i�t�i�c�i�

N�e�i� �s�i�s�t�e�m�i� �c�o�n�t�e�n�e�n�t�i� �f�a�s�i� �l�i�q�u�i�d�e �e �g�a�s�s�o�s�e, �è �p�r�e�s�e�n�t�e
�u�n�a� �s�p�e�c�i�a�l�e �c�o�m�b�i�n�a�z�i�o�n�e �d�i� �p�r�e�s�s�i�o�n�e �e �t�e�m�p�e�r�a�t�u�r�a�, �n�o�t�a�
�c�o�m�e �p�u�n�t�o �c�r�i�t�i�c�o, �d�o�v�e �l�a� �t�r�a�n�s�i�z�i�o�n�e �l�i�q�u�i�d�o/�g�a�� �d�i�v�e�n�t�a�
�d�e�l �s�e�c�o�n�d�o �o�r�d�i�n�e. V�i�c�i�n�o �a�l �p�u�n�t�o �c�r�i�t�i�c�o, �i�l �f�l�u�i�d�o �è �s�u�f�f�i�-
�c�i�e�n�t�e�m�e�n�t�e �c�a�l�d�o �e �c�o�m�p�r�e�s�s�o �c�h�e �l�a� �d�i�s�t�i�n�z�i�o�n�e �f�r�a� �l�e �d�u�e
�f�a�s�i� �è �p�r�a�t�i�c�a�m�e�n�t�e �i�n�e�s�i�s�t�e�n�t�e. C�i�ò �è �a�s�s�o�c�i�a�t�o �a�l �f�e�n�o�m�e�n�o
�d�e�l�l��o�p�a�l�e�s�c�e�n�z�a� �c�r�i�t�i�c�a�: �i�l �l�i�q�u�i�d�o �h�a� �u�n� �a�s�p�e�t�t�o �s�i�m�i�l�e �a�l �l�a�t-
�t�e, �d�o�v�u�t�o �a�l�l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�l�l�a� �d�e�n�s�i�t�à� �a� �t�u�t�t�e �l�e �l�u�n�g�h�e�z�z�e
�d�'�o�n�d�a� �p�o�s�s�i�b�i�l�i�, �i�n�c�l�u�s�e �q�u�e�l�l�e �d�e�l�l�a� �l�u�c�e �v�i�s�i�b�i�l�e.
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13.3 S�i�m�m�e�t�r�i�a�

L�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �s�p�e�s�s�o (�m�a� �n�o�n� �s�e�m�p�r�e) �a�v�v�e�n�g�o�n�o
�t�r�a� �f�a�s�i� �a� �d�i�f�f�e�r�e�n�t�e �s�i�m�m�e�t�r�i�a�. S�i� �c�o�n�s�i�d�e�r�i�, �a�d� �e�s�e�m�p�i�o, �l�a�
�t�r�a�n�s�i�z�i�o�n�e �t�r�a� �u�n� �f�l�u�i�d�o (�l�i�q�u�i�d�o �o �g�a��) �e �u�n� �c�r�i�s�t�a�l�l�o. U�n�
�f�l�u�i�d�o, �c�h�e �è �c�o�m�p�o�s�t�o �d�i� �a�t�o�m�i� �s�i�s�t�e�m�a�t�i� �i�n� �m�o�d�o �d�i�s�o�r�d�i�n�a�t�o
�m�a� �o�m�o�g�e�n�e�o, �p�o�s�s�i�e�d�e �l�a� �s�i�m�m�e�t�r�i�a� �t�r�a�s�l�a�z�i�o�n�a�l�e �c�o�n�t�i�n�u�a�:
�o�g�n�i� �p�u�n�t�o �a�l�l��i�n�t�e�r�n�o �d�e�l �f�l�u�i�d�o �h�a� �l�e �s�t�e�s�s�e �p�r�o�p�r�i�e�t�à� �d�i�
�q�u�a�l�s�i�a�s�i� �a�l�t�r�o �p�u�n�t�o. U�n� �c�r�i�s�t�a�l�l�o, �d�'�a�l�t�r�a� �p�a�r�t�e, �è �f�o�r�m�a�t�o
�d�a� �a�t�o�m�i� �s�i�s�t�e�m�a�t�i� �i�n� �u�n� �r�e�t�i�c�o�l�o �r�e�g�o�l�a�r�e. O�g�n�i� �p�u�n�t�o �n�e�l
�s�o�l�i�d�o �n�o�n� �è �s�i�m�i�l�e �a�g�l�i� �a�l�t�r�i�, �a� �m�e�n�o �c�h�e �q�u�e�s�t�i� �p�u�n�t�i� �n�o�n�
�s�i�a�n�o �s�e�p�a�r�a�t�i� �d�a� �u�n�a� �s�t�e�s�s�a� �d�i�s�t�a�n�z�a� �r�e�t�i�c�o�l�a�r�e.

