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1.1 C�h�e �c�o�s�a� �è �l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

L�a� �n�a�t�u�r�a� �h�a� �u�n�a� �s�t�r�u�t�t�u�r�a� �g�e�r�a�r�c�h�i�c�a�, �c�o�n� �s�c�a�l�e �d�i� �t�e�m�-
�p�o, �l�u�n�g�h�e�z�z�a� �e�d� �e�n�e�r�g�i�a� �c�h�e �v�a�n�n�o �d�a�l �s�u�b�m�i�c�r�o�s�c�o�p�i�c�o �a�l
�s�u�p�e�r�g�a�l�a�c�t�i�c�o. S�o�r�p�r�e�n�d�e�n�t�e�m�e�n�t�e �è �p�o�s�s�i�b�i�l�e, �e �i�n� �m�o�l�t�i�
�c�a�s�i� �e�s�s�e�n�z�i�a�l�e, �d�i�s�c�u�t�e�r�e �d�i� �q�u�e�s�t�i� �l�i�v�e�l�l�i� �i�n� �m�o�d�o �i�n�d�i�p�e�n�-
�d�e�n�t�e � �i� �q�u�a�r�k� �s�o�n�o �i�r�r�i�l�e�v�a�n�t�i� �p�e�r� �l�a� �c�o�m�p�r�e�n�s�i�o�n�e �d�e�l
�r�i�p�i�e�g�a�m�e�n�t�o �d�e�l�l�e �p�r�o�t�e�i�n�e �e �g�l�i� �a�t�o�m�i� �s�o�n�o �u�n�a� �d�i�s�t�r�a�z�i�o�n�e
�q�u�a�n�d�o �s�i� �s�t�u�d�i�a�n�o �l�e �c�o�r�r�e�n�t�i� �o�c�e�a�n�i�c�h�e. T�u�t�t�a�v�i�a�, �u�n�a� �l�e-
�z�i�o�n�e �c�e�n�t�r�a�l�e �d�e�l�l�a� �s�c�i�e�n�z�a�, �d�i� �g�r�a�n�d�e �s�u�c�c�e�s�s�o �n�e�g�l�i� �u�l�t�i�m�i�
�t�r�e�c�e�n�t�o �a�n�n�i�, �è �c�h�e �c�o�m�e �s�i� �s�a�l�e �n�e�l�l�a� �g�e�r�a�r�c�h�i�a�, �n�o�n� �v�i� �s�o-
�n�o �n�u�o�v�e �l�e�g�g�i� �f�o�n�d�a�m�e�n�t�a�l�i�, �m�a� �s�o�l�o �f�e�n�o�m�e�n�i� �n�u�o�v�i�. C�o�s�ì� �l�e
�f�r�e�c�c�e �d�e�l�l�a� �s�p�i�e�g�a�z�i�o�n�e �f�r�a� �i� �v�a�r�i� �l�i�v�e�l�l�i� �p�u�n�t�a�n�o �s�e�m�p�r�e



2 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

�d�a�l�l�e �s�c�a�l�e �p�i�ù� �p�i�c�c�o�l�e �a� �q�u�e�l�l�e �p�i�ù� �g�r�a�n�d�i�, �a�n�c�h�e �s�e �l��o�r�i�g�i�n�e
�d�e�i� �f�e�n�o�m�e�n�i� �d�i� �l�i�v�e�l�l�o �s�u�p�e�r�i�o�r�e �n�e�l�l�e �l�e�g�g�i� �p�i�ù� �f�o�n�d�a�m�e�n�t�a�l�i�
�d�i� �l�i�v�e�l�l�o �p�i�ù� �b�a�s�s�o �è �s�p�e�s�s�o �m�o�l�t�o �p�o�c�o �t�r�a�s�p�a�r�e�n�t�e.

L�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �f�o�r�n�i�s�c�e �u�n� �q�u�a�d�r�o �d�i� �r�i�f�e�r�i�m�e�n�t�o
�p�e�r� �d�e�s�c�r�i�v�e�r�e �c�o�m�e �m�o�d�e�l�l�i� �b�e�n� �d�e�f�i�n�i�t�i� �o �c�o�m�p�o�r�t�a�m�e�n�t�i� �d�i�
�l�i�v�e�l�l�o �s�u�p�e�r�i�o�r�e �p�o�s�s�o�n�o �d�e�r�i�v�a�r�e �d�a� �a�t�t�i�v�i�t�à� �n�o�n� �c�o�o�r�d�i�-
�n�a�t�e1 �d�i� �u�n�a� �m�o�l�t�i�t�u�d�i�n�e �d�i� �s�i�n�g�o�l�e �e�n�t�i�t�à� �d�i� �l�i�v�e�l�l�o �i�n�f�e�r�i�o�r�e 1A �q�u�e�s�t�o �p�r�o�p�o�s�i�t�o, �è �d�i�f�f�i�c�i�l�e

�n�o�n� �p�e�n�s�a�r�e �a� �q�u�a�n�t�o �s�c�r�i�v�e�v�a�
L�u�c�r�e�z�i�o �n�e�l �l�i�b�r�o V �d�e�l `̀D�e
R�e�r�u�m� N�a�t�u�r�a�'': C�e�r�t�a�m�e�n�t�e
�g�l�i� �a�t�o�m�i� �n�o�n� �s�i� �d�i�s�p�o�s�e�r�o �a�
�b�e�l�l�a� �p�o�s�t�a�, �c�o�n� �s�c�a�l�t�r�o �d�i�s�e�g�n�o,
�s�e�c�o�n�d�o �u�n� �o�r�d�i�n�e �p�r�o�p�r�i�o, �n�é
�s�t�a�b�i�l�i�r�o�n�o �i� �m�o�t�i� �c�h�e �o�g�n�u�n�o
�d�o�v�e�s�s�e �p�r�o�d�u�r�r�e.

�i�n�t�e�r�a�g�e�n�t�i� �t�r�a� �l�o�r�o. Q�u�e�s�t�a� �b�r�a�n�c�a� �d�e�l�l�a� �f�i�s�i�c�a� �è �s�t�a�t�o �s�v�i�-
�l�u�p�p�a�t�a� �p�e�r� �c�o�l�l�e�g�a�r�e �i� �f�e�n�o�m�e�n�i� �t�e�r�m�i�c�i� �m�e�s�o�s�c�o�p�i�c�i� �e �m�a�-
�c�r�o�s�c�o�p�i�c�i� �a�l �m�o�n�d�o �m�i�c�r�o�s�c�o�p�i�c�o �d�e�g�l�i� �a�t�o�m�i� �e �d�e�l�l�e �m�o�l�e�c�o�l�e.
F�o�r�t�u�n�a�t�a�m�e�n�t�e, �m�o�l�t�e �p�r�o�p�r�i�e�t�à� �i�m�p�o�r�t�a�n�t�i� �d�e�g�l�i� �o�g�g�e�t�t�i� �c�h�e
�c�o�n�t�e�n�g�o�n�o �m�o�l�t�i�s�s�i�m�i� �a�t�o�m�i�, �a�d� �e�s�e�m�p�i�o �i�l �p�u�n�t�o �d�i� �e�b�o�l�l�i�-
�z�i�o�n�e �e �c�o�n�g�e�l�a�m�e�n�t�o �d�e�l�l��a�c�q�u�a�, �p�o�s�s�o�n�o �e�s�s�e�r�e �o�t�t�e�n�u�t�i� �d�a�
�m�o�d�e�l�l�i� �s�e�m�p�l�i�f�i�c�a�t�i� �d�e�l�l�a� �s�t�r�u�t�t�u�r�a� �d�e�g�l�i� �a�t�o�m�i� �e �d�e�l�l�e �l�e�g�g�i�
�c�h�e �g�o�v�e�r�n�a�n�o �l�e �l�o�r�o �i�n�t�e�r�a�z�i�o�n�i�.

L�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �q�u�i�n�d�i� �s�p�e�s�s�o �p�r�e�n�d�e �c�o�m�e �p�u�n�-
�t�o �d�i� �p�a�r�t�e�n�z�a� �p�e�r� �i�l �l�i�v�e�l�l�o �p�i�ù� �b�a�s�s�o �l�a� �d�e�s�c�r�i�z�i�o�n�e �d�e�g�l�i�
�a�t�o�m�i� �c�h�e �n�e �d�à� F�e�y�n�m�a�n�, �c�o�m�e `̀ �p�i�c�c�o�l�e �p�a�r�t�i�c�e�l�l�e �c�h�e �s�i�
�m�u�o�v�o�n�o �i�n�t�o�r�n�o �i�n� �m�o�t�o �p�e�r�p�e�t�u�o, �a�t�t�r�a�e�n�d�o�s�i� �l��u�n� �l��a�l�t�r�a�
�q�u�a�n�d�o �s�o�n�o �a�b�b�a�s�t�a�n�z�a� �v�i�c�i�n�e, �m�a� �r�e�s�p�i�n�g�e�n�d�o�s�i� �q�u�a�n�d�o
�s�o�n�o �s�c�h�i�a�c�c�i�a�t�e �l��u�n�a� �c�o�n�t�r�o �l��a�l�t�r�a�''. P�e�r�c�h�é �q�u�e�s�t�a� �c�r�u�d�a� �i�m�-
�m�a�g�i�n�e �c�l�a�s�s�i�c�a� (�u�n�a� �v�e�r�s�i�o�n�e �r�a�f�f�i�n�a�t�a� �d�i� �q�u�e�l�l�a� �p�r�o�p�o�s�t�a�
�d�a� �a�l�c�u�n�i� �a�n�t�i�c�h�i� �f�i�l�o�s�o�f�i� �g�r�e�c�i�) �f�o�r�n�i�s�c�a� �p�r�e�v�i�s�i�o�n�i� �c�h�e �n�o�n�
�s�o�n�o �s�o�l�o �q�u�a�l�i�t�a�t�i�v�a�m�e�n�t�e �c�o�r�r�e�t�t�e, �m�a� �i�n� �m�o�l�t�i� �c�a�s�i� �a�n�c�h�e
�e�s�t�r�e�m�a�m�e�n�t�e �p�r�e�c�i�s�e, �è �c�e�r�t�a�m�e�n�t�e �l�o�n�t�a�n�o �d�a�l�l��e�s�s�e�r�e �c�h�i�a�r�o.

1.2 T�e�m�i� �e �p�r�o�b�l�e�m�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

L�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �m�o�d�e�r�n�a� �è �i�l �p�r�o�d�o�t�t�o �d�i� �u�n� �l�u�n�g�o
�p�e�r�c�o�r�s�o �s�t�o�r�i�c�o. S�i� �p�u�ò �a�f�f�e�r�m�a�r�e �c�h�e �m�o�l�t�i� �d�e�i� �p�r�o�b�l�e�m�i�
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�c�h�e �s�i� �s�o�n�o �p�r�e�s�e�n�t�a�t�i� �n�e�l �s�u�o �s�v�i�l�u�p�p�o, �o�g�g�i� �p�o�s�s�o�n�o �d�i�r�s�i�,
�i�n� �l�a�r�g�a� �p�a�r�t�e, �r�i�s�o�l�t�i�.

P�r�o�v�i�a�m�o �a� �t�r�a�t�t�e�g�g�i�a�r�e �i�n� �f�o�r�m�a� �s�c�h�e�m�a�t�i�c�a� �t�a�l�e �p�e�r�c�o�r�-
�s�o, �i� �p�r�o�b�l�e�m�i� �c�h�e �s�i� �s�o�n�o �p�r�e�s�e�n�t�a�t�i� �e �l�e �s�o�l�u�z�i�o�n�i� �f�o�r�n�i�t�e
�d�a�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �m�o�d�e�r�n�a�, �i�n�d�i�c�a�n�d�o �n�e�l�l�e �n�o�t�e �a� �l�a�t�o
�i� �c�a�p�i�t�o�l�i� �d�o�v�e �q�u�e�s�t�i� �t�e�m�i� �v�e�n�g�o�n�o �t�r�a�t�t�a�t�i�.

• N�e�l V �s�e�c�o�l�o �a�. C., T�a�l�e�t�e �e �i� �c�o�s�i�d�d�e�t�t�i� �f�i�l�o�s�o�f�i� �p�r�e-
�s�o�c�r�a�t�i�c�i� �s�c�o�p�r�i�r�o�n�o �c�h�e �s�o�s�t�a�n�z�e �a�p�p�a�r�e�n�t�e�m�e�n�t�e �d�i�v�e�r�-
�s�e �c�o�m�e �i�l �g�h�i�a�c�c�i�o �e �l��a�c�q�u�a� �p�o�s�s�o�n�o �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�e
�m�a�n�i�f�e�s�t�a�z�i�o�n�i� �d�i�f�f�e�r�e�n�t�i� (�o�g�g�i� �d�i�c�i�a�m�o �f�a�s�i�) �d�e�l�l�a� �s�t�e�s�s�a�
�s�o�s�t�a�n�z�a�.

P�r�o�b�l�e�m�a� 1: �s�p�i�e�g�a�r�e �c�o�m�e �a�v�v�e�n�g�a� �i�l �c�a�m�b�i�a�m�e�n�t�o �d�a�
�u�n�a� �f�a�s�e �a�l�l��a�l�t�r�a� �d�e�l�l�a� �s�t�e�s�s�a� �s�o�s�t�a�n�z�a� �e �s�o�t�t�o �q�u�a�l�i�
�c�o�n�d�i�z�i�o�n�i�.

• P�o�c�o �p�i�ù� �t�a�r�d�i�, D�e�m�o�c�r�i�t�o �p�o�s�e �a� �f�o�n�d�a�m�e�n�t�o �d�e�l�l�a� �m�a�t�e-
�r�i�a� �a�t�o�m�i� �c�h�e �s�i� �m�u�o�v�o�n�o �n�e�l �v�u�o�t�o, �s�o�s�t�e�n�e�n�d�o �c�h�e �t�u�t�t�a�
�l�a� �v�a�r�i�e�t�à� �d�e�l �r�e�a�l�e �s�i� �p�u�ò �r�i�c�o�n�d�u�r�r�e �a�l�l�e �p�r�o�p�r�i�e�t�à� �d�e�l
�m�o�v�i�m�e�n�t�o �d�e�g�l�i� �a�t�o�m�i�.

P�r�o�b�l�e�m�a� 2: �s�p�i�e�g�a�r�e �i�l �c�a�m�b�i�a�m�e�n�t�o � �n�e�l �s�e�n�s�o �p�i�ù�
�g�e�n�e�r�a�l�e �d�e�l �t�e�r�m�i�n�e � �d�e�l�l�a� �m�a�t�e�r�i�a�.

• N�e�l�l�O�t�t�o�c�e�n�t�o, �f�u�r�o�n�o �p�o�s�t�e �l�e �b�a�s�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�
�c�l�a�s�s�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o. O�g�g�i� �s�a�p�p�i�a�m�o �c�h�e �t�u�t�t�e �l�e �p�r�o�p�r�i�e- L�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�l�a�s�s�i�c�a� �è

�t�r�a�t�t�a�t�a� �n�e�l C�a�p�. 2. S�e�g�u�i�r�e�m�o
�l�a� �f�o�r�m�u�l�a�z�i�o�n�e �d�i� C�a�l�l�e�n�, �c�h�e
�p�o�n�e �a� �f�o�n�d�a�m�e�n�t�o �l�a� �r�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b�� �p�e�r� �l��e�n�-
�t�r�o�p�i�a� �d�i� �e�q�u�i�l�i�b�r�i�o S�e�� �i�n�t�r�o�d�o�t�t�a�
�d�a� C�l�a�u�s�i�u�� �e �n�e �c�a�r�a�t�t�e�r�i�z�z�a�,
�a�s�s�i�o�m�a�t�i�c�a�m�e�n�t�e, �l�e �p�r�o�p�r�i�e�t�à�.

�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i�s�c�e�n�d�o�n�o �d�a�l�l��e�s�i�s�t�e�n�z�a�
�d�i� �u�n�a� �v�a�r�i�a�b�i�l�e, �l��e�n�t�r�o�p�i�a� �d�i� �e�q�u�i�l�i�b�r�i�o S�e��. S�e �è �n�o�t�a� �l�a�
�d�i�p�e�n�d�e�n�z�a� �f�u�n�z�i�o�n�a�l�e �d�i� S�e�� �d�a�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e
�d�e�l �s�i�s�t�e�m�a�, �s�i� �s�a� �t�u�t�t�o �d�e�l�l�e �p�r�o�p�r�i�e�t�à� �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l
�s�i�s�t�e�m�a�.
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• I�l �p�r�e�s�u�p�p�o�s�t�o �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �l��e�s�i�s�t�e�n�z�a� �d�i� �s�t�a�t�i�
�d�i� �e�q�u�i�l�i�b�r�i�o �c�h�e �s�o�n�o �d�e�s�c�r�i�t�t�i� �d�a� �p�o�c�h�e �v�a�r�i�a�b�i�l�i� (�p�e�r� �u�n�a�
�s�o�s�t�a�n�z�a� �p�u�r�a�, �m�e�n�o �d�e�l�l�e �d�i�t�a� �d�i� �u�n�a� �m�a�n�o).
P�r�o�b�l�e�m�a� 3: �s�p�i�e�g�a�r�e �c�o�m�e �s�i�a� �p�o�s�s�i�b�i�l�e �c�h�e �u�n� �s�i�s�t�e-
�m�a� �c�o�n� �u�n� �e�l�e�v�a�t�i�s�s�i�m�o �n�u�m�e�r�o �d�i� �g�r�a�d�i� �d�i� �l�i�b�e�r�t�à� �s�i�a�
�d�e�s�c�r�i�v�i�b�i�l�e �d�a� �p�o�c�h�e �v�a�r�i�a�b�i�l�i�.

• L�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �a�f�f�i�n�a� �i�l �p�r�o�b�l�e�m�a�
�d�i� D�e�m�o�c�r�i�t�o �n�e�l �s�e�g�u�e�n�t�e �m�o�d�o.
P�r�o�b�l�e�m�a� 2': �s�p�i�e�g�a�r�e �c�o�m�e �s�i�a� �p�o�s�s�i�b�i�l�e �c�h�e �l�e�g�g�i� �m�i�-
�c�r�o�s�c�o�p�i�c�h�e �r�e�v�e�r�s�i�b�i�l�i� �d�i�a�n�o �l�u�o�g�o �a� �l�e�g�g�i� �m�a�c�r�o�s�c�o�p�i�c�h�e
�i�r�r�e�v�e�r�s�i�b�i�l�i�.

• Q�u�a�n�d�o �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �r�e�s�a� �l�o�c�a�l�e, �c�i�o�è �v�a�l�e�v�o�l�e �p�u�n�t�o L'�e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e
�e �l�a� �t�e�o�r�i�a� �d�i� O�n�s�a�g�e�r� �d�e�l�l�a� �t�e�r�-
�m�o�d�i�n�a�m�i�c�a� �d�i� �n�o�n� �e�q�u�i�l�i�b�r�i�o �s�o�n�o
�t�r�a�t�t�a�t�i� �n�e�l C�a�p�. 3.

�p�e�r� �p�u�n�t�o �i�n� �u�n�a� �s�o�s�t�a�n�z�a� �m�a�c�r�o�s�c�o�p�i�c�a�, �e �s�i� �a�s�s�u�m�e
�c�h�e �v�a�l�g�a�n�o �l�e�g�g�i� �c�o�s�t�i�t�u�t�i�v�e �l�i�n�e�a�r�i�, �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �p�u�ò
�e�s�s�e�r�e �e�s�t�e�s�a� �a�d� �u�n�a� �t�e�o�r�i�a� �c�h�e �c�o�p�r�e �u�n�'�e�n�o�r�m�e �v�a�r�i�e�t�à�
�d�i� �f�e�n�o�m�e�n�i�: �d�a�l�l�a� �c�i�n�e�t�i�c�a� �d�e�l�l�e �r�e�a�z�i�o�n�i� �c�h�i�m�i�c�h�e �a�l �m�o�v�i�-
�m�e�n�t�o �t�u�r�b�o�l�e�n�t�o �d�e�i� �f�l�u�i�d�i�. P�e�r� �q�u�e�s�t�a� �t�e�o�r�i�a� �d�i� `̀ �e�q�u�i�l�i�b�r�i�o
�t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e'' �l�a� �v�a�r�i�a�b�i�l�e �f�o�n�d�a�m�e�n�t�a�l�e �è �l��e�n�t�r�o�p�i�a�
�l�o�c�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o S�e�� �l�o�c.

• N�e�l�l�a� �s�e�c�o�n�d�a� �m�e�t�à� �d�e�l�l�O�t�t�o�c�e�n�t�o, B�o�l�t�z�m�a�n�n� �i�n�t�r�o�d�u��- L�a� �d�e�s�c�r�i�z�i�o�n�e �m�i�c�r�o�s�c�o�p�i�c�a� �d�i�
�u�n� �s�i�s�t�e�m�a� �s�e�c�o�n�d�o �l�a� �m�e�c�c�a�n�i�c�a�
�c�l�a�s�s�i�c�a� �è �p�r�e�s�e�n�t�a�t�a� �a� �g�r�a�n�d�i�
�l�i�n�e�e �n�e�l C�a�p�. 4.
L'�e�n�t�r�o�p�i�a� �m�i�c�r�o�s�c�o�p�i�c�a� �d�i�
B�o�l�t�z�m�a�n�n� �è �d�i�s�c�u�s�s�a� �n�e�l
C�a�p�. 5.

�s�e �u�n�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �p�i�ù� �g�e�n�e�r�a�l�e �d�i� S�e�� �e S�e�� �l�o�c.
L'�e�n�t�r�o�p�i�a� �d�i� B�o�l�t�z�m�a�n�n� �d�i� �u�n� �m�i�c�r�o�s�t�a�t�o X (�p�o�s�i�z�i�o�n�i�
�e �v�e�l�o�c�i�t�à� �d�e�g�l�i� �a�t�o�m�i�) �è SB = k log |ΓM|, �d�o�v�e M �è �i�l �m�a�-
�c�r�o�s�t�a�t�o �a� �c�u�i� X �a�p�p�a�r�t�i�e�n�e. I �n� �q�u�e�s�t�o �m�o�d�o B�o�l�t�z�m�a�n�n�
�r�i�u�s�c�ì� �a� �s�p�i�e�g�a�r�e �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�
�e �a� �r�i�s�o�l�v�e�r�e �i�l �p�r�o�b�l�e�m�a� 2'. �è �i�m�p�o�r�t�a�n�t�e �s�o�t�t�o�l�i�n�e�a�r�e
�c�h�e �l�a� �r�i�v�o�l�u�z�i�o�n�e �q�u�a�n�t�i�s�t�i�c�a� �d�e�l N�o�v�e�c�e�n�t�o �n�o�n� �m�o�d�i�f�i�c�a�
�l��i�m�p�i�a�n�t�o �d�e�l�l�a� �s�p�i�e�g�a�z�i�o�n�e �f�o�r�n�i�t�a� �d�a� B�o�l�t�z�m�a�n�n�.

• I�l �m�a�c�r�o�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o Meq �r�i�e�m�p�i�e �p�r�a�t�i�c�a�m�e�n�t�e �t�u�t�t�o



�i�n�t�r�o�d�u�z�i�o�n�e 5

�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �a�c�c�e�s�s�i�b�i�l�e. Q�u�i�n�d�i� SB = k log |ΓMeq | ≈

k log |Γ|, �d�o�v�e Γ �è �t�u�t�t�o �l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �a�c�c�e�s�s�i�b�i�l�e �a�l
�s�i�s�t�e�m�a�. E�s�s�e�n�d�o Γ �c�a�r�a�t�t�e�r�i�z�z�a�t�o �d�a� �p�o�c�h�e �v�a�r�i�a�b�i�l�i� �c�o�m�e
�e�n�e�r�g�i�a� �e �v�o�l�u�m�e, �r�i�s�u�l�t�a� �r�i�s�o�l�t�o �i�l �p�r�o�b�l�e�m�a� 3. L�a� �s�p�i�e�g�a�z�i�o�n�e �d�e�l �p�r�o�b�l�e�m�a� 3

�è �d�a�t�a� �n�e�l C�a�p�. 5 �e �r�i�c�h�i�a�m�a�t�a�
�a�l�l��i�n�i�z�i�o �d�e�l C�a�p�. 6 �d�e�d�i�c�a�t�o �a�l�l�a�
�m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o.
N�e�l C�a�p�. 6 �è �p�r�e�s�e�n�t�a�t�o �i�l �m�e-
�t�o�d�o �d�i� G�i�b�b�� �b�a�s�a�t�o �s�u�l�l��i�n�s�i�e�m�e
�c�a�n�o�n�i�c�o ( �e �s�u� �a�l�t�r�i� �i�n�s�i�e�m�i� �p�i�ù�
�g�e�n�e�r�a�l�i�).

• A�l�l�a� �f�i�n�e �d�e�l�l��o�t�t�o�c�e�n�t�o, G�i�b�b�� �i�n�t�r�o�d�u�s�s�e �l��i�n�s�i�e�m�e �c�a�n�o�n�i�c�o
�c�h�e �f�o�r�n�i�s�c�e �u�n� �m�e�t�o�d�o �e�q�u�i�v�a�l�e�n�t�e, �m�a� �p�i�ù� �s�e�m�p�l�i�c�e, �d�i�
�d�e�t�e�r�m�i�n�a�r�e k log |Γ| �e �q�u�i�n�d�i� �t�u�t�t�e �l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�-
�n�a�m�i�c�h�e �d�i� �u�n� �s�i�s�t�e�m�a�. C�a�r�a�t�t�e�r�i�z�z�a�n�d�o �i� �c�a�m�b�i�a�m�e�n�t�i� �d�i�
�s�t�a�t�o �c�o�m�e �s�i�n�g�o�l�a�r�i�t�à� �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e, �t�r�a�
O�t�t�o�c�e�n�t�o �e N�o�v�e�c�e�n�t�o �s�i� �r�i�u�s�c�ì� �a� �r�i�s�o�l�v�e�r�e �i�l �p�r�o�b�l�e�m�a�
1 �p�o�s�t�o �d�a� T�a�l�e�t�e (�a�l�m�e�n�o �p�a�r�z�i�a�l�m�e�n�t�e, �m�e�d�i�a�n�t�e �m�o�d�e�l�l�i�
�s�e�m�p�l�i�f�i�c�a�t�i�, �l�a� �r�i�c�e�r�c�a� �è �t�u�t�t�o�r�a� �i�n� �a�t�t�o). L�a� �t�e�o�r�i�a� �d�e�i� �c�a�m�b�i�a�m�e�n�t�i� �d�i�

�s�t�a�t�o �o �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �è
�t�r�a�t�t�a�t�a� �n�e�l C�a�p�. 7.L�a� �s�e�g�u�e�n�t�e �c�i�t�a�z�i�o�n�e �d�i� R�i�c�h�a�r�d� F�e�y�n�m�a�n�, �r�i�a�s�s�u�m�e

�m�i�r�a�b�i�l�m�e�n�t�e �i�l �c�o�n�t�e�n�u�t�o �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�.

S�e, �p�e�r� �q�u�a�l�c�h�e �c�a�t�a�c�l�i�s�m�a�, �t�u�t�t�a� �l�a� �c�o�n�o�s�c�e�n�z�a� �s�c�i�e�n�t�i�f�i�c�a�
�f�o�s�s�e �d�i�s�t�r�u�t�t�a�, �e �s�o�l�o �u�n�a� �f�r�a�s�e �p�o�t�e�s�s�e �p�a�s�s�a�r�e �a�l�l�a� �g�e�n�e-
�r�a�z�i�o�n�e �s�u�c�c�e�s�s�i�v�a�, �q�u�a�l�e �a�f�f�e�r�m�a�z�i�o�n�e �c�o�n�t�e�r�r�e�b�b�e �i�l �m�a�s�s�i�m�o
�d�i� �i�n�f�o�r�m�a�z�i�o�n�e �c�o�n� �i�l �m�i�n�i�m�o �d�i� �p�a�r�o�l�e? C�r�e�d�o �c�h�e �s�i�a� �l��i�-
�p�o�t�e�s�i� �a�t�o�m�i�c�a� (�o �i�l �f�a�t�t�o �a�t�o�m�i�c�o, �o �c�o�m�u�n�q�u�e �l�o �v�o�g�l�i�a�t�e �c�h�i�a�-
�m�a�r�e) �c�h�e �l�e �c�o�s�e �s�o�n�o �f�a�t�t�e �d�'�a�t�o�m�i� � �p�i�c�c�o�l�e �p�a�r�t�i�c�e�l�l�e �c�h�e
�s�i� �m�u�o�v�o�n�o �i�n�t�o�r�n�o �i�n� �m�o�t�o �p�e�r�p�e�t�u�o, �a�t�t�r�a�e�n�d�o�s�i� �l��u�n� �l��a�l-
�t�r�a� �q�u�a�n�d�o �s�o�n�o �a�b�b�a�s�t�a�n�z�a� �v�i�c�i�n�e, �m�a� �r�e�s�p�i�n�g�e�n�d�o�s�i� �q�u�a�n�d�o
�s�o�n�o �s�c�h�i�a�c�c�i�a�t�e �l��u�n�a� �c�o�n�t�r�o �l��a�l�t�r�a�. I �n� �q�u�e�s�t�a� �s�o�l�a� �f�r�a�s�e
�v�e�d�r�e�t�e �u�n�'�e�n�o�r�m�e �q�u�a�n�t�i�t�à� �d�i� �i�n�f�o�r�m�a�z�i�o�n�e �s�u�l �m�o�n�d�o, �s�e
�s�o�l�t�a�n�t�o �u�n� �p�o' �d�i� �i�m�m�a�g�i�n�a�z�i�o�n�e �e �p�e�n�s�i�e�r�o �s�o�n�o �a�p�p�l�i�c�a�t�i�.

1.3 O�b�i�e�t�t�i�v�i�

Q�u�e�s�t�i� �a�p�p�u�n�t�i� �s�o�n�o �s�t�a�t�i� �s�c�r�i�t�t�i� �c�o�n� �l��o�b�i�e�t�t�i�v�o �d�i� �c�h�i�a�r�i�-
�r�e �l�e �r�e�l�a�z�i�o�n�i� �m�o�s�t�r�a�t�e �i�n� �f�i�g�u�r�a� 1.1. L'�o�b�i�e�t�t�i�v�o �è �s�t�a�t�o
�r�a�g�g�i�u�n�t�o �s�o�l�o �i�n� �p�a�r�t�e. S�p�e�r�i�a�m�o �d�i� �r�i�u�s�c�i�r�e �a� �c�o�m�p�l�e�t�a�r�e



6 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

F�i�g�u�r�a� 1.1: R�e�l�a�z�i�o�n�i� �t�r�a� �t�e�m�i�
�d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�, �t�e�o�r�i�a� �d�e�i�
�s�i�s�t�e�m�i� �d�i�n�a�m�i�c�i� �e �p�r�o�b�a�b�i�l�i�t�à�.

�i�l �q�u�a�d�r�o �i�n� �u�n�a� �n�u�o�v�a� �v�e�r�s�i�o�n�e �d�i� �q�u�e�s�t�i� �a�p�p�u�n�t�i� . . . �c�h�e
�v�e�r�r�à� �s�c�r�i�t�t�a� �p�r�i�m�a� �o �p�o�i�.



2
L'�e�n�t�r�o�p�i�a� �d�i� C�l�a�u�s�i�u�� �e �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�-
�l�i�b�r�i�o

I�n�d�i�c�e

2.1P�o�s�t�u�l�a�t�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o 8

2.2C�o�n�s�e�g�u�e�n�z�e �d�e�i� �p�o�s�t�u�l�a�t�i� 10

2.3E�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b�� �e�d� �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o 14

2.4O�m�o�g�e�n�e�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �e�d� �e�q�u�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m� 23

2.5S�t�a�b�i�l�i�t�à� �d�e�i� �s�i�s�t�e�m�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� 25

2.6P�r�i�n�c�i�p�i�o �d�i� �m�i�n�i�m�o �p�e�r� �l��e�n�e�r�g�i�a� 28

2.7T�r�a�s�f�o�r�m�a�z�i�o�n�i� �d�i� L�e�g�e�n�d�r�e 30

2.8P�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �e �p�r�i�n�c�i�p�i� �d�i� �m�i�n�i�m�o 38

2.9P�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �e �s�t�a�b�i�l�i�t�à� 38

2.10T�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e 40

A�p�p�e�n�d�i�c�e 48

2.AL�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e-F�e�n�c�h�e�l 48



8 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

I �n� �q�u�e�s�t�o �c�a�p�i�t�o�l�o �t�r�a�t�t�i�a�m�o �l�e �l�e�g�g�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� I�l �r�i�f�e�r�i�m�e�n�t�o �p�r�i�n�c�i�p�a�l�e �d�i� �q�u�e-
�s�t�o �c�a�p�i�t�o�l�o �è �i�l �l�i�b�r�o �d�i� H. B.
C�a�l�l�e�n�, T�h�e�r�m�o�d�y�n�a�m�i�c�� �a�n�d� �a�n�
I �n�t�r�o�d�u�c�t�i�o�n� �t�o T�h�e�r�m�o�s�t�a�t�i�s�t�i�c��,
II �e�d�i�z�i�o�n�e, J�o�h�n� W�i�l�e�y & S�o�n��
(1985).

�d�i� �e�q�u�i�l�i�b�r�i�o (�o �t�e�r�m�o�s�t�a�t�i�c�a�) �s�e�g�u�e�n�d�o �l��a�p�p�r�o�c�c�i�o �d�i� H. B.
C�a�l�l�e�n�.

2.1 P�o�s�t�u�l�a�t�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o

§1 N�e�l 1865, �i�l �f�i�s�i�c�o �t�e�d�e�s�c�o R�u�d�o�l�f C�l�a�u�s�i�u�� �r�i�a�s�s�u�n�s�e �i�l
�c�o�n�t�e�n�u�t�o �d�e�l�l�e �l�e�g�g�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �n�e�l �m�o�d�o �s�e�g�u�e�n�t�e:

P�e�r� �o�r�a� �m�i� �l�i�m�i�t�o �a�d� �a�n�n�u�n�c�i�a�r�e, �c�o�m�e �r�i�s�u�l�t�a�t�o �d�e�l �m�i�o �a�r�-
�g�o�m�e�n�t�o, �c�h�e �s�e �n�o�i� �p�e�n�s�i�a�m�o �c�h�e �q�u�e�l�l�a� �q�u�a�n�t�i�t�à� �c�h�e, �i�n� �r�i�-
�f�e�r�i�m�e�n�t�o �a�d� �u�n� �s�o�l�o �c�o�r�p�o, �h�o �c�h�i�a�m�a�t�o �e�n�t�r�o�p�i�a�, �s�i�a� �s�t�a�t�a�
�e�l�a�b�o�r�a�t�a� �i�n� �m�o�d�o �c�oe�r�e�n�t�e �e �t�e�n�e�n�d�o �c�o�n�t�o �d�i� �t�u�t�t�e �l�e �c�i�r�c�o-
�s�t�a�n�z�e �e �c�h�e �e�s�s�a� �s�i�a� �a�p�p�l�i�c�a�t�a� �a� �t�u�t�t�o �l��u�n�i�v�e�r�s�o; �s�e �l�a�
�u�s�i�a�m�o �i�n�s�i�e�m�e �a�l�l��a�l�t�r�o �p�i�ù� �s�e�m�p�l�i�c�e �c�o�n�c�e�t�t�o �d�i� �e�n�e�r�g�i�a�; �e�b-
�b�e�n�e, �a�l�l�o�r�a� �p�o�s�s�i�a�m�o �e�s�p�r�i�m�e�r�e �i�n� �f�o�r�m�a� �s�e�m�p�l�i�c�e �l�e �l�e�g�g�i�
�f�o�n�d�a�m�e�n�t�a�l�i� �d�e�l�l��u�n�i�v�e�r�s�o �c�h�e �c�o�r�r�i�s�p�o�n�d�o�n�o �a�l�l�e �d�u�e �l�e�g�g�i�
�f�o�n�d�a�m�e�n�t�a�l�i� �d�e�l�l�a� �t�e�o�r�i�a� �d�e�l �c�a�l�o�r�e: 1. L'�e�n�e�r�g�i�a� �d�e�l�l��u�n�i�v�e�r�s�o
�è �c�o�s�t�a�n�t�e. 2. L'�e�n�t�r�o�p�i�a� �d�e�l�l��u�n�i�v�e�r�s�o �t�e�n�d�e �a�d� �u�n� �m�a�s�s�i�m�o.

§2 È �p�o�s�s�i�b�i�l�e �d�a�r�e �u�n�a� �f�o�r�m�u�l�a�z�i�o�n�e �a�l�t�e�r�n�a�t�i�v�a� �d�e�l�l�o �s�c�h�e-
�m�a� �d�i� C�l�a�u�s�i�u��, �c�h�e �r�i�s�u�l�t�a� �e�s�s�e�r�e �d�e�l �t�u�t�t�o �e�q�u�i�v�a�l�e�n�t�e. I �n�
�q�u�e�s�t�o �a�p�p�r�o�c�c�i�o, �à� �d�a�t�a� �p�e�r� �s�c�o�n�t�a�t�a� �l��e�s�i�s�t�e�n�z�a� �d�i� �v�a�r�i�a�-
�b�i�l�i� �e�s�t�e�n�s�i�v�e �c�o�m�e �p�r�o�p�r�i�e�t�à� �d�i� �u�n� �s�i�s�t�e�m�a�. P�e�r� �u�n� �s�i�s�t�e-
�m�a� �s�e�m�p�l�i�c�e (�c�i�o�è �m�a�c�r�o�s�c�o�p�i�c�a�m�e�n�t�e �o�m�o�g�e�n�e�o �e �i�s�o�t�r�o�p�i�c�o,
�c�h�i�m�i�c�a�m�e�n�t�e �i�n�e�r�t�e �e �e�l�e�t�t�r�i�c�a�m�e�n�t�e �n�e�u�t�r�o), �e�s�s�e �s�o�n�o �i�l
�v�o�l�u�m�e V , �l�a� �c�o�m�p�o�s�i�z�i�o�n�e �c�h�i�m�i�c�a� N = (N1, N2, . . . , Nr) �e
�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U. Q�u�e�s�t�e �v�a�r�i�a�b�i�l�i� �d�i� �s�t�a�t�o �e�s�t�e�n�s�i�v�e, �c�h�e
�s�o�n�o �g�r�a�n�d�e�z�z�e �c�o�n�s�e�r�v�a�t�e �i�n� �s�i�s�t�e�m�i� �i�s�o�l�a�t�i�, �s�a�r�a�n�n�o �n�e�l
�s�e�g�u�i�t�o �c�o�l�l�e�t�t�i�v�a�m�e�n�t�e �i�n�d�i�c�a�t�e �c�o�m�e Y = (Y1, Y2, . . . , YJ).