G�e�n�e�r�a�l�m�e�n�t�e, �i�n� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e, �s�i� �p�u�ò �d�i�s�t�i�n�-
�g�u�e�r�e �u�n�a� �f�a�s�e �p�i�ù� �s�i�m�m�e�t�r�i�c�a� �r�i�s�p�e�t�t�o �a�l�l�e �a�l�t�r�e. L�a� �t�r�a�n�-
�s�i�z�i�o�n�e �d�a� �u�n�a� �f�a�s�e �p�i�ù� �s�i�m�m�e�t�r�i�c�a� �a�d� �u�n�a� �m�e�n�o �s�i�m�m�e-
�t�r�i�c�a� �v�a� �s�o�t�t�o �i�l �n�o�m�e �d�i� �r�o�t�t�u�r�a� �d�i� �s�i�m�m�e�t�r�i�a�. N�e�l�l�a� �t�r�a�n�-
�s�i�z�i�o�n�e �f�l�u�i�d�o-�s�o�l�i�d�o, �a�d� �e�s�e�m�p�i�o, �l�a� �s�i�m�m�e�t�r�i�a� �r�o�t�t�a� �è �l�a�
�t�r�a�s�l�a�z�i�o�n�e �n�e�l �c�o�n�t�i�n�u�o. Q�u�a�n�d�o �l�a� �s�i�m�m�e�t�r�i�a� �è �r�o�t�t�a�, �è �n�e-
�c�e�s�s�a�r�i�o �i�n�t�r�o�d�u�r�r�e �u�n�a� �o �p�i�ù� �n�u�o�v�e �v�a�r�i�a�b�i�l�i� �p�e�r� �d�e�s�c�r�i�v�e�r�e
�l�o �s�t�a�t�o �d�e�l �s�i�s�t�e�m�a�. A�d� �e�s�e�m�p�i�o, �n�e�l�l�a� �f�a�s�e �f�e�r�r�o�m�a�g�n�e�t�i�c�a�
�s�i� �d�e�v�e �i�n�t�r�o�d�u�r�r�e �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e, �l�a� �c�u�i� �d�i�r�e�z�i�o�n�e �è
�s�c�e�l�t�a� �s�p�o�n�t�a�n�e�a�m�e�n�t�e �q�u�a�n�d�o �i�l �s�i�s�t�e�m�a� �v�i�e�n�e �r�a�f�f�r�e�d�d�a�t�o �a�l
�d�i� �s�o�t�t�o �d�e�l �p�u�n�t�o �d�i� C�u�r�i�e.

F�i�g�u�r�a� 13.1: D�i�a�g�r�a�m�m�a� �d�e�l�l�e �f�a�s�i�
�d�e�l�l��a�c�q�u�a�.

13.4 T�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e

L�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �i�n� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �r�a�p�p�r�e�s�e�n�t�a�b�i�l�e
�s�o�d�d�i�s�f�a�c�e�n�t�e�m�e�n�t�e �d�a�l �d�i�a�g�r�a�m�m�a� �d�e�l�l�e �f�a�s�i�: �i�l �d�i�a�g�r�a�m�m�a�
�d�e�l�l�e �f�a�s�i� �è �u�n� �p�i�a�n�o �p�r�e�s�s�i�o�n�e �e �t�e�m�p�e�r�a�t�u�r�a� �c�o�m�e �q�u�e�l�l�o
�i�n�d�i�c�a�t�o �i�n� �f�i�g�u�r�a� 13.1. C�o�m�e �s�i� �v�e�d�e �n�e�l�l�a� �f�i�g�u�r�a� �o�g�n�i� �p�u�n�-
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�t�o �d�e�l �p�i�a�n�o (T, P) �r�a�p�p�r�e�s�e�n�t�a� �u�n� �d�e�t�e�r�m�i�n�a�t�o �v�a�l�o�r�e �d�e�i�
�p�a�r�a�m�e�t�r�i� �d�e�l�l�a� �s�o�s�t�a�n�z�a� (�a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e, �a�n�c�h�e �s�e �n�o�n�
�n�e�c�e�s�s�a�r�i�a�m�e�n�t�e). O�g�n�i� �p�u�n�t�o �r�a�p�p�r�e�s�e�n�t�a� �q�u�i�n�d�i� �u�n�a� �b�e�n�
�d�e�t�e�r�m�i�n�a�t�a� �f�a�s�e �d�e�l�l�a� �s�o�s�t�a�n�z�a�, �e�c�c�e�t�t�o �c�h�e �i� �p�u�n�t�i� �c�h�e �s�i�
�t�r�o�v�a�n�o �s�u�l�l�e �l�i�n�e�e: �q�u�e�s�t�e �l�i�n�e�e �c�u�r�v�e �v�e�n�g�o�n�o �d�e�t�t�e �l�i�n�e�e �d�i�
�t�r�a�n�s�i�z�i�o�n�e, �c�h�e �d�i�v�i�d�o�n�o �n�e�t�t�a�m�e�n�t�e �l�e �f�a�s�i� �d�e�l�l�a� �s�o�s�t�a�n�z�a�.
S�u�l�l�e �l�i�n�e�e �d�i� �t�r�a�n�s�i�z�i�o�n�e �a�v�v�i�e�n�e �i�l �p�a�s�s�a�g�g�i�o �d�a� �u�n�a� �f�a�s�e
�a�l�l��a�l�t�r�a� �d�e�l�l�a� �s�o�s�t�a�n�z�a�: �l�a� �t�r�a�n�s�i�z�i�o�n�e �a�v�v�i�e�n�e �s�o�l�o �p�e�r�
�d�e�t�e�r�m�i�n�a�t�e �c�o�p�p�i�e �d�i� �v�a�l�o�r�i� (T, P) �e �c�h�i�a�r�a�m�e�n�t�e �d�i�p�e�n�d�o�n�o
�d�a�l �t�i�p�o �d�i� �s�o�s�t�a�n�z�a�. I�l �p�u�n�t�o C �è �i�l �p�u�n�t�o �c�r�i�t�i�c�o, �c�i�o�è �i�l
�p�u�n�t�o �d�a�t�o �d�a� (Tcr, Pcr), �c�h�e �r�a�p�p�r�e�s�e�n�t�a� �i�l �v�a�l�o�r�e �m�a�s�s�i�m�o
�d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �p�e�r� �i�l �q�u�a�l�e �l�a� �s�o�s�t�a�n�z�a� �s�i� �p�u�ò �t�r�o�v�a�r�e
�n�e�l�l�o �s�t�a�t�o �l�i�q�u�i�d�o, �o�l�t�r�e �t�a�l�e �t�e�m�p�e�r�a�t�u�r�a� �l�a� �s�o�s�t�a�n�z�a� �p�u�ò
�t�r�o�v�a�r�s�i� �s�o�l�o �i�n� �s�t�a�t�o �g�a�s�s�o�s�o. I�l �p�u�n�t�o pt = (Tt, Pt)�è �d�e�t�t�o
�p�u�n�t�o �t�r�i�p�l�o: �e�s�s�o �r�a�p�p�r�e�s�e�n�t�a� �l��u�n�i�c�a� �c�o�p�p�i�a� �d�i� �v�a�l�o�r�i� �p�e�r�
�u�n�a� �d�e�t�e�r�m�i�n�a�t�a� �s�o�s�t�a�n�z�a�, �n�e�l�l�a� �q�u�a�l�e �l�e �t�r�e �f�a�s�i� �c�oe�s�i�s�t�o-
�n�o �s�i�m�u�l�t�a�n�e�a�m�e�n�t�e. Q�u�e�s�t�o �p�u�n�t�o �è �c�a�r�a�t�t�e�r�i�s�t�i�c�o �p�e�r� �o�g�n�i�
�s�o�s�t�a�n�z�a� �e �q�u�i�n�d�i� �v�i�e�n�e �u�s�a�t�o �c�o�n� �s�u�c�c�e�s�s�o �n�e�l�l�a� �t�a�r�a�t�u�r�a�
�d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�e�i� �t�e�r�m�o�m�e�t�r�i�.