B�a�s�a�n�d�o�s�i� �s�u� �q�u�e�s�t�e �v�a�r�i�a�b�i�l�i�, �l�a� �t�e�r�m�o�s�t�a�t�i�c�a� �s�e�g�u�e �d�a�
�q�u�a�t�t�r�o �p�o�s�t�u�l�a�t�i�:
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1 E�s�i�s�t�o�n�o �p�a�r�t�i�c�o�l�a�r�i� �s�t�a�t�i� �m�a�c�r�o�s�c�o�p�i�c�i� �d�i� �s�i�s�t�e�m�i� �s�e�m�p�l�i�-
�c�i� �a� �r�i�p�o�s�o, �g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o, �c�h�e �s�o�n�o �c�o�m�p�l�e�t�a�m�e�n�t�e
�c�a�r�a�t�t�e�r�i�z�z�a�t�i� �d�a�l�l�e �v�a�r�i�a�b�i�l�i� U, V, N.

2 P�e�r� �g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o, �e�s�i�s�t�e
�u�n�a� �f�u�n�z�i�o�n�e �d�e�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i� Y, �l��e�n�t�r�o�p�i�a�

S = S(Y),

�c�h�e �è �m�a�s�s�i�m�a� �r�i�s�p�e�t�t�o �a�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i� �d�e�i� �s�o�t�t�o-
�s�i�s�t�e�m�i� �q�u�a�n�d�o �q�u�e�s�t�i� �p�o�s�s�o�n�o �v�a�r�i�a�r�e �l�i�b�e�r�a�m�e�n�t�e.

3 L'�e�n�t�r�o�p�i�a� S �d�i� �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �è �l�a� �s�o�m�m�a� �d�e�l-
�l�e �e�n�t�r�o�p�i�e �d�e�i� �s�u�o�i� �s�o�t�t�o�s�i�s�t�e�m�i�. I �n�o�l�t�r�e, S �è �c�o�n�t�i�n�u�a� �e
�d�e�r�i�v�a�b�i�l�e �e�d� �è �u�n�a� �f�u�n�z�i�o�n�e �m�o�n�o�t�o�n�a� �c�r�e�s�c�e�n�t�e �d�i� U.

4 L'�e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �s�i� �a�n�n�u�l�l�a� �n�e�l�l�o �s�t�a�t�o �p�e�r� �c�u�i�

∂U
∂S

= 0.

I�l �p�o�s�t�u�l�a�t�o 4 �c�o�r�r�i�s�p�o�n�d�e �a�l�l�a� �t�e�r�z�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�-
�n�a�m�i�c�a� �o �p�o�s�t�u�l�a�t�o �d�i� N�e�r�s�t. S�i� �o�s�s�e�r�v�i� �c�h�e �p�e�r� �i�l �p�o�s�t�u�l�a�t�o
III, S �è �i�n�v�e�r�t�i�b�i�l�e �r�i�s�p�e�t�t�o �a� U �e �q�u�i�n�d�i� U = U(S, V, N) �è �u�n�a�
�f�u�n�z�i�o�n�e �b�e�n� �d�e�f�i�n�i�t�a�.

L�a� �g�e�n�e�r�a�l�i�z�z�a�z�i�o�n�e �d�i� �q�u�e�s�t�i� �p�o�s�t�u�l�a�t�i� �a� �s�i�s�t�e�m�i� �p�i�ù�
�c�o�m�p�l�e�s�s�i�, �c�o�m�e �a�d� �e�s�e�m�p�i�o �s�i�s�t�e�m�i� �m�a�g�n�e�t�i�z�z�a�t�i� �o �s�i�s�t�e-
�m�i� �i�n� �c�u�i� �a�v�v�e�n�g�o�n�o �r�e�a�z�i�o�n�i� �c�h�i�m�i�c�h�e, �è �a�b�b�a�s�t�a�n�z�a� �s�e�m�-
�p�l�i�c�e. (A�b�b�i�a�m�o �e�s�c�l�u�s�o �l�e �p�r�o�p�r�i�e�t�à� �e�l�e�t�t�r�i�c�h�e �e �m�a�g�n�e�t�i�c�h�e
�s�e�m�p�l�i�c�e�m�e�n�t�e �p�e�r� �e�v�i�t�a�r�e �c�o�m�p�l�i�c�a�z�i�o�n�i�. M�a� �s�i� �p�u�ò �f�a�c�i�l-
�m�e�n�t�e �r�e�n�d�e�r�e �c�o�n�t�o �d�i� �q�u�e�s�t�e, �i�n�c�l�u�d�e�n�d�o �n�e�l�l�a� �v�a�r�i�a�b�i�l�i� Y �l�e
�v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e M �e �p�o�l�a�r�i�z�z�a�z�i�o�n�e P.)
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U, V, N

Fext

F�i�g�u�r�a� 2.1: I�n� �u�n� �s�i�s�t�e�m�a�
�c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e �è �c�o�n�t�e�n�u�t�o �u�n�
�g�a�� �c�o�n� �n�u�m�e�r�o �m�o�l�a�r�e N, �c�h�e
�o�c�c�u�p�a� �u�n� �v�o�l�u�m�e V �e �h�a� �u�n�'�e-
�n�e�r�g�i�a� �i�n�t�e�r�n�a� U. U�n�a� �f�o�r�z�a�
�e�s�t�e�r�n�a�, �v�a�r�i�a�n�d�o �i�l �s�u�o �p�u�n�t�o �d�i�
�a�p�p�l�i�c�a�z�i�o�n�e, �c�o�m�p�i�e �l�a�v�o�r�o �s�u�l
�g�a��.

2.2 C�o�n�s�e�g�u�e�n�z�e �d�e�i� �p�o�s�t�u�l�a�t�i�

§3 E�s�e�m�p�i�o �d�i� �s�i�s�t�e�m�a� �s�e�m�p�l�i�c�e I�l �g�a�� �i�n� �u�n� �s�i�s�t�e�m�a�
`̀ �c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e'' �d�e�l�l�a� �f�i�g�u�r�a� 2.1 �è �u�n� �e�s�e�m�p�i�o �d�i� �s�i�s�t�e�m�a�
�s�e�m�p�l�i�c�e. P�o�i�c�h�è �c�o�n�t�i�e�n�e �u�n�a� �s�o�l�a� �s�p�e�c�i�e �c�h�i�m�i�c�a� �è �a�n�c�h�e �u�n�
�e�s�e�m�p�i�o �d�i� �s�o�s�t�a�n�z�a� �p�u�r�a�.

§4 E�n�e�r�g�i�a� �i�n�t�e�r�n�a�, �c�a�l�o�r�e �e �l�a�v�o�r�o L�a� �m�i�s�u�r�a�b�i�l�i�t�à� �d�e�l�l��e-
�n�e�r�g�i�a� �i�n�t�e�r�n�a� �è �g�a�r�a�n�t�i�t�a� �d�a�l�l��e�s�i�s�t�e�n�z�a� �d�i� �p�a�r�e�t�i� �d�e�t�t�e �a�d�i�a�-
�b�a�t�i�c�h�e �c�h�e �h�a�n�n�o �l�a� �p�r�o�p�r�i�e�t�à� �c�h�e �i�l �l�a�v�o�r�o �f�a�t�t�o �p�e�r� �p�o�r�t�a�-
�r�e �i�l �s�i�s�t�e�m�a� �r�a�c�c�h�i�u�s�o �d�a� �u�n�a� �t�a�l�e �p�a�r�e�t�e �d�a� �u�n� �q�u�a�l�u�n�q�u�e
�s�t�a�t�o �a�d� �u�n� �a�l�t�r�o �è �d�e�t�e�r�m�i�n�a�t�o �i�n�t�e�r�a�m�e�n�t�e �d�a�g�l�i� �s�t�a�t�i�, �i�n�-
�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e �d�a� �q�u�a�l�u�n�q�u�e �c�o�n�d�i�z�i�o�n�e �e�s�t�e�r�n�a�. A�l�l�o�r�a� �i�l
�l�a�v�o�r�o �f�a�t�t�o �d�a�l�l�e �f�o�r�z�e �e�s�t�e�r�n�e F�e�x�t �è �l�a� �d�i�f�f�e�r�e�n�z�a� �t�r�a� �l�e
�e�n�e�r�g�i�e �i�n�t�e�r�n�e �d�e�i� �d�u�e �s�t�a�t�i�,

∆U = L�e�x�t

I�n� �q�u�e�s�t�o �m�o�d�o, �l�e �m�i�s�u�r�e �d�i� �d�i�f�f�e�r�e�n�z�e �d�i� �e�n�e�r�g�i�a� �i�n�t�e�r�n�a�
�s�o�n�o �r�i�c�o�n�d�o�t�t�e �a� �m�i�s�u�r�e �d�i� �l�a�v�o�r�o. P�a�r�e�t�i� �n�o�n� �a�d�i�a�b�a�t�i�c�h�e
�s�o�n�o �d�e�t�t�e �d�i�a�t�e�r�m�i�c�h�e. U�n� �s�i�s�t�e�m�a� �è �d�e�t�t�o �i�s�o�l�a�t�o �s�e �è �c�i�r�-
�c�o�n�d�a�t�o �d�a� �p�a�r�e�t�i� �c�h�e �i�m�p�e�d�i�s�c�o�n�o �v�a�r�i�a�z�i�o�n�i� �d�e�l�l��e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� �t�o�t�a�l�e, �d�e�l �v�o�l�u�m�e �t�o�t�a�l�e �e �d�e�i� �n�u�m�e�r�i� �m�o�l�a�r�i� �t�o�t�a�l�i�.
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UA, VA, NA UB , VB , NB

F�i�g�u�r�a� 2.2: D�u�e �g�a�� �i�n� �u�n� �s�i�-
�s�t�e�m�a� �c�l�i�n�d�r�o-�p�i�s�t�o�n�e: �i�l �g�a�� A �a�
�s�i�n�i�s�t�r�a� �c�o�n�t�i�e�n�e NA �m�o�l�i�, �o�c�c�u�-
�p�a� �u�n� �v�o�l�u�m�eVA �e �h�a� �u�n�'�e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� UA. A �d�e�s�t�r�a�, �i�l �g�a��
B �c�o�n�t�i�e�n�e NB �m�o�l�i�, �o�c�c�u�p�a� �u�n�
�v�o�l�u�m�eVB �e �h�a� �u�n�'�e�n�e�r�g�i�a� �i�n�t�e�r�n�a�
UB

I�l �f�l�u�s�s�o �d�i� �c�a�l�o�r�e Q �i�n� �u�n� �s�i�s�t�e�m�a� �i�n� �q�u�a�l�u�n�q�u�e �p�r�o�c�e��-
�s�o (�a� �n�u�m�e�r�o �c�o�s�t�a�n�t�e �d�i� �m�o�l�i�) �è �d�e�f�i�n�i�t�o �c�o�m�e �l�a� �d�i�f�f�e�r�e�n�z�a�
�t�r�a� �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�e�g�l�i� �s�t�a�t�i� �f�i�n�a�l�e �e �i�n�i�z�i�a�l�e �d�i�m�i�n�u�i�t�a�
�d�a�l �l�a�v�o�r�o �f�a�t�t�o �n�e�l �p�r�o�c�e�s�s�o,

Q = ∆U − L�e�x�t

Q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �c�o�r�r�i�s�p�o�n�d�e �a�l�l��u�s�u�a�l�e �f�o�r�m�u�l�a�z�i�o�n�e �d�e�l�l�a�
�p�r�i�m�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�. P�e�r� �e�s�e�m�p�i�o, �s�e �l�e �p�a�r�e�t�i�
�d�e�l �c�i�l�i�n�d�r�o �s�o�n�o �d�i�a�t�e�m�i�c�h�e �e �i�l �p�r�o�c�e�s�s�o �è �t�a�l�e �c�h�e ∆U = 0,
�t�u�t�t�o �i�l �l�a�v�o�r�o �f�a�t�t�o �d�a�l�l�e �f�o�r�z�e �e�s�t�e�r�n�e �f�i�n�i�s�c�e �i�n� �c�a�l�o�r�e �c�e-
�d�u�t�o �a�l�l��a�m�b�i�e�n�t�e. S�e �p�i�s�t�o�n�e �e �c�i�l�i�n�d�r�o �s�o�n�o �a�d�i�a�b�a�t�i�c�i� �e �i�l �p�i�-
�s�t�o�n�e �è �b�l�o�c�c�a�t�o �i�n� �u�n�a� �d�a�t�a� �p�o�s�i�z�i�o�n�e, �i�l �g�a�� �è �u�n� �s�i�s�t�e�m�a�
�c�h�i�u�s�o �e ∆U = 0, Q = 0 �e L�e�x�t = 0.

§5 R�a�s�s�e�g�n�a� �d�e�l�l�e �d�e�f�i�n�i�z�i�o�n�i� �d�i� �b�a�s�e U�n� �p�a�r�a�m�e�t�r�o �è �d�e�t-
�t�o �e�s�t�e�n�s�i�v�o �s�e �i� �s�u�o�i� �v�a�l�o�r�i� �i�n� �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �s�o�n�o
�u�g�u�a�l�i� �a�l�l�a� �s�o�m�m�a� �d�e�i� �v�a�l�o�r�i� �n�e�i� �s�o�t�t�o-�s�i�s�t�e�m�i� �c�h�e �f�o�r�m�a�n�o �i�l
�s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o, �a�l�t�r�i�m�e�n�t�i� �è �d�e�t�t�o �i�n�t�e�n�s�i�v�o. U�n� �s�i�s�t�e�m�a�
�è �d�e�t�t�o �c�o�m�p�o�s�t�o �s�e �è �f�o�r�m�a�t�o �d�a� �s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i�. I �n�f�i�n�e,
�v�i�n�c�o�l�i� �c�h�e �i�m�p�e�d�i�s�c�o�n�o �f�l�u�s�s�i� �d�i� �e�n�e�r�g�i�a�, �m�a�t�e�r�i�a�, �v�o�l�u�m�e
�t�r�a� �i� �s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i� �c�h�e �f�o�r�m�a�n�o �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o
�s�o�n�o �d�e�t�t�i� �v�i�n�c�o�l�i� �i�n�t�e�r�n�i�.



12 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

I�l�l�u�s�t�r�i�a�m�o �q�u�e�s�t�e �d�e�f�i�n�i�z�i�o�n�i� �f�a�c�e�n�d�o �r�i�f�e�r�i�m�e�n�t�o �a�l �s�i�s�t�e-
�m�a� `̀ �c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e'' �i�l�l�u�s�t�r�a�t�o �i�n� �f�i�g�u�r�a� 2.2. C�i�a�s�c�u�n�o �d�e�i�
�d�u�e �g�a�� �è �u�n� �s�i�s�t�e�m�a� �s�e�m�p�l�i�c�e �e �i�n�s�i�e�m�e �f�o�r�m�a�n�o �u�n� �s�i�s�t�e-
�m�a� �c�o�m�p�o�s�t�o. L'�e�n�e�r�g�i�a� �t�o�t�a�l�e U, �i�l �v�o�l�u�m�e V �e �i�l �n�u�m�e�r�o �d�i�
�m�o�l�i� N �d�e�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �s�o�n�o �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e,

U = UA + UB , V = VA + VB , N = NA + NB ,

�d�o�v�e Uα, Vα �e Nα, α = A, B, �s�o�n�o �e�n�e�r�g�i�a�, �v�o�l�u�m�e, �n�u�m�e�r�o �d�i�
�m�o�l�i� �d�e�i� �c�o�m�p�o�n�e�n�t�i�. S�e �i�l �p�i�s�t�o�n�e �è �b�l�o�c�c�a�t�o �i�n� �u�n�a� �d�a�t�a�
�p�o�s�i�z�i�o�n�e �s�i� �h�a� �u�n� �v�i�n�c�o�l�o �i�n�t�e�r�n�o �c�h�e �i�m�p�e�d�i�s�c�e �v�a�r�i�a�z�i�o�n�i�
�d�i� �v�o�l�u�m�e �e �i�m�p�e�d�i�s�c�e �v�a�r�i�a�z�i�o�n�i� �d�i� �e�n�e�r�g�i�a� �d�o�v�u�t�e �a�l �l�a�-
�v�o�r�o �d�i� �u�n� �g�a�� �s�u�l�l��a�l�t�r�o; �s�e �è �f�a�t�t�o �d�i� �m�a�t�e�r�i�a�l�e �a�d�i�a�b�a�t�i�c�o
�c�o�s�t�i�t�u�i�s�c�e �u�n� �v�i�n�c�o�l�o �u�l�t�e�r�i�o�r�e �a�l�l�e �v�a�r�i�a�z�i�o�n�i� �d�i� �e�n�e�r�g�i�a� �d�o-
�v�u�t�e �a� �s�c�a�m�b�i� �d�i� �c�a�l�o�r�e; �s�e �è �d�i� �m�a�t�e�r�i�a�l�e �n�o�n� �p�o�r�o�s�o �s�o�n�o
�i�m�p�e�d�i�t�i� �s�c�a�m�b�i� �d�i� �m�a�t�e�r�i�a� �e �c�o�n�s�e�g�u�e�n�t�i� �v�a�r�i�a�z�i�o�n�i� �d�e�l �n�u�-
�m�e�r�o �d�i� �m�o�l�i�. S�e �l�e �p�a�r�e�t�i� �d�e�l �c�i�l�i�n�d�r�o �s�o�n�o �r�i�g�i�d�e, �a�d�i�a�b�a�t�i�c�h�e
�e �n�o�n� �p�o�r�o�s�e �i�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �è �i�s�o�l�a�t�o: �e�n�e�r�g�i�a�, �v�o�l�u�m�e
�e �n�u�m�e�r�o �d�i� �m�o�l�i� �d�e�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �r�e�s�t�a�n�o �c�o�s�t�a�n�t�i�.

§6 I�l �p�r�o�b�l�e�m�a� �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�r�m�o�s�t�a�t�i�c�a� L'�e�s�e�m�-
�p�i�o �i�n� �f�i�g�u�r�a� 2.2 �f�o�r�n�i�s�c�e �i�l �p�a�r�a�d�i�g�m�a� �p�e�r� �d�e�s�c�r�i�v�e�r�e �i�l
�p�r�o�b�l�e�m�a� �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�r�m�o�s�t�a�t�i�c�a�: �s�e �i�n� �v�i�n�c�o�l�i� �i�n�-
�t�e�r�n�i� �v�e�n�g�o�n�o �r�i�m�o�s�s�i�, �q�u�a�l �è �l�o �s�t�a�t�o �f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l
�s�i�s�t�e�m�a?

N�o�t�a�n�d�o �c�h�e �i� �s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i� �p�o�s�s�o�n�o �e�s�s�e�r�e �p�e�n�s�a�t�i�
�c�o�m�e �s�i�s�t�e�m�i� �c�o�m�p�o�s�t�i� �d�i� �s�o�t�t�o�s�i�s�t�e�m�i� �s�c�e�l�t�i� �a�r�b�i�t�r�a�r�i�a�m�e�n�-
�t�e, �i�l �s�e�c�o�n�d�o �e �i�l �t�e�r�z�o �p�o�s�t�u�l�a�t�o �f�o�r�n�i�s�c�o�n�o �u�n� �p�r�i�n�c�i�p�i�o
�v�a�r�i�a�z�i�o�n�a�l�e �p�e�r� �l�a� �r�i�c�e�r�c�a� �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �e �q�u�i�n�d�i�
�u�n�a� �r�i�s�p�o�s�t�a� �a�l�l�a� �d�o�m�a�n�d�a� �s�o�p�r�a�. V�e�d�i�a�m�o �c�o�m�e. I�l �p�o�s�t�u�-
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�l�a�t�o II �g�a�r�a�n�t�i�s�c�e �c�h�e �p�e�r� �u�n� �s�i�s�t�e�m�a� �s�e�m�p�l�i�c�e α, �è �d�e�f�i�n�i�t�a�
�l��e�n�t�r�o�p�i�a� �c�o�m�e �f�u�n�z�i�o�n�e �d�e�i� �s�u�o�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i�,

Sα = S(Uα, Vα, Nα1 , . . . Nα1) . (2.1)

L�a� �p�r�o�p�r�i�e�t�à� �d�i� �a�d�d�i�t�i�v�i�t�à� �s�t�a�b�i�l�i�t�a� �d�a�l �p�o�s�t�u�l�a�t�o III �g�a�r�a�n�t�i�-
�s�c�e �c�h�e �l��e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �è �l�a� �s�o�m�m�a� �d�e�l�l�e
�e�n�t�r�o�p�i�e �d�e�i� �s�o�t�t�o�s�i�s�t�e�m�i�,

S = ∑
α

Sα. (2.2)

I�n� �p�a�r�t�i�c�o�l�a�r�e, �q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �l��e�n�t�r�o�p�i�a� �d�e�l �s�i�s�t�e�m�a�
�c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e �d�e�l�l�a� �f�i�g�u�r�a� 2.2 �è

S = SA + SB,

�d�o�v�e
SA = SA(UA, VA, NA) , SB = SB(UB, VB, NB)

§7 M�o�s�t�r�i�a�m�o �a�d�e�s�s�o �c�o�m�e �f�u�n�z�i�o�n�a� �i�l �p�r�i�n�c�i�p�i�o �v�a�r�i�a�-
�z�i�o�n�a�l�e. A�s�s�u�m�i�a�m�o �c�h�e �i�l �s�i�s�t�e�m�a� �c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e �s�i�a�
�i�s�o�l�a�t�o �e �c�h�e �i�l �p�i�s�t�o�n�e �s�i�a� �b�l�o�c�c�a�t�o �e �f�a�t�t�o �d�i� �u�n� �m�a�t�e�r�i�a�-
�l�e �c�h�e �p�e�r�m�e�t�t�a� �s�c�a�m�b�i� �d�i� �c�a�l�o�r�e (�m�a� �n�o�n� �d�i� �m�a�t�e�r�i�a�) �t�r�a�
�i� �d�u�e �g�a��. A�l�l�o�r�a� S �è �u�n�a� �f�u�n�z�i�o�n�e �s�o�l�o �d�i� UA, �e�s�s�e�n�d�o
UA + UB = U = costante. A�l�l�o�r�a� �l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l
�s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �è �d�e�f�i�n�i�t�o �d�a�l�l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �m�a�s�s�i�m�o
�d�i� S, �c�h�e �s�i� �h�a� �i�n� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �d�e�l�l��a�n�n�u�l�l�a�r�s�i� �d�e�l�l�a� �s�u�a�
�d�e�r�i�v�a�t�a� �r�i�s�p�e�t�t�o �a� UA,

S′(UA) =
∂SA
∂UA

+
∂SB
∂UB

dUB
dUA

=
∂SA
∂UA

− ∂SB
∂UB

= 0.
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Q�u�i�n�d�i� �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �è

∂SA
∂UA

=
∂SB
∂UB

(2.3)

§8 P�r�o�c�e�s�s�i� �i�r�r�e�v�e�r�s�i�b�i�l�i� L�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �è �t�a�l�e �d�a�
�m�a�s�s�i�m�i�z�z�a�r�e �l��e�n�t�r�o�p�i�a�, �s�o�t�t�o �i�l �v�i�n�c�o�l�o �c�h�e �e�n�e�r�g�i�a� �t�o�t�a�l�e �e
�n�u�m�e�r�o �t�o�t�a�l�e �d�i� �m�o�l�i� �s�i�a�n�o �c�o�s�t�a�n�t�i�. D�u�n�q�u�e, �l�a� �v�a�r�i�a�z�i�o�n�e
�t�o�t�a�l�e �d�i� �e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o �è �p�o�s�i�t�i�v�a�

∆S > 0 (2.4)

�s�e �i�n�i�z�i�a�l�m�e�n�t�e �l�a� (2.3) �n�o�n� �e�r�a� �s�o�d�d�i�s�f�a�t�t�a�. U�n� �p�r�o�c�e�s�s�o
�s�u�b�i�t�o �d�a� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o �i�n� �c�u�i� �l�a� �v�a�r�i�a�z�i�o�n�e �t�o�t�a�l�e �d�i�
�e�n�t�r�o�p�i�a� �è �p�o�s�i�t�i�v�a� �è �d�e�t�t�o �i�r�r�e�v�e�r�s�i�b�i�l�e. S�e �l��e�n�t�r�o�p�i�a� �n�o�n�
�v�a�r�i�a� �i�l �p�r�o�c�e�s�s�o �è �d�e�t�t�o �r�e�v�e�r�s�i�b�i�l�e.

2.3 E�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b�� �e�d� �e�q�u�a�z�i�o�n�i� �d�i�
�s�t�a�t�o

§9 R�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e L�a� �c�o�n�t�i�n�u�i�t�à�, �d�i�f�f�e�r�e�n�z�i�a�b�i�l�i�t�à� �e
�m�o�n�o�t�o�n�i�c�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �i�m�p�l�i�c�a�n�o �c�h�e �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a�

S = S(U, V, N1, . . . Nr) (2.5)

�p�u�ò �e�s�s�e�r�e �i�n�v�e�r�t�i�t�a� �r�i�s�p�e�t�t�o �a�l�l��e�n�e�r�g�i�a�. L�a� �f�u�n�z�i�o�n�e �l��e�n�e�r�-
�g�i�a� �c�o�s�ì� �o�t�t�e�n�u�t�a�

U = U(S, V, N1, . . . Nr) (2.6)

�è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�t�i�n�u�a� �e �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e �d�e�i� �s�u�o�i� �a�r�g�o�m�e�n�t�i�.
L�a� �r�e�l�a�z�i�o�n�e (2.5) �c�h�e �d�à� �l��e�n�t�r�o�p�i�a� �c�o�m�e �f�u�n�z�i�o�n�e �d�e�i� �p�a�-

�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i� �è �n�o�t�a� �c�o�m�e �e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e. S�e �s�i�
�c�o�n�o�s�c�e �l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� �u�n� �s�i�s�t�e�m�a�, �t�u�t�t�a� �l��i�n�f�o�r�-
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�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�o�n�c�e�p�i�b�i�l�e �s�u�l �s�i�s�t�e�m�a� �è �a�c�c�e�r�t�a�b�i�l�e
�d�a� �e�s�s�a�. V�a�l �l�a� �p�e�n�a� �d�i� �e�n�f�a�t�i�z�z�a�r�e �e �r�i�p�e�t�e�r�e �q�u�e�s�t�o �p�u�n�-
�t�o: �q�u�a�l�u�n�q�u�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �d�e�t�e�r�m�i�n�a�t�a� �d�a�l�l�a�
�r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e.

§10 P�o�i�c�h�é �d�a�l�l�a� (2.5) �s�i� �p�a�s�s�a� �u�n�i�c�a�m�e�n�t�e �a�l�l�a� (2.6) �e
�v�i�c�e�r�s�a�, �p�o�s�s�i�a�m�o �r�i�g�u�a�r�d�a�r�e �q�u�e�s�t�e �f�u�n�z�i�o�n�i� �c�o�m�e �r�a�p�p�r�e-
�s�e�n�t�a�z�i�o�n�i� �e�q�u�i�v�a�l�e�n�t�i� �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e. C�i�a�s�c�u�-
�n�a� �d�i� �e�s�s�e �c�o�n�t�i�e�n�e �t�u�t�t�a� �l��i�n�f�o�r�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �s�u�l
�s�i�s�t�e�m�a�. D�i�r�e�m�o �c�h�e �l�a� (2.5) �è �l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�t�r�o-
�p�i�a� �e �l�a� (2.6) �l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�e�r�g�i�a� �d�e�l�l�a� �r�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e.

§11 T�e�m�p�e�r�a�t�u�r�a�, �p�r�e�s�s�i�o�n�e �e �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o S�i�a�

dU =
∂U
∂S

∣∣∣∣
V,N1,...Nr

dS +
∂U
∂V

∣∣∣∣
S,N1,...Nr

dV +
r

∑
k=1

∂U
∂Nk

∣∣∣∣
S,V,...Nr

dNk (2.7)

�i�l �d�i�f�f�e�r�e�n�z�i�a�l�e �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �n�e�l�l�a� �r�a�p�p�r�e-
�s�e�n�t�a�z�i�o�n�e �e�n�e�r�g�i�a�, �e �s�i� �d�e�f�i�n�i�s�c�a�n�o �i� �s�e�g�u�e�n�t�i� �p�a�r�a�m�e�t�r�i�
�i�n�t�e�n�s�i�v�i�

∂U
∂S

∣∣∣∣
V,N1,...Nr

≡ T , �l�a� �t�e�m�p�e�r�a�t�u�r�a� (2.8)

− ∂U
∂V

∣∣∣∣
S,N1,...Nr

≡ P , �l�a� �p�r�e�s�s�i�o�n�e (2.9)
∂U
∂Nk

∣∣∣∣
S,V,...Nr

≡ µk , �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �d�e�l �c�o�m�p�o�n�e�n�t�e k

(2.10)

Q�u�e�s�t�e �d�e�f�i�n�i�z�i�o�n�i� �p�e�r�m�e�t�t�o�n�o �u�n� �r�a�c�c�o�r�d�o �t�r�a� �l�o �s�c�h�e-
�m�a� �a�s�s�i�o�m�a�t�i�c�o �q�u�i� �a�d�o�t�t�a�t�o �e �l�e �f�o�r�m�u�l�a�z�i�o�n�i� �u�s�u�a�l�i� �d�e�l�l�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a�.
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§12 U�s�a�n�d�o �l�e �d�e�f�i�n�i�z�i�o�n�i� �s�o�p�r�a�, �l��e�s�p�r�e�s�s�i�o�n�e �p�e�r� �i�l
�d�i�f�f�e�r�e�n�z�i�a�l�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �p�u�ò �e�s�s�e�r�e �r�i�s�c�r�i�t�t�o �c�o�m�e

dU = TdS− PdV +
r

∑
k=1

µkdNk (2.11)

Q�u�e�s�t�a� �è �l��e�s�p�r�e�s�s�i�o�n�i� �u�s�u�a�l�e �c�h�e �s�i� �o�t�t�i�e�n�e �q�u�a�n�d�o �p�r�i�m�a� �e
�s�e�c�o�n�d�a� �l�e�g�g�e �s�o�n�o �c�o�m�b�i�n�a�t�a� �i�n�s�i�e�m�e �i�n� �f�o�r�m�a� �i�n�f�i�n�i�t�e�s�i�m�a�.

§13 E�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b�� N�e�l�l�a� �f�o�r�m�u�l�a�z�i�o�n�e
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�h�e �a�b�b�i�a�m�o �a�d�o�t�t�a�t�o, �u�n� �r�u�o�l�o �p�a�r�t�i�c�o-
�l�a�r�e �è �s�v�o�l�t�o �d�a�l�l��e�n�t�r�o�p�i�a� �d�e�f�i�n�i�t�a� �p�e�r� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o.
L'�e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �c�o�n�t�i�e�n�e �t�u�t�t�e �l�e �i�n�f�o�r�m�a�z�i�o�n�i� �s�u�l-
�l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�e�l �s�i�s�t�e�m�a� �a�l�l��e�q�u�i�l�i�b�r�i�o. L�a�
�f�o�r�m�a� �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� �q�u�e�s�t�a� �r�e�l�a�z�i�o�n�e �è �n�o�t�a� �e�q�u�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b��.

P�e�r� �u�n� �f�l�u�i�d�o �m�u�l�t�i�-�c�o�m�p�o�n�e�n�t�e �s�e�m�p�l�i�c�e, �l�a� �r�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �è

S = S(U, V, N1, ..., Nr)

�e �l�a� �s�u�a� �f�o�r�m�a� �d�i�f�f�e�r�e�n�z�i�a�l�e �s�e�g�u�e �i�m�m�e�d�i�a�t�a�m�e�n�t�e �d�a�l�l�a�
(2.11) :

dS =
1
T

dU +
P
T

dV −
r

∑
k=1

µk
T

dNk, (2.12)

N�e �s�e�g�u�e �c�h�e �t�e�m�p�e�r�a�t�u�r�a�, �p�r�e�s�s�i�o�n�e �e �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�-
�c�o �p�o�s�s�o�n�o �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e �e�s�s�e�r�e �d�e�f�i�n�i�t�e �m�e�d�i�a�n�t�e �l�e
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�r�e�l�a�z�i�o�n�i�

∂S
∂U

∣∣∣∣
V,N1,...Nr

≡ 1
T

(2.13)
∂S
∂V

∣∣∣∣
U,N1,...Nr

≡ P
T

(2.14)
∂S

∂Nk

∣∣∣∣
S,V,...Nr

≡ −µk
T

(2.15)

§14 I�n� �g�e�n�e�r�a�l�e, �p�e�r� �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e Y = (Y1, Y2, . . . , YJ),
�l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �è S = S(Y) �e �l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�-
�l�e �d�i� G�i�b�b�� �è

dS = S′(Y) · dY = F · dY = ∑
k
FkdYk �d�o�v�e Fk =

∂S
∂Yk

(2.16)

L�e �d�e�r�i�v�a�t�e �p�a�r�z�i�a�l�i� F = (F1,F2, . . .) �s�o�n�o �p�a�r�a�m�e�t�r�i� �i�n�-
�t�e�n�s�i�v�i� �c�o�n�i�u�g�a�t�i� �a�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e, �e �l�e �r�e�l�a�z�i�o�n�i� F =

F (Y) �s�o�n�o �l�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �d�e�l �s�i�s�t�e�m�a�. N�e�l �c�a�s�o �d�i� �u�n�
�f�l�u�i�d�o �m�u�l�t�i�c�o�m�p�o�n�e�n�t�e �s�e�m�p�l�i�c�e,

FE = 1/T, FV =
P
T

, FNk = −
µk
T

, (2.17)

T�a�l�v�o�l�t�a� �r�i�s�u�l�t�a� �u�t�i�l�e �m�e�t�t�e�r�e �i�n� �e�v�i�d�e�n�z�a� �i�l �f�a�t�t�o�r�e 1/T �e
�c�o�n�s�i�d�e�r�a�r�e �l�e �v�a�r�i�a�b�i�l�i� �c�o�n�i�u�g�a�t�e P �d�e�f�i�n�i�t�e �d�a�

∂S
∂Y

=
P
T
⇒ F =

P
T

. (2.18)

§15 E�s�e�m�p�i�

E�s�e�m�p�i�o 2.1 (R�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l �g�a�� �p�e�r�f�e�t�t�o). L�a�
�s�e�g�u�e�n�t�e �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e

S = Ns0 + cNR ln
(

U
Nu0

)
+ NR ln

(
V

Nv0

)

�d�o�v�e c �è �u�n�a� �c�o�s�t�a�n�t�e, R �l�a� �c�o�s�t�a�n�t�e �d�e�i� �g�a�� �e s0, u0 �e v0
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�s�o�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �e�n�t�r�o�p�i�a�, �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �e �i�l �v�o�l�u�m�e
�m�o�l�a�r�i� �d�i� �u�n�o �s�t�a�t�o �d�i� �r�i�f�e�r�i�m�e�n�t�o (�a�r�b�i�t�r�a�r�i�a�m�e�n�t�e �s�c�e�l�t�o),
�c�a�r�a�t�t�e�r�i�z�z�a� �c�o�m�p�l�e�t�a�m�e�n�t�e �l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i�
�u�n� �g�a�� �p�e�r�f�e�t�t�o. D�a�l�l�a� (2.14) �s�e�g�u�e �c�h�e

∂S
∂V

∣∣∣∣
U,N

= NR
1
V

=
P
T

�c�i�o�è
PV = NRT ,

�c�h�e �è �l��e�q�u�a�z�i�o�n�e �m�e�c�c�a�n�i�c�a� �d�i� �s�t�a�t�o �d�e�l �g�a�� �p�e�r�f�e�t�t�o. D�a�l�l�a�
(2.13) �s�i� �o�t�t�i�e�n�e

∂S
∂U

∣∣∣∣
N,V

= cNR
1
U

=
1
T

�c�i�o�è
U = cNRT

�c�h�e �è �l��e�q�u�a�z�i�o�n�e �p�e�r� �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�e�l �g�a�� �p�e�r�f�e�t�t�o.
D�a�l�l�a� �d�e�f�i�n�i�z�i�o�n�e �d�i� �c�a�l�o�r�e �s�p�e�c�i�f�i�c�o �m�o�l�a�r�e �a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e

Cv ≡
∂U
∂T

∣∣∣∣
V,N

= cNR

�s�e�g�u�e �i�l �s�i�g�n�i�f�i�c�a�t�o �d�e�l�l�a� �c�o�s�t�a�n�t�e c. S�i� �o�s�s�e�r�v�i� �c�h�e �m�e�n�t�r�e
�n�e�l�l�e �t�r�a�t�t�a�z�i�o�n�i� �u�s�u�a�l�i�, �l��e�q�u�a�z�i�o�n�e �m�e�c�c�a�n�i�c�a� �d�i� �s�t�a�t�o �e
�l��e�q�u�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �s�o�n�o �d�a�t�e �i�n� �m�a�n�i�e�r�a� �i�n�d�i�-
�p�e�n�d�e�n�t�e, �q�u�i� �s�o�n�o �c�o�n�s�e�g�u�e�n�z�a� �d�e�l�l�a� �s�o�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�-
�d�a�m�e�n�t�a�l�e �c�h�e, �c�o�m�e �a�b�b�i�a�m�o �g�i�à� �s�o�t�t�o�l�i�n�e�a�t�o, �f�o�r�n�i�s�c�e �t�u�t�t�a�
�l��i�n�f�o�r�m�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�o�n�c�e�p�i�b�i�l�e �s�u�l �s�i�s�t�e�m�a�.

E�s�e�m�p�i�o 2.2 (R�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �r�a�d�i�a�z�i�o�n�e �e�l�e�t-
�t�r�o�m�a�g�n�e�t�i�c�a�). L�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �r�a�d�i�a�z�i�o�n�e
�e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�a� �è

S =
4
3

σ1/4U3/4V1/4
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�d�o�v�e σ �è �u�n�a� �c�o�s�t�a�n�t�e D�a�l�l�e (2.13) �e (2.14) �s�i� �o�t�t�i�e�n�e

∂S
∂U

∣∣∣∣
V
= σ1/4 U1/4

V1/4 =
1
T

∂S
∂V

∣∣∣∣
U
=

1
3

σ1/4 U3/4

V3/4 =
P
T

L�a� �p�r�i�m�a� �e�q�u�a�z�i�o�n�e �è �l�a� �l�e�g�g�e �d�i� S�t�e�f�a�n�-B�o�l�t�z�m�a�n�n�

u ≡ U
V

= σT4 .