13.5 E�q�u�a�z�i�o�n�e �d�i� C�l�a�p�e�y�r�o�n�

L'�e�q�u�a�z�i�o�n�e �c�h�e �c�a�r�a�t�t�e�r�i�z�z�a� �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �d�e�l �p�r�i�-
�m�o �o�r�d�i�n�e �c�o�n� �p�r�e�s�s�i�o�n�e �e �t�e�m�p�e�r�a�t�u�r�a� �c�h�e �r�i�m�a�n�g�o�n�o �c�o-
�s�t�a�n�t�i�, �v�a� �r�i�c�e�r�c�a�t�a� �n�e�l�l�a� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i�
G�i�b�b�� G. C�o�n�s�i�d�e�r�i�a�m�o �a�l�l�o�r�a� �u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �e�v�e�r�s�i�b�i�-
�l�e �n�e�l�l�a� �q�u�a�l�e �s�o�n�o �c�o�s�t�a�n�t�i� �l�a� �p�r�e�s�s�i�o�n�e �e �l�a� �t�e�m�p�e�r�a�t�u�r�a�:
�s�i� �c�o�n�s�e�r�v�a� �i�l �p�o�t�e�n�z�i�a�l�e �d�i� G�i�b�b��: Gi = G f . C�i�ò �s�i�g�n�i�f�i�-
�c�a� �c�h�e �p�e�r� �u�n� �c�a�m�b�i�a�m�e�n�t�o �i�n�f�i�n�i�t�e�s�i�m�o �d�e�l�l�a� �p�r�e�s�s�i�o�n�e �e
�t�e�m�p�e�r�a�t�u�r�a�, �d�a� P −→ P + dP �e T −→ T + dT �s�i� �a�v�r�à�
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Gi + dGi = G f + dG f , �d�a� �c�u�i�:

dGi = dG f → −SidT + VidP = −S f dT + Vf dP

�d�a�l�l�a� �q�u�a�l�e �s�i� �o�t�t�i�e�n�e �l��e�q�u�a�z�i�o�n�e �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� C�l�a�p�e�y�r�o�n�:

dp
dT

=
S f − Si

Vf −Vi
=

λ

T(Vf −Vi)

�d�o�v�e λ �r�a�p�p�r�e�s�e�n�t�a� �i�l �c�a�l�o�r�e �l�a�t�e�n�t�e �d�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�e.

13.6 U�n� �m�o�d�e�l�l�o �m�e�c�c�a�n�i�c�o �s�e�m�p�l�i�c�e �p�e�r� �l�e �t�r�a�n�s�i�z�i�o-
�n�i� �d�i� �f�a�s�e

N�e�l �s�u�o �t�e�s�t�o �d�i� �t�e�r�m�o�d�i�n�a�m�i�c�a�, C�a�l�l�e�n� �i�n�t�r�o�d�u�c�e �u�n� �s�e�m�p�l�i�-
�c�e �m�o�d�e�l�l�o �m�e�c�c�a�n�i�c�o �p�e�r� �i�l�l�u�s�t�r�a�r�e �l�e �c�a�r�a�t�t�e�r�i�s�t�i�c�h�e �s�a�l�i�e�n�t�i�
�d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e.

F�i�g�u�r�a� 13.2: M�o�d�e�l�l�o �m�e�c�c�a�n�i�c�o �d�i�
C�a�l�l�e�n�.

C�o�n� �r�i�f�e�r�i�m�e�n�t�o �a�l�l�a� �f�i�g�u�r�a� 13.2, �c�o�n�s�i�d�e�r�i�a�m�o �u�n�a� �s�e-
�z�i�o�n�e �d�i� �t�u�b�o �s�e�m�i�c�i�r�c�o�l�a�r�e �c�h�i�u�s�o �a�d� �e�n�t�r�a�m�b�e �l�e �e�s�t�r�e�m�i�t�à�.
I�l �t�u�b�o �è �p�o�s�t�o �v�e�r�t�i�c�a�l�m�e�n�t�e �s�u� �u�n� �t�a�v�o�l�o, �a� �f�o�r�m�a� �d�i� U

�i�n�v�e�r�t�i�t�o. I�l �t�u�b�o �c�o�n�t�i�e�n�e �u�n� �p�i�s�t�o�n�e �i�n�t�e�r�n�o �c�h�e �p�u�ò �s�c�o�r�-
�r�e�r�e �l�i�b�e�r�a�m�e�n�t�e �e �c�h�e �s�e�p�a�r�a� �i�l �t�u�b�o �i�n� �d�u�e �s�e�z�i�o�n�i�, �o�g�n�u�n�a�
�d�e�l�l�e �q�u�a�l�i� �c�o�n�t�i�e�n�e �u�n�a� �m�o�l�e �d�i� �u�n� �g�a��. C�o�m�e �s�i� �v�e�d�r�à�, �l�a�
�s�i�m�m�e�t�r�i�a� �d�e�l �s�i�s�t�e�m�a� �h�a� �i�m�p�o�r�t�a�n�t�i� �c�o�n�s�e�g�u�e�n�z�e �e �a� �r�o�m�-
�p�e�r�e �q�u�e�s�t�o �s�i�m�m�e�t�r�i�a� �a�s�s�u�m�i�a�m�o �c�h�e �o�g�n�i� �s�e�z�i�o�n�e �d�e�l �t�u�b�o
�c�o�n�t�e�n�g�a� �u�n� �p�i�c�c�o�l�o �c�u�s�c�i�n�e�t�t�o �m�e�t�a�l�l�i�c�o (�c�i�o�è, �u�n�a� �s�f�e�r�a� �m�e-
�t�a�l�l�i�c�a� �p�i�c�c�o�l�a�). I �d�u�e �c�u�s�c�i�n�e�t�t�i� �s�o�n�o �d�i� �m�e�t�a�l�l�i� �d�i�v�e�r�s�i�, �c�o�n�
�d�i�v�e�r�s�o �c�oe�f�f�i�c�i�e�n�t�i� �d�i� �e�s�p�a�n�s�i�o�n�e �t�e�r�m�i�c�a�. A�d� �u�n�a� �q�u�a�l�c�h�e
�t�e�m�p�e�r�a�t�u�r�a� �p�a�r�t�i�c�o�l�a�r�e, �c�h�e �d�e�s�i�g�n�i�a�m�o �c�o�n� Tc, �l�e �d�u�e �s�f�e�r�e
�h�a�n�n�o �r�a�g�g�i� �u�g�u�a�l�i�; �a� �t�e�m�p�e�r�a�t�u�r�e �m�a�g�g�i�o�r�i� �d�i� Tc �l�a� �s�f�e�r�a� �a�
�d�e�s�t�r�a� �è �p�i�ù� �g�r�a�n�d�e.

I�l �p�i�s�t�o�n�e, �m�o�m�e�n�t�a�n�e�a�m�e�n�t�e �p�o�r�t�a�t�o �a�l�l��a�p�i�c�e �d�e�l �t�u�b�o,
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�p�u�ò �c�a�d�e�r�e �i�n� �u�n�a� �d�e�l�l�e `̀ �g�a�m�b�e'', �c�o�m�p�r�i�m�e�n�d�o �i�l �g�a�� �i�n� �q�u�e�l-
�l�a� �g�a�m�b�a� �e �e�s�p�a�n�d�e�n�d�o �i�l �g�a�� �n�e�l�l��a�l�t�r�a� �g�a�m�b�a�. I �n� �c�i�a�s�c�u�n�o
�d�i� �q�u�e�s�t�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �i�n� �c�o�m�p�e�t�i�z�i�o�n�e, �l�a� �d�i�f�f�e�r�e�n�z�a�
�d�i� �p�r�e�s�s�i�o�n�e �c�o�m�p�e�n�s�a� �e�s�a�t�t�a�m�e�n�t�e �l��e�f�f�e�t�t�o �d�e�l �p�e�s�o �d�e�l
�p�i�s�t�o�n�e.

I �n� �a�s�s�e�n�z�a� �d�e�i� �d�u�e �c�u�s�c�i�n�e�t�t�i�, �i� �d�u�e �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o
�c�o�m�p�e�t�i�z�i�o�n�e �s�a�r�e�b�b�e�r�o �i�n�t�e�r�a�m�e�n�t�e �e�q�u�i�v�a�l�e�n�t�i�. M�a� �c�o�n� �i�
�d�u�e �c�u�s�c�i�n�e�t�t�i� �l�a� �p�o�s�i�z�i�o�n�e �p�i�ù� �s�t�a�b�i�l�e �d�i� �e�q�u�i�l�i�b�r�i�o �è �q�u�e�l�l�a� �a�
�s�i�n�i�s�t�r�a� �s�e T > Tc �e�d� �è �q�u�e�l�l�a� �a� �d�e�s�t�r�a� �s�eT < Tc.

D�a� �u�n� �p�u�n�t�o �d�i� �v�i�s�t�a� �t�e�r�m�o�d�i�n�a�m�i�c�o, �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�e�l
�s�i�s�t�e�m�a� �è F = U − TS, �e �l��e�n�e�r�g�i�a� U �c�o�n�t�i�e�n�e �s�i�a� �l��e�n�e�r�g�i�a�
�p�o�t�e�n�z�i�a�l�e �g�r�a�v�i�t�a�z�i�o�n�a�l�e �d�e�l �p�i�s�t�o�n�e �s�i�a� �l�e �f�a�m�i�l�i�a�r�i� �e�n�e�r�g�i�e
�t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�e�i� �d�u�e �g�a�� (�e, �n�a�t�u�r�a�l�m�e�n�t�e, �l�e �e�n�e�r�g�i�e �t�e�r�-
�m�o�d�i�n�a�m�i�c�h�e �d�e�i� �d�u�e �c�u�s�c�i�n�e�t�t�i�, �c�h�e �a�s�s�u�m�e�r�e�m�o �p�i�c�c�o�l�e �e/�o
�u�g�u�a�l�i�). C�o�s�ì� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�e�l �s�i�s�t�e�m�a� �h�a� �d�u�e �m�i�n�i�m�i� �l�o�c�a�l�i�,
�c�o�n� �i�l �m�i�n�i�m�o �p�i�ù� �b�a�s�s�o �c�h�e �c�o�r�r�i�s�p�o�n�d�e �a�l �p�i�s�t�o�n�e �c�h�e �s�i�
�t�r�o�v�a� �d�a�l �l�a�t�o �d�e�l�l�a� �s�f�e�r�a� �p�i�ù� �p�i�c�c�o�l�a�.