D�a�l�l�a� �s�e�c�o�n�d�a�, �s�i� �h�a�

P =
1
3

σ1/4 U3/4

V3/4 T =
1
3

U
V

=
1
3

u

�c�h�e �è �l�a� �n�o�t�a� �r�e�l�a�z�i�o�n�e �t�r�a� �p�r�e�s�s�i�o�n�e �d�e�l�l�a� �r�a�d�i�a�z�i�o�n�e �e
�d�e�n�s�i�t�à� �d�i� �e�n�e�r�g�i�a� �e�l�e�t�t�r�o�m�a�g�n�e�t�i�c�a�.

§16 T�e�m�p�e�r�a�t�u�r�a� D�a�l�l�a� �m�o�n�o�t�o�n�i�c�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �r�i�s�p�e�t�t�o
�a�l�l��e�n�e�r�g�i�a� �s�t�a�b�i�l�i�t�a� �d�a�l �p�o�s�t�u�l�a�t�o III �s�e�g�u�e �c�h�e

1
T
≡ ∂S

∂U

∣∣∣∣
V,N1,...Nr

(2.19)

�è �u�n�a� �f�u�n�z�i�o�n�e �p�o�s�i�t�i�v�a�. I �n�o�l�t�r�e, �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o
(2.3) �n�o�n� �è �a�l�t�r�o �c�h�e �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �u�g�u�a�g�l�i�a�n�z�a� �d�e�l�l�e �t�e�m�-
�p�e�r�a�t�u�r�e �d�e�i� �d�u�e �g�a��. P�o�s�i�t�i�v�i�t�à� �e �u�g�u�a�g�l�i�a�n�z�a� �a�l�l��e�q�u�i�l�i�b�r�i�o
�s�o�n�o �t�r�a�t�t�i� �d�i�s�t�i�n�t�i�v�i� �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a�.

§17 A�c�c�o�r�d�o �c�o�n� �l�a� �n�o�z�i�o�n�e �u�s�u�a�l�e �d�i� �t�e�m�p�e�r�a�t�u�r�a� U�n�
�t�r�a�t�t�o �s�a�l�i�e�n�t�e �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �è �c�h�e �q�u�a�n�d�o �d�u�e �c�o�r�p�i�
�a� �t�e�m�p�e�r�a�t�u�r�a� �d�i�f�f�e�r�e�n�t�e �s�o�n�o �p�o�s�t�i� �i�n� �c�o�n�t�a�t�t�o, �i�l �c�a�l�o�r�e
�f�l�u�i�s�c�e �d�a� �d�a�l �c�o�r�p�o �p�i�ù� �c�a�l�d�o �a� �q�u�e�l�l�o �p�i�ù� �f�r�e�d�d�o. D�i�m�o�s�t�r�i�a�-
�m�o �q�u�e�s�t�o �t�e�o�r�e�m�a� �r�i�f�e�r�e�n�d�o�c�i� �p�e�r� �c�o�n�c�r�e�t�e�z�z�a� �a�l �s�i�s�t�e�m�a�
�c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e �d�e�l�l�a� �f�i�g�u�r�a� 2.2.
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A�s�s�u�m�i�a�m�o �c�h�e �i�l �p�i�s�t�o�n�e �s�i�a� �i�n�i�z�i�a�l�m�e�n�t�e �r�i�v�e�s�t�i�t�o �d�i�
�m�a�t�e�r�i�a�l�e �a�d�i�a�b�a�t�i�c�o, �p�e�r� �c�u�i�, �i�n�i�z�i�a�l�m�e�n�t�e, �i� �d�u�e �g�a�� �s�o�n�o �d�u�e
�s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i�, �s�e�p�a�r�a�t�a�m�e�n�t�e �i�n� �e�q�u�i�l�i�b�r�i�o, �c�a�r�a�t�t�e�r�i�z�z�a�t�i�
�d�a�i� �v�a�l�o�r�i� UA0 �e UB0 �d�e�l�l�e �l�o�r�o �e�n�e�r�g�i�e �i�n�t�e�r�n�e (�i� �v�o�l�u�m�i� �e �i�
�n�u�m�e�r�i� �d�i� �m�o�l�i� �s�o�n�o �f�i�s�s�a�t�i�) �e �q�u�i�n�d�i� �d�a� �t�e�m�p�e�r�a�t�u�r�e

1
TA0

=
∂SA
∂UA

(UA0) ,
1

TB0

=
∂SA
∂UB

(UB0)

�c�o�n� �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i� �d�i� �t�e�m�p�e�r�a�t�u�r�a� TA0 �e TB0 . Q�u�a�n�d�o �i�l
�r�i�v�e�s�t�i�m�e�n�t�o �a�d�i�a�b�a�t�i�c�o �v�i�e�n�e �t�o�l�t�o �d�a�l �p�i�s�t�o�n�e, �c�i�o�è �i�l �v�i�n�c�o-
�l�o �d�i� �a�d�i�a�b�a�t�i�c�i�t�à� �v�i�e�n�e �r�i�m�o�s�s�o, �i�l �s�i�s�t�e�m�a� �f�o�r�m�a�t�o �d�a�i� �d�u�e
�g�a�� �s�u�b�i�s�c�e �u�n� �p�r�o�c�e�s�s�o �c�h�e �l�o �p�o�r�t�a� �i�n� �u�n�o �s�t�a�t�o �f�i�n�a�l�e
�d�i� �e�q�u�i�l�i�b�r�i�o. P�e�r� �i�l �p�o�s�t�u�l�a�t�o II, �l�o �s�t�a�t�o �f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o
�c�a�r�a�t�t�e�r�i�z�z�a�t�o �d�a�l�l�a� (2.3) �i�n� �c�u�i� �l��e�n�t�r�o�p�i�a� �è �m�a�s�s�i�m�a�. L�a�
�v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� ∆S �t�r�a� �l�o �s�t�a�t�o �i�n�i�z�i�a�l�e �e �l�o �s�t�a�t�o �f�i�-
�n�a�l�e �è �d�u�n�q�u�e �p�o�s�i�t�i�v�a�, �e �i�l �p�r�o�c�e�s�s�o �è �i�r�r�e�v�e�r�s�i�b�i�l�e. C�a�l�c�o�l�i�a�-
�m�o ∆S �a�s�s�u�m�e�n�d�o, �p�e�r� �s�e�m�p�l�i�c�i�t�à�, �c�h�e �l�e �v�a�r�i�a�z�i�o�n�i� �i�n� �g�i�o�c�o
�s�i�a�n�o �a�b�b�a�s�t�a�n�z�a� �p�i�c�c�o�l�e �i�n� �m�o�d�o �d�a� �p�o�t�e�r� �a�p�p�r�o�s�s�i�m�a�r�e �l�e
�v�a�r�i�a�z�i�o�n�i� �f�i�n�i�t�e �c�o�n� �d�i�f�f�e�r�e�n�z�i�a�l�i�. A�l�l�o�r�a�

∆S ≈ dS =
∂SA
∂UA

dUA +
∂SB
∂UB

dUB =
∂SA
∂UA

dUA −
∂SB
∂UB

dUA ,

�e�s�s�e�n�d�o dUB = −dUA, �d�a� �c�u�i�

∆S ≈
(

1
TA0

− 1
TB0

)
∆UA

M�a� ∆S > 0, �q�u�i�n�d�i� ∆UA > 0 �s�e TA0 < TB0 , �v�a�l�e �a� �d�i�r�e, �s�e �l�a�
�t�e�m�p�e�r�a�t�u�r�a� �i�n�i�z�i�a�l�e �d�e�l �g�a�� A �è �i�n�f�e�r�i�o�r�e �a� �q�u�e�l�l�a� �d�e�l �g�a�� B

�c'�è �u�n� �f�l�u�s�s�o �d�i� �c�a�l�o�r�e �d�a� B �a� A �f�i�n� �t�a�n�t�o �c�h�e �l�e �t�e�m�p�e�r�a�t�u�-
�r�e �n�o�n� �s�i� �e�q�u�a�l�i�z�z�a�n�o, �i�n� �c�o�n�s�e�g�u�e�n�z�a� �d�i� �q�u�e�s�t�o, �l��e�n�e�r�g�i�a� �d�i�
A �a�u�m�e�n�t�a�; �a�n�a�l�o�g�a�m�e�n�t�e, ∆UA < 0 �s�e TA0 > TB0 �c�i�o�è �i�l �g�a�� A
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�c�e�d�e �e�n�e�r�g�i�a� �a�l �g�a�� B �s�e �l�a� �s�u�a� �t�e�m�p�e�r�a�t�u�r�a� �i�n�i�z�i�a�l�e �è �p�i�ù�
�e�l�e�v�a�t�a�.

§18 A�c�c�o�r�d�o �c�o�n� �l�e �n�o�z�i�o�n�i� �u�s�u�a�l�e �d�i� �p�r�e�s�s�i�o�n�e L�a�s�c�i�a�n�-
�d�o �a�d�e�s�s�o �a�l �p�i�s�t�o�n�e �l�i�b�e�r�o �d�i� �m�u�o�v�e�r�s�i�, �a�s�s�u�m�e�n�d�o �c�h�e �s�i�a�
�f�a�t�t�o �d�i� �u�n� �m�a�t�e�r�i�a�l�e �d�i�a�t�e�r�m�i�c�o �e �p�o�r�o�s�o (�d�i� �m�o�d�o �c�h�e �s�i�a�
�p�o�s�s�i�b�i�l�i� �s�c�a�m�b�i� �d�i� �c�a�l�o�r�e �e �m�a�t�e�r�i�a� �t�r�a� �i� �d�u�e �g�a��), �p�r�o�c�e-
�d�e�n�d�o �i�n� �m�o�d�o �a�n�a�l�o�g�o �a� �p�r�i�m�a�, �s�i� �a�r�r�i�v�a� �a�l�l�e �c�o�n�d�i�z�i�o�n�i�
�g�e�n�e�r�a�l�i� �d�i� �e�q�u�i�l�i�b�r�i�o

∂SA
∂UA

∣∣∣∣
VA ,NA

=
∂SB
∂UB

∣∣∣∣
VB ,NB

�c�i�o�è TA = TB (2.20)
∂SA
∂VA

∣∣∣∣
UA ,NA

=
∂SB
∂VB

∣∣∣∣
UB ,NB

�c�i�o�è PA
TA

=
PB
TB

(2.21)
∂SA
∂NA

∣∣∣∣
UA ,VA

=
∂SB
∂NB

∣∣∣∣
UB ,VB

�c�i�o�è µA
TA

=
µB
TB

, (2.22)

�o�v�v�e�r�o
TA = TB PA = PB µA = µB

T�e�n�u�t�o �c�o�n�t�o �c�h�e �l�a� �d�e�f�i�n�i�z�i�o�n�e �d�e�l�l�a� �p�r�e�s�s�i�o�n�e

P = − ∂U
∂V

∣∣∣∣
S,N1,...Nr

�e�s�t�e�n�d�e �l�a� �d�e�f�i�n�i�z�i�o�n�e �m�e�c�c�a�n�i�c�a� �d�i� �p�r�e�s�s�i�o�n�e �c�h�e �e�n�t�r�a� �n�e�l�l�a�
�r�e�l�a�z�i�o�n�e dU = −PdV = −(F/S)Sdh = δLm �e �d�e�l�l�a� �c�o�n�d�i�z�i�o�n�e
�d�i� �e�q�u�i�l�i�b�r�i�o PA = PB, �l��i�d�e�n�t�i�f�i�c�a�z�i�o�n�e �d�i� P �c�o�n� �l�a� �n�o�z�i�o�n�e
�u�s�u�a�l�e �d�i� �p�r�e�s�s�i�o�n�e �r�i�s�u�l�t�a� �s�t�a�b�i�l�i�t�a�, �c�o�s�ì� �c�o�m�e �l��i�d�e�n�t�i�f�i�c�a�z�i�o-
�n�e �d�i� −PdV �c�o�n� �i�l �l�a�v�o�r�o �m�e�c�c�a�n�i�c�o �i�n�f�i�n�i�t�e�s�i�m�o �q�u�a�s�i�-�s�t�a�t�i�c�o
(�c�i�o�è �q�u�a�n�d�o �s�i� �h�a� �u�g�u�a�g�l�i�a�n�z�a� �t�r�a� �p�r�e�s�s�i�o�n�e �i�n�t�e�r�n�a� �e �l�a�
�p�r�e�s�s�i�o�n�e �e�s�e�r�c�i�t�a�t�a� �d�a�l�l�e �f�o�r�z�e �e�s�t�e�r�n�e).
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§19 A�c�c�o�r�d�o �c�o�n� �l�e �n�o�z�i�o�n�i� �u�s�u�a�l�e �d�i� �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o
A�n�a�l�o�g�a�m�e�n�t�e, �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o

µA =
∂U
∂N

∣∣∣∣
S,V

�c�o�r�r�i�s�p�o�n�d�e �a�l�l�a� �n�o�z�i�o�n�e �c�h�e �e�n�t�r�a� �n�e�l�l�a� �r�e�l�a�z�i�o�n�e dU =

µAdNA = δLc, �d�o�v�e δLc �è �i�l �l�a�v�o�r�o �n�e�c�e�s�s�a�r�i�o �p�e�r� �v�a�r�i�a�r�e
�d�i� dNA �i�l �n�u�m�e�r�o �d�i� �m�o�l�i� �d�e�l �c�o�m�p�o�n�e�n�t�e A. S�i� �p�u�ò �i�n�o�l�t�r�e
�d�i�m�o�s�t�r�a�r�e �c�h�e �l�a� �m�a�t�e�r�i�a� �t�e�n�d�e �a� �f�l�u�i�r�e �d�a� �r�e�g�i�o�n�i� �c�o�n� �p�o-
�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �a�l�t�o �a� �r�e�g�i�o�n�i� �c�o�n� �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �b�a�s�s�o.
S�e�m�p�r�e �r�i�f�e�r�e�n�d�o�c�i� �a�l �s�i�s�t�e�m�a� �c�i�l�i�n�d�r�o-�p�i�s�t�o�n�e �d�e�l�l�a� �f�i�g�u�-
�r�a� 2.2, �c�o�n�s�i�d�e�r�i�a�m�o �u�n�o �s�t�a�t�o �i�n�i�z�i�a�l�e �i�n� �c�u�i� �i�l �p�i�s�t�o�n�e, �d�i�
�m�a�t�e�r�i�a�l�e �d�i�a�t�e�r�m�i�c�o, �a�b�b�i�a� �r�a�g�g�i�u�n�t�o �l�a� �p�o�s�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�-
�b�r�i�o �i�n� �c�u�i� �l�e �t�e�m�p�e�r�a�t�u�r�e �e �l�e �p�r�e�s�s�i�o�n�i� �d�i� �e�n�t�r�a�m�b�i� �i� �g�a��
�s�o�n�o �u�g�u�a�l�i�, �m�a� �n�o�n� �i� �l�o�r�o �p�o�t�e�n�z�i�a�l�i� �c�h�i�m�i�c�i�, �c�h�e �h�a�n�n�o �v�a�-
�l�o�r�i� µA0 �e µB0 . A�s�s�u�m�i�a�m�o �c�h�e �a� �q�u�e�s�t�o �i�s�t�a�n�t�e, �m�e�d�i�a�n�t�e �u�n�
�q�u�a�l�c�h�e �a�r�t�i�f�i�c�i�o, �i�l �p�i�s�t�o�n�e �s�i�a� �r�e�s�o �p�o�r�o�s�o �i�n� �m�o�d�o �t�a�l�e �c�h�e �i�
�d�u�e �g�a�� �p�o�s�s�a�n�o �s�c�a�m�b�i�a�r�s�i� �m�a�t�e�r�i�a�. N�a�t�u�r�a�l�m�e�n�t�e, �i�l �n�u�m�e-
�r�o �t�o�t�a�l�e �d�i� �m�o�l�i� NA + NB �è �c�o�s�t�a�n�t�e. C�a�l�c�o�l�i�a�m�o �l�a� �v�a�r�i�a�z�i�o�n�e
�d�i� �e�n�t�r�o�p�i�a� �t�r�a� �l�o �s�t�a�t�o �i�n�i�z�i�a�l�e �s�o�p�r�a� �d�e�s�c�r�i�t�t�o �e �l�o �s�t�a�t�o
�f�i�n�a�l�e �i�n� �c�u�i� �i� �p�o�t�e�n�z�i�a�l�i� �c�h�i�m�i�c�i� �d�e�i� �d�u�e �g�a�� �s�o�n�o �u�g�u�a�l�i�.
P�r�o�c�e�d�e�n�d�o �c�o�m�e �p�e�r� �l�a� �t�e�m�p�e�r�a�t�u�r�a�, �o�t�t�e�n�i�a�m�o

∆S ≈ dS =
∂SA
∂NA

dNA +
∂SB
∂UB

dNB =
∂SA
∂NA

dNA −
∂SB
∂NB

dNA

=
−µA

T
− −µB

T

�e�s�s�e�n�d�o dNB = −dNA �e TA = TB ≡ T. Q�u�i�n�d�i�,

∆S ≈ µB − µA
T

∆NA > 0 ,
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S�i� �h�a� �a�l�l�o�r�a� �a�u�m�e�n�t�o �d�e�l �n�u�m�e�r�o �d�i� �m�o�l�i� �d�i� A, �c�i�o�è ∆NA > 0,
�s�e µB > µA. V�i�c�e�v�e�r�s�a�, �n�u�m�e�r�o �d�i� �m�o�l�i� �d�i� A �d�i�m�i�n�u�i�s�c�e, �c�i�o�è
∆NA < 0, �s�e µB < µA. N�e�l �p�r�i�m�o �c�a�s�o, �s�i� �h�a� �u�n� �f�l�u�s�s�o �d�i�
�m�a�t�e�r�i�a� �d�a� B �a� A, �m�e�n�t�r�e �n�e�l �s�e�c�o�n�d�o �d�a� A �a� B.

§20 I �d�i�f�f�e�r�e�n�z�i�a�l�i� �d�i� �c�a�l�o�r�e �e �l�a�v�o�r�o �q�u�a�s�i�-�s�t�a�t�i�c�i� S�e �i�n�f�i�n�e
�d�e�f�i�n�i�a�m�o �i� �s�e�g�u�e�n�t�i� �d�i�f�f�e�r�e�n�z�i�a�l�i� (�n�o�n� �e�s�a�t�t�i�)

TdS ≡ δQ , �i�l �c�a�l�o�r�e �i�n�f�i�n�i�t�e�s�i�m�o �q�u�a�s�i�-�s�t�a�t�i�c�o

−PdV ≡ δLm , �i�l �l�a�v�o�r�o �m�e�c�c�a�n�i�c�o �i�n�f�i�n�i�t�e�s�i�m�o �q�u�a�s�i�-�s�t�a�t�i�c�o
r

∑
k=1

µkdNk = δLc , �i�l �l�a�v�o�r�o �c�h�i�m�i�c�o �q�u�a�s�i�-�s�t�a�t�i�c�o,

�p�o�s�s�i�a�m�o �r�i�s�c�r�i�v�e�r�e �l�a� (2.11) �c�o�m�e

dU = δQ + δLm + δLc , (2.23)

�c�h�e �è �l��u�s�u�a�l�e �f�o�r�m�a� �i�n�f�i�n�i�t�e�s�i�m�a� �d�e�l�l�a� �p�r�i�m�a� �l�e�g�g�e. I �n� �q�u�e�s�t�o
�m�o�d�o �r�i�s�u�l�t�a� �c�o�m�p�l�e�t�o �i�l �r�a�c�c�o�r�d�o �c�o�n� �l�e �t�r�a�t�t�a�z�i�o�n�i� �u�s�u�a�l�i�
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�.

2.4 O�m�o�g�e�n�e�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �e�d� �e�q�u�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m�

§21 U�n�a� �c�o�n�s�e�g�u�e�n�z�e �m�a�t�e�m�a�t�i�c�a� �i�m�m�e�d�i�a�t�a� �d�a�l�l�a� �p�r�o-
�p�r�i�e�t�à� �d�i� �a�d�d�i�t�i�v�i�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �è �c�h�e �p�e�r� �l��e�n�t�r�o�p�i�a� �d�i�
�u�n� �s�i�s�t�e�m�a� �s�e�m�p�l�i�c�e �è �u�n�a� �f�u�n�z�i�o�n�e �o�m�o�g�e�n�e�a� �d�i� �g�r�a�d�o 1
�d�e�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i�, �c�i�o�è �s�e �t�u�t�t�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i�
�s�o�n�o �m�o�l�t�i�p�l�i�c�a�t�i� �p�e�r� �u�n�a� �c�o�s�t�a�n�t�e λ, �a�l�l�o�r�a� �l��e�n�t�r�o�p�i�a� �è
�m�o�l�t�i�p�l�i�c�a�t�a� �p�e�r� �l�a� �s�t�e�s�s�a� �c�o�s�t�a�n�t�e,

S(λU, λV, λN) = λS(U, V, N) (2.24)
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N�e �s�e�g�u�e �c�h�e �p�e�r� λ = 1/V �s�i� �o�t�t�i�e�n�e

S
(

U
V

, 1,
N
V

)
=

1
V

S(U, V, N)

P�o�s�t�o e = U/V, n = N/V �e

s(e, n) = S(e, 1, n),

�a�b�b�i�a�m�o �l�a� �r�e�l�a�z�i�o�n�e

S(U, V, N) = Vs(e, n) (2.25)

L�e �v�a�r�i�a�b�i�l�i� s, u �e n �r�a�p�p�r�e�s�e�n�t�a�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �l��e�n�-
�t�r�o�p�i�a�, �l��e�n�e�r�g�i�a�, �e �i�l �n�u�m�e�r�o �d�i� �m�o�l�i� �p�e�r� �u�n�i�t�à� �d�i� �v�o�l�u�m�e.
A�n�a�l�o�g�a�m�e�n�t�e, �s�i� �i�n�t�r�o�d�u�c�o�n�o �q�u�a�n�t�i�t�à� �m�o�l�a�r�i� (�p�e�r� �u�n�i�t�à� �d�i�
�m�o�l�e) �e �s�p�e�c�i�f�i�c�h�e (�p�e�r� �u�n�i�t�à� �d�i� �m�a�s�s�a�).

§22 E�q�u�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m� D�e�r�i�v�a�n�d�o �l�a� (2.24) �r�i�s�p�e�t�t�o
�a� λ, �s�i� �o�t�t�i�e�n�e

∂S(λU, λV, λN)

∂λU
∂λU
∂λ

+
∂S(λU, λV, λN)

∂λV
∂λV
∂λ

+
∂S(λU, λV, λN)

∂λN
∂λN
∂λ

= S(U, V, N)

�o�v�v�e�r�o, �d�o�p�o �a�v�e�r� �d�e�r�i�v�a�t�o �r�i�s�p�e�t�t�o �a� λ �a� �p�r�i�m�o �m�e�m�b�r�o �e
�a�v�e�r� �p�o�s�t�o λ = 1,

∂S(U, V, N)

∂U
U +

∂S(U, V, N)

∂V
V +

∂S(U, V, N)

∂N
N = S,

�d�a� �c�u�i�
S =

1
T

U +
P
T

V − µ

T
N (2.26)

�c�h�e �è �n�o�t�a� �c�o�m�e �r�e�l�a�z�i�o�n�e �d�i� G�i�b�b��- D�u�h�e�m�
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2.5 S�t�a�b�i�l�i�t�à� �d�e�i� �s�i�s�t�e�m�i� �t�e�r�m�o�d�i�n�a�m�i�c�i�

§23 S�t�a�b�i�l�i�t�à� I�l �p�o�s�t�u�l�a�t�o II �r�i�c�h�i�e�d�e �c�h�e �l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o
�c�o�r�r�i�s�p�o�n�d�a� �a�d� �u�n� �m�a�s�s�i�m�o �d�e�l�l��e�n�t�r�o�p�i�a�. Q�u�e�s�t�o �i�m�p�l�i�c�a�,
�i�n� �p�a�r�t�i�c�o�l�a�r�e, �c�h�e �l�o �s�t�a�t�o �d�i� �e�q�u�i�l�b�r�i�o �s�i�a� �s�t�a�b�i�l�e �s�e �i� �v�i�n�c�o-
�l�i� �e�s�t�e�r�n�i� �n�o�n� �s�o�n�o �m�o�d�i�f�i�c�a�t�i�, �e �q�u�e�s�t�o, �a� �s�u�a� �v�o�l�t�a�, �i�m�p�l�i�c�a�
�c�h�e �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �s�e�m�p�l�i�c�e �s�i�a� �u�n�a�
�f�u�n�z�i�o�n�e �c�o�n�c�a�v�a� �d�e�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i�.

U, V, N U, V, N

F�i�g�u�r�a� 2.3: D�u�e �g�a�� �i�d�e�n�t�i�c�i� �i�n�
�c�o�n�d�i�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �i�d�e�n�t�i�c�h�e
�d�e�n�t�r�o �u�n� �r�e�c�i�p�i�e�n�t�e �c�o�n� �p�a�r�e�t�i�
�r�i�g�i�d�e �e �a�d�i�a�b�a�t�i�c�h�e.

§24 S�e �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �n�o�n� �f�o�s�s�e �c�o�n�c�a�v�a�, �i�l �s�i�s�t�e-
�m�a� �n�o�n� �s�a�r�e�b�b�e �s�t�a�b�i�l�e. P�e�r� �d�i�m�o�s�t�r�a�r�e �q�u�e�s�t�o, �c�o�n�s�i�d�e�r�i�a�m�o
�d�u�e �s�i�s�t�e�m�i� �i�d�e�n�t�i�c�i�, �c�i�a�s�c�u�n�o �c�o�n� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e
S = S(U, V, N), �i�n� �u�n� �r�e�c�i�p�i�e�n�t�e �c�o�n� �p�a�r�e�t�i� �r�i�g�i�d�e �e �a�d�i�a�b�a�-
�t�i�c�h�e. N�e�l �m�e�z�z�o �d�e�l �r�e�c�i�p�i�e�n�t�e �è �p�o�s�t�o �u�n� �p�i�s�t�o�n�e �c�o�m�e �i�n�
�f�i�g�u�r�a� 2.3. P�e�r� �s�i�m�m�e�t�r�i�a�, �p�r�e�s�s�i�o�n�i� �e �t�e�m�p�e�r�a�t�u�r�e �a� �d�e�s�t�r�a�
�e �a� �s�i�n�i�s�t�r�a� �d�e�l �p�i�s�t�o�n�e �s�o�n�o �u�g�u�a�l�i�, �e �q�u�i�n�d�i� �i�l �s�i�s�t�e�m�a� �è
�i�n� �e�q�u�i�l�i�b�r�i�o �e �c�i� �a�s�p�e�t�t�i�a�m�o �c�h�e �r�i�m�a�n�g�a� �i�n� �t�a�l�e �s�t�a�t�o �f�i�n�
�t�a�n�t�o �c�h�e �i� �v�i�n�c�o�l�i� �n�o�n� �s�o�n�o �m�o�d�i�f�i�c�a�t�i�. T�u�t�t�a�v�i�a�, �s�e �l�a� �d�i�-
�p�e�n�d�e�n�z�a� �d�e�l�l��e�n�t�r�o�p�i�a� �d�a�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �f�o�s�s�e �c�o�m�e �m�o-
�s�t�r�a�t�o �q�u�a�l�i�t�a�t�i�v�a�m�e�n�t�e �i�n� �f�i�g�u�r�a� 2.4, �q�u�e�s�t�o �n�o�n� �a�c�c�a�d�r�e�b�b�e:
�a�v�v�e�r�r�e�b�b�e �u�n� �t�r�a�s�f�e�r�i�m�e�n�t�o �d�i� �e�n�e�r�g�i�a� ∆U �d�a� �u�n� �s�i�s�t�e�m�a�
�a�d� �u�n� �a�l�t�r�o �p�e�r�c�h�é �i�l �v�a�l�o�r�e �d�i� �e�n�t�r�o�p�i�a� �c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�
�q�u�e�s�t�o �s�c�a�m�b�i�o,

S(U + ∆U, V, N) + S(U − ∆U, V, N)

�è �m�a�g�g�i�o�r�e �d�e�l �v�a�l�o�r�e �i�n�i�z�i�a�l�e 2S(U, V, N). A�f�f�i�n�c�h�é �g�l�i� �s�t�a�t�i�
�d�i� �e�q�u�i�l�i�b�r�i�o �s�i�a�n�o �s�t�a�b�i�l�i� �o�c�c�o�r�r�e �q�u�i�n�d�i� �c�h�e S �s�i�a� �u�n�a� �f�u�n�-
�z�i�o�n�e �c�o�n�c�a�v�a� �d�e�l�l��e�n�e�r�g�i�a�, �c�i�o�è �t�a�l�e �c�h�e, �p�e�r� �q�u�a�l�u�n�q�u�e �v�a�l�o�r�e
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•

•
•

•

U U + ∆UU −∆U

S(U −∆U)

S(U + ∆U)

S(U)

1

2
[S(U + ∆U) + S(U −∆U)]

F�i�g�u�r�a� 2.4: I�p�o�t�e�t�i�c�a� �f�u�n�z�i�o�n�e
�e�n�t�r�o�p�i�a� �c�h�e �c�o�m�p�o�r�t�a� �a�s�s�e�n�z�a�
�d�i� �e�q�u�i�l�i�b�r�i�o �s�t�a�b�i�l�e.

�d�i� U �e ∆U, �s�i� �a�b�b�i�a�

S(U + ∆U, V, N) + S(U − ∆U, V, N) ≤ 2S(U, V, N) (2.27)

Q�u�e�s�t�o �i�m�p�l�i�c�a� �l�a� �c�o�n�d�i�z�i�o�n�e �l�o�c�a�l�e

∂2S
∂U2 ≤ 0 (2.28)

§25 R�a�g�i�o�n�a�n�d�o �i�n� �m�a�n�i�e�r�a� �a�n�a�l�o�g�a� �p�e�r� �i�l �v�o�l�u�m�e, �s�i�
�c�o�n�c�l�u�d�e �c�h�e �l��e�n�t�r�o�p�i�a� �è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�c�a�v�a� �d�e�l �v�o�l�u�m�e,

S(U, V + ∆V, N) + S(U, V − ∆V, N) ≤ 2S(U, V, N) , (2.29)

�d�a� �c�u�i�
∂2S
∂V2 ≤ 0 . (2.30)

§26 L�e �c�o�n�s�i�d�e�r�a�z�i�o�n�i� �p�r�e�c�e�d�e�n�t�i� �s�i� �e�s�t�e�n�d�o �f�a�c�i�l�m�e�n�t�e
�a� �p�i�ù� �d�i�m�e�n�s�i�o�n�i�. N�e�l�l�o �s�p�a�z�i�o �t�r�i�d�i�m�e�n�s�i�o�n�a�l�e S − U − V,
�l�a� �c�o�n�d�i�z�i�o�n�e �g�l�o�b�a�l�e �d�i� �s�t�a�b�i�l�i�t�à� �r�i�c�h�i�e�d�e �c�h�e �l�a� �s�u�p�e�r�f�i�c�i�e
�d�e�l�l��e�n�t�r�o�p�i�a� S = S(U, V, N) �s�t�i�a� �t�u�t�t�a� �s�o�t�t�o �i�l �s�u�o �p�i�a�n�o
�t�a�n�g�e�n�t�e. L'�e�s�p�r�e�s�s�i�o�n�e �m�a�t�e�m�a�t�i�c�a� �d�i� �q�u�e�s�t�o �è �c�h�e �p�e�r� ∆U �e
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F�i�g�u�r�a� 2.5: S�o�n�o �d�i�s�e�g�n�a�t�e �l�e �l�i�n�e�e
�t�a�n�g�e�n�t�i� �c�h�e �s�o�n�o �d�a�p�p�e�r�t�u�t�t�o
�s�o�p�r�a� �l�a� �c�u�r�v�a�. L�a� �r�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �s�t�a�b�i�l�e �è �l��i�n�v�i�l�u�p�p�o
�d�i� �q�u�e�s�t�e �l�i�n�e�e �t�a�n�g�e�n�t�i� �s�u�p�e�r�i�o�r�i�.

∆V �a�r�b�i�t�r�a�r�i� �s�i� �a�b�b�i�a�

S(U + ∆U, V + ∆V, N) + S(U − ∆U, V − ∆V, N) ≤ 2S(U, V, N).

(2.31)
Q�u�e�s�t�o �i�m�p�l�i�c�a� �n�o�n� �s�o�l�o �c�h�e �d�e�b�b�a�n�o �v�a�l�e�r�e �l�e �c�o�n�d�i�z�i�o-
�n�i� �l�o�c�a�l�i� (2.28) �e (2.30), �m�a� �a�n�c�h�e �c�h�e �s�i�a� �s�o�d�d�i�s�f�a�t�t�a� �l�a�
�c�o�n�d�i�z�i�o�n�e

∂2S
∂U2

∂2S
∂V2 −

(
∂2S

∂U∂V

)2

≥ 0 . (2.32)

§27 L�e �d�i�s�u�g�u�a�g�l�i�a�n�z�e (2.28) �e (2.30) �e (2.32) �s�o�n�o �d�e�t�t�e
�c�o�n�d�i�z�i�o�n�i� �l�o�c�a�l�i� �d�i� �s�t�a�b�i�l�i�t�à� �e �s�o�n�o �p�i�ù� �d�e�b�o�l�i� �d�e�l�l�a� �c�o�n�d�i�-
�z�i�o�n�e �g�l�o�b�a�l�e �d�i� �s�t�a�b�i�l�i�t�à� �d�a�t�a� �d�a�l�l�a� �d�i�s�u�g�u�a�g�l�i�a�n�z�a� (2.31) �c�h�e
�e�s�p�r�i�m�e �l�a� �p�r�o�p�r�i�e�t�à� �d�i� �c�o�n�c�a�v�i�t�à� �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�-
�t�a�l�e S = S(U, V).

I�l �d�i�s�c�o�r�s�o �a�p�p�e�n�a� �f�a�t�t�o �s�i� �e�s�t�e�n�d�e �f�a�c�i�l�m�e�n�t�e �a� �r�e�l�a�z�i�o�n�i�
�f�o�n�d�a�m�e�n�t�a�l�i� �c�h�e �i�n�c�l�u�d�o�n�o �i� �n�u�m�e�r�i� �m�o�l�a�r�i� N �e �p�i�ù� �i�n� �g�e�n�e-
�r�a�l�e �a� �r�e�l�a�z�i�o�n�i� �f�o�n�d�a�m�e�n�t�a�l�i� S = S(Y) �d�o�v�e Y �è �u�n� �v�e�t�t�o�r�e
�i�n� �u�n�o �s�p�a�z�i�o �d�i� �d�i�m�e�n�s�i�o�n�e �a�r�b�i�t�r�a�r�i�a�.
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§28 C�o�s�t�r�u�z�i�o�n�e �d�i� �r�e�l�a�z�i�o�n�i� �f�o�n�d�a�m�e�n�t�a�l�i� �s�t�a�b�i�l�i� D�a� �m�o-
�d�e�l�l�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �o �p�e�r� �e�s�t�r�a�p�o�l�a�z�i�o�n�e �d�e�i� �d�a�t�i�
�s�p�e�r�i�m�e�n�t�a�l�i� �è �p�o�s�s�i�b�i�l�e �c�h�e �r�i�s�u�l�t�i�n�o �r�e�l�a�z�i�o�n�i� �f�o�n�d�a�m�e�n�t�a�l�i�
�m�i�c�r�o�s�c�o�p�i�c�h�e �c�h�e �n�o�n� �h�a�n�n�o �l�a� �p�r�o�p�r�i�e�t�à� �d�i� �c�o�n�c�a�v�i�t�à�. D�a�
�q�u�e�s�t�e �r�e�l�a�z�i�o�n�i� �m�i�c�r�o�s�c�o�p�i�c�h�e �è �p�o�s�s�i�b�i�l�e �o�t�t�e�n�e�r�e �u�n�a� �r�e�l�a�-
�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �s�t�a�b�i�l�e �m�e�d�i�a�n�t�e �l�a� �c�o�s�t�r�u�z�i�o�n�e �m�o�s�t�r�a�t�a�
�i�n� �f�i�g�u�r�a� 2.5.

§29 P�o�s�i�t�i�v�i�t�à� �d�e�i� �c�a�l�o�r�i� �m�o�l�a�r�i� L�e �c�o�n�d�i�z�i�o�n�i� �d�i� �s�t�a�b�i�l�i�t�à�
�p�o�n�g�o�n�o �v�i�n�c�o�l�i� �g�e�n�e�r�a�l�i� �s�u�i� �c�oe�f�f�i�c�i�e�n�t�i� �t�e�r�m�o�d�i�n�a�m�i�c�i�. P�e�r�
�e�s�e�m�p�i�o, �l�a� (2.28) �i�m�p�l�i�c�a� �c�h�e

∂2S
∂U2

∣∣∣∣
V,N

= − 1
T2

∂T
∂U

∣∣∣∣
V,N

= − 1
NT2cv

≤ 0, (2.33)

�d�a� �c�u�i� �s�e�g�u�e �c�h�e �l�a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �m�o�l�a�r�e �d�e�v�e �e�s�s�e�r�e �p�o-
�s�i�t�i�v�a� �i�n� �u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�l�e. L�e �a�l�t�r�e �c�o�n�d�i�z�i�o�n�i� �d�i� �s�t�a�b�i�l�i�t�à�
�i�m�p�o�n�g�o�n�o �a�n�a�l�o�g�h�e �r�e�s�t�r�i�z�i�o�n�i� �s�u� �a�l�t�r�e �q�u�a�n�t�i�t�à� �f�i�s�i�c�a�m�e�n�t�e
�s�i�g�n�i�f�i�c�a�t�i�v�e. S�i� �a�c�c�e�n�n�e�r�à� �a�d� �a�l�c�u�n�e �d�i� �q�u�e�s�t�e �a�l�l�a� �f�i�n�e �d�e�l
�c�a�p�i�t�o�l�o.