C�o�m�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �è �a�b�b�a�s�s�a�t�a� �s�o�t�t�o Tc, �i� �d�u�e �m�i�n�i�m�i�
�d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �s�i� �s�c�a�m�b�i�a�n�o. �c�o�n� �i�l �m�i�n�i�m�o �a�s�s�o�l�u�t�o �c�h�e
�p�a�s�s�a� �d�a�l �l�a�t�o �d�e�s�t�r�o �a� �q�u�e�l�l�o �s�i�n�i�s�t�r�o. L�o �s�p�o�s�t�a�m�e�n�t�o
�d�e�l�l�o �s�t�a�t�o �e�q�u�i�l�i�b�r�i�o �d�a� �u�n�o �m�i�n�i�m�o �l�o�c�a�l�e �a�l�l��a�l�t�r�o �c�o�s�t�i�t�u�i�s�c�e
�u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e, �i�n�d�o�t�t�a� �d�a� �u�n�
�c�a�m�b�i�a�m�e�n�t�o �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �o�p�p�u�r�e �d�a�l �c�a�m�b�i�a�m�e�n�t�o �d�i�
�u�n� �q�u�a�l�c�h�e �a�l�t�r�o �p�a�r�a�m�e�t�r�o �t�e�r�m�o�d�i�n�a�m�i�c�o.

� S�t�a�t�i� �t�r�a� �i� �q�u�a�l�i� �s�i� �v�e�r�i�f�i�c�a� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�e�l �p�r�i�m�o
�o�r�d�i�n�e �s�o�n�o �d�i�s�t�i�n�t�i� �e �s�i� �v�e�r�i�f�i�c�a�n�o �i�n� �r�e�g�i�o�n�i� �s�e�p�a�r�a�t�e
�d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e.

F�i�g�u�r�a� 13.3: G�r�a�f�i�c�i� �d�e�l�l��e�n�e�r�g�i�a�
�l�i�b�e�r�a� �p�e�r� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i�
�f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e.

C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �i�l �c�a�s�o �i�n� �c�u�i� �i�l �p�i�s�t�o�n�e �s�i� �t�r�o�v�i� �n�e�l-
�l�o �s�t�a�t�o �c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�l �m�i�n�i�m�o �p�i�ù� �e�l�e�v�a�t�o, �v�a�l�e �a� �d�i�r�e
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�n�e�l�l�o �s�t�e�s�s�o �l�a�t�o �d�e�l �t�u�b�o �d�o�v�e �s�i� �t�r�o�v�a� �i�l �c�u�s�c�i�n�e�t�t�o �p�i�ù�
�g�r�a�n�d�e. T�r�o�v�a�n�d�o�s�i� �i�n� �u�n� �m�i�n�i�m�o �d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a�, �i�l �p�i�-
�s�t�o�n�e �r�i�m�a�r�r�à� �t�e�m�p�o�r�a�n�e�a�m�e�n�t�e �i�n� �q�u�e�l �m�i�n�i�m�o �a�n�c�h�e �s�e
�s�o�t�t�o�p�o�s�t�o �a� �f�l�u�t�t�u�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e (`̀ �m�o�t�o �b�r�o�w�n�i�a�-
�n�o''). D�o�p�o �u�n� �t�e�m�p�o �s�u�f�f�i�c�i�e�n�t�e�m�e�n�t�e �l�u�n�g�o, �u�n�a� �f�l�u�t�t�u�a�z�i�o�n�e
�g�i�g�a�n�t�e �p�o�r�t�e�r�à� �i�l �p�i�s�t�o�n�e �a� �s�u�p�e�r�a�r�e �l�a� �b�a�r�r�i�e�r�a� �e �a� �s�t�a�b�i�-
�l�i�r�s�i� �n�e�l �p�u�n�t�o �d�i� �m�i�n�i�m�o �s�t�a�b�i�l�e. E �a�l�l�o�r�a� �r�i�m�a�r�r�à� �i�n� �q�u�e�s�t�o
�m�i�n�i�m�o �p�i�ù� �p�r�o�f�o�n�d�o �f�i�n�o �u�n�a� �a�n�c�h�e �p�i�ù� �g�r�a�n�d�e (�e �e�n�o�r�m�e-
�m�e�n�t�e �m�e�n�o �p�r�o�b�a�b�i�l�e) �f�l�u�t�t�u�a�z�i�o�n�e �l�o �r�i�p�o�r�t�e�r�à� �i�n�d�i�e�t�r�o �n�e�l
�m�i�n�i�m�o �m�e�n�o �s�t�a�b�i�l�e, �d�o�p�o �d�i� �c�h�e �l�o �s�c�e�n�a�r�i�o �s�i� �r�i�p�e�t�e. L�a�
�p�r�o�b�a�b�i�l�i�t�à� �d�i� �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�c�a�d�e �c�o�s�ì� �r�a�p�i�d�a�m�e�n�t�e �c�o�n� �l��a�u�-
�m�e�n�t�a�r�e �d�e�l�l�a� �l�o�r�o �a�m�p�i�e�z�z�a� �c�h�e �i�l �s�i�s�t�e�m�a� �s�p�e�n�d�e �q�u�a�s�i�
�t�u�t�t�o �i�l �t�e�m�p�o �n�e�l �m�i�n�i�m�o �s�t�a�b�i�l�e. T�u�t�t�a� �q�u�e�s�t�a� �d�i�n�a�m�i�c�a� �è
�i�g�n�o�r�a�t�a� �d�a�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �m�a�c�r�o�s�c�o�p�i�c�a�, �c�h�e �c�o�n�c�e�r�n�e �s�o�l�o
�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �s�t�a�b�i�l�e.