2.6 P�r�i�n�c�i�p�i�o �d�i� �m�i�n�i�m�o �p�e�r� �l��e�n�e�r�g�i�a�

§30 P�r�i�n�c�i�p�i�o �d�i� �m�a�s�s�i�m�o �p�e�r� �l��e�n�t�r�o�p�i�a� I�l �p�o�s�t�u�l�a�t�o II
�s�t�a�b�i�l�i�s�c�e �c�h�e �l��e�n�t�r�o�p�i�a� �è �m�a�s�s�i�m�a� �r�i�s�p�e�t�t�o �a�i� �p�a�r�a�m�e�t�r�i� �d�e�i�
�s�o�t�t�o�s�i�s�t�e�m�i� �q�u�a�n�d�o �q�u�e�s�t�i� �p�o�s�s�o�n�o �v�a�r�i�a�r�e �l�i�b�e�r�a�m�e�n�t�e.

§31 P�r�i�n�c�i�p�i�o �d�i� �m�i�n�i�m�o �p�e�r� �l��e�n�e�r�g�i�a� D�a�l �p�r�i�n�c�i�p�i�o �d�i�
�m�a�s�s�i�m�o �d�e�l�l��e�n�t�r�o�p�i�a� �s�e�g�u�e �c�h�e: I�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i�
�u�n� �q�u�a�l�u�n�q�u�e �p�a�r�a�m�e�t�r�o �i�n�t�e�r�n�o �n�o�n� �v�i�n�c�o�l�a�t�o �è �t�a�l�e �d�a�
�m�i�n�i�m�i�z�z�a�r�e �l��e�n�e�r�g�i�a� �p�e�r� �u�n� �d�a�t�o �v�a�l�o�r�e �d�e�l�l��e�n�t�r�o�p�i�a� �t�o�t�a�-
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Yαj

piano

F�i�g�u�r�a� 2.6: U = U0 �c�o�s�t�a�n�t�e �è
�i�l �v�i�n�c�o�l�o �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e-
�n�e�r�g�i�a� �t�o�t�a�l�e. Yαj �è �u�n� �p�a�r�a�m�e�t�r�o
�c�h�e �c�a�r�a�t�t�e�r�i�z�z�a� �i�l �s�o�t�t�o�s�i�s�t�e�m�a�
α. P�e�r� �e�s�e�m�p�i�o, �i�l �s�i�s�t�e�m�a� �è �i�d�e�a�l-
�m�e�n�t�e �d�i�v�i�s�o �i�n� �d�u�e �s�o�t�t�o�s�i�s�t�e�m�i�
�c�o�m�e �n�e�l�l�a� �s�i�t�u�a�z�i�o�n�e �d�e�s�c�r�i�t�t�a� �i�n�
�f�i�g�u�r�a� 2.2 �e Yαj �è �l��e�n�e�r�g�i�a� �d�i� �u�n�o
�d�e�i� �d�u�e �s�o�t�t�o�s�i�s�t�e�m�i�.

�l�e. V�i�c�e�v�e�r�s�a�, �d�a�l �p�r�i�n�c�i�p�i�o �d�i� �m�i�n�i�m�o �d�e�l�l��e�n�e�r�g�i�a� �s�e�g�u�e �i�l
�p�r�i�n�c�i�p�i�o �d�i� �m�a�s�s�i�m�o �d�e�l�l��e�n�t�r�o�p�i�a�.

§32 M�e�n�t�r�e �i�l �p�r�i�n�c�i�p�i�o �d�i� �m�a�s�s�i�m�o �d�e�l�l��e�n�t�r�o�p�i�a� �s�i� �r�e�a�l�i�z-
�z�a� �s�p�o�n�t�a�n�e�a�m�e�n�t�e �i�n� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o, �i�n� �u�n� �s�i�s�t�e�m�a�
�l�e �c�u�i� �p�a�r�t�i� �n�o�n� �s�o�n�o �i�n�i�z�i�a�l�m�e�n�t�e �i�n� �e�q�u�i�l�i�b�r�i�o �t�r�a� �l�o�r�o, �l�a�
�m�i�n�i�m�i�z�z�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �n�o�n� �p�u�ò �e�s�s�e�r�e �o�t�t�e�n�u�t�a� �s�p�o�n�-
�t�a�n�e�a�m�e�n�t�e: �o�c�c�o�r�r�e �i�n�f�a�t�t�i� �g�a�r�a�n�t�i�r�e �c�h�e �l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i�
�c�h�e �p�o�r�t�a�n�o �a�l�l�o �s�t�a�t�o �f�i�n�a�l�e �d�i� �e�q�u�i�l�i�b�r�i�o �s�i�a� �s�u�f�f�i�c�i�e�n�t�e�m�e�n�t�e
�l�e�n�t�e, �c�i�o�è �q�u�a�s�i�-�s�t�a�t�i�c�h�e , �i�n� �m�o�d�o �t�a�l�e �c�h�e �l��e�n�t�r�o�p�i�a� �r�e�s�t�i� �c�o-
�s�t�a�n�t�e. S�i�a� �c�o�m�e �s�i�a�, �i�n�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e �d�a� �c�o�m�e �l�o �s�t�a�t�o �d�i�
�e�q�u�i�l�i�b�r�i�o �v�i�e�n�e �r�a�g�g�i�u�n�t�o, �è �i�m�p�o�r�t�a�n�t�e �s�o�t�t�o�l�i�n�e�a�r�e �c�h�e �e�s�s�o
�s�o�d�d�i�s�f�a� �e�n�t�r�a�m�b�e �l�e �c�o�n�d�i�z�i�o�n�i� �d�i� �m�a�s�s�i�m�o �d�e�l�l��e�n�t�r�o�p�i�a� �e �d�i�
�m�i�n�i�m�o �d�e�l�l��e�n�e�r�g�i�a�.
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piano

Yαj

F�i�g�u�r�a� 2.7: S = S0 �c�o�s�t�a�n�t�e �è �i�l
�v�i�n�c�o�l�o �d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�-
�t�r�o�p�i�a� �t�o�t�a�l�e. S�t�e�s�s�e �c�o�n�v�e�n�z�i�o�n�i�
�d�e�l�l�a� �f�i�g�u�r�a� �p�r�e�c�e�d�e�n�t�e

2.7 T�r�a�s�f�o�r�m�a�z�i�o�n�i� �d�i� L�e�g�e�n�d�r�e

§33 N�e�l�l�e �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�i� �e�n�t�r�o�p�i�a� �e�d� �e�n�e�r�g�i�a� �i� �p�a�r�a�m�e-
�t�r�i� �e�s�t�e�n�s�i�v�i� �g�i�o�c�a�n�o �i�l �r�u�o�l�o �d�i� �v�a�r�i�a�b�i�l�i� �i�n�d�i�p�e�n�d�e�n�t�i� �m�e�n�t�r�e
�i� �p�a�r�a�m�e�t�r�i� �i�n�t�e�n�s�i�v�i� �s�o�n�o �c�o�n�c�e�t�t�i� �d�e�r�i�v�a�t�i�. Q�u�e�s�t�i� �u�l�t�i�m�i�
�s�o�n�o �t�u�t�t�a�v�i�a� �d�i� �p�i�ù� �f�a�c�i�l�e �c�o�n�t�r�o�l�l�o �s�p�e�r�i�m�e�n�t�a�l�e �e �s�i� �p�o�n�e
�i�l �p�r�o�b�l�e�m�a� �d�i� �r�i�f�o�r�m�u�l�a�r�e �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �i�n� �m�o-
�d�o �t�a�l�e �c�h�e �i� �p�a�r�a�m�e�t�r�i� �i�n�t�e�s�i�v�i� �p�o�s�s�a�n�o �g�i�o�c�a�r�e �i�l �r�u�o�l�o �d�i�
�v�a�r�i�a�b�i�l�i� �i�n�d�i�p�e�n�d�e�n�t�i�.

§34 S�i�a� �d�a�t�a� �u�n�'�e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �f�o�r�m�a�

Z = Z(Y) (2.34)

Z �s�c�a�l�a�r�e (�e�n�t�r�o�p�i�a� S �o �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U); Y = (Y1, . . . YJ)

�v�e�t�t�o�r�e (�v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e).
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S�i� �c�e�r�c�a� �u�n� �m�e�t�o�d�o �d�o�v�e �l�e �d�e�r�i�v�a�t�e

P =
∂Z
∂Y

(2.35)

�p�o�s�s�o�n�o �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�e �c�o�m�e �v�a�r�i�a�b�i�l�i� �i�n�d�i�p�e�n�d�e�n�t�i� �s�e�n�-
�z�a� �s�a�c�r�i�f�i�c�a�r�e �n�i�e�n�t�e �d�e�l�l��i�n�f�o�r�m�a�z�i�o�n�e �c�o�n�t�e�n�u�t�a� �n�e�l�l�a� �r�e�l�a�-
�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e (2.34). Q�u�e�s�t�o �p�r�o�b�l�e�m�a� �f�o�r�m�a�l�e �h�a� �l�a�
�s�u�a� �c�o�n�t�r�o�p�a�r�t�e �i�n� �g�e�o�m�e�t�r�i�a� �e �i�n� �a�l�c�u�n�i� �a�l�t�r�i� �c�a�m�p�i� �d�e�l�l�a�
�f�i�s�i�c�a�. L�a� �s�o�l�u�z�i�o�n�e �d�e�l �p�r�o�b�l�e�m�a�, �i�m�p�i�e�g�a�n�d�o �l�a� �t�e�c�n�i�c�a� �m�a�-
�t�e�m�a�t�i�c�a� �d�e�l�l�e �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �d�i� L�e�g�e�n�d�r�e, �è �p�i�ù� �i�n�t�u�i�t�i�v�a�
�q�u�a�n�d�o �s�e �n�e �d�à� �u�n�'�i�n�t�e�r�p�r�e�t�a�z�i�o�n�e �g�e�o�m�e�t�r�i�c�a�.

Y

Z

F�i�g�u�r�a� 2.8: R�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �n�e�l �c�a�s�o �s�c�a�l�a�r�e.

§35 I�n�c�o�m�i�n�c�i�a�m�o �a� �c�o�n�s�i�d�e�r�a�r�e �i�l �c�a�s�o �m�a�t�e�m�a�t�i�c�o �i�n� �c�u�i�
�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �è �u�n� �f�u�n�z�i�o�n�e �d�i� �s�o�l�o �u�n�a� �s�i�n�g�o�l�a�
�v�a�r�i�a�b�i�l�e �i�n�d�i�p�e�n�d�e�n�t�e, �c�i�o�è �i�l �c�a�s�o �i�n� �c�u�i� Y �è �u�n�o �s�c�a�l�a�r�e.
G�e�o�m�e�t�r�i�c�a�m�e�n�t�e, �l�a� �r�e�l�a�z�i�o�n�e �i�l �f�o�n�d�a�m�e�n�t�a�l�e Z = Z(Y) �è
�r�a�p�p�r�e�s�e�n�t�a�t�a� �d�a� �u�n� �c�u�r�v�a� �i�n� �u�n�o �s�p�a�z�i�o �b�i�d�i�m�e�n�s�i�o�n�a�l�e
�c�o�n� �c�o�o�r�d�i�n�a�t�e �c�a�r�t�e�s�i�a�n�e Y �e Z �e �l�a� �d�e�r�i�v�a�t�a� P = dZ/dY �è
�l�a� �p�e�n�d�e�n�z�a� �d�i� �q�u�e�s�t�a� �c�u�r�v�a�. O�r�a�, �s�e �d�e�s�i�d�e�r�i�a�m�o �c�o�n�s�i�d�e-
�r�a�r�e P �c�o�m�e �v�a�r�i�a�b�i�l�e �i�n�d�i�p�e�n�d�e�n�t�e �a�l �p�o�s�t�o �d�i� Y, �i�l �p�r�i�m�o
�i�m�p�u�l�s�o �p�o�t�r�e�b�b�e �e�s�s�e�r�e �s�e�m�p�l�i�c�e�m�e�n�t�e �d�i� �e�l�i�m�i�n�a�r�e X �t�r�a� �l�e
�e�q�u�a�z�i�o�n�i� (2.34) �e (2.35), �c�o�n� �c�i�ò �o�t�t�e�n�e�n�d�o Z �c�o�m�e �u�n� �f�u�n�-
�z�i�o�n�e �d�i� P, �c�i�o�è Z = Z(P). U�n� �m�o�m�e�n�t�o �d�i� �r�i�f�l�e�s�s�i�o�n�e �i�n�d�i�c�a�,
�t�u�t�t�a�v�i�a�, �c�h�e �i�n� �q�u�e�s�t�o �m�o�d�o �s�i� �s�a�c�r�i�f�i�c�h�e�r�e�b�b�e �u�n� �p�o' �d�i� �c�o�n�-
�t�e�n�u�t�o �m�a�t�e�m�a�t�i�c�o �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e (2.34) �p�e�r�c�h�é
�è �c�h�i�a�r�o, �d�a� �u�n� �p�u�n�t�o �d�i� �v�i�s�t�a� �g�e�o�m�e�t�r�i�c�o, �c�h�e �l�a� �c�o�n�o�s�c�e�n�z�a�
�d�i� Z �c�o�m�e �u�n� �f�u�n�z�i�o�n�e �d�e�l�l�a� �p�e�n�d�e�n�z�a� dZ/dY �n�o�n� �p�e�r�m�e�t-
�t�e�r�e �d�i� �r�i�c�o�s�t�r�u�i�r�e �l�a� �c�u�r�v�a� Z = Z(Y). I �n�f�a�t�t�i�, �c�i�a�s�c�u�n�a� �d�e�l�l�e
�c�u�r�v�e �t�r�a�s�l�a�t�e �m�o�s�t�r�a�t�e �i�n� �f�i�g�u�r�a� 2.9 �c�o�r�r�i�s�p�o�n�d�e �b�e�n�e �a�l�l�o
�s�t�e�s�s�o �m�o�d�o �a�l�l�a� �r�e�l�a�z�i�o�n�e Z = Z(P). D�a� �u�n� �p�u�n�t�o �d�i� �v�i�s�t�a�
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�a�n�a�l�i�t�i�c�o �l�a� �r�e�l�a�z�i�o�n�e Z = Z(P) �è �u�n�'�e�q�u�a�z�i�o�n�e �d�i�f�f�e�r�e�n�z�i�a�l�e
�d�e�l �p�r�i�m�o �o�r�d�i�n�e, �e �l�a� �s�u�a� �i�n�t�e�g�r�a�z�i�o�n�e �d�à� Z = Z(Y) �s�o�l�o
�a� �m�e�n�o �d�i� �u�n�a� �c�o�s�t�a�n�t�e �i�n�d�e�t�e�r�m�i�n�a�t�a� �d�i� �i�n�t�e�g�r�a�z�i�o�n�e. P�e�r�-
�t�a�n�t�o �s�i� �v�e�d�e �c�h�e �a�c�c�e�t�t�a�r�e Z = Z(P) �c�o�m�e �u�n�' �e�q�u�a�z�i�o�n�e �d�i�
�b�a�s�e �a�l �p�o�s�t�o �d�i� Z = Z(Y) �c�o�m�p�o�r�t�e�r�e�b�b�e �i�l �s�a�c�r�i�f�i�c�i�o �d�i� �a�l-
�c�u�n�e �i�n�f�o�r�m�a�z�i�o�n�i� �o�r�i�g�i�n�a�r�i�a�m�e�n�t�e �c�o�n�t�e�n�u�t�e �n�e�l�l�a� �r�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e. N�o�n�o�s�t�a�n�t�e �l�a� �d�e�s�i�d�e�r�a�b�i�l�i�t�à� �d�i� �a�v�e�r�e P �c�o�m�e
�u�n�a� �v�a�r�i�a�b�i�l�e �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �i�n�d�i�p�e�n�d�e�n�t�e �q�u�e�s�t�o �s�a�c�r�i�f�i�-
�c�i�o �d�i� �c�o�n�t�e�n�u�t�o �i�n�f�o�r�m�a�t�i�v�o �d�e�l �f�o�r�m�a�l�i�s�m�o �s�a�r�e�b�b�e �e�s�s�e�r�e
�c�o�m�p�l�e�t�a�m�e�n�t�e �i�n�a�c�c�e�t�t�a�b�i�l�e.

Y

Z

F�i�g�u�r�a� 2.9: R�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �n�e�l �c�a�s�o �s�c�a�l�a�r�e.

§36 L�a� �s�o�l�u�z�i�o�n�e �a�l �p�r�o�b�l�e�m�a� �è �f�o�r�n�i�t�a� �d�a�l�l�a� �d�u�a�l�i�t�à� �t�r�a�
�l�a� �c�o�n�v�e�n�z�i�o�n�a�l�e �g�e�o�m�e�t�r�i�a� �d�e�i� �p�u�n�t�i� �e �l�a� �g�e�o�m�e�t�r�i�a� �d�i�
P�l�u�e�c�k�e�r� �d�e�l�l�e �l�i�n�e�e. I�l �c�o�n�c�e�t�t�o �e�s�s�e�n�z�i�a�l�e �d�e�l�l�e �g�e�o�m�e�t�r�i�a�
�d�e�l�l�e �l�i�n�e�e �è �c�h�e �u�n�a� �d�a�t�a� �c�u�r�v�a� �p�u�ò �e�s�s�e�r�e �r�a�p�p�r�e�s�e�n�t�a�t�a�
�b�e�n�e �a�l�l�o �s�t�e�s�s�o �m�o�d�o (�a�) �c�o�m�e �l��i�n�v�i�l�u�p�p�o �d�i� �u�n� �f�a�m�i�g�l�i�a� �d�i�
�r�e�t�t�e �t�a�n�g�e�n�t�i�, �f�i�g�u�r�a� 2.10, �o (�b) �c�o�m�e �i�l �l�u�o�g�o �d�e�i� �p�u�n�t�i� �s�o�d�-
�d�i�s�f�a�c�e�n�t�e �l�a� �r�e�l�a�z�i�o�n�e Z = Z(Y). Q�u�a�l�s�i�a�s�i� �e�q�u�a�z�i�o�n�e �c�h�e �c�i�
�c�o�n�s�e�n�t�e �d�i� �c�o�s�t�r�u�i�r�e �l�a� �f�a�m�i�g�l�i�a� �d�e�l�l�e �l�i�n�e�e �t�a�n�g�e�n�t�i� �p�e�r�t�a�n�t�o
�d�e�t�e�r�m�i�n�a� �l�a� �c�u�r�v�a� �b�e�n�e �t�a�n�t�o �q�u�a�n�t�o �l�a� �r�e�l�a�z�i�o�n�e Z = Z(Y).

C�o�s�ì� �c�o�m�e �o�g�n�i� �p�u�n�t�o �d�e�l �p�i�a�n�o �è �d�e�s�c�r�i�t�t�o �d�a� �i�l �d�u�e �n�u�m�e-
�r�i� Y �e Z, �c�o�s�ì� �o�g�n�i� �l�i�n�e�a� �r�e�t�t�a� �n�e�l �p�i�a�n�o �p�u�ò �e�s�s�e�r�e �d�e�s�c�r�i�t-
�t�o �d�a� �d�u�e �n�u�m�e�r�i� P �e Z#, �d�o�v�e P �è �l�a� �p�e�n�d�e�n�z�a� �d�e�l�l�a� �l�i�n�e�a� �e
Z# �è �l�a� �s�u�a� �i�n�t�e�r�s�e�z�i�o�n�e �c�o�n� �l��a�s�s�e Z. C�o�s�ì� �c�o�m�e �u�n�a� �r�e�l�a�-
�z�i�o�n�e Z = Z(Y) �s�e�l�e�z�i�o�n�a� �u�n� �s�o�t�t�o�i�n�s�i�e�m�e �d�i� �t�u�t�t�i� �p�o�s�s�i�b�i�l�i�
�p�u�n�t�i� (Y, Z), �u�n�a� �r�e�l�a�z�i�o�n�e Z# = Z#(P) �s�e�l�e�z�i�o�n�a� �u�n� �s�o�t-
�t�o�i�n�s�i�e�m�e �d�i� �t�u�t�t�e �l�e �p�o�s�s�i�b�i�l�i� �l�i�n�e�e (P, Z#). L�a� �c�o�n�o�s�c�e�n�z�a�
�d�e�l�l��i�n�t�e�r�s�e�z�i�o�n�e Z# �d�e�l�l�e �l�i�n�e�e �t�a�n�g�e�n�t�i� �c�o�m�e �f�u�n�z�i�o�n�e �d�e�l�l�a�
�p�e�n�d�e�n�z�a� P �c�i� �c�o�n�s�e�n�t�e �d�i� �c�o�s�t�r�u�i�r�e �l�a� �f�a�m�i�g�l�i�a� �d�i� �l�i�n�e�e �t�a�n�-
�g�e�n�t�i� �l�i�n�e�e �e �q�u�i�n�d�i� �l�a� �c�u�r�v�a� �d�i� �c�u�i� �s�o�n�o �l��i�n�v�i�l�u�p�p�o. C�o�s�ì�
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�l�a� �r�e�l�a�z�i�o�n�e

Y

Z

F�i�g�u�r�a� 2.10: R�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �n�e�l �c�a�s�o �s�c�a�l�a�r�e.

Z# = Z#(P) (2.36)

�è �c�o�m�p�l�e�t�a�m�e�n�t�e �e�q�u�i�v�a�l�e�n�t�e �a�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e
Z = Z(Y). I �n� �q�u�e�s�t�a� �r�e�l�a�z�i�o�n�e �l�a� �v�a�r�i�a�b�i�l�e �i�n�d�i�p�e�n�d�e�n�t�e �è P,
�c�o�s�ì� �c�h�e �l��e�q�u�a�z�i�o�n�e (2.36) �f�o�r�n�i�s�c�e �u�n�a� �s�o�l�u�z�i�o�n�e �c�o�m�p�l�e�t�a�
�e �s�o�d�d�i�s�f�a�c�e�n�t�e �d�e�l �p�r�o�b�l�e�m�a�. C�o�m�e �l�a� �r�e�l�a�z�i�o�n�e Z# = Z#(P)

�è �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �e�q�u�i�v�a�l�e�n�t�e �a�l�l�a� �r�e�l�a�z�i�o�n�e Z = Z(Y), �e�s�s�a�
�p�u�ò �a�n�c�h�e �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�a� �u�n�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e.
P�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e, �d�i�r�e�m�o �c�h�e Z = Z(Y) �è �l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�-
�m�e�n�t�a�l�e �n�e�l�l�a� `̀ �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e Z'' �m�e�n�t�r�e Z# = Z#(P) �è �l�a�
�r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �n�e�l�l�a� `̀ �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e Z#''.

§37 L�a� �d�o�m�a�n�d�a� �c�h�e �o�r�a� �s�i� �p�o�n�e �è �c�o�m�e �c�a�l�c�o�l�a�r�e �l�a� �r�e�l�a�-
�z�i�o�n�e Z# = Z#(P) �s�e �è �d�a�t�a� �l�a� �r�e�l�a�z�i�o�n�e Z = Z(Y). L'�o�p�e�r�a�-
�z�i�o�n�e �m�a�t�e�m�a�t�i�c�a� �a�p�p�r�o�p�r�i�a�t�a� �è �n�o�t�a� �c�o�m�e �u�n� �t�r�a�s�f�o�r�m�a�-
�z�i�o�n�e �d�i� L�e�g�e�n�d�r�e. C�o�n�s�i�d�e�r�i�a�m�o �l�a� �r�e�t�t�a� �t�a�n�g�e�n�t�e �c�h�e �p�a�s�s�a�
�p�e�r� �i�l �p�u�n�t�o (Y, Z) �e �h�a� �u�n�a� �p�e�n�d�e�n�z�a�

P =
dZ(Y)

dY
(2.37)

S�e �l��i�n�t�e�r�c�e�t�t�a� �è Z# �s�i� �h�a�

P =
Z− Z#

Y− 0

�o�v�v�e�r�o

Y

Z

(Y, Z)

(0, Z#)

F�i�g�u�r�a� 2.11: R�e�l�a�z�i�o�n�e
�f�o�n�d�a�m�e�n�t�a�l�e �n�e�l �c�a�s�o �s�c�a�l�a�r�e.

Z# = Z− PY (2.38)

S�u�p�p�o�n�i�a�m�o �a�d�e�s�s�o �c�h�e �s�i�a� �d�a�t�a� �l��e�q�u�a�z�i�o�n�e Z = Z(Y). I �n�v�e�r�-
�t�e�n�d�o1 �a�d�e�s�s�o �l�a� (2.37) �s�i� �d�e�t�e�r�m�i�n�a� Y = Y(P), �c�h�e, �s�o�s�t�i�t�u�i�t�a� 1L'�i�n�v�e�r�s�i�o�n�e �è �p�o�s�s�i�b�i�l�e �s�e

Z′′(Y) 6= 0, �u�n�a� �c�o�n�d�i�z�i�o�n�e �c�h�e
�è �s�o�d�d�i�s�f�a�t�t�a� �p�e�r� �i�l �c�r�i�t�e�r�i�o �d�i�
�s�t�a�b�i�l�i�t�à�.
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�n�e�l�l��e��. (2.38) , �f�o�r�n�i�s�c�e �l�a� �r�e�l�a�z�i�o�n�e �d�e�s�i�d�e�r�a�t�a� �t�r�a� Z# �e P,

Z#(P) = Z(Y(P))− PY(P) (2.39)

E�s�e�m�p�i�o 2.3. S�i�a� Z = aY2. A�l�l�o�r�a�

Z#(Y, P) = aY2 − PY �e P = 2aY ⇒ Y =
P
2a

�d�a� �c�u�i�
Z#(P) = Z#(Y(P), P) = a

P2

4a2 − P
P
2a

= −P2

4a

I�l �p�r�o�b�l�e�m�a� �i�n�v�e�r�s�o �è �q�u�e�l�l�o �d�i� �r�i�t�r�o�v�a�r�e �l�a� �r�e�l�a�z�i�o�n�e
Z = Z(Y) �s�e �è �n�o�t�a� �l�a� �r�e�l�a�z�i�o�n�e Z# = Z#(P). P�r�e�n�d�e�n�d�o �i�l
�d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� Z# = Z− PY �e �t�e�n�e�n�d�o �c�o�n�t�o �c�h�e dZ = PdY �s�i�
�o�t�t�i�e�n�e

dZ# = dZ− PdY−YdP = −YdP

�o�v�v�e�r�o
−Y =

dZ#

dP
(2.40)

E�l�i�m�i�n�a�n�d�o Z# �e P �d�a�l�l�e �e�q�u�a�z�i�o�n�i� �s�i� �o�t�t�i�e�n�e �l�a� �r�e�l�a�z�i�o�n�e
Z = Z(Y).

E�s�e�m�p�i�o 2.4. S�i�a� Z# = −P2/(4a). A�l�l�o�r�a�

Y = −dZ#

dP
=

P
2a
⇒ P = 2aY

�d�a� �c�u�i�

Z(Y) = Z(Y, P(Y)) = Z# + PY = −4a2Y2

4a
+ 2aY2 = aY2

§38 L�a� �s�i�m�m�e�t�r�i�a� �t�r�a� �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �e �l�a�
�s�u�a� �i�n�v�e�r�s�a� �è �i�n�d�i�c�a�t�a� �d�a�l �s�e�g�u�e�n�t�e �c�o�n�f�r�o�n�t�o �s�c�h�e�m�a�t�i�c�o:
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Z = Z(Y) Z# = Z#(P)

P =
dZ
dY

−Y =
dZ#

dP
Z# = Z− PY Z = Z# + PY

�e�l�i�m�i�n�a�z�i�o�n�e �d�i� Y �e Z �f�o�r�n�i�s�c�e: �e�l�i�m�i�n�a�z�i�o�n�e �d�i� Y �e Z# �f�o�r�n�i�s�c�e:
Z# = Z#(P) Z = Z(Y)

§39 L�a� �g�e�n�e�r�a�l�i�z�z�a�z�i�o�n�e �d�e�l�l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e
�a� �f�u�n�z�i�o�n�i� �d�i� �p�i�ù� �v�a�r�i�a�b�i�l�i� �è �s�e�m�p�l�i�c�e �e �d�i�r�e�t�t�a�. L�a� �s�u�a�
�p�r�o�p�r�i�e�t�à� �p�i�ù� �i�m�p�o�r�t�a�n�t�e �è �c�h�e �è �u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �i�n�-
�v�e�r�t�i�b�i�l�e �s�u� �f�u�n�z�i�o�n�i� �c�o�n�c�a�v�e �o �c�o�n�v�e�s�s�e �c�h�e �t�r�a�s�f�o�r�m�a� �f�u�n�-
�z�i�o�n�i� �c�o�n�c�a�v�e �i�n� �f�u�n�z�i�o�n�i� �c�o�n�c�a�v�e �e �f�u�n�z�i�o�n�i� �c�o�n�v�e�s�s�e �i�n�
�f�u�n�z�i�o�n�i� �c�o�n�v�e�s�s�e.

§40 L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� H�e�l�m�h�o�l�t�z F = U − TS �è �l�a� �t�r�a�s�f�o�r�-
�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U = U(S, V, N) �r�i�s�p�e�t�t�o
�a�l�l�a� �v�a�r�i�a�b�i�l�e S. P�e�r� �d�e�n�o�t�a�r�e �q�u�e�s�t�o �s�c�r�i�v�e�r�e�m�o

F = U#(T, V, N),

�e�s�s�e�n�d�o T = ∂U/∂S. L�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �d�i�r�e�t�t�a� �e �q�u�e�l�l�a�
�i�n�v�e�r�s�a� �s�o�n�o �s�c�h�e�m�a�t�i�z�z�a�t�e �n�e�l�l�a� �s�e�g�u�e�n�t�e �t�a�b�e�l�l�a�.

U = U(S, V, N) F = F(T, V, N)

T =
∂U
∂S

−S =
∂F
∂T

F = U − TS U = F + TS

�e�l�i�m�i�n�a�z�i�o�n�e �d�i� U �e S �f�o�r�n�i�s�c�e: �e�l�i�m�i�n�a�z�i�o�n�e �d�i� F �e T �f�o�r�n�i�s�c�e:
F = F(T, V, N) U = U(S, V, N)

§41 L'�e�n�t�a�l�p�i�a� H = U + PV �è �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e
�d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �r�i�s�p�e�t�t�o �a�l�l�a� �v�a�r�i�a�b�i�l�e V. E�s�s�e�n�d�o −P =
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∂U/∂V, �p�e�r� �e�v�i�d�e�n�z�i�a�r�e �q�u�e�s�t�o �f�a�t�t�o �s�c�r�i�v�e�r�e�m�o

U = U#(S,−P, N).

L�a� �s�e�g�u�e�n�t�e �t�a�b�e�l�l�a� �i�l�l�u�s�t�r�a� �q�u�e�s�t�o �f�a�t�t�o �u�s�a�n�d�o �n�o�t�a�z�i�o�n�i�
�u�s�u�a�l�i�.

U = U(S, V, N) H = H(S, P, N)

−P =
∂U
∂V

V =
∂H
∂P

H = U + PV U = H − PV

�e�l�i�m�i�n�a�z�i�o�n�e �d�i� U �e V �f�o�r�n�i�s�c�e: �e�l�i�m�i�n�a�z�i�o�n�e �d�i� H �e P �f�o�r�n�i�s�c�e:
H = H(S, P, N) U = U(S, V, N)

§42 L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� G�i�b�b�� G = U − TS + PV �è �l�a� �t�r�a�s�f�o�r�-
�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �r�i�s�p�e�t�t�o �a�l�l�e �v�a�r�i�a�b�i�l�i� S

�e V, �o�v�v�e�r�o
G = U#(T,−P, N)

E�c�c�o �l�a� �t�a�b�e�l�l�a� �c�o�n� �l�e �n�o�t�a�z�i�o�n�i� �u�s�u�a�l�i�:

U = U(S, V, N) G = G(T, P, N)

T =
∂U
∂S

, −P =
∂U
∂V

−S =
∂G
∂T

, V =
∂G
∂P

G = U − TS + PV U = G + TS− PV

�e�l�i�m�i�n�a�z�i�o�n�e �d�i� U �e S �e V �f�o�r�n�i�s�c�e: �e�l�i�m�i�n�a�z�i�o�n�e �d�i� G �e T �e P �f�o�r�n�i�s�c�e:
G = G(T, P, N) U = U(S, V, N)

§43 Ω = U − TS− µN �è �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a�
�r�i�s�p�e�t�t�o �a�l�l�e �v�a�r�i�a�b�i�l�i� S �e N, �c�i�o�è

Ω = U#(T, V, µ) .
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È �n�o�t�o �c�o�m�e �p�o�t�e�n�z�i�a�l�e �g�r�a�n� �c�a�n�o�n�i�c�o �o �e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i�
L�a�n�d�a�u�.

U = U(S, V, N) Ω = Ω(T, V, µ)

T =
∂U
∂S

, µ =
∂U
∂N

−S =
∂Ω
∂T

, −N =
∂Ω
∂µ

Ω = U − TS− µN U = Ω + TS + µN

�e�l�i�m�i�n�a�z�i�o�n�e �d�i� U �e S �e N �f�o�r�n�i�s�c�e: �e�l�i�m�i�n�a�z�i�o�n�e �d�i� Ω �e T �e µ �f�o�r�n�i�s�c�e:
Ω = Ω(T, V, µ) U = U(S, V, N)

§44 S�i� �o�s�s�e�r�v�i� �c�h�e �d�a�l�l�a� �r�e�l�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m� (2.26),

U = TS− PV + µN,

�s�i� �o�t�t�i�e�n�e
G = µN = ∑

k
µk Nk , (2.41)

(�c�i�o�è �i�n� �p�r�e�s�e�n�z�a� �d�i� �u�n�a� �s�o�l�a� �s�p�e�c�i�e �c�h�i�m�i�c�a�, �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�
�d�i� G�i�b�b�� �m�o�l�a�r�e G/N �è �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o) �e

Ω = −PV (2.42)

D�a�l�l�a� �r�e�l�a�z�i�o�n�e �d�i� G�i�b�b��-D�u�h�e�m� �s�e�g�u�e �i�n�o�l�t�r�e �c�h�e �l�a� �t�r�a�s�f�o�r�-
�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �d�i� U �r�i�s�p�e�t�t�o �a� �t�u�t�t�e �l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e,
�c�i�o�è U − TS + PV − µN �è �i�d�e�n�t�i�c�a�m�e�n�t�e �n�u�l�l�a�.

§45 R�a�p�p�r�e�s�e�n�t�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �e�q�u�i�v�a�l�e�n�t�i� �d�e�l-
�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e A�b�b�i�a�m�o �g�i�à� �s�o�t�t�o�l�i�n�e�a�t�o �c�h�e
U = U(S, V, N) �f�o�r�n�i�s�c�e �u�n�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�q�u�i�v�a�l�e�n�t�e
�d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e S = S(U, V, N). P�o�i�c�h�é �l�a� �t�r�a�s�f�o�r�-
�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �è �i�n�v�e�r�t�i�b�i�l�e, �l�e �f�u�n�z�i�o�n�i� H = H(S, P, N),
F = F(T, V, N), G = G(P, T, N) �e Ω = Ω(V, P, µ), �c�h�e �s�o�n�o
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�t�r�a�s�f�o�r�m�a�t�e �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U = U(S, V, N),
�f�o�r�n�i�s�c�o�n�o �a�n�c�h��e�s�s�e �d�e�l�l�e �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�i� �e�q�u�i�v�a�l�e�n�t�i� �d�e�l�l�a�
�r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e.

2.8 P�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �e �p�r�i�n�c�i�p�i� �d�i� �m�i�n�i�m�o

§46 L�e �t�r�a�s�f�o�r�m�a�t�e �d�i� L�e�g�e�n�d�r�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �s�o�n�o
�d�e�t�t�e �p�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i�.

§47 P�r�i�n�c�i�p�i�o �g�e�n�e�r�a�l�e �d�i� �m�i�n�i�m�o �p�e�r� �i� �p�o�t�e�n�z�i�a�l�i� �t�e�r�m�o-
�d�i�n�a�m�i�c�i� S�i�a� U# �u�n� �p�o�t�e�n�z�i�a�l�e �t�e�r�m�o�d�i�n�a�m�i�c�o �c�o�n� �v�a�r�i�a�b�i�l�i�
�i�n�t�e�n�s�i�v�e P1, P2, . . .. A�l�l�o�r�a� �i�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �q�u�a�-
�l�u�n�q�u�e �p�a�r�a�m�e�t�r�o �i�n�t�e�r�n�o �n�o�n� �v�i�n�c�o�l�a�t�o �i�n� �u�n� �s�i�s�t�e�m�a� �i�n�
�c�o�n�t�a�t�t�o �c�o�n� �u�n� �u�n� �i�n�s�i�e�m�i� �d�i� �s�e�r�b�a�t�o�i� (�c�o�n� �p�a�r�a�m�e�t�r�i� �i�n�-
�t�e�n�s�i�v�i� Po

1 , Po
2 , . . .), �è �t�a�l�e �d�a� �m�i�n�i�m�i�z�z�a�r�e U# = U#(P1, P2, . . .) �a�

�v�a�l�o�r�i� �c�o�s�t�a�n�t�i� P1, P2, . . . (�u�g�u�a�l�i� �a� Po
1 , Po

2 , . . .).

2.9 P�o�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �e �s�t�a�b�i�l�i�t�à�

§48 C�o�n�v�e�s�s�i�t�à� �d�e�l�l�a� �f�u�n�z�i�o�n�e �e�n�e�r�g�i�a� L�a� �c�o�n�d�i�z�i�o�n�e �d�i�
�s�t�a�b�i�l�i�t�à�, �e�s�p�r�e�s�s�a� �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �d�a�l�l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �c�o�n�-
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�c�a�v�i�t�à� �d�e�l�l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a�, �s�i� �t�r�a�d�u�c�e �n�e�l�l�a� �c�o�n�d�i�z�i�o-
�n�e �d�i� �c�o�n�v�e�s�s�i�t�à� �p�e�r� �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �c�o�m�e �f�u�n�z�i�o�n�e �d�e�i�
�p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i�.

L�a� �c�o�n�d�i�z�i�o�n�e �d�i� �c�o�n�v�e�s�s�i�t�à� �g�l�o�b�a�l�e �è

U(S + ∆S, V + ∆V, N) + U(S− ∆S, V − ∆V, N) ≥ 2U(S, V, N).

(2.43)
�e �l�e �c�o�n�d�i�z�i�o�n�i� �l�o�c�a�l�i� �a�d�e�s�s�o �s�o�n�o

∂2U
∂S2 =

∂T
∂S
≥ 0,

∂2U
∂V2 = − ∂P

∂V
≥ 0 . (2.44)

�e
∂2U
∂S2

∂2U
∂V2 −

(
∂2U

∂S∂V

)2

≥ 0 . (2.45)

§49 I �r�i�s�u�l�t�a�t�i� �p�r�e�c�e�d�e�n�t�i� �p�o�s�s�o�n�o �e�s�s�e�r�e �e�s�t�e�s�i� �a�i� �p�o-
�t�e�n�z�i�a�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �t�e�n�e�n�d�o �p�r�e�s�e�n�t�e �i�l �s�e�g�u�e�n�t�e �f�a�t�t�o
�m�a�t�e�m�a�t�i�c�o: S�e U �è �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�v�e�s�s�a� �d�i� Y �a�l�l�o�r�a� U# �è
�u�n�a� �f�u�n�z�i�o�n�e �c�o�n�c�a�v�a� �d�i� P. P�e�r� �e�s�e�m�p�i�o, �p�e�r� �i�l �p�o�t�e�n�z�i�a�l�e
�d�i� H�e�l�m�h�o�l�t�z, �s�i� �h�a�

∂2F
∂T2 ≤ 0,

∂2F
∂V2 ≥ 0.

§50 A�l�t�r�e �c�o�n�s�e�g�u�e�n�z�e �f�i�s�i�c�h�e �d�e�l�l�a� �s�t�a�b�i�l�i�t�à� S�i�a�n�o

α =
1
V

∂V
∂T

∣∣∣∣
P

�c�oe�f�f�i�c�i�e�n�t�e �d�i� �e�s�p�a�n�s�i�o�n�e �t�e�r�m�i�c�a�,

κT = − 1
V

∂V
∂P

∣∣∣∣
T

�c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �i�s�o�t�e�r�m�a�,

κS = − 1
V

∂V
∂P

∣∣∣∣
S

�c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �a�d�i�a�b�a�t�i�c�a�,

cP =
T
N

∂S
∂T

∣∣∣∣
P

�c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �m�o�l�a�r�e �a� �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e,

cv =
T
N

∂S
∂T

∣∣∣∣
V

�c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �m�o�l�a�r�e �a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e.
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A�l�l�o�r�a� �s�i� �d�i�m�o�s�t�r�a� �c�h�e

cP − cv =
Tvα2

κT
�e κS

κT
=

cv

cP
.

I�n�o�l�t�r�e �d�a�l�l�e �c�o�n�d�i�z�i�o�n�i� �d�i� �s�t�a�b�i�l�i�t�à� �s�e�g�u�e �c�h�e

cP ≥ cv ≥ 0

κT ≥ κS ≥ 0 .

P�e�r�c�i�ò �e�n�t�r�a�m�b�e �l�e �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�h�e �e�d� �e�n�t�r�a�m�b�e �l�e �c�o�m�-
�p�r�e�s�s�i�b�i�l�i�t�à� �d�e�v�o�n�o �e�s�s�e�r�e �p�o�s�i�t�i�v�e �p�e�r� �u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�l�e.
L'�a�g�g�i�u�n�t�a� �d�i� �c�a�l�o�r�e, �s�i�a� �e�s�s�a� �a� �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e �o �a� �v�o-
�l�u�m�e �c�o�s�t�a�n�t�e, �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �f�a� �a�u�m�e�n�t�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a�
�d�i� �u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�l�e (�d�i� �p�i�ù� �p�e�r� �u�n� �p�r�o�c�e�s�s�o �a� �v�o�l�u�m�e �c�o-
�s�t�a�n�t�e �c�h�e �p�e�r� �u�n�o �a� �p�r�e�s�s�i�o�n�e �c�o�s�t�a�n�t�e). E �l�a� �d�i�m�i�n�u�z�i�o�n�e
�d�i� �v�o�l�u�m�e, �s�i�a� �e�s�s�a� �i�s�o�t�e�r�m�a� �o �i�s�oe�n�t�r�o�p�i�c�a�, �n�e�c�e�s�s�a�r�i�a�m�e�n�-
�t�e �f�a� �a�u�m�e�n�t�a�r�e �l�a� �p�r�e�s�s�i�o�n�e �d�i� �u�n� �s�i�s�t�e�m�a� �s�t�a�b�i�l�e (�d�i� �p�i�ù�
�p�e�r� �u�n� �p�r�o�c�e�s�s�o �i�s�o�t�e�r�m�o �c�h�e �p�e�r� �u�n�o �i�s�oe�n�t�r�o�p�i�c�o).

2.10 T�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e

§51 L�a� �m�a�t�e�r�i�a� �e�s�i�s�t�e �i�n� �d�i�v�e�r�s�e �f�a�s�i�, �s�t�a�t�i� �d�i�f�f�e�r�e�n�t�i� �d�e�l�l�a�
�m�a�t�e�r�i�a� �c�o�n� �p�r�o�p�r�i�e�t�à� �q�u�a�l�i�t�a�t�i�v�a�m�e�n�t�e �d�i�v�e�r�s�i�. U�n�a� �t�r�a�n�-
�s�i�z�i�o�n�e �d�i� �f�a�s�e �è �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �d�i� �u�n� �s�i�s�t�e�m�a� �d�a� �u�n�o
�s�t�a�t�o �d�i� �a�g�g�r�e�g�a�z�i�o�n�e �a�d� �u�n� �a�l�t�r�o. L�a� �c�a�r�a�t�t�e�r�i�s�t�i�c�a� �d�i�s�t�i�n�-
�t�i�v�a� �d�i� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �è �i�l �b�r�u�s�c�o �c�a�m�b�i�a�m�e�n�t�o
�d�i� �u�n�a� �o �p�i�ù� �p�r�o�p�r�i�e�t�à� �f�i�s�i�c�h�e �a�l�l�a� �m�i�n�i�m�a� �v�a�r�i�a�z�i�o�n�e �d�i�
�v�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �c�o�m�e �l�a� �t�e�m�p�e�r�a�t�u�r�a�.

U�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �è �d�e�t�t�a� �d�e�l �p�r�i�m�o �o�r�d�i�n�e �s�e �c�o�m�-
�p�o�r�t�a� �u�n� �s�a�l�t�o �d�i�s�c�o�n�t�i�n�u�o �i�n� �u�n�a� �q�u�a�l�c�h�e �v�a�r�i�a�b�i�l�e. L�a� �p�r�o-
�p�r�i�e�t�à� �d�i�s�c�o�n�t�i�n�u�a� �è �c�h�i�a�m�a�t�o �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e. L�e �t�r�a�n�-



�l��e�n�t�r�o�p�i�a� �d�i� �c�l�a�u�s�i�u�� �e �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o 41

�s�i�z�i�o�n�i� �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e �s�o�n�o �q�u�e�l�l�e �c�h�e �c�o�i�n�v�o�l�g�o�n�o
�u�n� �c�a�l�o�r�e �l�a�t�e�n�t�e. D�u�r�a�n�t�e �t�a�l�i� �t�r�a�n�s�i�z�i�o�n�i�, �u�n� �s�i�s�t�e�m�a� �t�e�r�-
�m�o�d�i�n�a�m�i�c�o �a�s�s�o�r�b�e �o �r�i�l�a�s�c�i�a� �u�n�a� �q�u�a�n�t�i�t�à� �d�i� �e�n�e�r�g�i�a� �f�i�s�s�a�,
�e �g�e�n�e�r�a�l�m�e�n�t�e �g�r�a�n�d�e. P�o�i�c�h�é �l��e�n�e�r�g�i�a� �n�o�n� �p�u�ò �e�s�s�e�r�e �i�s�t�a�n�-
�t�a�n�e�a�m�e�n�t�e �t�r�a�s�f�e�r�i�t�a� �d�a�l �s�i�s�t�e�m�a� �a�l�l��a�m�b�i�e�n�t�e �c�i�r�c�o�s�t�a�n�t�e, �l�e
�t�r�a�n�s�i�z�i�o�n�i� �d�e�l �p�r�i�m�o �o�r�d�i�n�e �s�o�n�o �a�s�s�o�c�i�a�t�e �a� `̀ �r�e�g�i�m�i� �d�i� �f�a�-
�s�e �m�i�s�t�a�'' �i�n� �c�u�i� �a�l�c�u�n�e �p�a�r�t�i� �d�e�l �s�i�s�t�e�m�a� �h�a�n�n�o �c�o�m�p�l�e�t�a�t�o
�l�a� �t�r�a�n�s�i�z�i�o�n�e, �m�e�n�t�r�e �a�l�t�r�e �a�n�c�o�r�a� �n�o. Q�u�e�s�t�o �f�e�n�o�m�e�n�o �è
�f�a�m�i�l�i�a�r�e �a� �c�h�i�u�n�q�u�e �a�b�b�i�a� �m�a�i� �b�o�l�l�i�t�o �u�n� �p�o' �d�'�a�c�q�u�a�: �l��a�c�q�u�a�
�n�o�n� �d�i�v�e�n�t�a� �s�u�b�i�t�o �v�a�p�o�r�e, �m�a� �f�o�r�m�a� �u�n�a� �t�u�r�b�o�l�e�n�t�a� �m�i�s�t�u�-
�r�a� �d�i� �a�c�q�u�a� �e �v�a�p�o�r�e �a�c�q�u�e�o. I �s�i�s�t�e�m�i� �a� �f�a�s�e �m�i�s�t�a� �s�o�n�o
�d�i�f�f�i�c�i�l�i� �d�a� �s�t�u�d�i�a�r�e, �a� �c�a�u�s�a� �d�e�l�l�a� �l�o�r�o �d�i�n�a�m�i�c�a� �v�i�o�l�e�n�t�a� �e
�d�i�f�f�i�c�i�l�i� �d�a� �c�o�n�t�r�o�l�l�a�r�e. C�o�m�u�n�q�u�e, �m�o�l�t�e �i�m�p�o�r�t�a�n�t�i� �t�r�a�n�s�i�z�i�o-
�n�i� �s�o�n�o �i�n�c�l�u�s�e �i�n� �q�u�e�s�t�a� �c�a�t�e�g�o�r�i�a�, �c�o�m�p�r�e�s�e �l�e �t�r�a�n�s�i�z�i�o�n�i�
�s�o�l�i�d�o/�l�i�q�u�i�d�o/�g�a�� (�a�e�r�i�f�o�r�m�e).

O�g�n�i� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �h�a� �u�n� �p�r�o�p�r�i�o �p�a�r�a�m�e�t�r�o �d�'�o�r�-
�d�i�n�e. I �p�o�s�s�i�b�i�l�i� �p�a�r�a�m�e�t�r�i� �d�'�o�r�d�i�n�e �s�p�a�z�i�a�n�o �s�u� �u�n�a� �g�r�a�n�d�e
�v�a�r�i�e�t�à� �d�i� �p�r�o�p�r�i�e�t�à� �f�i�s�i�c�h�e. Q�u�e�s�t�e �p�r�o�p�r�i�e�t�à� �i�n�c�l�u�d�o�n�o �l�a�
�d�e�n�s�i�t�à� �d�i� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �l�i�q�u�i�d�o-�g�a��, �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e
�i�n� �u�n� �f�e�r�r�o�m�a�g�n�e�t�e, �l�a� �d�i�m�e�n�s�i�o�n�e �d�i� �u�n� �c�l�u�s�t�e�r� �c�o�l�l�e�g�a�t�o �i�n�
�u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �p�e�r�c�o�l�a�z�i�o�n�e, �e �u�n�a� �f�u�n�z�i�o�n�e �d�'�o�n�d�a� �c�o�n�-
�d�e�n�s�a�t�a� �i�n� �u�n� �s�u�p�e�r�f�l�u�i�d�o �o �s�u�p�e�r�c�o�n�d�u�t�t�t�o�r�e. U�n�a� �t�r�a�n�-
�s�i�z�i�o�n�e �d�i� �f�a�s�e �c�o�n�t�i�n�u�a� (�o �d�e�l �s�e�c�o�n�d�o �o�r�d�i�n�e) �s�i� �v�e�r�i�f�i�c�a�
�q�u�a�n�d�o �l�a� �d�i�s�c�o�n�t�i�n�u�i�t�à� �n�e�l �s�a�l�t�o �s�i� �a�v�v�i�c�i�n�a� �a� �z�e�r�o.

§52 P�u�n�t�i� �c�r�i�t�i�c�i� N�e�i� �s�i�s�t�e�m�i� �c�o�n�t�e�n�e�n�t�i� �f�a�s�i� �l�i�q�u�i�d�e �e �g�a��-
�s�o�s�e, �è �p�r�e�s�e�n�t�e �u�n�a� �s�p�e�c�i�a�l�e �c�o�m�b�i�n�a�z�i�o�n�e �d�i� �p�r�e�s�s�i�o�n�e
�e �t�e�m�p�e�r�a�t�u�r�a�, �n�o�t�a� �c�o�m�e �p�u�n�t�o �c�r�i�t�i�c�o, �d�o�v�e �l�a� �t�r�a�n�s�i�z�i�o-
�n�e �l�i�q�u�i�d�o/�g�a�� �d�i�v�e�n�t�a� �d�e�l �s�e�c�o�n�d�o �o�r�d�i�n�e. V�i�c�i�n�o �a�l �p�u�n�t�o
�c�r�i�t�i�c�o, �i�l �f�l�u�i�d�o �è �s�u�f�f�i�c�i�e�n�t�e�m�e�n�t�e �c�a�l�d�o �e �c�o�m�p�r�e�s�s�o �c�h�e �l�a�
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�d�i�s�t�i�n�z�i�o�n�e �f�r�a� �l�e �d�u�e �f�a�s�i� �è �p�r�a�t�i�c�a�m�e�n�t�e �i�n�e�s�i�s�t�e�n�t�e. C�i�ò
�è �a�s�s�o�c�i�a�t�o �a�l �f�e�n�o�m�e�n�o �d�e�l�l��o�p�a�l�e�s�c�e�n�z�a� �c�r�i�t�i�c�a�: �i�l �l�i�q�u�i�d�o
�h�a� �u�n� �a�s�p�e�t�t�o �s�i�m�i�l�e �a�l �l�a�t�t�e, �d�o�v�u�t�o �a�l�l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�l�l�a�
�d�e�n�s�i�t�à� �a� �t�u�t�t�e �l�e �l�u�n�g�h�e�z�z�e �d�'�o�n�d�a� �p�o�s�s�i�b�i�l�i�, �i�n�c�l�u�s�e �q�u�e�l�l�e
�d�e�l�l�a� �l�u�c�e �v�i�s�i�b�i�l�e.

§53 S�i�m�m�e�t�r�i�a� L�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �s�p�e�s�s�o (�m�a� �n�o�n�
�s�e�m�p�r�e) �a�v�v�e�n�g�o�n�o �t�r�a� �f�a�s�i� �a� �d�i�f�f�e�r�e�n�t�e �s�i�m�m�e�t�r�i�a�. S�i� �c�o�n�-
�s�i�d�e�r�i�, �a�d� �e�s�e�m�p�i�o, �l�a� �t�r�a�n�s�i�z�i�o�n�e �t�r�a� �u�n� �f�l�u�i�d�o (�l�i�q�u�i�d�o �o
�g�a��) �e �u�n� �c�r�i�s�t�a�l�l�o. U�n� �f�l�u�i�d�o, �c�h�e �è �c�o�m�p�o�s�t�o �d�i� �a�t�o�m�i� �s�i�s�t�e-
�m�a�t�i� �i�n� �m�o�d�o �d�i�s�o�r�d�i�n�a�t�o �m�a� �o�m�o�g�e�n�e�o, �p�o�s�s�i�e�d�e �l�a� �s�i�m�m�e-
�t�r�i�a� �t�r�a�s�l�a�z�i�o�n�a�l�e �c�o�n�t�i�n�u�a�: �o�g�n�i� �p�u�n�t�o �a�l�l��i�n�t�e�r�n�o �d�e�l �f�l�u�i�d�o
�h�a� �l�e �s�t�e�s�s�e �p�r�o�p�r�i�e�t�à� �d�i� �q�u�a�l�s�i�a�s�i� �a�l�t�r�o �p�u�n�t�o. U�n� �c�r�i�s�t�a�l-
�l�o, �d�'�a�l�t�r�a� �p�a�r�t�e, �è �f�o�r�m�a�t�o �d�a� �a�t�o�m�i� �s�i�s�t�e�m�a�t�i� �i�n� �u�n� �r�e�t�i�c�o�l�o
�r�e�g�o�l�a�r�e. O�g�n�i� �p�u�n�t�o �n�e�l �s�o�l�i�d�o �n�o�n� �è �s�i�m�i�l�e �a�g�l�i� �a�l�t�r�i�, �a�
�m�e�n�o �c�h�e �q�u�e�s�t�i� �p�u�n�t�i� �n�o�n� �s�i�a�n�o �s�e�p�a�r�a�t�i� �d�a� �u�n�a� �s�t�e�s�s�a�
�d�i�s�t�a�n�z�a� �r�e�t�i�c�o�l�a�r�e.

G�e�n�e�r�a�l�m�e�n�t�e, �i�n� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e, �s�i� �p�u�ò �d�i�s�t�i�n�-
�g�u�e�r�e �u�n�a� �f�a�s�e �p�i�ù� �s�i�m�m�e�t�r�i�c�a� �r�i�s�p�e�t�t�o �a�l�l�e �a�l�t�r�e. L�a� �t�r�a�n�-
�s�i�z�i�o�n�e �d�a� �u�n�a� �f�a�s�e �p�i�ù� �s�i�m�m�e�t�r�i�c�a� �a�d� �u�n�a� �m�e�n�o �s�i�m�m�e-
�t�r�i�c�a� �v�a� �s�o�t�t�o �i�l �n�o�m�e �d�i� �r�o�t�t�u�r�a� �d�i� �s�i�m�m�e�t�r�i�a�. N�e�l�l�a� �t�r�a�n�-
�s�i�z�i�o�n�e �f�l�u�i�d�o-�s�o�l�i�d�o, �a�d� �e�s�e�m�p�i�o, �l�a� �s�i�m�m�e�t�r�i�a� �r�o�t�t�a� �è �l�a�
�t�r�a�s�l�a�z�i�o�n�e �n�e�l �c�o�n�t�i�n�u�o. Q�u�a�n�d�o �l�a� �s�i�m�m�e�t�r�i�a� �è �r�o�t�t�a�, �è �n�e-
�c�e�s�s�a�r�i�o �i�n�t�r�o�d�u�r�r�e �u�n�a� �o �p�i�ù� �n�u�o�v�e �v�a�r�i�a�b�i�l�i� �p�e�r� �d�e�s�c�r�i�v�e�r�e
�l�o �s�t�a�t�o �d�e�l �s�i�s�t�e�m�a�. A�d� �e�s�e�m�p�i�o, �n�e�l�l�a� �f�a�s�e �f�e�r�r�o�m�a�g�n�e�t�i�c�a�
�s�i� �d�e�v�e �i�n�t�r�o�d�u�r�r�e �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e, �l�a� �c�u�i� �d�i�r�e�z�i�o�n�e �è
�s�c�e�l�t�a� �s�p�o�n�t�a�n�e�a�m�e�n�t�e �q�u�a�n�d�o �i�l �s�i�s�t�e�m�a� �v�i�e�n�e �r�a�f�f�r�e�d�d�a�t�o �a�l
�d�i� �s�o�t�t�o �d�e�l �p�u�n�t�o �d�i� C�u�r�i�e.

F�i�g�u�r�a� 2.12: D�i�a�g�r�a�m�m�a� �d�e�l�l�e �f�a�s�i�
�d�e�l�l��a�c�q�u�a�.
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§54 T�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e L�a� �t�r�a�n�s�i�z�i�o�n�e
�d�i� �f�a�s�e �i�n� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �r�a�p�p�r�e�s�e�n�t�a�b�i�l�e �s�o�d�d�i�s�f�a�c�e�n�t�e-
�m�e�n�t�e �d�a�l �d�i�a�g�r�a�m�m�a� �d�e�l�l�e �f�a�s�i�: �i�l �d�i�a�g�r�a�m�m�a� �d�e�l�l�e �f�a�s�i� �è
�u�n� �p�i�a�n�o �p�r�e�s�s�i�o�n�e �e �t�e�m�p�e�r�a�t�u�r�a� �c�o�m�e �q�u�e�l�l�o �i�n�d�i�c�a�t�o �i�n�
�f�i�g�u�r�a� 2.12. C�o�m�e �s�i� �v�e�d�e �n�e�l�l�a� �f�i�g�u�r�a� �o�g�n�i� �p�u�n�t�o �d�e�l �p�i�a�-
�n�o (T, P) �r�a�p�p�r�e�s�e�n�t�a� �u�n� �d�e�t�e�r�m�i�n�a�t�o �v�a�l�o�r�e �d�e�i� �p�a�r�a�m�e�t�r�i�
�d�e�l�l�a� �s�o�s�t�a�n�z�a� (�a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e, �a�n�c�h�e �s�e �n�o�n� �n�e�c�e�s�s�a�r�i�a�-
�m�e�n�t�e). O�g�n�i� �p�u�n�t�o �r�a�p�p�r�e�s�e�n�t�a� �q�u�i�n�d�i� �u�n�a� �b�e�n� �d�e�t�e�r�m�i�n�a�t�a�
�f�a�s�e �d�e�l�l�a� �s�o�s�t�a�n�z�a�, �e�c�c�e�t�t�o �c�h�e �i� �p�u�n�t�i� �c�h�e �s�i� �t�r�o�v�a�n�o �s�u�l�l�e
�l�i�n�e�e: �q�u�e�s�t�e �l�i�n�e�e �c�u�r�v�e �v�e�n�g�o�n�o �d�e�t�t�e �l�i�n�e�e �d�i� �t�r�a�n�s�i�z�i�o�n�e,
�c�h�e �d�i�v�i�d�o�n�o �n�e�t�t�a�m�e�n�t�e �l�e �f�a�s�i� �d�e�l�l�a� �s�o�s�t�a�n�z�a�. S�u�l�l�e �l�i�n�e�e �d�i�
�t�r�a�n�s�i�z�i�o�n�e �a�v�v�i�e�n�e �i�l �p�a�s�s�a�g�g�i�o �d�a� �u�n�a� �f�a�s�e �a�l�l��a�l�t�r�a� �d�e�l-
�l�a� �s�o�s�t�a�n�z�a�: �l�a� �t�r�a�n�s�i�z�i�o�n�e �a�v�v�i�e�n�e �s�o�l�o �p�e�r� �d�e�t�e�r�m�i�n�a�t�e
�c�o�p�p�i�e �d�i� �v�a�l�o�r�i� (T, P) �e �c�h�i�a�r�a�m�e�n�t�e �d�i�p�e�n�d�o�n�o �d�a�l �t�i�p�o �d�i�
�s�o�s�t�a�n�z�a�. I�l �p�u�n�t�o C �è �i�l �p�u�n�t�o �c�r�i�t�i�c�o, �c�i�o�è �i�l �p�u�n�t�o �d�a�t�o �d�a�
(Tcr, Pcr), �c�h�e �r�a�p�p�r�e�s�e�n�t�a� �i�l �v�a�l�o�r�e �m�a�s�s�i�m�o �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�-
�r�a� �p�e�r� �i�l �q�u�a�l�e �l�a� �s�o�s�t�a�n�z�a� �s�i� �p�u�ò �t�r�o�v�a�r�e �n�e�l�l�o �s�t�a�t�o �l�i�q�u�i�-
�d�o, �o�l�t�r�e �t�a�l�e �t�e�m�p�e�r�a�t�u�r�a� �l�a� �s�o�s�t�a�n�z�a� �p�u�ò �t�r�o�v�a�r�s�i� �s�o�l�o �i�n�
�s�t�a�t�o �g�a�s�s�o�s�o. I�l �p�u�n�t�o pt = (Tt, Pt)�è �d�e�t�t�o �p�u�n�t�o �t�r�i�p�l�o: �e�s�s�o
�r�a�p�p�r�e�s�e�n�t�a� �l��u�n�i�c�a� �c�o�p�p�i�a� �d�i� �v�a�l�o�r�i� �p�e�r� �u�n�a� �d�e�t�e�r�m�i�n�a�t�a�
�s�o�s�t�a�n�z�a�, �n�e�l�l�a� �q�u�a�l�e �l�e �t�r�e �f�a�s�i� �c�oe�s�i�s�t�o�n�o �s�i�m�u�l�t�a�n�e�a�m�e�n�t�e.
Q�u�e�s�t�o �p�u�n�t�o �è �c�a�r�a�t�t�e�r�i�s�t�i�c�o �p�e�r� �o�g�n�i� �s�o�s�t�a�n�z�a� �e �q�u�i�n�d�i�
�v�i�e�n�e �u�s�a�t�o �c�o�n� �s�u�c�c�e�s�s�o �n�e�l�l�a� �t�a�r�a�t�u�r�a� �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a�
�d�e�i� �t�e�r�m�o�m�e�t�r�i�.

§55 E�q�u�a�z�i�o�n�e �d�i� C�l�a�p�e�y�r�o�n� L'�e�q�u�a�z�i�o�n�e �c�h�e �c�a�r�a�t�t�e�r�i�z-
�z�a� �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e �c�o�n� �p�r�e�s�s�i�o�n�e �e
�t�e�m�p�e�r�a�t�u�r�a� �c�h�e �r�i�m�a�n�g�o�n�o �c�o�s�t�a�n�t�i�, �v�a� �r�i�c�e�r�c�a�t�a� �n�e�l�l�a� �c�o�n�-
�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� G�i�b�b�� G. C�o�n�s�i�d�e�r�i�a�m�o �a�l�l�o�r�a�
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�u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �e�v�e�r�s�i�b�i�l�e �n�e�l�l�a� �q�u�a�l�e �s�o�n�o �c�o�s�t�a�n�t�i� �l�a�
�p�r�e�s�s�i�o�n�e �e �l�a� �t�e�m�p�e�r�a�t�u�r�a�: �s�i� �c�o�n�s�e�r�v�a� �i�l �p�o�t�e�n�z�i�a�l�e �d�i�
G�i�b�b��: Gi = G f . C�i�ò �s�i�g�n�i�f�i�c�a� �c�h�e �p�e�r� �u�n� �c�a�m�b�i�a�m�e�n�t�o �i�n�f�i�-
�n�i�t�e�s�i�m�o �d�e�l�l�a� �p�r�e�s�s�i�o�n�e �e �t�e�m�p�e�r�a�t�u�r�a�, �d�a� P −→ P + dP �e
T −→ T + dT �s�i� �a�v�r�à� Gi + dGi = G f + dG f , �d�a� �c�u�i�:

dGi = dG f → −SidT + VidP = −S f dT + Vf dP

�d�a�l�l�a� �q�u�a�l�e �s�i� �o�t�t�i�e�n�e �l��e�q�u�a�z�i�o�n�e �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� C�l�a�p�e�y�r�o�n�:

dp
dT

=
S f − Si

Vf −Vi
=

λ

T(Vf −Vi)

�d�o�v�e λ �r�a�p�p�r�e�s�e�n�t�a� �i�l �c�a�l�o�r�e �l�a�t�e�n�t�e �d�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�e.

§56 U�n� �m�o�d�e�l�l�o �m�e�c�c�a�n�i�c�o �s�e�m�p�l�i�c�e �p�e�r� �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i�
�f�a�s�e N�e�l �s�u�o �t�e�s�t�o �d�i� �t�e�r�m�o�d�i�n�a�m�i�c�a�, C�a�l�l�e�n� �i�n�t�r�o�d�u�c�e �u�n�
�s�e�m�p�l�i�c�e �m�o�d�e�l�l�o �m�e�c�c�a�n�i�c�o �p�e�r� �i�l�l�u�s�t�r�a�r�e �l�e �c�a�r�a�t�t�e�r�i�s�t�i�c�h�e
�s�a�l�i�e�n�t�i� �d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e.

F�i�g�u�r�a� 2.13: M�o�d�e�l�l�o �m�e�c�c�a�n�i�c�o �d�i�
C�a�l�l�e�n�.

C�o�n� �r�i�f�e�r�i�m�e�n�t�o �a�l�l�a� �f�i�g�u�r�a� 2.13, �c�o�n�s�i�d�e�r�i�a�m�o �u�n�a� �s�e-
�z�i�o�n�e �d�i� �t�u�b�o �s�e�m�i�c�i�r�c�o�l�a�r�e �c�h�i�u�s�o �a�d� �e�n�t�r�a�m�b�e �l�e �e�s�t�r�e�m�i�t�à�.
I�l �t�u�b�o �è �p�o�s�t�o �v�e�r�t�i�c�a�l�m�e�n�t�e �s�u� �u�n� �t�a�v�o�l�o, �a� �f�o�r�m�a� �d�i� U

�i�n�v�e�r�t�i�t�o. I�l �t�u�b�o �c�o�n�t�i�e�n�e �u�n� �p�i�s�t�o�n�e �i�n�t�e�r�n�o �c�h�e �p�u�ò �s�c�o�r�-
�r�e�r�e �l�i�b�e�r�a�m�e�n�t�e �e �c�h�e �s�e�p�a�r�a� �i�l �t�u�b�o �i�n� �d�u�e �s�e�z�i�o�n�i�, �o�g�n�u�n�a�
�d�e�l�l�e �q�u�a�l�i� �c�o�n�t�i�e�n�e �u�n�a� �m�o�l�e �d�i� �u�n� �g�a��. C�o�m�e �s�i� �v�e�d�r�à�, �l�a�
�s�i�m�m�e�t�r�i�a� �d�e�l �s�i�s�t�e�m�a� �h�a� �i�m�p�o�r�t�a�n�t�i� �c�o�n�s�e�g�u�e�n�z�e �e �a� �r�o�m�-
�p�e�r�e �q�u�e�s�t�o �s�i�m�m�e�t�r�i�a� �a�s�s�u�m�i�a�m�o �c�h�e �o�g�n�i� �s�e�z�i�o�n�e �d�e�l �t�u�b�o
�c�o�n�t�e�n�g�a� �u�n� �p�i�c�c�o�l�o �c�u�s�c�i�n�e�t�t�o �m�e�t�a�l�l�i�c�o (�c�i�o�è, �u�n�a� �s�f�e�r�a� �m�e-
�t�a�l�l�i�c�a� �p�i�c�c�o�l�a�). I �d�u�e �c�u�s�c�i�n�e�t�t�i� �s�o�n�o �d�i� �m�e�t�a�l�l�i� �d�i�v�e�r�s�i�, �c�o�n�
�d�i�v�e�r�s�o �c�oe�f�f�i�c�i�e�n�t�i� �d�i� �e�s�p�a�n�s�i�o�n�e �t�e�r�m�i�c�a�. A�d� �u�n�a� �q�u�a�l�c�h�e
�t�e�m�p�e�r�a�t�u�r�a� �p�a�r�t�i�c�o�l�a�r�e, �c�h�e �d�e�s�i�g�n�i�a�m�o �c�o�n� Tc, �l�e �d�u�e �s�f�e�r�e
�h�a�n�n�o �r�a�g�g�i� �u�g�u�a�l�i�; �a� �t�e�m�p�e�r�a�t�u�r�e �m�a�g�g�i�o�r�i� �d�i� Tc �l�a� �s�f�e�r�a� �a�
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�d�e�s�t�r�a� �è �p�i�ù� �g�r�a�n�d�e.
I�l �p�i�s�t�o�n�e, �m�o�m�e�n�t�a�n�e�a�m�e�n�t�e �p�o�r�t�a�t�o �a�l�l��a�p�i�c�e �d�e�l �t�u�b�o,

�p�u�ò �c�a�d�e�r�e �i�n� �u�n�a� �d�e�l�l�e `̀ �g�a�m�b�e'', �c�o�m�p�r�i�m�e�n�d�o �i�l �g�a�� �i�n� �q�u�e�l-
�l�a� �g�a�m�b�a� �e �e�s�p�a�n�d�e�n�d�o �i�l �g�a�� �n�e�l�l��a�l�t�r�a� �g�a�m�b�a�. I �n� �c�i�a�s�c�u�n�o
�d�i� �q�u�e�s�t�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �i�n� �c�o�m�p�e�t�i�z�i�o�n�e, �l�a� �d�i�f�f�e�r�e�n�z�a�
�d�i� �p�r�e�s�s�i�o�n�e �c�o�m�p�e�n�s�a� �e�s�a�t�t�a�m�e�n�t�e �l��e�f�f�e�t�t�o �d�e�l �p�e�s�o �d�e�l
�p�i�s�t�o�n�e.

I �n� �a�s�s�e�n�z�a� �d�e�i� �d�u�e �c�u�s�c�i�n�e�t�t�i�, �i� �d�u�e �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o
�c�o�m�p�e�t�i�z�i�o�n�e �s�a�r�e�b�b�e�r�o �i�n�t�e�r�a�m�e�n�t�e �e�q�u�i�v�a�l�e�n�t�i�. M�a� �c�o�n� �i�
�d�u�e �c�u�s�c�i�n�e�t�t�i� �l�a� �p�o�s�i�z�i�o�n�e �p�i�ù� �s�t�a�b�i�l�e �d�i� �e�q�u�i�l�i�b�r�i�o �è �q�u�e�l�l�a� �a�
�s�i�n�i�s�t�r�a� �s�e T > Tc �e�d� �è �q�u�e�l�l�a� �a� �d�e�s�t�r�a� �s�eT < Tc.

D�a� �u�n� �p�u�n�t�o �d�i� �v�i�s�t�a� �t�e�r�m�o�d�i�n�a�m�i�c�o, �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�e�l
�s�i�s�t�e�m�a� �è F = U − TS, �e �l��e�n�e�r�g�i�a� U �c�o�n�t�i�e�n�e �s�i�a� �l��e�n�e�r�g�i�a�
�p�o�t�e�n�z�i�a�l�e �g�r�a�v�i�t�a�z�i�o�n�a�l�e �d�e�l �p�i�s�t�o�n�e �s�i�a� �l�e �f�a�m�i�l�i�a�r�i� �e�n�e�r�g�i�e
�t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�e�i� �d�u�e �g�a�� (�e, �n�a�t�u�r�a�l�m�e�n�t�e, �l�e �e�n�e�r�g�i�e �t�e�r�-
�m�o�d�i�n�a�m�i�c�h�e �d�e�i� �d�u�e �c�u�s�c�i�n�e�t�t�i�, �c�h�e �a�s�s�u�m�e�r�e�m�o �p�i�c�c�o�l�e �e/�o
�u�g�u�a�l�i�). C�o�s�ì� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�e�l �s�i�s�t�e�m�a� �h�a� �d�u�e �m�i�n�i�m�i� �l�o�c�a�l�i�,
�c�o�n� �i�l �m�i�n�i�m�o �p�i�ù� �b�a�s�s�o �c�h�e �c�o�r�r�i�s�p�o�n�d�e �a�l �p�i�s�t�o�n�e �c�h�e �s�i�
�t�r�o�v�a� �d�a�l �l�a�t�o �d�e�l�l�a� �s�f�e�r�a� �p�i�ù� �p�i�c�c�o�l�a�.

C�o�m�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �è �a�b�b�a�s�s�a�t�a� �s�o�t�t�o Tc, �i� �d�u�e �m�i�n�i�m�i�
�d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �s�i� �s�c�a�m�b�i�a�n�o. �c�o�n� �i�l �m�i�n�i�m�o �a�s�s�o�l�u�t�o �c�h�e
�p�a�s�s�a� �d�a�l �l�a�t�o �d�e�s�t�r�o �a� �q�u�e�l�l�o �s�i�n�i�s�t�r�o. L�o �s�p�o�s�t�a�m�e�n�t�o
�d�e�l�l�o �s�t�a�t�o �e�q�u�i�l�i�b�r�i�o �d�a� �u�n�o �m�i�n�i�m�o �l�o�c�a�l�e �a�l�l��a�l�t�r�o �c�o�s�t�i�t�u�i�s�c�e
�u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e, �i�n�d�o�t�t�a� �d�a� �u�n�
�c�a�m�b�i�a�m�e�n�t�o �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �o�p�p�u�r�e �d�a�l �c�a�m�b�i�a�m�e�n�t�o �d�i�
�u�n� �q�u�a�l�c�h�e �a�l�t�r�o �p�a�r�a�m�e�t�r�o �t�e�r�m�o�d�i�n�a�m�i�c�o.

� S�t�a�t�i� �t�r�a� �i� �q�u�a�l�i� �s�i� �v�e�r�i�f�i�c�a� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�e�l �p�r�i�m�o
�o�r�d�i�n�e �s�o�n�o �d�i�s�t�i�n�t�i� �e �s�i� �v�e�r�i�f�i�c�a�n�o �i�n� �r�e�g�i�o�n�i� �s�e�p�a�r�a�t�e
�d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e.

F�i�g�u�r�a� 2.14: G�r�a�f�i�c�i� �d�e�l�l��e�n�e�r�g�i�a�
�l�i�b�e�r�a� �p�e�r� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i�
�f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e.
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C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �i�l �c�a�s�o �i�n� �c�u�i� �i�l �p�i�s�t�o�n�e �s�i� �t�r�o�v�i� �n�e�l-
�l�o �s�t�a�t�o �c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�l �m�i�n�i�m�o �p�i�ù� �e�l�e�v�a�t�o, �v�a�l�e �a� �d�i�r�e
�n�e�l�l�o �s�t�e�s�s�o �l�a�t�o �d�e�l �t�u�b�o �d�o�v�e �s�i� �t�r�o�v�a� �i�l �c�u�s�c�i�n�e�t�t�o �p�i�ù�
�g�r�a�n�d�e. T�r�o�v�a�n�d�o�s�i� �i�n� �u�n� �m�i�n�i�m�o �d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a�, �i�l �p�i�-
�s�t�o�n�e �r�i�m�a�r�r�à� �t�e�m�p�o�r�a�n�e�a�m�e�n�t�e �i�n� �q�u�e�l �m�i�n�i�m�o �a�n�c�h�e �s�e
�s�o�t�t�o�p�o�s�t�o �a� �f�l�u�t�t�u�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e (`̀ �m�o�t�o �b�r�o�w�n�i�a�-
�n�o''). D�o�p�o �u�n� �t�e�m�p�o �s�u�f�f�i�c�i�e�n�t�e�m�e�n�t�e �l�u�n�g�o, �u�n�a� �f�l�u�t�t�u�a�z�i�o�n�e
�g�i�g�a�n�t�e �p�o�r�t�e�r�à� �i�l �p�i�s�t�o�n�e �a� �s�u�p�e�r�a�r�e �l�a� �b�a�r�r�i�e�r�a� �e �a� �s�t�a�b�i�-
�l�i�r�s�i� �n�e�l �p�u�n�t�o �d�i� �m�i�n�i�m�o �s�t�a�b�i�l�e. E �a�l�l�o�r�a� �r�i�m�a�r�r�à� �i�n� �q�u�e�s�t�o
�m�i�n�i�m�o �p�i�ù� �p�r�o�f�o�n�d�o �f�i�n�o �u�n�a� �a�n�c�h�e �p�i�ù� �g�r�a�n�d�e (�e �e�n�o�r�m�e-
�m�e�n�t�e �m�e�n�o �p�r�o�b�a�b�i�l�e) �f�l�u�t�t�u�a�z�i�o�n�e �l�o �r�i�p�o�r�t�e�r�à� �i�n�d�i�e�t�r�o �n�e�l
�m�i�n�i�m�o �m�e�n�o �s�t�a�b�i�l�e, �d�o�p�o �d�i� �c�h�e �l�o �s�c�e�n�a�r�i�o �s�i� �r�i�p�e�t�e. L�a�
�p�r�o�b�a�b�i�l�i�t�à� �d�i� �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�c�a�d�e �c�o�s�ì� �r�a�p�i�d�a�m�e�n�t�e �c�o�n� �l��a�u�-
�m�e�n�t�a�r�e �d�e�l�l�a� �l�o�r�o �a�m�p�i�e�z�z�a� �c�h�e �i�l �s�i�s�t�e�m�a� �s�p�e�n�d�e �q�u�a�s�i�
�t�u�t�t�o �i�l �t�e�m�p�o �n�e�l �m�i�n�i�m�o �s�t�a�b�i�l�e. T�u�t�t�a� �q�u�e�s�t�a� �d�i�n�a�m�i�c�a� �è
�i�g�n�o�r�a�t�a� �d�a�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �m�a�c�r�o�s�c�o�p�i�c�a�, �c�h�e �c�o�n�c�e�r�n�e �s�o�l�o
�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �s�t�a�b�i�l�e.