C�o�n�s�i�d�e�r�i�a�m�o �i�n�f�i�n�e �i�l �c�a�s�o �i�n� �c�u�i� �i� �c�u�s�c�i�n�e�t�t�i� �a� �s�f�e�r�e
�s�o�n�o �i�d�e�n�t�i�c�i� �o �a�s�s�e�n�t�i�. A�l�l�o�r�a� �a� �b�a�s�s�e �t�e�m�p�e�r�a�t�u�r�e �i�l �d�u�e
�m�i�n�i�m�i� �i�n� �c�o�m�p�e�t�i�z�i�o�n�e �s�o�n�o �e�q�u�i�v�a�l�e�n�t�i�. T�u�t�t�a�v�i�a�, �c�o�m�e �l�a�
�t�e�m�p�e�r�a�t�u�r�a� �v�i�e�n�e �a�u�m�e�n�t�a�t�a�, �l�e �d�u�e �p�o�s�i�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o
�d�e�l �p�i�s�t�o�n�e �s�i� �a�l�z�a�n�o �n�e�l �t�u�b�o, �e �s�i� �a�v�v�i�c�i�n�a�n�o �a�l�l��a�p�i�c�e. S�o-
�p�r�a� �d�i� �u�n�a� �c�e�r�t�a� �t�e�m�p�e�r�a�t�u�r�a� Tcr, �c'�è �s�o�l�o �u�n�a� �p�o�s�i�z�i�o�n�e
�d�i� �e�q�u�i�l�i�b�r�i�o, �c�o�n� �i�l �p�i�s�t�o�n�e �a�l�l��a�p�i�c�e �d�e�l �t�u�b�o. I �n�v�e�r�s�a�m�e�n�t�e,
�a�b�b�a�s�s�a�n�d�o �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�a� T > Tcr �a� T < Tcr, �i�l �s�i�n�-
�g�o�l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �s�i� �b�i�f�o�r�c�a� �i�n� �d�u�e �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o
(�s�i�m�m�e�t�r�i�c�i�).L�a� �t�e�m�p�e�r�a�t�u�r�a� Tcr �è �l�a� �t�e�m�p�e�r�a�t�u�r�e �c�r�i�t�i�c�a�, �e
�l�a� �t�r�a�n�s�i�z�i�o�n�e �a� Tcr �è �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l �s�e�c�o�n�d�o
�o�r�d�i�n�e.

� S�t�a�t�i� �i�n� �c�u�i� �s�i� �v�e�r�i�f�i�c�a� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l
�s�e�c�o�n�d�o �o�r�d�i�n�e �s�o�n�o �s�t�a�t�i� �c�o�n�t�i�g�u�i� �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e
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�c�o�n�f�i�g�u�r�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e.