C�o�n�s�i�d�e�r�i�a�m�o �i�n�f�i�n�e �i�l �c�a�s�o �i�n� �c�u�i� �i� �c�u�s�c�i�n�e�t�t�i� �a� �s�f�e�r�e
�s�o�n�o �i�d�e�n�t�i�c�i� �o �a�s�s�e�n�t�i�. A�l�l�o�r�a� �a� �b�a�s�s�e �t�e�m�p�e�r�a�t�u�r�e �i�l �d�u�e
�m�i�n�i�m�i� �i�n� �c�o�m�p�e�t�i�z�i�o�n�e �s�o�n�o �e�q�u�i�v�a�l�e�n�t�i�. T�u�t�t�a�v�i�a�, �c�o�m�e �l�a�
�t�e�m�p�e�r�a�t�u�r�a� �v�i�e�n�e �a�u�m�e�n�t�a�t�a�, �l�e �d�u�e �p�o�s�i�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o
�d�e�l �p�i�s�t�o�n�e �s�i� �a�l�z�a�n�o �n�e�l �t�u�b�o, �e �s�i� �a�v�v�i�c�i�n�a�n�o �a�l�l��a�p�i�c�e. S�o-
�p�r�a� �d�i� �u�n�a� �c�e�r�t�a� �t�e�m�p�e�r�a�t�u�r�a� Tcr, �c'�è �s�o�l�o �u�n�a� �p�o�s�i�z�i�o�n�e
�d�i� �e�q�u�i�l�i�b�r�i�o, �c�o�n� �i�l �p�i�s�t�o�n�e �a�l�l��a�p�i�c�e �d�e�l �t�u�b�o. I �n�v�e�r�s�a�m�e�n�t�e,
�a�b�b�a�s�s�a�n�d�o �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�a� T > Tcr �a� T < Tcr, �i�l �s�i�n�-
�g�o�l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �s�i� �b�i�f�o�r�c�a� �i�n� �d�u�e �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o
(�s�i�m�m�e�t�r�i�c�i�).L�a� �t�e�m�p�e�r�a�t�u�r�a� Tcr �è �l�a� �t�e�m�p�e�r�a�t�u�r�e �c�r�i�t�i�c�a�, �e
�l�a� �t�r�a�n�s�i�z�i�o�n�e �a� Tcr �è �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l �s�e�c�o�n�d�o
�o�r�d�i�n�e.
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� S�t�a�t�i� �i�n� �c�u�i� �s�i� �v�e�r�i�f�i�c�a� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l
�s�e�c�o�n�d�o �o�r�d�i�n�e �s�o�n�o �s�t�a�t�i� �c�o�n�t�i�g�u�i� �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e
�c�o�n�f�i�g�u�r�a�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e.
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A�p�p�e�n�d�i�c�e

2.A L�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e-F�e�n�c�h�e�l

x0
x

y

y = f(x)

y=f �(x0)x−f�

(0,−f�)

F�i�g�u�r�a� 2.15: D�i�a�g�r�a�m�m�a� �c�h�e �i�l�l�u�-
�s�t�r�a� �l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �d�i� L�e�g�e�n�-
�d�r�e �d�e�l�l�a� �f�u�n�z�i�o�n�e f (x), �m�o�s�t�r�a�t�a�
�i�n� �r�o�s�s�o. f ? �è �i�l �v�a�l�o�r�e �d�e�l�l�a� �t�r�a�-
�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e, f ?(p0), �d�o�v�e
p0 = f ′(x0) �è �l�a� �p�e�n�d�e�n�z�a� �d�e�l�l�a�
�c�u�r�v�a� �n�e�l �p�u�n�t�o x0; f ? �è �d�e�t�e�r�m�i�-
�n�a�t�o �d�a�l�l��i�n�t�e�r�s�e�z�i�o�n�e �d�e�l�l�a� �l�i�n�e�a�
�t�a�n�g�e�n�t�e �a�l �p�u�n�t�o (�m�o�s�t�r�a�t�a� �i�n�
�b�l�u�) �c�o�n� �l��a�s�s�e �v�e�r�t�i�c�a�l�e �n�e�l �p�u�n�t�o
(0,− f ?). N�o�t�a�r�e �c�h�e �p�e�r� �q�u�a�l�s�i�a�s�i�
�a�l�t�r�o �p�u�n�t�o �d�e�l�l�a� �c�u�r�v�a� �r�o�s�s�a�
�c�o�n�v�e�s�s�a�, �u�n�a� �r�e�t�t�a� �t�r�a�c�c�i�a�t�a�
�a�t�t�r�a�v�e�r�s�o �q�u�e�l �p�u�n�t�o �c�o�n� �l�a�
�s�t�e�s�s�a� �p�e�n�d�e�n�z�a�, �c�o�m�e �l�a� �l�i�n�e�a�
�b�l�u� �a�v�r�à� �u�n� �i�n�t�e�r�c�e�t�t�a� y �s�o�p�r�a� �i�l
�p�u�n�t�o (0,− f ?), �d�i�m�o�s�t�r�a�n�d�o �c�h�e f ?

�è �e�f�f�e�t�t�i�v�a�m�e�n�t�e �u�n� �m�a�s�s�i�m�o. I �n�
�a�l�t�e�r�n�a�t�i�v�a�, (0,− f ?) �è �l�a� �d�i�s�t�a�n�z�a�
�v�e�r�t�i�c�a�l�e �a� x0 �t�r�a� �l�a� �c�u�r�v�a� �r�o�s�s�a�
�e �l�a� �r�e�t�t�a� �b�l�u� �s�p�o�s�t�a�t�a� �i�n� �a�l�t�o �i�n�
�m�o�d�o �c�h�e �p�a�s�s�i� �p�e�r� �l��o�r�i�g�i�n�e, �c�i�o�è
�i�l �v�a�l�o�r�e �m�a�s�s�i�m�o �d�i� px− f (x).

N�e�l�l�a� �l�e�t�t�e�r�a�t�u�r�a� �m�a�t�e�m�a�t�i�c�a� �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �è
�a�n�c�h�e �n�o�t�a� �c�o�m�e �t�r�a�s�f�o�r�m�a�t�a� LF �o �d�i� L�e�g�e�n�d�r�e-F�e�n�c�h�e�l �i�n�
�o�n�o�r�e �d�e�l �m�a�t�e�m�a�t�i�c�o W�e�r�n�e�r� F�e�n�c�h�e�l (1905-1988) �c�h�e �n�e
�s�t�u�d�i�ò �v�a�r�i�e �g�e�n�e�r�a�l�i�z�z�a�z�i�o�n�i�. S�i�a� f (x) �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�-
�v�e�s�s�a� �r�e�a�l�e �a� �v�a�l�o�r�i� �r�e�a�l�i�. L�a� �t�r�a�s�f�o�r�m�a�t�a� LF �d�i� f (x) �è
�d�e�f�i�n�i�t�a� �d�a�l�l�a� �f�o�r�m�u�l�a� �v�a�r�i�a�z�i�o�n�a�l�e

f ?(p) = max
x

[px− f (x)] (2.46)

�d�o�v�e �i�l �m�a�s�s�i�m�o �è �c�a�l�c�o�l�a�t�o �t�r�a� �t�u�t�t�i� �i� �p�u�n�t�i� x �n�e�l �d�o�m�i�n�i�o
�d�e�l�l�a� �f�u�n�z�i�o�n�e. E�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e, f ?(p) �p�u�ò �e�s�s�e�r�e �d�e�f�i�n�i�t�a�
�i�n� �t�e�r�m�i�n�i� �d�i� �m�i�n�i�m�o:

f ?(p) = −min
x

[ f (x)− px] (2.47)

L�a� �d�e�f�i�n�i�z�i�o�n�e �d�a�t�a� �n�e�l�l�a� �s�e�z�i�o�n�e 2.7 �s�e�g�u�e �l�e �c�o�n�v�e�n�z�i�o�n�i�
�d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �e �d�i�f�f�e�r�i�s�c�e �d�a� �q�u�e�s�t�a� �p�e�r� �u�n� �s�e�g�n�o:

a x(p) b

y = px
y = f(x)

px(p)

f(x(p))

F�i�g�u�r�a� 2.16: �l�a� �f�u�n�z�i�o�n�e �è �d�e-
�f�i�n�i�t�a� �n�e�l�l��i�n�t�e�r�v�a�l�l�o [a, b] . L�a�
�d�i�f�f�e�r�e�n�z�a� px − f (x) �r�a�g�g�i�u�n�g�e �i�l
�v�a�l�o�r�e �m�a�s�s�i�m�o �i�n� x(p). I�l �v�a�l�o�r�e
�d�i� f ?(p) �è px(p)− f (x(p)).
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f #(p) = − f ?(p).
S�e f �è �d�e�r�i�v�a�b�i�l�e, �a�l�l�o�r�a� f ?(p) �p�u�ò �e�s�s�e�r�e �i�n�t�e�r�p�r�e�t�a�t�o

�c�o�m�e �i�l �n�e�g�a�t�i�v�o �d�e�l�l�a� �i�n�t�e�r�c�e�t�t�a� �c�o�n� �l��a�s�s�e y �d�e�l�l�a� �l�i�n�e�a�
�t�a�n�g�e�n�t�e �a�l �g�r�a�f�i�c�o �d�i� f �c�h�e �h�a� �i�n�c�l�i�n�a�z�i�o�n�e p; �s�i� �v�e�d�a� �l�a�
�f�i�g�u�r�a� �a� �l�a�t�o. S�e �l�a� �f�u�n�z�i�o�n�e f �è �d�e�r�i�v�a�b�i�l�e, �p�e�r� �m�a�s�s�i�m�i�z-
�z�a�r�e px − f (x) �r�i�s�p�e�t�t�o �a� x, �s�i� �p�o�n�e �l�a� �l�a� �s�u�a� �d�e�r�i�v�a�t�a�
p− f ′(x) �u�g�u�a�l�e �a� �z�e�r�o. Q�u�i�n�d�i� �l��e�s�p�r�e�s�s�i�o�n�e �h�a� �u�n� �e�s�t�r�e�m�o
�p�e�r� x = x(p), �s�o�l�u�z�i�o�n�e �d�i�

p = f ′(x) (2.48)

S�e f �è �c�o�n�v�e�s�s�a�, �q�u�e�s�t�o �è �u�n� �m�a�s�s�i�m�o �p�e�r�c�h�é �l�a� �d�e�r�i�v�a�t�a�
�s�e�c�o�n�d�a� �è �n�e�g�a�t�i�v�a�:

d2

dx2 (px− f (x)) = − f ′′(x) < 0 .

A�l�l�o�r�a� �s�i� �o�t�t�i�e�n�e
f ?(p) = px− f (x) (2.49)

�d�o�v�e x = x(p) �è �l�a� �f�u�n�z�i�o�n�e �d�i� p �o�t�t�e�n�u�t�a� �p�e�r� �i�n�v�e�r�s�i�o-
�n�e �d�e�l�l�a� (2.48). S�i� �r�i�o�t�t�e�n�g�o�n�o �c�o�s�ì� (�a� �m�e�n�o �d�i� �u�n� �s�e�g�n�o
�i�n�e�s�s�e�n�z�i�a�l�e) �i� �r�i�s�u�l�t�a�t�i� �e�s�p�o�s�t�i� �n�e�l�l�a� �s�e�z�i�o�n�e 2.7.

S�o�t�t�o �l��i�p�o�t�e�s�i� �d�i� �d�i�f�f�e�r�e�n�z�i�a�b�i�l�i�t�à� �e �c�o�n�v�e�s�s�i�t�à� �s�i� �p�u�ò
�d�i�m�o�s�t�r�a�r�e �c�h�e �l�a� �t�r�a�s�f�o�r�m�a�t�a� LF �è �i�n�v�o�l�u�t�i�v�a�

f ?? ≡ ( f ?)? = f (2.50)

A�r�n�o�l�d�, �n�e�l �s�u�o �l�i�b�r�o �d�i� �m�e�t�o�d�i� �m�a�t�e�m�a�t�i�c�i� �d�e�l�l�a� �m�e�c�c�a�n�i�-
�c�a� �c�l�a�s�s�i�c�a�, �f�o�r�n�i�s�c�e �u�n�a� �d�i�m�o�s�t�r�a�z�i�o�n�e �g�e�o�m�e�t�r�i�c�a� �d�i� �q�u�e-
�s�t�a� �r�e�l�a�z�i�o�n�e, �m�a� �s�e �n�e �p�u�ò �d�a�r�e �a�n�c�h�e �u�n�a� �d�i�m�o�s�t�r�a�z�i�o�n�e



50 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

�a�l�g�e�b�r�i�c�a�: �s�i� �p�o�n�g�a� �p�e�r� �c�o�m�o�d�i�t�à� g(p) = f ?(p), �a�l�l�o�r�a�

g?(x) = xp− g(p)

�d�o�v�e p = p(x) �è �d�e�f�i�n�i�t�a� �i�m�p�l�i�c�i�t�a�m�e�n�t�e �d�a�l�l��e��. x = g′(p).
M�a� g(p) = f ?(p) = py− f (y) �d�o�v�e y �è �d�e�f�i�n�i�t�o �i�m�p�l�i�c�i�t�a�m�e�n�t�e
�d�a�l�l��e��. p = f ′(y). O�r�a�,

g′(p) = y(p) + py′(p)− f ′(y(p))y′(p) = y(p)

�d�o�v�e y(p) �è �d�e�f�i�n�i�t�o �d�a� p = f ′(y(p)). A�l�l�o�r�a� x = g′(p(x)) �e
�q�u�i�n�d�i�

( f ?)?(x) = xp(x)− g(p(x))

= y(p(x))p(x)− [p(x)y(p(x))− f (y(p(x)))]

= f (x) ,

�c�h�e �è �q�u�e�l�l�o �c�h�e �s�i� �v�o�l�e�v�a� �d�i�m�o�s�t�r�a�r�e.

§57 E�n�e�r�g�i�a� �l�i�b�e�r�a� C�a�l�c�o�l�i�a�m�o �l�a� �t�r�a�s�f�o�r�m�a�t�a� LS �d�e�l�l��e�n�t�r�o-
�p�i�a� (�c�a�m�b�i�a�t�a� �d�i� �s�e�g�n�o, �p�e�r� �a�v�e�r�e �u�n�a� �f�u�n�z�i�o�n�e �c�o�n�v�e�s�s�a�)
f (U) = −S(U).

f ?(p) = max
U

[pU + S(U)] .

I�l �m�a�s�s�i�m�o �è �r�a�g�g�i�u�n�t�o �p�e�r� U = U(p) �s�o�l�u�z�i�o�n�e �d�i�

p = −dS(U)

dU
.
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M�a� dS/dU = 1/T, �d�o�v�e T �è �l�a� �t�e�m�p�e�r�a�t�u�r�a�, �q�u�i�n�d�i� p = −1/T.
A�l�l�o�r�a�

f ?(T) = − 1
T

U(T) + S(U(T)) = − 1
T
[U(T)− TS(U(T))]

D�u�n�q�u�e (�a� �m�e�n�o �d�e�l �f�a�t�t�o�r�e �m�o�l�t�i�p�l�i�c�a�t�i�v�o 1/T), �l�a� �t�r�a�s�f�o�r�m�a�-
�t�a� LF �d�e�l�l��e�n�t�r�o�p�i�a� �è �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� F = U − TS.
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I�n� �q�u�e�s�t�o �c�a�p�i�t�o�l�o �c�o�n�s�i�d�e�r�i�a�m�o �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �n�o�n� I�l �r�i�f�e�r�i�m�e�n�t�o �c�l�a�s�s�i�c�o �p�e�r� �l�a�
�t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �n�o�n� �e�q�u�i�l�i�b�r�i�o �è
�i�l �l�i�b�r�o N�o�n�-E�q�u�i�l�i�b�r�i�u�m� T�h�e�r�m�o-
�d�y�n�a�m�i�c�� �d�i� S. R. D�e G�r�o�o�t �e P.
M�a�z�u�r� (D�o�v�e�r�, �u�l�t�i�m�a� �e�d�i�z�i�o�n�e
2011, �p�r�i�m�a� �e�d�i�z�i�o�n�e, 1962)

�e�q�u�i�l�i�b�r�i�o �l�i�n�e�a�r�e �c�h�e �s�i� �b�a�s�a� �s�u�l�l��i�p�o�t�e�s�i� �d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o-
�d�i�n�a�m�i�c�o �l�o�c�a�l�e, �s�u�l�l�e �e�q�u�a�z�i�o�n�i� �d�i� �b�i�l�a�n�c�i�o (�c�o�n�s�e�r�v�a�z�i�o�n�e
�d�e�l�l�a� �m�a�s�s�a�, �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o, �e�c�c.) �e �l�a� �r�e�l�a�z�i�o�n�e �l�i�n�e�a�r�e �t�r�a�
�l�e �f�o�r�z�e �e �f�l�u�s�s�i� �c�h�e �s�e�g�u�e �d�a� �p�r�i�n�c�i�p�i� �d�i� �s�i�m�m�e�t�r�i�a� �e �d�a�
�c�o�n�s�i�d�e�r�a�z�i�o�n�i� �f�e�n�o�m�e�n�o�l�o�g�i�c�h�e.

3.1 P�r�o�c�e�s�s�i� �i�r�r�e�v�e�r�s�i�b�i�l�i�

§58 P�e�r� �q�u�a�n�t�o �l�a� �c�a�r�a�t�t�e�r�i�z�z�a�z�i�o�n�e �d�e�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�-
�b�r�i�o �f�o�r�n�i�t�a� �d�a�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o �s�i�a� �e�s�t�r�e�m�a�-
�m�e�n�t�e �u�t�i�l�e, �i�l �n�o�s�t�r�o �i�n�t�e�r�e�s�s�e �p�r�i�n�c�i�p�a�l�e �è �s�o�p�r�a�t�t�u�t�t�o �n�e�i�
�p�r�o�c�e�s�s�i� �e �n�o�n� �t�a�n�t�o �n�e�g�l�i� �s�t�a�t�i�.

L�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�e�l�l��e�q�u�i�l�i�b�r�i�o �f�o�r�n�i�s�c�e �d�u�e �m�e�t�o�d�i� �c�h�e
�c�i� �p�e�r�m�e�t�t�o�n�o �d�i� �i�n�f�e�r�i�r�e �a�l�c�u�n�e �i�n�f�o�r�m�a�z�i�o�n�i� �l�i�m�i�t�a�t�e �c�i�r�-
�c�a� �i� �p�r�o�c�e�s�s�i�, �m�a� �o�g�n�u�n�o �d�i� �q�u�e�s�t�i� �m�e�t�o�d�i� �è �i�n�d�i�r�e�t�t�o �e �c�i�
�f�o�r�n�i�s�c�e �u�n�'�i�n�f�o�r�m�a�z�i�o�n�e �a�b�b�a�s�t�a�n�z�a� �s�c�a�r�n�a�. I �n� �p�r�i�m�o �l�u�o-
�g�o, �d�a�l�l�o �s�t�u�d�i�o �d�e�g�l�i� �s�t�a�t�i� �i�n�i�z�i�a�l�i� �e �f�i�n�a�l�i� �d�i� �u�n� �p�r�o�c�e�s�s�o
�è �p�o�s�s�i�b�i�l�e �d�e�t�e�r�m�i�n�a�r�e �l��e�f�f�e�t�t�o �d�i� �u�n� �p�r�o�c�e�s�s�o �n�e�l�l�a� �s�u�a�
�t�o�t�a�l�i�t�à�. I �n� �s�e�c�o�n�d�o �l�u�o�g�o, �s�e �u�n� �p�r�o�c�e�s�s�o �s�i� �v�e�r�i�f�i�c�a� �i�n�
�m�o�d�o �e�s�t�r�e�m�a�m�e�n�t�e �l�e�n�t�o, �p�o�s�s�i�a�m�o �m�o�d�e�l�l�i�z�z�a�r�l�o �c�o�n� �u�n�
�p�r�o�c�e�s�s�o �i�d�e�a�l�i�z�z�a�t�o, �n�o�n� �f�i�s�i�c�o, �u�n� �p�r�o�c�e�s�s�o �q�u�a�s�i�-�s�t�a�t�i�c�o.
T�u�t�t�a�v�i�a�, �n�e�s�s�u�n�o �d�i� �q�u�e�s�t�i� �d�u�e �m�e�t�o�d�i� �a�f�f�r�o�n�t�a� �i�l �p�r�o�b�l�e-
�m�a� �c�e�n�t�r�a�l�e �d�e�i� �t�a�s�s�i� �d�i� �v�a�r�i�a�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�e�i� �p�r�o�c�e�s�s�i�
�f�i�s�i�c�i�.

L'�e�s�t�e�n�s�i�o�n�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�h�e �h�a� �c�o�m�e �r�i�f�e�r�i�m�e�n�t�o �i�
�t�a�s�s�i� �d�e�i� �p�r�o�c�e�s�s�i� �f�i�s�i�c�i� �è �l�a� �t�e�o�r�i�a� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�e�l
�n�o�n� �e�q�u�i�l�i�b�r�i�o �o �t�e�r�m�o�d�i�n�a�m�i�c�a� �i�r�r�e�v�e�r�s�i�b�i�l�e.
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§59 I�m�p�l�i�c�i�t�o �n�e�l �p�o�s�t�u�l�a�t�o I �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�-
�l�i�b�r�i�o �è �l��e�s�i�s�t�e�n�z�a� �d�i� �a�l�t�r�i� �s�t�a�t�i� �d�e�i� �s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o-
�p�i�c�i�, �d�i�v�e�r�s�i� �d�a� �q�u�e�l�l�i� �d�i� �e�q�u�i�l�i�b�r�i�o, �e �c�h�e �p�e�r� �d�e�s�c�r�i�v�e�r�e
�q�u�e�s�t�i� �s�t�a�t�i� �s�o�n�o �r�i�c�h�i�e�s�t�e �a�l�t�r�e �g�r�a�n�d�e�z�z�e �f�i�s�i�c�h�e �o�l�t�r�e �a�i�
�p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i� �d�i� �e�q�u�i�l�i�b�r�i�o.

N�e�l�l��a�m�b�i�t�o �d�e�l�l�a� �d�e�s�c�r�i�z�i�o�n�e �m�a�c�r�o�s�c�o�p�i�c�a�, �i� �p�r�o�c�e�s�s�i� �d�i�
�i�n�t�e�r�e�s�s�e �p�i�ù� �g�e�n�e�r�a�l�e �s�i� �v�e�r�i�f�i�c�a�n�o �i�n� �s�i�s�t�e�m�i� �c�o�n�t�i�n�u�i�,
�c�o�m�e �i�l �f�l�u�s�s�o �d�i� �e�n�e�r�g�i�a� �i�n� �u�n�a� �s�b�a�r�r�a� �c�o�n� �u�n� �g�r�a�d�i�e�n�t�e
�d�i� �t�e�m�p�e�r�a�t�u�r�a� �c�o�n�t�i�n�u�o. P�e�r� �s�u�g�g�e�r�i�r�e �i�l �m�o�d�o �c�o�r�r�e�t�t�o �d�i�
�s�c�e�g�l�i�e�r�e �t�a�l�i� �p�a�r�a�m�e�t�r�i�, �i�n�c�o�m�i�n�c�i�a�m�o �c�o�n� �i�l �c�a�s�o �d�i� �u�n�
�s�i�s�t�e�m�a� �d�i�s�c�r�e�t�o �f�o�r�m�a�t�o �d�a� �s�o�t�t�o�s�i�s�t�e�m�i�.

P�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e, �c�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o,
�f�o�r�m�a�t�o �d�a� �p�i�ù� �s�o�t�t�o�s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i� �c�a�r�a�t�t�e�r�i�z�z�a�t�i� �d�a� �v�a�-
�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e Yα, �i�n� �c�u�i� α �e�t�i�c�h�e�t�t�a� �i� �v�a�r�i� �s�o�t�t�o�s�i�s�t�e�m�i�.
S�e �i� �s�o�t�t�o�s�i�s�t�e�m�i� �s�o�n�o �i�s�o�l�a�t�i� �l��u�n�o �d�a�l�l��a�l�t�r�o, �e�s�s�i� �p�o�s�s�o�n�o
�e�s�s�e�r�e �i�n�d�i�v�i�d�u�a�l�m�e�n�t�e �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o, �c�o�n� �v�a�l�o�r�i�
�d�e�f�i�n�i�t�i� �d�e�l�l�e �r�i�s�p�e�t�t�i�v�e �v�a�r�i�a�b�i�l�i�. C�o�m�i�n�c�i�a�n�d�o �c�o�n� �u�n� �t�a�l�e
�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �e �c�o�l�l�e�g�a�n�d�o �i� �s�o�t�t�o-�s�i�s�t�e�m�i� �t�r�a� �l�o�r�o, �c�i�o�è
�p�e�r�m�e�t�t�e�n�d�o �l�o�r�o �d�i� �i�n�t�e�r�a�g�i�r�e �l��u�n� �l��a�l�t�r�o, �i� �s�o�t�t�o�s�i�s�t�e�m�i� �i�n�i�-
�z�i�e�r�a�n�n�o �a�d� �e�v�o�l�v�e�r�e �n�e�l �c�o�r�s�o �d�e�l �t�e�m�p�o, �i�l �c�h�e �s�i� �t�r�a�d�u�r�r�à�
�i�n� �u�n�a� �d�i�p�e�n�d�e�n�z�a� �d�a�l �t�e�m�p�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e Yα(t).

U�n� �p�r�e�s�u�p�p�o�s�t�o �e�s�s�e�n�z�i�a�l�e �è �c�h�e �i� �p�r�o�c�e�s�s�i� �d�i� �i�n�t�e�r�a�-
�z�i�o�n�e �t�r�a� �s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o�p�i�c�i� �s�i�a�n�o �l�e�n�t�i� �r�i�s�p�e�t�t�o �a� �q�u�e�l�l�i�
�m�i�c�r�o�s�c�o�p�i�c�i� �a�l�l��i�n�t�e�r�n�o �d�e�i� �s�i�n�g�o�l�i� �s�o�t�t�o�s�i�s�t�e�m�i� �c�h�e �r�i�p�o�r�t�a�n�o
�c�i�a�s�c�u�n�o �d�i� �e�s�s�i� �a�l�l��e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o. I �n� �a�l�t�r�i� �t�e�r�m�i�n�i�,
�i� �t�e�m�p�i� �c�a�r�a�t�t�e�r�i�s�t�i�c�i� �p�e�r� �i� �p�r�o�c�e�s�s�i� �m�a�c�r�o�s�c�o�p�i�c�i�, �c�i�o�è �p�e�r�
�l�e �e�v�o�l�u�z�i�o�n�i� �d�e�i� Yα, �s�o�n�o �m�o�l�t�o �p�i�ù� �g�r�a�n�d�i� �d�e�i� �t�e�m�p�i� �t�i�p�i�c�i�
�d�e�l�l�e �i�n�t�e�r�a�z�i�o�n�i� �m�i�c�r�o�s�c�o�p�i�c�h�e. I�n� �q�u�e�s�t�o �s�c�e�n�a�r�i�o, �s�i� �p�u�ò
�r�i�t�e�n�e�r�e �c�h�e �i�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �s�u�b�i�s�c�e �u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e
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�t�r�a� �g�l�i� �s�t�a�t�i� �m�a�c�r�o�s�c�o�p�i�c�i� �t�a�l�e �d�a� �p�e�r�m�e�t�t�e�r�e �d�i� �a�s�s�e�g�n�a�r�e
�u�n� �s�i�g�n�i�f�i�c�a�t�o �a�l�l��e�n�t�r�o�p�i�a� �i�s�t�a�n�t�a�n�e�a� S(Yα), �c�o�n� �l�a� �s�t�e�s�s�a�
�f�o�r�m�a� �f�u�n�z�i�o�n�a�l�e �d�e�l�l��e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o.

§60 A�f�f�i�n�i�t�à� �e �f�l�u�s�s�i� �i�n� �u�n� �s�i�s�t�e�m�a� �d�i�s�c�r�e�t�o N�e�l�l�a� �d�e�s�c�r�i�-
�z�i�o�n�e �d�i� �u�n� �p�r�o�c�e�s�s�o �i�r�r�e�v�e�r�s�i�b�i�l�e �i�n�d�i�v�i�d�u�i�a�m�o �d�u�e �t�i�p�i� �d�i�
�p�a�r�a�m�e�t�r�i�: �u�n�o �c�h�e �d�e�s�c�r�i�v�e �l�a� �f�o�r�z�a� �c�h�e �g�u�i�d�a� �i�l �p�r�o�c�e�s�s�o �e
�u�n�o �c�h�e �d�e�s�c�r�i�v�e �l�a� �r�i�s�p�o�s�t�a� �a� �q�u�e�s�t�a� �f�o�r�z�a�.

P�e�r� �c�h�i�a�r�i�r�e �q�u�e�s�t�o �p�u�n�t�o, �c�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� �i�s�o-
�l�a�t�o �c�o�m�p�o�s�t�o �c�o�s�t�i�t�u�i�t�o �d�a� �d�u�e �s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i� A �e B,
�c�o�n� �r�i�s�p�e�t�t�i�v�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e YA �e YB. P�o�i�c�h�é �q�u�e�s�t�e
�c�o�r�r�i�s�p�o�n�d�o�n�o �a� �q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�e, �l�a� �s�o�m�m�a�

YA(t) + YB(t) = Y �t�o�t = �c�o�s�t. (3.1)

�r�i�m�a�n�e �c�o�s�t�a�n�t�e �n�e�l �t�e�m�p�o �s�e �i� �s�o�t�t�o�s�i�s�t�e�m�i� A �e B �p�o�s�s�o-
�n�o �s�c�a�m�b�i�a�r�e �o �m�e�n�o �l�a� �q�u�a�n�t�i�t�à� �g�l�o�b�a�l�m�e�n�t�e �c�o�n�s�e�r�v�a�t�a�.
S�e�c�o�n�d�o �i�l �p�o�s�t�u�l�a�t�o III, �l��e�n�t�r�o�p�i�a� �d�e�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �è

S�t�o�t(t) = SA(YA(t)) + SB(YB(t)) (3.2)

P�e�r� Y �t�o�t �f�i�s�s�a�t�o, YB �è �i�n�t�e�r�a�m�e�n�t�e �d�e�t�e�r�m�i�n�a�t�o �d�a�l �v�a�l�o�r�e
�d�i� YA, �q�u�i�n�d�i� S�t�o�t �è �i�n� �r�e�a�l�t�à� �s�o�l�o �u�n�a� �f�u�n�z�i�o�n�e �d�i� �q�u�e�s�t'�u�l�t�i�-
�m�o, �c�h�e �p�e�r� �b�r�e�v�i�t�à� �i�n�d�i�c�h�i�a�m�o �c�o�n� Y. I �n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�-
�m�i�c�o, S�t�o�t �è �m�a�s�s�i�m�a�, �v�a�l�e �a� �d�i�r�e �l�a� �s�u�a� �d�e�r�i�v�a�t�a� �r�i�s�p�e�t�t�o �a�
Y �d�e�v�e �a�n�n�u�l�l�a�r�s�i�:

S�t�o�t′(Y) = S′(YA)− S′(YB) = FA −FB = 0 (3.3)
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P�e�r�t�a�n�t�o, �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�a� �c�o�s�i�d�d�e�t�t�a� �a�f�f�i�n�i�t�à�

A = S�t�o�t′(Y) = FA −FB (3.4)

�c�o�n�i�u�g�a�t�a� �a�l�l�a� �v�a�r�i�a�b�i�l�e �e�s�t�e�n�s�i�v�a� �d�i� �s�t�a�t�o Y �s�i� �a�n�n�u�l�l�a�.
R�e�c�i�p�r�o�c�a�m�e�n�t�e, �q�u�a�n�d�o A 6= 0, �i�l �s�i�s�t�e�m�a� �è �f�u�o�r�i� �e�q�u�i�l�i�b�r�i�o.
I �n� �q�u�e�s�t�o �c�a�s�o �s�i� �a�v�v�i�a� �u�n� �p�r�o�c�e�s�s�o �c�h�e �p�o�r�t�a� �i�l �s�i�s�t�e�m�a�
�a�l�l��e�q�u�i�l�i�b�r�i�o: A �a�g�i�s�c�e �q�u�i�n�d�i� �c�o�m�e �u�n�a� �f�o�r�z�a� �g�e�n�e�r�a�l�i�z�z�a�t�a�
(�e�d� �è �t�a�l�v�o�l�t�a� �i�n�d�i�c�a�t�a� �c�o�m�e �t�a�l�e).

A�d� �e�s�e�m�p�i�o, �u�n�a� �d�i�v�e�r�s�i�t�à� �d�i� �t�e�m�p�e�r�a�t�u�r�e �r�i�s�u�l�t�a� �i�n�
�u�n�'�a�f�f�i�n�i�t�à�

A E =
1

TA
− 1

TB
, (3.5)

�e �a�l�l�o �s�t�e�s�s�o �m�o�d�o �s�i� �h�a� �p�e�r� �s�i�s�t�e�m�i� �s�e�m�p�l�i�c�i�

A V =
PA
TA
− PB

TB
(3.6)

�e (�n�o�t�a�r�e �i� �s�e�g�n�i!)
A N =

µB
TB
− µA

TA
. (3.7)

§61 L�a� �r�i�s�p�o�s�t�a� �d�i� �u�n� �s�i�s�t�e�m�a� �a�d� �u�n�'�a�f�f�i�n�i�t�à� A k �n�o�n�
�n�u�l�l�a� �c�o�n�s�i�s�t�e �i�n� �u�n�a� �v�a�r�i�a�z�i�o�n�e �d�e�l�l�a� �q�u�a�n�t�i�t�à� �e�s�t�e�n�s�i�v�a�
�c�o�n�i�u�g�a�t�a� Yk. Q�u�e�s�t�a� �r�i�s�p�o�s�t�a� �è �d�e�s�c�r�i�t�t�a� �d�a� �u�n� �f�l�u�s�s�o, �c�i�o�è
�d�a� �u�n� �t�a�s�s�o �d�i� �v�a�r�i�a�z�i�o�n�e

Jk =
dYk
dt

(3.8)

�c�h�e �d�e�s�c�r�i�v�e �q�u�a�n�t�o �d�e�l�l�a� �q�u�a�n�t�i�t�à� Yk �v�i�e�n�e �t�r�a�s�f�e�r�i�t�a� �d�a�l
�s�i�s�t�e�m�a� B �a�l �s�i�s�t�e�m�a� A �t�e�m�p�o �n�e�l�l��u�n�i�t�à� �d�i� �t�e�m�p�o.

§62 P�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� L�e �a�f�f�i�n�i�t�à� �e �f�l�u�s�s�i� �i�n�t�r�o�d�o�t�t�i�
�s�o�p�r�a� �p�e�r�m�e�t�t�o�n�o �d�i� �s�c�r�i�v�e�r�e �l�a� �d�e�r�i�v�a�t�a� �n�e�l �t�e�m�p�o �d�e�l-
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�l��e�n�t�r�o�p�i�a� �i�s�t�a�n�t�a�n�e�a� �i�n� �u�n� �m�o�d�o �c�o�n�v�e�n�i�e�n�t�e. C�o�s�ì�, �d�i�f�f�e-
�r�e�n�z�i�a�n�d�o S�t�o�t(t) �r�i�s�p�e�t�t�o �a�l �t�e�m�p�o �s�i� �o�t�t�i�e�n�e �i�l �t�a�s�s�o �d�i�
�p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a�

dS�t�o�t

dt
= ∑

k

∂S�t�o�t

∂Yk

dYk
dt
≡ S�t�o�t′(Y) · dY

dt
, (3.9)

�v�a�l�e �a� �d�i�r�e, �u�s�a�n�d�o �l�e �d�e�f�i�n�i�z�i�o�n�i� (3.3) �e (3.8) �d�e�l�l�e �a�f�f�i�n�i�t�à� �e
�d�e�i� �f�l�u�s�s�i�,

dS�t�o�t

dt
= ∑

k
A k Jk = A · J, (3.10)

U�n�a� �p�r�o�p�r�i�e�t�à� �i�m�p�o�r�t�a�n�t�e �d�i� �q�u�e�s�t�o �t�a�s�s�o �d�i� �v�a�r�i�a�z�i�o�n�e �è
�l�a� �s�u�a� �s�t�r�u�t�t�u�r�a� �b�i�l�i�n�e�a�r�e �n�e�l�l�e �a�f�f�i�n�i�t�à� �e �n�e�i� �f�l�u�s�s�i�, �c�o�m�e
�r�e�s�o �e�s�p�l�i�c�i�t�o �d�a�l�l��u�l�t�i�m�o �m�e�m�b�r�o �d�e�l�l�a� (3.10).

3.2 E�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e

§63 P�a�s�s�i�a�m�o �o�r�a� �a�l�l�a� �d�e�s�c�r�i�z�i�o�n�e �d�e�i� �s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o-
�p�i�c�i� �f�u�o�r�i� �d�a�l�l��e�q�u�i�l�i�b�r�i�o �c�h�e, �s�u� �s�c�a�l�a� �m�a�c�r�o�s�c�o�p�i�c�a�, �p�o�s�s�o�n�o
�e�s�s�e�r�e �v�i�s�t�i� �c�o�m�e �m�e�z�z�i� �c�o�n�t�i�n�u�i�, �a� �p�a�r�t�i�r�e �d�a�l�l��e�s�p�r�e�s�s�i�o-
�n�e �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e Y �a�d�a�t�t�e �a� �t�a�l�e �s�i�t�u�a�z�i�o�n�e. P�e�r�
�b�r�e�v�i�t�à�, �l�a� �p�o�s�s�i�b�i�l�e �d�i�p�e�n�d�e�n�z�a� �d�a�l �t�e�m�p�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i�
�t�e�r�m�o�d�i�n�a�m�i�c�h�e �n�o�n� �s�a�r�à� �m�e�n�z�i�o�n�a�t�a� �i�n� �q�u�e�s�t�a� �s�e�z�i�o�n�e.

§64 V�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �l�o�c�a�l�i� I�l �p�u�n�t�o �d�i� �p�a�r�t�e�n�-
�z�a� �q�u�a�n�d�o �s�i� �t�r�a�t�t�a� �u�n� �s�i�s�t�e�m�a� �n�o�n� �o�m�o�g�e�n�e�o �m�a�c�r�o�s�c�o-
�p�i�c�o �è �q�u�e�l�l�o �d�i� �d�i�v�i�d�e�r�l�o (�m�e�n�t�a�l�m�e�n�t�e) �i�n� �p�i�c�c�o�l�e �c�e�l�l�e �d�i�
�d�i�m�e�n�s�i�o�n�i� �f�i�s�s�a�t�e, �m�a� �n�o�n� �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �u�n�i�v�e�r�s�a�l�i�, �c�h�e
�s�o�d�d�i�s�f�a�n�o �d�u�e �c�o�n�d�i�z�i�o�n�i�:

(1) �o�g�n�i� �c�e�l�l�a� �p�u�ò �e�s�s�e�r�e �s�i�g�n�i�f�i�c�a�t�i�v�a�m�e�n�t�e �t�r�a�t�t�a�t�a� �c�o�m�e
�u�n� �s�i�s�t�e�m�a� �t�e�r�m�o�d�i�n�a�m�i�c�o �p�e�r� �c�o�n�t�o �s�u�o, �c�i�o�è �o�g�n�i� �c�e�l�l�a�
�d�e�v�e �e�s�s�e�r�e �a�b�b�a�s�t�a�n�z�a� �g�r�a�n�d�e �c�h�e �l�e �f�l�u�t�t�u�a�z�i�o�n�e �r�e�l�a�t�i�-
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�v�e �d�e�l�l�e �g�r�a�n�d�e�z�z�e �t�e�r�m�o�d�i�n�a�m�i�c�h�e �u�s�u�a�l�i� �c�a�l�c�o�l�a�t�e �n�e�l�l�a�
�c�e�l�l�a� �s�o�n�o �t�r�a�s�c�u�r�a�b�i�l�i�;

(2) �l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �v�a�r�i�a�n�o �d�i� �p�o�c�o �s�u�l�l�a� �s�c�a�l�a�
�d�e�l�l�e �c�e�l�l�e, �v�a�l�e �a� �d�i�r�e, �l�e �c�e�l�l�e �n�o�n� �p�o�s�s�o�n�o �e�s�s�e�r�e �t�r�o�p�-
�p�o �g�r�a�n�d�i�, �i�n� �m�o�d�o �c�h�e (�a�p�p�r�o�s�s�i�m�a�t�i�v�a�m�e�n�t�e) �v�a�l�g�a� �u�n�a�
�c�o�n�d�i�z�i�o�n�e �d�i� �o�m�o�g�e�n�e�i�t�à� �d�e�n�t�r�o �c�i�a�s�c�u�n�a� �c�e�l�l�a�.

S�o�t�t�o �q�u�e�s�t�e �i�p�o�t�e�s�i�, �s�i� �p�o�s�s�o�n�o �d�e�f�i�n�i�r�e �v�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�-
�n�a�m�i�c�h�e �l�o�c�a�l�i�, �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �a�i� �v�a�l�o�r�i� �a�s�s�u�n�t�i� �i�n� �c�i�a�s�c�u�n�a�
�c�e�l�l�a�, �m�a�r�c�a�t�a� �d�a�l�l�a� �s�u�a� �p�o�s�i�z�i�o�n�e �s�p�a�z�i�a�l�e r, �d�a�i� �p�a�r�a�m�e�t�r�i�
�e�s�t�e�n�s�i�v�i�: U(r), Nk(r), . . .. P�o�i�c�h�é �l�a� �d�i�m�e�n�s�i�o�n�e �d�i� �c�i�a�s�c�u�n�a�
�c�e�l�l�a� �è �f�i�s�i�c�a�m�e�n�t�e �i�r�r�i�l�e�v�a�n�t�e �f�i�n�t�a�n�t�o �c�h�e �s�o�d�d�i�s�f�a� �l�e �d�u�e
�c�o�n�d�i�z�i�o�n�i� �s�u�d�d�e�t�t�e, �n�o�n� �v�i� �è �a�l�c�u�n�a� �v�a�r�i�a�b�i�l�e �l�o�c�a�l�e �c�o�r�r�i�-
�s�p�o�n�d�e�n�t�e �a�l �v�o�l�u�m�e V, �c�h�e �e�n�t�r�a� �s�o�l�o �i�l �g�i�o�c�o �c�o�m�e �d�o�m�i�n�i�o
�s�u� �c�u�i� r �a�s�s�u�m�e �i� �v�a�l�o�r�i�.

P�r�o�m�u�o�v�e�n�d�o r �a�d� �u�n�a� �v�a�r�i�a�b�i�l�e �c�o�n�t�i�n�u�a�, �q�u�e�s�t�i� �p�a�r�a�m�e-
�t�r�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� �l�o�c�a�l�i� �d�i�v�e�n�t�a�n�o �c�a�m�p�i�, �c�h�e �s�a�r�a�n�n�o �c�o�l�l�e�t-
�t�i�v�a�m�e�n�t�e �e�s�s�e�r�e �i�n�d�i�c�a�t�i� �c�o�m�e Y = Y(r) = (Y1(r), Y2(r), . . .).

§65 Q�u�a�n�t�i�t�à� �d�i� �m�o�t�o P�o�i�c�h�é �l�a� �s�e�p�a�r�a�z�i�o�n�e �t�r�a� �l�e �c�e�l�l�e �è
�i�r�r�i�l�e�v�a�n�t�e, �n�u�l�l�a� �i�m�p�e�d�i�s�c�e �a�l�l�a� �m�a�t�e�r�i�a� �d�i� �s�c�o�r�r�e�r�e �d�a� �u�n�a�
�c�e�l�l�a� �a� �q�u�e�l�l�e �v�i�c�i�n�e; �s�o�n�o �q�u�i�n�d�i� �r�i�c�h�i�e�s�t�i� �u�l�t�e�r�i�o�r�i� �p�a�r�a�m�e�t�r�i�
�e�s�t�e�n�s�i�v�i� �p�e�r� �d�e�s�c�r�i�v�e�r�e �q�u�e�s�t�o �m�o�v�i�m�e�n�t�o, �v�a�l�e �a� �d�i�r�e �l�e �t�r�e
�c�o�m�p�o�n�e�n�t�i� �d�e�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �t�o�t�a�l�e P(r) �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e
�i�n� �c�i�a�s�c�u�n�a� �c�e�l�l�a�. P�e�r� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o, �l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o-
�t�o �t�o�t�a�l�e �è �u�n�a� �q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�a�, �c�o�m�e �l�o �s�o�n�o �l��e�n�e�r�g�i�a�
�e (�i�n� �a�s�s�e�n�z�a� �d�i� �r�e�a�z�i�o�n�i� �c�h�i�m�i�c�h�e) �i� �n�u�m�e�r�i� �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e.
C�o�s�ì� �l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �è �s�u�l�l�o �s�t�e�s�s�o �p�i�a�n�o �d�e�l�l��e�n�e�r�g�i�a� �e
�d�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e. S�i� �o�s�s�e�r�v�i� �c�h�e, �o�v�v�i�a�m�e�n�t�e, �i� �v�a�l�o�r�i�
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�e�f�f�e�t�t�i�v�i� �d�e�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o P(r) �d�i�p�e�n�d�o�n�o �d�a�l �s�i�s�t�e�m�a� �d�i�
�r�i�f�e�r�i�m�e�n�t�o �s�c�e�l�t�o �p�e�r� �d�e�s�c�r�i�v�e�r�e �i�l �s�i�s�t�e�m�a�.

§66 V�a�r�i�a�b�i�l�e �i�n�t�e�n�s�i�v�a� �c�o�n�i�u�g�a�t�a� �a�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o
A�n�c�h�e �s�e �u�n� �s�i�s�t�e�m�a� �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �g�l�o�b�a�l�e �è
�a� �m�a�g�g�i�o�r� �r�a�g�i�o�n�e �i�n� �e�q�u�i�l�i�b�r�i�o �m�e�c�c�a�n�i�c�o, �s�i� �p�o�t�r�e�b�b�e �a�n�c�h�e
�a�g�g�i�u�n�g�e�r�e �l�a� �s�u�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �t�o�t�a�l�e P �a�l�l�a� �l�i�s�t�a� �d�e�i�
�s�u�o�i� �p�a�r�a�m�e�t�r�i� �c�a�r�a�t�t�e�r�i�s�t�i�c�i� � �a�n�c�h�e �s�e �q�u�e�s�t�o �è �i�n�u�t�i�l�e.
L'�u�n�i�c�o �i�n�t�e�r�e�s�s�e �a� �f�a�r� �q�u�e�s�t�o �è �c�h�e �c�i� �p�e�r�m�e�t�t�e �d�i� �t�r�o�v�a�r�e
�i�l �p�a�r�a�m�e�t�r�o �c�o�n�i�u�g�a�t�o �i�n�t�e�n�s�i�v�o �d�e�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o.

L'�e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �d�i� �m�a�s�s�a� M �n�o�n� �c�a�m�b�i�a� �s�e �è �a�
�r�i�p�o�s�o (�e�n�e�r�g�i�a� E = U, �e�n�t�r�o�p�i�a� S(U, P = 0) = S0(U)] �o �i�n�
�m�o�t�o �c�o�l�l�e�t�t�i�v�o �c�o�n� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o P, �n�e�l �q�u�a�l �c�a�s�o �l�a� �s�u�a�
�e�n�e�r�g�i�a� �d�i�v�e�n�t�a� E = U + P2/2M �e �l�a� �s�u�a� �e�n�t�r�o�p�i�a� S(U, P)), �i�n�
�m�o�d�o �c�h�e

S(E, P) = S0

(
E− P2

2M

)
(3.11)

D�i�f�f�e�r�e�n�z�i�a�n�d�o �q�u�e�s�t�a� �i�d�e�n�t�i�t�à� �r�i�s�p�e�t�t�o �a�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o
P, �s�i� �a�r�r�i�v�a� �a�l�l�a� �v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a�

FP =
∂S
∂P

= − P
M

∂S0

∂U
= − v

T
(3.12)

�d�o�v�e v �è �l�a� �v�e�l�o�c�i�t�à� �d�e�l �s�i�s�t�e�m�a�.
N�o�t�a�. C�o�m�e �s�e�m�p�r�e �i�n� �t�e�o�r�i�a� �d�e�i� �c�a�m�p�i�, �c�i� �s�i� �b�a�s�a� �s�u� �u�n�a�
�d�e�s�c�r�i�z�i�o�n�e �e�u�l�e�r�i�a�n�a�, �i�n� �c�u�i� �s�i� �s�t�u�d�i�a�n�o �l�e �v�a�r�i�a�z�i�o�n�i� �d�e�l�l�e
�v�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �n�e�l �t�e�m�p�o �a� �u�n�a� �d�a�t�a� �p�o�s�i�z�i�o�n�e,
�i�n�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e �d�a�l �f�a�t�t�o �c�h�e �l�e �p�a�r�t�i�c�e�l�l�e �m�i�c�r�o�s�c�o�p�i�c�h�e
�i�n� �u�n�a� �d�a�t�a� �c�e�l�l�a� �n�o�n� �r�i�m�a�n�g�o�n�o �l�e �s�t�e�s�s�e �n�e�l �t�e�m�p�o, �m�a�
�p�a�s�s�a�n�o �c�o�n�t�i�n�u�a�m�e�n�t�e �d�a� �u�n�a� �c�e�l�l�a� �a�l�l��a�l�t�r�a�.
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§67 D�e�n�s�i�t�à� �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e I�n�v�e�c�e �d�e�l�l�e �v�a�r�i�a�-
�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �l�o�c�a�l�i�, �c�h�e �d�i�p�e�n�d�o�n�o �d�a�l�l�a� �d�i�m�e�n�s�i�o�n�e
�a�r�b�i�t�r�a�r�i�a� �d�e�l�l�e �c�e�l�l�e, �è �p�i�ù� �c�o�n�v�e�n�i�e�n�t�e �i�n�t�r�o�d�u�r�r�e �l�e �l�o-
�r�o �d�e�n�s�i�t�à�, �o�s�s�i�a� �l�e �q�u�a�n�t�i�t�à� �p�e�r� �u�n�i�t�à� �d�i� �v�o�l�u�m�e: �d�e�n�s�i�-
�t�à� �d�i� �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� e(r), �d�e�n�s�i�t�à� �d�i� �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e
nk(r), �d�e�n�s�i�t�à� �d�i� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o p(r), . . . . Q�u�e�s�t�e �s�a�r�a�n�n�o,
�c�o�n� �l��e�c�c�e�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a�, �i�n�d�i�c�a�t�e �c�o�n� �l�a� �l�e�t�t�e-
�r�a� �m�i�n�u�s�c�o�l�a� �c�o�r�r�i�s�p�o�n�d�e�n�t�e, �e �q�u�i�n�d�i� �c�o�l�l�e�t�t�i�v�a�m�e�n�t�e �c�o�m�e
y = y(r) = (y1(r), y2(r), . . .).

I �n� �a�l�t�e�r�n�a�t�i�v�a�, �s�i� �p�u�ò �a�n�c�h�e �c�o�n�s�i�d�e�r�a�r�e �l�e �q�u�a�n�t�i�t�à� �p�e�r�
�u�n�i�t�à� �d�i� �m�a�s�s�a�, �c�h�e �v�e�r�r�a�n�n�o �i�n�d�i�c�a�t�e �i�n� �m�i�n�u�s�c�o�l�o �c�o�n� �u�n�
�p�e�d�i�c�e m: em(r), nk,m(r), . . . , �e �c�o�l�l�e�t�t�i�v�a�m�e�n�t�e ym = ym(r) =

(y1,m(r), y2,m(r), . . .), �c�o�n� �l��e�c�c�e�z�i�o�n�e �d�e�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �p�e�r�
�u�n�i�t�à� �d�i� �m�a�s�s�a�, �c�h�e �è �i�l �c�a�m�p�o �d�i� �v�e�l�o�c�i�t�à� �d�i� �f�l�u�s�s�o �c�h�e �s�a�r�à�
�i�n�d�i�c�a�t�o �c�o�n� v(r). I �n�d�i�c�a�n�d�o �c�o�n� ρ(r) �l�a� �d�e�n�s�i�t�à� �d�i� �m�a�s�s�a� �n�e�l
�p�u�n�t�o r, �s�i� �h�a� �b�a�n�a�l�m�e�n�t�e �l��i�d�e�n�t�i�t�à�

y(r) = ρ(r)ym(r) (3.13)

P�o�i�c�h�é �s�i� �i�p�o�t�i�z�z�a� �c�h�e �o�g�n�i� �p�i�c�c�o�l�a� �c�e�l�l�a� �è �i�n� �o�g�n�i� �i�s�t�a�n�t�e
�i�n� �u�n�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o, �s�i� �p�u�ò �s�i�g�n�i�f�i�c�a�t�i�v�a�-
�m�e�n�t�e �a�s�s�o�c�i�a�r�e �a�d� �e�s�s�a� �u�n�'�e�n�t�r�o�p�i�a� �l�o�c�a�l�e S(r) �e �d�a� �q�u�e�s�t�a�
�s�i� �p�u�ò �d�e�f�i�n�i�r�e �l�a� �d�e�n�s�i�t�à� �l�o�c�a�l�e �d�i� �e�n�t�r�o�p�i�a� s(r) �e �l�a� �d�e�n�s�i�t�à�
�d�i� �e�n�t�r�o�p�i�a� �p�e�r� �u�n�i�t�à� �d�i� �m�a�s�s�a� sm(r).

§68 E�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e L'�i�m�p�o�r�t�a�n�t�e �i�p�o�t�e�s�i�
�d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e �è �l��a�s�s�u�n�z�i�o�n�e �c�h�e �l�a� �d�i�-
�p�e�n�d�e�n�z�a� �d�i� s(r) �d�a�l�l�e �d�e�n�s�i�t�à� �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e
�l�o�c�a�l�i� �s�i�a� �d�a�t�a� �d�a�l�l�a� �s�t�e�s�s�a� �e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e (�a� �m�e�n�o
�d�i� �u�n� �t�e�r�m�i�n�e �d�i� �v�o�l�u�m�e) �t�r�a� �l��e�n�t�r�o�p�i�a� �e �i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�-
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�s�i�v�i� �i�n� �u�n� �s�i�s�t�e�m�a� �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �e �q�u�i�n�d�i� �c�h�e,
�l�o�c�a�l�m�e�n�t�e, �v�a�l�g�a� �l��e�q�u�a�z�i�o�n�e �d�i� G�i�b�b�� (2.12).

P�e�r� �u�n� �s�i�s�t�e�m�a� �s�e�m�p�l�i�c�e �i�n� �e�q�u�i�l�i�b�r�i�o �m�e�c�c�a�n�i�c�o (�c�i�o�è �t�a�-
�l�e �c�h�e �i�l �c�a�m�p�o �d�i� �v�e�l�o�c�i�t�à� v(r) �s�i� �a�n�n�u�l�l�a� �i�n� �o�g�n�i� �p�u�n�t�o),
�q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �r�i�c�h�i�e�d�e�r�e �c�h�e �v�a�l�g�a�n�o �l�e �r�e�l�a�i�o�n�i�

s(r) = s�e��(e(r), n(r))

ds(r) =
1

T(r)
de(r)− µ(r)

T(r)
dn(r)

(3.14)
(3.15)

I �p�a�r�a�m�e�t�r�i� �i�n�t�e�n�s�i�v�i� �c�o�n�i�u�g�a�t�i� �a�l�l��e�n�e�r�g�i�a� �e �a�l �n�u�m�e�r�o �d�i�
�p�a�r�t�i�c�e�l�l�e �s�o�n�o �d�u�n�q�u�e, �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e,

FE(r) =
1

T(r)
(3.16)

FN(r) = −
µ(r)
T(r)

(3.17)

I�n� �g�e�n�e�r�a�l�e, �p�e�r� �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e y(r) = (y1(r), y2(r), . . .),
�l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e �s�i�g�n�i�f�i�c�a� �c�h�e �v�a�l�g�o�n�o �l�e
�r�e�l�a�z�i�o�n�i�

s(r) = s�e��(y1(r), y2(r), . . .)

ds(r) = ∑
k
Fk(r)dyk(r),

(3.18)
(3.19)

�d�o�v�e
Fk(r) =

∂s(r)
∂yk(r)

. (3.20)

§69 D�o�p�o �a�v�e�r� �s�o�m�m�a�t�o (�i�n�t�e�g�r�a�t�o) �s�u� �t�u�t�t�e �l�e �c�e�l�l�e, �l��e�n�-
�t�r�o�p�i�a� �t�o�t�a�l�e �d�e�l �s�i�s�t�e�m�a� �r�i�s�u�l�t�a�

S�t�o�t = ∑
k

∫
Fk(r)yk(r)d3r, (3.21)
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�p�e�r� �c�u�i� �l�a� �v�a�r�i�a�b�i�l�e �i�n�t�e�n�s�i�v�a� �c�o�n�i�u�g�a�t�a� Fk(r) �p�u�ò �e�s�s�e�r�e
�a�n�c�h�e �v�i�s�t�a� �c�o�m�e �l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e1 �d�e�l�l��e�n�t�r�o�p�i�a� �t�o�t�a�l�e, 1S�i� �v�e�d�a� �l��a�p�p�e�n�d�i�c�e 3.A.

Fk(r) =
δS�t�o�t

δyk(r)
=

∂s(r)
∂yk(r)

, (3.22)

L�e �r�e�l�a�z�i�o�n�i�

Fk(r) = Fk
(
y1(r), y2(r), . . .

) (3.23)

�p�e�r� �l�e Fk(r) �s�o�n�o �l�e �e�q�u�a�z�i�o�n�i� �l�o�c�a�l�i� �d�i� �s�t�a�t�o �d�e�l �s�i�s�t�e�m�a�. S�i�
�v�e�r�i�f�i�c�a� �f�a�c�i�l�m�e�n�t�e �c�h�e �l��i�p�o�t�e�s�i� �d�i� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e �e�q�u�i�v�a�l�e �a�d�
�a�s�s�u�m�e�r�e �c�h�e �l�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �l�o�c�a�l�i� �a�b�b�i�a�n�o �l�a� �s�t�e�s�s�a�
�f�o�r�m�a� �d�e�l�l�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �e�q�u�i�l�i�b�r�i�o
�t�e�r�m�o�d�i�n�a�m�i�c�o �g�l�o�b�a�l�e.

I �c�a�m�p�i� �d�i� �d�e�n�s�i�t�à� y(r) �e �i� �l�o�r�o �c�o�n�i�u�g�a�t�i� Fk(r) �s�o�n�o
�g�e�n�e�r�i�c�a�m�e�n�t�e �c�h�i�a�m�a�t�i� �c�a�m�p�i� �i�d�r�o�d�i�n�a�m�i�c�i�.

3.3 R�e�g�i�m�e �i�d�r�o�d�i�n�a�m�i�c�o

§70 R�e�g�i�m�e �i�d�r�o�d�i�n�a�m�i�c�o Q�u�a�n�d�o �è �s�o�d�d�i�s�f�a�t�t�a� �l��i�p�o�t�e�s�i�
�d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e, �s�o�l�i�t�a�m�e�n�t�e �s�i� �d�i�c�e �c�h�e �i�l
�s�i�s�t�e�m�a� �è �n�e�l �r�e�g�i�m�e �i�d�r�o�d�i�n�a�m�i�c�o. I �n� �g�e�n�e�r�a�l�e, �q�u�e�s�t�o �è �u�n�
�r�e�g�i�m�e �d�i� �l�u�n�g�h�e�z�z�e �d�'�o�n�d�a� �l�u�n�g�h�e �e �d�i� �b�a�s�s�a� �f�r�e�q�u�e�n�z�a�.

I �n� �q�u�e�s�t�a� �s�e�z�i�o�n�e �d�i�s�c�u�t�e�r�e�m�o �i�n� �d�e�t�t�a�g�l�i�o �q�u�a�l�i� �l�i�m�i�t�i� �s�o-
�n�o �p�o�s�t�i� �s�u�l�l�e �s�c�a�l�e �d�i� �l�u�n�g�h�e�z�z�a� �e �i� �c�a�m�p�i� �i�d�r�o�d�i�n�a�m�i�c�i�
�i�n� �q�u�e�s�t�o �r�e�g�i�m�e. N�e�l �f�a�r�e �q�u�e�s�t�o, �u�t�i�l�i�z�z�e�r�e�m�o �n�o�z�i�o�n�i� �e�l�e-
�m�e�n�t�a�r�i� �d�i� �f�i�s�i�c�a� �s�t�a�t�i�s�t�i�c�a� �c�h�e �v�e�r�r�a�n�n�o �c�o�m�u�n�q�u�e �r�i�p�r�e�s�e �e
�m�o�t�i�v�a�t�e �i�n� �u�n� �c�a�p�i�t�o�l�o �s�u�c�c�e�s�s�i�v�o.

L�e �f�l�u�t�t�u�a�z�i�o�n�i� �i�n� �u�n�a� �q�u�a�n�t�i�t�à� �e�s�t�e�n�s�i�v�a� �d�i� �u�n� �s�i�s�t�e�m�a�
�t�e�r�m�o�d�i�n�a�m�i�c�o �s�o�n�o �t�i�p�i�c�a�m�e�n�t�e ∼ N−1/2, �d�o�v�e N �è �i�l �n�u�-
�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �n�e�l �s�i�s�t�e�m�a�. C�o�s�ì�, �p�i�c�c�o�l�e �v�a�r�i�a�z�i�o�n�i� �d�e�i�
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�p�a�r�a�m�e�t�r�i� �d�e�l �s�i�s�t�e�m�a� �d�i� �o�r�d�i�n�e ∼ N−1/2 �n�o�n� �d�i�s�t�u�r�b�a�n�o
�l��e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a� �e �s�o�n�o �r�e�v�e�r�s�i�b�i�l�i�. L�a� �t�e�r�m�o�d�i�n�a�m�i�-
�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o �s�i� �o�c�c�u�p�a� �d�i� �s�i�s�t�e�m�i� �n�e�l �l�i�m�i�t�e �d�i� �v�o�l�u�m�e
�g�r�a�n�d�e � �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o � �e �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �s�o�n�o �c�o�s�ì�
�t�r�a�s�c�u�r�a�b�i�l�i�.

§71 R�i�s�o�l�u�z�i�o�n�e �s�p�a�z�i�a�l�e N�e�l �r�e�g�i�m�e �i�d�r�o�d�i�n�a�m�i�c�o �s�i� �a��-
�s�u�m�e �l�a� �d�e�s�c�r�i�z�i�o�n�e �i�n�t�r�o�d�o�t�t�a� �i�n� 64, �c�i�o�è �i�n� �t�e�r�m�i�n�i� �d�i�
�p�i�c�c�o�l�e �c�e�l�l�e �a�b�b�a�s�t�a�n�z�a� �g�r�a�n�d�i� �c�h�e �l�e �f�l�u�t�t�u�a�z�i�o�n�e �r�e�l�a�t�i�v�e
�d�e�l�l�e �g�r�a�n�d�e�z�z�e �t�e�r�m�o�d�i�n�a�m�i�c�h�e �n�e�l�l�a� �c�e�l�l�e �s�o�n�o �t�r�a�s�c�u�r�a�b�i�l�i�
�e �n�o�n� �t�r�o�p�p�o �g�r�a�n�d�i�, �i�n� �m�o�d�o �c�h�e �v�a�l�g�a� �u�n�a� �c�o�n�d�i�z�i�o�n�e �d�i�
�o�m�o�g�e�n�e�i�t�à� �d�e�n�t�r�o �c�i�a�s�c�u�n�a� �c�e�l�l�a�. D�e�n�o�t�i�a�m�o �c�o�n� λ �l��o�r�d�i�n�e �d�i�
�d�i�m�e�n�s�i�o�n�e �l�i�n�e�a�r�e �d�e�l�l�e �c�e�l�l�e, �c�h�e �p�o�s�s�i�a�m�o �p�e�n�s�a�r�e �q�u�i�n�d�i�
�c�o�m�e �c�u�b�e�t�t�i� �d�i� �l�a�t�o λ. S�e �l�a� �c�e�l�l�a� k-�e�s�i�m�a� �h�a� Nk �p�a�r�t�i�c�e�l�l�e,
�a�l�l�o�r�a� �d�o�b�b�i�a�m�o �f�a�r�e �i�n� �m�o�d�o �c�h�e �q�u�e�s�t�o �n�u�m�e�r�o �s�i�a� �a�b�b�a�s�t�a�n�-
�z�a� �g�r�a�n�d�e �p�e�r� �t�r�a�s�c�u�r�a�r�e �l�e �f�l�u�t�t�u�a�z�i�o�n�i�. T�u�t�t�a�v�i�a� �d�o�b�b�i�a�m�o
�a�n�c�h�e �g�a�r�a�n�t�i�r�e �c�h�e �s�i�a� �a�b�b�a�s�t�a�n�z�a� �p�i�c�c�o�l�o �i�n� �m�o�d�o �d�a� �p�o-
�t�e�r� �c�o�n�s�i�d�e�r�a�r�e �l�i�s�c�i�a� �l�a� �v�a�r�i�a�z�i�o�n�e �d�e�i� �c�a�m�p�i� �i�d�r�o�d�i�n�a�m�i�c�i�
T(r), n(r), . . .. L�a� �d�i�m�e�n�s�i�o�n�e �d�e�l�l�a� �c�e�l�l�a� �è �d�e�l�i�m�i�t�a�t�a� �d�a� �q�u�e�s�t�i�
�d�u�e �v�i�n�c�o�l�i�

Nk � 1, λ� �s�c�a�l�a� �d�i� �v�a�r�i�a�z�i�o�n�e �d�e�i� �c�a�m�p�i� (3.24)

§72 E�v�o�l�u�t�i�o�n�e �t�e�m�p�o�r�a�l�e I�n� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o,
�u�n� �p�r�o�c�e�s�s�o �c�h�e �p�a�s�s�a� �a�t�t�r�a�v�e�r�s�o �u�n�a� �f�i�t�t�a� �s�u�c�c�e�s�s�i�o�n�e �d�i�
�s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �f�o�r�m�a� �u�n�a� �c�u�r�v�a� �n�e�l�l�o �s�p�a�z�i�o �g�e�n�e�r�a�t�o
�d�a�l�l�e �v�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e. Q�u�e�s�t�a� �s�e�r�i�e �d�i� �s�t�a�t�i� �d�i� �e�q�u�i�-
�l�i�b�r�i�o �p�u�ò �e�s�s�e�r�e �u�s�a�t�a� �p�e�r� �a�p�p�r�o�s�s�i�m�i� �u�n� �p�r�o�c�e�s�s�o �r�e�a�l�e
�m�e�d�i�a�n�t�e �u�n� �p�r�o�c�e�s�s�o �q�u�a�s�i�-�s�t�a�t�i�c�o. A�d� �o�g�n�i� �p�a�s�s�o �s�i� �d�e-
�v�e �g�a�r�a�n�t�i�r�e �c�h�e �i�l �s�i�s�t�e�m�a� �a�b�b�i�a� �r�a�g�g�i�u�n�t�o �i�l �s�u�o �s�t�a�t�o �d�i�
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�e�q�u�i�l�i�b�r�i�o �c�i�o�è �i�l �p�r�o�c�e�s�s�o �d�e�v�e �e�s�s�e�r�e �l�e�n�t�o �r�i�s�p�e�t�t�o �a� �u�n�
�t�e�m�p�o �m�i�c�r�o�s�c�o�p�i�c�o τ�m�i�c�r�o. N�e�i� �s�i�s�t�e�m�i� �d�i� �n�o�n�-�e�q�u�i�l�i�b�r�i�o �c'�è
�u�n�a� �s�c�a�l�a� �d�i� �t�e�m�p�o �c�a�r�a�t�t�e�r�i�s�t�i�c�o �p�e�r� �l��e�v�o�l�u�z�i�o�n�e �d�i� �t�u�t�t�o
�i�l �s�i�s�t�e�m�a�, τ�m�a�c�r�o. Q�u�i�n�d�i�, �p�e�r� �u�n� �t�e�m�p�o �s�c�a�l�a� ∆t, �l��e�q�u�i�l�i�b�r�i�o
�s�a�r�à� �m�a�n�t�e�n�u�t�o �i�n� �u�n�a� �d�a�t�a� �c�e�l�l�a� �p�a�r�t�i�c�o�l�a�r�e �s�e

τ�m�i�c�r�o � ∆t� τ�m�a�c�r�o, (3.25)

�c�i�o�è �c�i� �d�e�v�e �e�s�s�e�r�e �u�n�a� �s�e�p�a�r�a�z�i�o�n�e �d�e�l�l�e �s�c�a�l�e �t�e�m�p�o�r�a�l�i�.

§73 I�n�t�e�n�s�i�t�à� �d�e�i� �c�a�m�p�i� S�i� �d�e�v�e �a�l�t�r�e�s�ì� �a�s�s�i�c�u�r�a�r�e �c�h�e �l�a�
�v�a�r�i�a�z�i�o�n�e �n�e�i� �c�a�m�p�i� �i�n� �o�g�n�i� �c�e�l�l�a� �n�o�n� �s�i�a� �c�o�s�ì� �g�r�a�n�d�e �d�a�
�d�i�s�t�r�u�g�g�e�r�e �l��e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a� (�c�i�o�è �c�o�n�s�i�s�t�e�n�t�e �c�o�n� �l�a�
�f�l�u�t�t�u�a�z�i�o�n�i� �n�e�l �s�i�s�t�e�m�a�). Q�u�e�s�t�o �f�o�r�n�i�s�c�e �u�n� �v�i�n�c�o�l�o �s�u�i�
�g�r�a�d�i�e�n�t�i� ∇A �m�a�s�s�i�m�i� �d�e�i� �c�a�m�p�i� �i�d�r�o�d�i�n�a�m�i�c�i�

λ∇A
A

<
δA
A
� 1, (3.26)

�d�o�v�e δA �è �l��e�n�t�i�t�à� �d�e�l�l�a� �f�l�u�t�t�u�a�z�i�o�n�e �d�e�l�l�a� �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�-
�n�a�m�i�c�a� A �n�e�l�l�a� �c�e�l�l�a� �d�i� �d�i�m�e�n�s�i�o�n�e �l�i�n�e�a�r�e �l�i�n�e�a�r�e λ. Q�u�e�s�t�o
�c�r�i�t�e�r�i�o �i�n�s�i�e�m�e �a� �q�u�e�l�l�i� �s�o�p�r�a� �d�o�v�r�e�b�b�e �a�s�s�i�c�u�r�a�r�e �c�h�e �i�l
�s�i�s�t�e�m�a� �è �i�n� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e.

§74 N�o�z�i�o�n�i� �e�l�e�m�e�n�t�a�r�i� �d�i� �t�e�o�r�i�a� �d�e�l�l�e �f�l�u�t�t�u�a�z�i�o�n�i� P�e�r� �a��-
�s�i�c�u�r�a�r�s�i� �c�h�e �i�l �s�i�s�t�e�m�a� �s�i�a� �i�n� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e �è �n�e�c�e�s�s�a�r�i�o
�c�a�l�c�o�l�a�r�e �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �e �d�e�l�l�a� �p�r�e�s�s�i�o�n�e.
S�e �i�m�m�a�g�i�n�i�a�m�o �d�i� �c�e�r�c�a�r�e �d�i� �m�i�s�u�r�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�i� �u�n�
�s�i�s�t�e�m�a� �l�o�c�a�l�m�e�n�t�e �c�o�n� �u�n� �p�i�c�c�o�l�o �t�e�r�m�o�m�e�t�r�o, �a�l�l�o�r�a� �p�u�ò
�e�s�s�e�r�e �c�h�e �l�a� �l�e�t�t�u�r�a� �f�l�u�t�t�u�i� �q�u�a�n�d�o �f�l�u�t�t�u�a� �i�l �v�a�l�o�r�e �l�o�c�a�l�e
�d�e�l�l��e�n�e�r�g�i�a�. P�o�s�s�i�a�m�o �q�u�i�n�d�i� �o�t�t�e�n�e�r�e �l�a� �s�t�i�m�a� �d�e�l�l�a� �f�l�u�t�t�u�a�-
�z�i�o�n�i� �n�e�i� �p�a�r�a�m�e�t�r�i� �i�n�t�e�n�s�i�v�i� (�c�o�m�e �a�d� �e�s�e�m�p�i�o �l�a� �t�e�m�p�e�r�a�-
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�t�u�r�a�) �u�t�i�l�i�z�z�a�n�d�o �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �n�e�i� �p�a�r�a�m�e�t�r�i� �e�s�t�e�n�s�i�v�i� �q�u�i�
�r�i�p�o�r�t�a�t�i�.