A�p�p�e�n�d�i�c�i�





A
F�u�n�z�i�o�n�i� �c�o�n�v�e�s�s�e �e �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e

U�n� �s�o�t�t�o�i�n�s�i�e�m�e D �d�i� �u�n�o �s�p�a�z�i�o �v�e�t�t�o�r�i�a�l�e �è �c�o�n�v�e�s�s�o �è
�t�a�l�e �c�h�e �s�e x, �e y �s�o�n�o �i�n� D �a�n�c�h�e tx + (1− t)y �p�e�r� �o�g�n�i� t ∈

[0, 1]. I �n� �s�o�l�d�o�n�i�, �u�n�a� �r�e�g�i�o�n�e �è �c�o�n�v�e�s�s�a� �s�e �n�o�n� �h�a� �i�n�c�a�v�i�.
S�i�m�i�l�m�e�n�t�e, �u�n�a� �f�u�n�z�i�o�n�e �è �c�o�n�v�e�s�s�a�, �s�e �i�l �s�u�o �g�r�a�f�i�c�o �s�i�
�c�u�r�v�a� �s�e�m�p�r�e �v�e�r�s�o �l��a�l�t�o.

F�i�g�u�r�a� A.1: (�a�) U�n�a� �r�e�g�i�o�n�e
�c�o�n�v�e�s�s�a� �e (�b) �n�o�n� �c�o�n�v�e�s�s�a�.

U�n�a� �f�u�n�z�i�o�n�e �a� �v�a�l�o�r�i� �r�e�a�l�i� f �s�u� �u�n� �i�n�t�e�r�v�a�l�l�o (�o, �p�i�ù�
�i�n� �g�e�n�e�r�a�l�e, �u�n� �i�n�s�i�e�m�e �c�o�n�v�e�s�s�o �i�n� �u�n�o �s�p�a�z�i�o �v�e�t�t�o�r�i�a�l�e) �è
�d�e�t�t�a� �c�o�n�v�e�s�s�a� �s�e, �p�e�r� �q�u�a�l�s�i�a�s�i� x �e y �n�e�l�l��i�n�t�e�r�v�a�l�l�o �e �p�e�r�
�o�g�n�i� t �i�n� [0, 1],

t f (x) + (1− t) f (y)) ≤ f (tx + (1− t)y).
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y

x
tx + (1 − t)y yx

f
(
tx + (1 − t)y

)
tf(x) + (1 − t)f(y)

y = f(x) F�i�g�u�r�a� A.2: D�e�f�i�n�i�z�i�o�n�e �d�i� �f�u�n�-
�z�i�o�n�e �c�o�n�v�e�s�s�a�: 〈 f 〉 ≥ f (m),
�d�o�v�e m = tx + (1 − t)y �e
〈 f 〉 = t f (x) + (1 − t) f (y)), �p�e�r�
�o�g�n�i� t ∈ [0, 1] �e x �e y �d�u�e �p�u�n�t�i�
�q�u�a�l�u�n�q�u�e �n�e�l �d�o�m�i�n�i�o �d�i� f .

U�n�a� �f�u�n�z�i�o�n�e �è �d�e�t�t�a� �s�t�r�e�t�t�a�m�e�n�t�e �c�o�n�v�e�s�s�a� �s�e �v�a�l�e �l�a�
�d�i�s�u�g�u�a�g�l�i�a�n�z�a� �s�t�r�e�t�t�a�. P�e�r� �u�n�a� �f�u�n�z�i�o�n�e �s�u� �u�n� �i�n�t�e�r�v�a�l�l�o,
�q�u�e�s�t�a� �d�e�f�i�n�i�z�i�o�n�e �s�i�g�n�i�f�i�c�a� �s�e�m�p�l�i�c�e�m�e�n�t�e �c�h�e �p�e�r� �o�g�n�i� m

�t�r�a� x �e y �i�l �p�u�n�t�o (m, f (m)) �s�u�l �g�r�a�f�i�c�o �d�i� f �è �s�o�t�t�o �l�a� �l�i�n�e�a�
�r�e�t�t�a� �c�o�n�g�i�u�n�g�e�n�t�e �i� �p�u�n�t�i� (x, f (x)) �e (y, f (y)). U�n�a� �f�u�n�z�i�o�n�e
g �è �d�e�t�t�a� �c�o�n�c�a�v�a� �s�e −g �è �c�o�n�v�e�s�s�a�.

y

x

y = p0x

y = p1x

a

ℓ

pp0 p1 F�i�g�u�r�a� A.3: L�a� �t�r�a�s�f�o�r�m�a�t�a�
�d�i� L�e�g�e�n�d�r�e �d�i� �u�n� �a�n�g�o�l�o �è �u�n�
�s�e�g�m�e�n�t�o.
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