δU
U

=

(
kB

Ncv

)1/2
, ∆U = Ncv∆T ⇒ δT

T
=

(
kB

Ncv

)1/2

(3.27)
δV
V

=

(
kBTκT

V

)1/2
,

∆V
V

= κT∆P ⇒ δP
P

=

(
kBT

P2VκT

)1/2

(3.28)

§75 G�a�� P�e�r� �u�n� �g�a�� �i�n� �c�o�n�d�i�z�i�o�n�i� �s�t�a�n�d�a�r�d� �d�i� �t�e�m�p�e�r�a�t�u�-
�r�a� �e �p�r�e�s�s�i�o�n�e �p�o�s�s�i�a�m�o �s�t�i�m�a�r�e �i� �l�i�m�i�t�i� �s�u�l�l�e �v�a�r�i�e �s�c�a�l�e
�t�e�m�p�o�r�a�l�i� �n�e�l �s�i�s�t�e�m�a� �p�e�r� �g�a�r�a�n�t�i�r�e �l��e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e. P�e�r�
�u�n� �g�a�� �t�i�p�i�c�o, �i�l �t�e�m�p�o �m�i�c�r�o�s�c�o�p�i�c�o �è τ�m�i�c�r�o ∼ ν−1

�c�o�l�l, �d�o�v�e ν−1
�c�o�l�l

�è �l�a� �f�r�e�q�u�e�n�z�a� �d�i� �c�o�l�l�i�s�i�o�n�e �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �d�e�l �g�a��, �p�e�r� �c�u�i�

τ�m�i�c�r�o ∼ 10−10 ��

L�a� �s�c�a�l�a� �d�i� �l�u�n�g�h�e�z�z�a� �d�e�l�l�e �c�e�l�l�e �d�e�v�e �e�s�s�e�r�e �d�e�l�l��o�r�d�i�n�e �d�e�l
�c�a�m�m�i�n�o �l�i�b�e�r�o �m�e�d�i�o

λ ∼ 10−7 �m�

I�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �i�n� �c�i�a�s�c�u�n�a� �c�e�l�l�a� �è �q�u�i�n�d�i�

Nk ∼ (10−7)31025 = 104,

�c�h�e �è �s�u�f�f�i�c�i�e�n�t�e �p�e�r� �u�n�a� �b�u�o�n�e �s�t�a�t�i�s�t�i�c�a�. I �g�r�a�d�i�e�n�t�i� �m�a��-
�s�i�m�i� �d�i� �t�e�m�p�e�r�a�t�u�r�a� �n�e�l �s�i�s�t�e�m�a� �d�e�v�o�n�o �e�s�s�e�r�e �i�n�f�e�r�i�o�r�e
�a�

δT
T

=

(
2

3Nk

)1/2
∼ 5× 10−3 ⇒ ∇T ∼ 107 K �m�−1

§76 L�i�q�u�i�d�i� P�e�r� �u�n� �l�i�q�u�i�d�o �i�n� �c�u�i� �n�o�n� �c'�è �u�n�'�o�v�v�i�a� �s�c�a�l�a�
�d�i� �l�u�n�g�h�e�z�z�a� (�l�a� �s�p�a�z�i�a�t�u�r�a� �i�n�t�e�r�m�o�l�e�c�o�l�a�r�e �e �l�a� �l�u�n�g�h�e�z-
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�z�a� �d�i� �c�o�r�r�e�l�a�z�i�o�n�e �s�o�n�o �d�e�l�l�o �s�t�e�s�s�o �o�r�d�i�n�e, �e �s�o�n�o �t�r�o�p�p�o
�p�i�c�c�o�l�e) �p�o�s�s�i�a�m�o �u�s�a�r�e �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�-
�c�e�l�l�e �n�e�l�l�a� �c�e�l�l�a� �p�e�r� �c�a�l�c�o�l�a�r�e �l�a� �s�c�a�l�a� �d�i� �l�u�n�g�h�e�z�z�a� �a�p�p�r�o-
�p�r�i�a�t�a�. P�e�r� �l��a�c�q�u�a� �i�n� �c�o�n�d�i�z�i�o�n�i� �s�t�a�n�d�a�r�d� �d�i� �p�r�e�s�s�i�o�n�e �e
�t�e�m�p�e�r�a�t�u�r�a�, κT ∼ 0.5 GP�a�−1, �q�u�i�n�d�i�

δn
n

=

(
kBTκT

V

)1/2
∼ 10−2 ⇒ V1/3 ∼ 2 �n�m�

C�o�r�r�i�s�p�o�n�d�e�n�t�e�m�e�n�t�e Nk ∼ 300. U�t�i�l�i�z�z�a�n�d�o Cv ∼ 75 J
�m�o�l−1 K−1, �i�l �g�r�a�d�i�e�n�t�e �m�a�s�s�i�m�o �d�i� �t�e�m�p�e�r�a�t�u�r�a� �d�e�v�e �e�s�s�e�r�e
�i�n�f�e�r�i�o�r�e �a�

δT
T
∼ ×10−5 ⇒ ∇T ∼ 105 K �m�−1

C�o�s�ì� �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e �p�u�ò �e�s�s�e�r�e �m�a�n�-
�t�e�n�u�t�a� �i�n� �m�o�d�o �a�b�b�a�s�t�a�n�z�a� �a�c�c�u�r�a�t�o �s�i�a� �p�e�r� �l�i�q�u�i�d�i� �e �g�a��
�a� �g�r�a�n�d�i� �g�r�a�d�i�e�n�t�i� �d�i� �t�e�m�p�e�r�a�t�u�r�a�. T�u�t�t�a�v�i�a�, �v�a� �n�o�t�a�t�o �c�h�e
�v�i�c�i�n�o �a�l�l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e, �l�a� �d�i�m�e�n�s�i�o�n�e λ �d�e�l�l�a� �c�e�l�l�a�
�p�u�ò �d�i�v�e�r�g�e�r�e �s�i�c�c�o�m�e κT �d�i�v�e�r�g�e. I�l �g�r�a�d�i�e�n�t�e �m�a�s�s�i�m�o �d�i�
�t�e�m�p�e�r�a�t�u�r�a� �a�l�l�o�r�a� �s�c�e�n�d�e �a� �z�e�r�o �p�e�r�c�h�é �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�l�l�e
�v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �d�i�v�e�n�t�a�n�o �t�r�o�p�p�o �g�r�a�n�d�i�. È �q�u�i�n�d�i� �i�m�-
�p�o�s�s�i�b�i�l�e �m�a�n�t�e�n�e�r�e �l��e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e �e �i�l �r�e�g�i�m�e �i�d�r�o�d�i�n�a�m�i�c�o
�c�e�s�s�a� �d�i� �v�a�l�e�r�e.

3.4 A�f�f�i�n�i�t�à� �e �f�l�u�s�s�i�

§77 E�q�u�a�z�i�o�n�i� �d�i� �b�i�l�a�n�c�i�o S�i� �c�o�n�s�i�d�e�r�i� �u�n�a� �r�e�g�i�o�n�e V �a�l-
�l��i�n�t�e�r�n�o �d�i� �u�n� �m�e�z�z�o �c�o�n�t�i�n�u�o, �d�e�l�i�m�i�t�a�t�a� �d�a� �u�n�a� �s�u�p�e�r�f�i�c�i�e
(�i�m�m�a�t�e�r�i�a�l�e) ∂V. S�i�a� G(t) �l�a� �q�u�a�n�t�i�t�à� �d�i� �u�n�a� �d�e�t�e�r�m�i�n�a�t�a�
�g�r�a�n�d�e�z�z�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �e�s�t�e�n�s�i�v�a� �a�l�l��i�n�t�e�r�n�o �d�i� �q�u�e�s�t�o �v�o-
�l�u�m�e. P�e�r� �s�e�m�p�l�i�c�i�t�à�, �c�o�n�s�i�d�e�r�i�a�m�o �q�u�i� �s�o�l�o �i�l �c�a�s�o �d�i� �u�n�a�
�q�u�a�n�t�i�t�à� �s�c�a�l�a�r�e. L�e �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �d�e�n�s�i�t�à� �e �q�u�a�n�t�i�t�à� �p�e�r�
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�u�n�i�t�à� �d�i� �m�a�s�s�a� �s�o�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �i�n�d�i�c�a�t�e �c�o�n� g = g(t, r)

�e gm = gm(t, r).
I �n�t�r�o�d�u�c�e�n�d�o �l�a� �d�e�n�s�i�t�à� �l�o�c�a�l�e �d�i� �m�a�s�s�a� ρ = ρ(t, r), �s�i� �h�a�

[�c�f�r�. �e��. (3.13)]

G = G(t) =
∫

V
gd3r =

∫

V
ρgmd3r. (3.29)

A�d� �o�g�n�i� �p�u�n�t�o r �d�e�l�l�a� �s�u�p�e�r�f�i�c�i�e ∂V, �i�l �q�u�a�n�t�i�t�a�t�i�v�o �d�i� G �c�h�e
�f�l�u�i�s�c�e �a�t�t�r�a�v�e�r�s�o �u�n� �e�l�e�m�e�n�t�o �d�i� �s�u�p�e�r�f�i�c�i�e �i�n�f�i�n�i�t�e�s�i�m�a� dΣ

�n�e�l�l��i�n�t�e�r�v�a�l�l�o �d�i� �t�e�m�p�o [t, t + dt] �è �d�a�t�o �d�a�

dG = JG • ndΣdt, (3.30)

�d�o�v�e n = n(r) �d�e�n�o�t�a� �i�l �v�e�t�t�o�r�e �u�n�i�t�a�r�i�o �n�o�r�m�a�l�e �a�l�l�a� �s�u�p�e�r�-
�f�i�c�i�e, �r�i�v�o�l�t�o �v�e�r�s�o �l��e�s�t�e�r�n�o �d�i� V, �m�e�n�t�r�e JG = JG(t, r) �è �l�a�
�d�e�n�s�i�t�à� �d�i� �c�o�r�r�e�n�t�e �o �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o (�s�p�e�s�s�o �i�n�d�i�c�a�t�o �c�o�m�e
�f�l�u�s�s�o) �d�i� G.

L'�e�q�u�a�z�i�o�n�e �i�n�t�e�g�r�a�l�e �d�i� �b�i�l�a�n�c�i�o �p�e�r� G �è

dG
dt

+
∫

∂V
JG • ndΣ =

∫

V
σGd3r. (3.31)

σG = σG(t, r) �è �u�n�a� �d�e�n�s�i�t�à� �d�i� �s�o�r�g�e�n�t�e (�c�o�n� �s�e�g�n�o, �s�e �n�e�g�a�-
�t�i�v�o �a� �v�o�l�t�e �s�i� �p�a�r�l�a� �d�i� `̀ �p�o�z�z�o''), �c�h�e �d�e�s�c�r�i�v�e �i�l �t�a�s�s�o �c�o�n�
�c�u�i� �v�i�e�n�e �c�r�e�a�t�a� �l�a� �q�u�a�n�t�i�t�à� G �p�e�r� �u�n�i�t�à� �d�i� �v�o�l�u�m�e. I �n� �p�a�-
�r�o�l�e, �l�a� �s�o�m�m�a� �d�e�l �t�a�s�s�o �n�e�t�t�o �d�i� �v�a�r�i�a�z�i�o�n�e �d�i� G �a�l�l��i�n�t�e�r�n�o
�d�e�l�l�a� �r�e�g�i�o�n�e V �e �d�e�l �f�l�u�s�s�o �d�i� G �u�s�c�e�n�t�e �a�t�t�r�a�v�e�r�s�o �l�a� �s�u�-
�p�e�r�f�i�c�i�e ∂V �p�e�r� �u�n�i�t�à� �d�i� �t�e�m�p�o �è �p�a�r�i� �a�l�l�a� �q�u�a�n�t�i�t�à� �d�i� G

�c�r�e�a�t�a� �p�e�r� �u�n�i�t�à� �d�i� �t�e�m�p�o �n�e�l�l�a� �r�e�g�i�o�n�e.
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C�o�m�e �d�i� �c�o�n�s�u�e�t�o2 �s�i� �p�a�s�s�a� �d�a�l�l�a� �f�o�r�m�a� �i�n�t�e�g�r�a�l�e �a�l�l�a� 2N�e�l �p�r�i�m�o �t�e�r�m�i�n�e �d�e�l�l��e�q�u�a�z�i�o�n�e
�d�i� �b�i�l�a�n�c�i�o, G(t) �p�u�ò �e�s�s�e�r�e �s�o-
�s�t�i�t�u�i�t�o �c�o�n� �l��i�n�t�e�g�r�a�l�e �d�i� �v�o�l�u�m�e
(3.29), �e �l�a� �d�e�r�i�v�a�t�a� �r�i�s�p�e�t�t�o �a�l
�t�e�m�p�o �p�u�ò �e�s�s�e�r�e �s�c�a�m�b�i�a�t�a� �c�o�n�
�l��i�n�t�e�g�r�a�z�i�o�n�e �d�i� �v�o�l�u�m�e. A �s�u�a�
�v�o�l�t�a�, �i�l �s�e�c�o�n�d�o �t�e�r�m�i�n�e �s�u�l �l�a�t�o
�d�e�s�t�r�o �d�e�l�l��e�q�u�a�z�i�o�n�e (3.31) �p�u�ò
�e�s�s�e�r�e �t�r�a�s�f�o�r�m�a�t�o �c�o�n� �l��a�i�u�t�o
�d�e�l �t�e�o�r�e�m�a� �d�e�l�l�a� �d�i�v�e�r�g�e�n�z�a�,
�p�o�r�t�a�n�d�o �a�
∫

V

∂g
∂t

d3r +
∫

V
∇∇∇ • JGd3r =

∫

V
σGd3r.

P�o�i�c�h�é �l��u�g�u�a�g�l�i�a�n�z�a� �d�e�v�e �v�a�l�e�r�e
�p�e�r� �u�n�a� �r�e�g�i�o�n�e V �a�r�b�i�t�r�a�r�i�a�, �s�i�
�o�t�t�i�e�n�e �l��e�q�u�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o
�l�o�c�a�l�e (3.32).

�f�o�r�m�a� �l�o�c�a�l�e �d�i� �b�i�l�a�n�c�i�o

∂g
∂t

+∇∇∇ • JG = σG. (3.32)

�o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e,

∂(ρgm)

∂t
+∇∇∇ • JG = σG. (3.33)

N�e�l �c�a�s�o �i�n� �c�u�i� �l�a� �d�e�n�s�i�t�à� �d�i� �s�o�r�g�e�n�t�e �è �n�u�l�l�a�, �c�i�o�è �p�e�r�
�q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�e G, �q�u�e�s�t�e �e�q�u�a�z�i�o�n�i� �d�i� �b�i�l�a�n�c�i�o �l�o�c�a�l�e
�s�i� �r�i�d�u�c�o�n�o �a�l�l�e �c�o�s�i�d�d�e�t�t�e �e�q�u�a�z�i�o�n�i� �d�i� �c�o�n�t�i�n�u�i�t�à�.

§78 P�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� N�e�l �c�a�s�o �d�e�l�l��e�n�t�r�o�p�i�a�, �c�h�e �n�o�n�
�è �u�n�a� �q�u�a�n�t�i�t�à� �c�o�n�s�e�r�v�a�t�a�, �l��e�q�u�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �g�e�n�e�r�a�l�e
(3.31) �d�i�v�e�n�t�a�

dS
dt

= −
∫

∂V
JS • ndΣ

︸ ︷︷ ︸
dS�e�x�t(t)

dt

+
∫

V
σSd3r

︸ ︷︷ ︸
dS�i�n�t(t)

dt

, (3.34)

�d�o�v�e JS �è �l�a� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �d�i� �e�n�t�r�o�p�i�a� �e σS �è �l�a� �d�e�n�s�i�t�à�
�d�i� �s�o�r�g�e�n�t�e �d�e�l�l��e�n�t�r�o�p�i�a�, �c�h�e �è �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �n�o�n� �n�e�g�a�t�i�v�a�.
I�l �p�r�i�m�o �t�e�r�m�i�n�e �a� �s�e�c�o�n�d�o �m�e�m�b�r�o,

dS�e�x�t
dt
≡ −

∫

∂V
JS • ndΣ,

�d�e�r�i�v�a� �d�a�g�l�i� �s�c�a�m�b�i� �c�o�n� �l��e�s�t�e�r�n�o �d�e�l�l�a� �r�e�g�i�o�n�e V �i�n� �c�o�n�s�i�d�e-
�r�a�z�i�o�n�e. I�l �s�e�c�o�n�d�o �t�e�r�m�i�n�e

dS�i�n�t
dt
≡
∫

V
σSd3r ≥ 0
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�c�o�r�r�i�s�p�o�n�d�e �i�n�v�e�c�e �a�l�l�a� �c�r�e�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �d�o�v�u�t�a� �a� �c�a�m�-
�b�i�a�m�e�n�t�i� �i�n�t�e�r�n�i� �a�l�l�a� �r�e�g�i�o�n�e V �e �p�u�ò �e�s�s�e�r�e �n�o�n� �n�u�l�l�o �a�n�c�h�e
�p�e�r� �s�i�s�t�e�m�i� �i�s�o�l�a�t�i�. Q�u�e�s�t�o �c�o�n�t�r�i�b�u�t�o �è �c�h�i�a�m�a�t�o �t�a�s�s�o �d�i�
�p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �o �a�n�c�h�e �p�i�ù� �b�r�e�v�e�m�e�n�t�e �p�r�o�d�u�z�i�o�n�e
�d�i� �e�n�t�r�o�p�i�a� �o �a�n�c�h�e �d�i�s�s�i�p�a�z�i�o�n�e.

S�e V �c�o�r�r�i�s�p�o�n�d�e �a�l�l��i�n�t�e�r�o �v�o�l�u�m�e �d�i� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o,
�a�l�l�o�r�a� dS�e�x�t/dt �s�i� �a�n�n�u�l�l�a�, �p�e�r�c�h�é �p�e�r� �d�e�f�i�n�i�z�i�o�n�e �i�l �s�i�s�t�e�m�a�
�n�o�n� �s�c�a�m�b�i�a� �n�i�e�n�t�e �c�o�n� �l��a�m�b�i�e�n�t�e. I �n� �q�u�e�s�t�o �c�a�s�o, �i�l �t�a�s�s�o
�d�i� �v�a�r�i�a�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �è �d�o�v�u�t�o �s�o�l�o �a� dS�i�n�t/dt �e �q�u�i�n�d�i�,
�e�s�s�e�n�d�o σS ≥ 0, �s�i� �h�a�

dS
dt

=
∫

V
σSd3r ≥ 0, �p�e�r� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o (3.35)

Q�u�e�s�t�a� �d�i�s�u�g�u�a�g�l�i�a�n�z�a� �è �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�-
�c�a� �p�e�r� �u�n� �s�i�s�t�e�m�a� �p�e�r� �c�u�i� �v�a�l�e �l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o
�l�o�c�a�l�e. P�e�r� �u�n� �s�i�s�t�e�m�a� �n�o�n� �i�s�o�l�a�t�o, �d�a�l�l�a� �p�o�s�i�t�i�v�i�t�à� �d�i� σS �e
�d�a�l�l�a� �e�q�u�a�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o (3.34), �s�e�g�u�e �l�a� �d�i�s�u�g�u�a�g�l�i�a�n�z�a�

dS
dt
≥ −

∫

∂V
JS • ndΣ, �p�e�r� �u�n� �s�i�s�t�e�m�a� �n�o�n� �i�s�o�l�a�t�o (3.36)

O�s�s�e�r�v�i�a�m�o �i�n�f�i�n�e �c�h�e �l��e�q�u�a�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o �l�o�c�a�l�e (3.32)
�c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�l�l�a� (3.34) �è

∂s
∂t

+∇∇∇ • JS = σS. (3.37)

§79 A�f�f�i�n�i�t�à� �e �f�l�u�s�s�i� L'�i�p�o�t�e�s�i� �d�i� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e �c�h�e �l�a�
�d�e�n�s�i�t�à� �d�i� �e�n�t�r�o�p�i�a� �l�o�c�a�l�e s(t, r) �h�a� �l�a� �s�t�e�s�s�a� �d�i�p�e�n�d�e�n�-
�z�a� �d�a�l�l�e �v�a�r�i�a�b�i�l�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e y(t, r), �p�o�r�t�a� �a�l�l��e�q�u�a�z�i�o�n�e
(3.19),

ds(r) = ∑
k
Fk(r)dyk(r),
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�d�a� �c�u�i� �s�e�g�u�o�n�o �d�u�e �r�e�l�a�z�i�o�n�i� �i�m�p�o�r�t�a�n�t�i�:

∂s
∂t

= ∑
k
F k

∂yk
∂t

. (3.38)

�e, �t�e�n�u�t�o �c�o�n�t�o �d�e�l �s�i�g�n�i�f�i�c�a�t�o �d�e�l �f�l�u�s�s�o, �c�i�o�è �l��e��. (3.30),

JS = ∑
k
F k Jk, (3.39)

P�r�e�n�d�e�n�d�o �l�a� �d�i�v�e�r�g�e�n�z�a� �d�i� �q�u�e�s�t�a� �i�d�e�n�t�i�t�à�, �o�t�t�e�n�i�a�m�o

∇∇∇ • JS = ∑
k
[∇∇∇F k • Jk +F k∇∇∇ • Jk] .

I�n�s�e�r�e�n�d�o �q�u�e�s�t�a� �d�i�v�e�r�g�e�n�z�a� �e �l�a� �d�e�r�i�v�a�t�a� �t�e�m�p�o�r�a�l�e (3.38)
�n�e�l�l��e�q�u�a�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o �l�o�c�a�l�e (3.37), �s�i� �o�t�t�i�e�n�e

σS = ∑
k

[
F k

∂yk
∂t

+∇∇∇F k • J +F k∇∇∇ • Jk

]

= ∑
k

{
∇∇∇F k • Jk +F k

[
∂yk
∂t

+∇∇∇ • Jk

]}

= ∑
k
∇∇∇F k • Jk,

�d�o�v�e �n�e�l�l��u�l�t�i�m�o �p�a�s�s�a�g�g�i�o �s�i� �è �t�e�n�u�t�o �c�o�n�t�o �d�e�l�l��e�q�u�a�z�i�o�n�e �d�i�
�c�o�n�t�i�n�u�i�t�à�

∂yk
∂t

+∇∇∇ • Jk = 0

�p�e�r� �l�e �q�u�a�n�t�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �l�o�c�a�l�m�e�n�t�e �c�o�n�s�e�r�v�a�t�e.
D�e�f�i�n�e�n�d�o �a�d�e�s�s�o �l�e �a�f�f�i�n�i�t�à� �m�e�d�i�a�n�t�e

AAA k =∇∇∇F k (3.40)



72 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

�i�l �t�a�s�s�o �d�i� �p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �p�u�ò �e�s�s�e�r�e �s�c�r�i�t�t�o �c�o�m�e

σS = ∑
k

AAA k • Jk (3.41)

§80 O�s�s�e�r�v�a�z�i�o�n�i� I�l �t�a�s�s�o �d�i� �p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �i�n�
�u�n� �m�e�z�z�o �c�o�n�t�i�n�u�o �h�a� �d�u�n�q�u�e �l�a� �s�t�e�s�s�a� �s�t�r�u�t�t�u�r�a� �b�i�l�i�n�e�a�r�e
�n�e�l�l�e �a�f�f�i�n�i�t�à� �e �n�e�i� �f�l�u�s�s�i� �c�o�m�e �i�n� �u�n� �s�i�s�t�e�m�a� �t�e�r�m�o�d�i�n�a�-
�m�i�c�o �d�i�s�c�r�e�t�o. Q�u�e�s�t�o �r�i�m�a�n�e �v�e�r�o �s�e �s�i� �c�o�n�s�i�d�e�r�a� �n�o�n� �s�o�l�o
�l�o �s�c�a�m�b�i�o �d�i� �q�u�a�n�t�i�t�à� �s�c�a�l�a�r�i� (�c�o�m�e �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e
�o �d�i� �e�n�e�r�g�i�a�), �m�a� �a�n�c�h�e �l�o �s�c�a�m�b�i�o �d�i� �q�u�a�n�t�i�t�à� �v�e�t�t�o�r�i�a�l�i� (�c�o-
�m�e �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o) �o �q�u�a�n�d�o �s�i� �p�e�r�m�e�t�t�e �c�h�e �a�v�v�e�n�g�a�n�o
�r�e�a�z�i�o�n�i� �c�h�i�m�i�c�h�e.

S�i� �d�e�v�o�n�o �t�u�t�t�a�v�i�a� �n�o�t�a�r�e �a�l�c�u�n�e �d�i�f�f�e�r�e�n�z�e:

• σS �è �i�l �t�a�s�s�o �d�i� �p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �p�e�r� �u�n�i�t�à� �d�i�
�v�o�l�u�m�e, �m�e�n�t�r�e dS�t�o�t/dt �è �p�e�r� �l��i�n�t�e�r�o �v�o�l�u�m�e �d�e�l �s�i�s�t�e�m�a�;

• I �f�l�u�s�s�i� J �s�o�n�o �i�n� �r�e�a�l�t�à� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o, �i�n� �c�o�n�t�r�a�s�t�o
�c�o�n� �i� �f�l�u�s�s�i� �d�i�s�c�r�e�t�i� J, �c�h�e �s�o�n�o �t�a�s�s�i� �d�i� �v�a�r�i�a�z�i�o�n�e;

• �l�e �a�f�f�i�n�i�t�à� �c�o�n�i�u�g�a�t�e �a�l�l�a� �q�u�a�n�t�i�t�à� �s�c�a�l�a�r�i� �e�s�t�e�n�s�i�v�e �i�n� �u�n�
�m�e�z�z�o �c�o�n�t�i�n�u�o �s�o�n�o �i� �g�r�a�d�i�e�n�t�i� �d�e�i� �p�a�r�a�m�e�t�r�i� �i�n�t�e�n�s�i�v�i�,
�m�e�n�t�r�e �n�e�l �c�a�s�o �d�i�s�c�r�e�t�o �s�o�n�o �d�i�f�f�e�r�e�n�z�e.

S�i� �o�s�s�e�r�v�i� �c�h�e �p�o�i�c�h�é �l�a� �v�a�r�i�a�b�i�l�e �i�n�t�e�n�s�i�v�a� �c�o�n�i�u�g�a�t�a� �a�d�
�u�n� �p�a�r�a�m�e�t�r�o �v�e�t�t�o�r�i�a�l�e �e�s�t�e�n�s�i�v�o �è �u�n� �v�e�t�t�o�r�e, �c�o�m�e �e�s�e�m�-
�p�l�i�f�i�c�a�t�o �d�a�l�l��e��. (3.12) �p�e�r� �l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o, �s�i� �t�r�o�v�a�
�f�a�c�i�l�m�e�n�t�e �c�h�e �l��a�f�f�i�n�i�t�à� �c�o�r�r�i�s�p�o�n�d�e�n�t�e �è �u�n� �t�e�n�s�o�r�e �d�i� �r�a�n�g�o
2. I�n� �t�a�l �c�a�s�o, �l�a� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �è �a�n�c�h��e�s�s�a� �u�n� �t�e�n�s�o�r�e
�d�i� �r�a�n�g�o 2.
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§81 S�i�s�t�e�m�a� �s�e�m�p�l�i�c�e �i�n� �e�q�u�i�l�i�b�r�i�o �m�e�c�c�a�n�i�c�o C�o�m�e �e�s�e�m�p�i�o
�d�e�l�l�e �c�o�n�s�i�d�e�r�a�z�i�o�n�i� �s�o�p�r�a�, �c�o�n�s�i�d�e�r�i�a�m�o �i�l �s�i�s�t�e�m�a� �s�e�m�p�l�i�c�e
�c�o�n� �e�q�u�a�z�i�o�n�e �l�o�c�a�l�e �d�i� G�i�b�b�� (3.15), �c�i�o�è

ds =
1
T︸︷︷︸
FE

de +
(
− µ

T

)

︸ ︷︷ ︸
FN

dn .

P�e�r� �l�a� �f�o�r�m�u�l�a� (3.39), �l�a� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �d�i� �e�n�t�r�o�p�i�a� �è

JS =
1
T︸︷︷︸
FE

JE +
(
− µ

T

)

︸ ︷︷ ︸
FN

JN . (3.42)

�c�h�e �r�i�s�p�e�c�c�h�i�a� �e�s�a�t�t�a�m�e�n�t�e �l��e�q�u�a�z�i�o�n�e �l�o�c�a�l�e �d�i� G�i�b�b�� (�c�o�m�e
�d�e�v�e �e�s�s�e�r�e �i�n� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e). S�i� �o�s�s�e�r�v�i� �i�n�o�l�t�r�e �c�h�e �s�e �s�i�
�i�n�t�r�o�d�u�c�e �i�l �f�l�u�s�s�o �d�e�l �c�a�l�o�r�e

JQ = TJS = JE − µJN (3.43)

�s�i� �h�a� �u�n�a� �r�e�l�a�z�i�o�n�e �d�e�l �t�u�t�t�o �a�n�a�l�o�g�a� �a�l�l�a� �r�e�l�a�z�i�o�n�e �t�e�r�m�o�d�i�-
�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o

δQ = TdS

�c�h�e �c�o�l�l�e�g�a� �i�l �c�a�l�o�r�e �q�u�a�s�i�-�s�t�a�t�i�c�o δQ �c�o�n� �i�l �d�i�f�f�e�r�e�n�z�i�a�l�e �d�e�l-
�l��e�n�t�r�o�p�i�a�. L'�a�n�a�l�o�g�i�a� �c�o�n� �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�o �è
�r�e�s�a� �a�n�c�o�r�a� �p�i�ù� �v�i�v�i�d�a� �s�e �r�i�s�c�r�i�v�i�a�m�o �l�a� �d�i�s�u�g�u�a�g�l�i�a�n�z�a�
(3.36) �u�s�a�n�d�o �i�l �f�l�u�s�s�o �d�e�l �c�a�l�o�r�e JQ:

dS
dt
≥ −

∫

∂V

JQ

T
• ndΣ,

�c�h�e �è �a�n�a�l�o�g�a� �a�l�l�a� �d�i�s�u�g�u�a�g�l�i�a�n�z�a� �d�i� C�l�a�u�s�i�u�� dS ≥ δQ/T.
T�r�o�v�i�a�m�o �i�n�f�i�n�e �u�n�a� �f�o�r�m�u�l�a� �u�t�i�l�e �p�e�r� �i�l �t�a�s�s�o �d�i� �p�r�o�d�u�-
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�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a�. Q�u�e�s�t�o �è �d�a�t�o �d�a�l�l�a� (3.41) �e�d� �è

σs =∇∇∇
(

1
T

)
• JE −∇∇∇

( µ

T

)
• JN

= − 1
T2 JE •∇∇∇T +

µ

T2 JN •∇∇∇T − 1
T

JN •∇∇∇µ

= − 1
T

(
1
T

JE −
µ

T
JN

)
•∇∇∇T − 1

T
JN •∇∇∇µ,

�d�o�v�e JE �è �l�a� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �e JN �è �l�a�
�d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �d�i� �p�a�r�t�i�c�e�l�l�e.

U�t�i�l�i�z�z�a�n�d�o �l�a� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �d�i� �e�n�t�r�o�p�i�a� (3.42), �s�i�
�p�u�ò �r�i�s�c�r�i�v�e�r�e �l�a� �p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �c�o�m�e

σs = −
1
T

JS •∇∇∇T − 1
T

JN •∇∇∇µ. (3.44)

�e �u�t�i�l�i�z�z�a�n�d�o �l�a� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �d�i� �c�a�l�o�r�e (3.42), �s�i� �o�t�t�i�e�n�e
�l�a� �f�o�r�m�u�l�a� �e�q�u�i�v�a�l�e�n�t�e

σs = JQ •∇∇∇
(

1
T

)
− 1

T
JN •∇∇∇µ. (3.45)

�d�a� �q�u�e�s�t'�u�l�t�i�m�a� �f�o�r�m�u�l�a� �s�e�g�u�e �c�h�e �l�e �a�f�f�i�n�i�t�à� �c�o�n�i�u�g�a�t�e �a� JQ �e
JN �s�o�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e ∇∇∇(1/T) �e −(1/T)∇∇∇µ.

3.5 L�e�g�g�i� �f�e�n�o�m�e�n�o�l�o�g�i�c�h�e �i�n� �a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �l�i�n�e�a�-
�r�e

§82 L�e �a�f�f�i�n�i�t�à� �e �f�l�u�s�s�i� �i�n�t�r�o�d�o�t�t�i� �n�e�l�l�a� �s�e�z�i�o�n�e �p�r�e�c�e�d�e�n�-
�t�e �p�e�r� �d�e�s�c�r�i�v�e�r�e �s�i�s�t�e�m�i� �n�o�n� �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o
�s�o�n�o �i�n�u�t�i�l�i� �f�i�n�t�a�n�t�o �c�h�e �n�o�n� �v�e�n�g�o�n�o �i�n�t�e�g�r�a�t�i� �c�o�n� �d�e�l�l�e �r�e-
�l�a�z�i�o�n�i� �c�h�e �s�p�e�c�i�f�i�c�a�n�o �c�o�m�e �i� �f�l�u�s�s�i� �s�o�n�o �l�e�g�a�t�i� �a�g�l�i� �a�l�t�r�i�
�p�a�r�a�m�e�t�r�i� �t�e�r�m�o�d�i�n�a�m�i�c�i�. N�e�l �q�u�a�d�r�o �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�,
�q�u�e�s�t�e �s�o�n�o �l�e�g�g�i� �f�e�n�o�m�e�n�o�l�o�g�i�c�h�e �c�h�e �c�o�i�n�v�o�l�g�o�n�o �c�oe�f�f�i�c�i�e�n�t�i�,
�c�a�r�a�t�t�e�r�i�s�t�i�c�i� �d�i� �o�g�n�i� �s�i�s�t�e�m�a� �e �c�h�e �d�e�v�o�n�o �e�s�s�e�r�e �d�e�s�u�n�t�i�
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�d�a� �m�i�s�u�r�e �s�p�e�r�i�m�e�n�t�a�l�i�. P�e�r� �a�r�r�i�v�a�r�e �a� �t�a�l�i� �l�e�g�g�i�, �s�i� �i�n�t�r�o-
�d�u�c�o�n�o �a�l�c�u�n�e �i�p�o�t�e�s�i� �f�i�s�i�c�h�e �c�h�e �p�o�r�t�a�n�o �a� �s�e�m�p�l�i�f�i�c�a�r�e �l�a�
�f�o�r�m�a� �f�u�n�z�i�o�n�a�l�e �d�i� �q�u�e�s�t�e �r�e�l�a�z�i�o�n�i�. I �d�i�v�e�r�s�i� �c�oe�f�f�i�c�i�e�n�t�i�
�c�h�e �e�n�t�r�a�n�o �n�e�l�l�e �l�e�g�g�i� �n�o�n� �p�o�s�s�o�n�o �e�s�s�e�r�e �d�e�l �t�u�t�t�o �a�r�b�i�t�r�a�-
�r�i�, �m�a� �s�o�n�o �l�i�m�i�t�a�t�i� �d�a� �c�o�n�s�i�d�e�r�a�z�i�o�n�i� �d�i� �s�i�m�m�e�t�r�i�a� �n�o�n�c�h�é
�d�a�l�e �r�e�l�a�z�i�o�n�i� �s�c�o�p�e�r�t�e �d�a� L�a�r�� O�n�s�a�g�e�r� (1931), �c�h�e, �i�n� �u�n�
�a�p�p�r�o�c�c�i�o �m�a�c�r�o�s�c�o�p�i�c�o, �p�o�s�s�o�n�o �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�e �c�o�m�e
�p�r�i�n�c�i�p�i� �f�o�n�d�a�m�e�n�t�a�l�i� �a�g�g�i�u�n�t�i�v�i�.

§83 S�i�s�t�e�m�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� M�a�r�k�o�v�i�a�n�i� P�e�r� �u�n� �d�a�t�o �s�i�-
�s�t�e�m�a� �t�e�r�m�o�d�i�n�a�m�i�c�o, �i� �v�a�r�i� �p�a�r�a�m�e�t�r�i� �l�o�c�a�l�i� �i�n�t�e�n�s�i�v�i�
F = (F k), �a�f�f�i�n�i�t�à� A = (Ak) �e �f�l�u�s�s�i� J = (Jk) � �d�o�v�e �p�e�r�
�b�r�e�v�i�t�à� �l�a� �n�a�t�u�r�a� �t�e�n�s�o�r�i�a�l�e �d�e�l�l�e �q�u�a�n�t�i�t�à� �è �s�t�a�t�o �o�m�e�s�s�o �
�r�a�p�p�r�e�s�e�n�t�a�n�o �u�n� �i�n�s�i�e�m�e �d�i� �v�a�r�i�a�b�i�l�i� �c�h�e �n�o�n� �s�o�n�o �p�i�e�n�a�-
�m�e�n�t�e �v�i�n�c�o�l�a�t�e �d�a�l�l��a�s�s�u�n�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o
�l�o�c�a�l�e, �c�i�o�è �d�a�l�l�a� �s�o�l�a� �v�a�l�i�d�i�t�à� �d�e�l�l�e �e�q�u�a�z�i�o�n�i� �d�i� �s�t�a�t�o �l�o�c�a�-
�l�i�. P�e�r� �c�h�i�u�d�e�r�e �i�l �s�i�s�t�e�m�a� �d�i� �e�q�u�a�z�i�o�n�i� �p�e�r� �q�u�e�s�t�e �v�a�r�i�a�b�i�-
�l�i�, �s�o�n�o �n�e�c�e�s�s�a�r�i�e �u�l�t�e�r�i�o�r�i� �r�e�l�a�z�i�o�n�i�, �e �p�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e
�r�e�l�a�z�i�o�n�i� �t�r�a� �i� �f�l�u�s�s�i� �e �g�l�i� �a�l�t�r�i� �p�a�r�a�m�e�t�r�i�.

I �n� �g�e�n�e�r�a�l�e, �u�n� �d�a�t�o �f�l�u�s�s�o Jj(r, t) �p�o�t�r�e�b�b�e �a�v�e�r�e �u�n�a� �d�i�-
�p�e�n�d�e�n�z�a� �d�a�i� �v�a�l�o�r�i� �d�e�i� �p�a�r�a�m�e�t�r�i� �i�n�t�e�n�s�i�v�i� F �e �a�f�f�i�n�i�t�à� A

�a�d� �o�g�n�i� �i�s�t�a�n�t�e �e �p�u�n�t�o �d�e�l�l�o �s�p�a�z�i�o �c�o�n�s�e�n�t�i�t�i� �d�a�l�l�a� �c�a�u�s�a�-
�l�i�t�à�, �c�i�o�è �a� �q�u�a�l�s�i�a�s�i� �t�e�m�p�o t′ ≤ t �e �p�o�s�i�z�i�o�n�e r′ �s�o�d�d�i�s�f�a�c�e�n�t�e
�l�a� �c�o�n�d�i�z�i�o�n�e |r− r′| ≤ c(t− t′), �c�o�n� c �l�a� �v�e�l�o�c�i�t�à� �d�e�l�l�a� �l�u�c�e �n�e�l
�v�u�o�t�o.

I �n� �m�o�l�t�i� �s�i�s�t�e�m�i�, �s�i� �p�u�ò �t�u�t�t�a�v�i�a� �a�s�s�u�m�e�r�e �c�h�e �i� �f�l�u�s�s�i�
�i�n� �u�n� �d�a�t�o �m�o�m�e�n�t�o �d�i�p�e�n�d�a�n�o �s�o�l�o �d�a�i� �v�a�l�o�r�i� �d�e�i� �p�a�r�a�m�e�t�r�i�
�i�n�t�e�n�s�i�v�i� �e �d�e�l�l�e �a�f�f�i�n�i�t�à� �a�l�l�o �s�t�e�s�s�o �i�s�t�a�n�t�e, �e �q�u�i�n�d�i� �a�l�l�o
�s�t�e�s�s�o �p�u�n�t�o �s�p�a�z�i�a�l�e. P�e�r� �q�u�e�s�t�i� �s�i�s�t�e�m�i� �m�a�r�k�o�v�i�a�n�i�, �s�i� �h�a�
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�c�o�s�ì�
Jj(t, r) = Jj

[
F (t, r), A (t, r)

]
. (3.46)

N�o�t�a�. �l��a�s�s�u�n�z�i�o�n�e �d�i� �r�a�p�p�o�r�t�i� �i�s�t�a�n�t�a�n�e�i� �t�r�a� �c�a�u�s�a� �e�d�
�e�f�f�e�t�t�o �e�s�c�l�u�d�e �a�u�t�o�m�a�t�i�c�a�m�e�n�t�e �f�e�n�o�m�e�n�i� �d�i� �i�s�t�e�r�e�s�i�, �i�n� �c�u�i�
�l�a� �s�t�o�r�i�a� �p�a�s�s�a�t�a� �d�e�l �s�i�s�t�e�m�a� �g�i�o�c�a� �u�n� �r�u�o�l�o �e�s�s�e�n�z�i�a�l�e,
�c�o�m�e �p�e�r� �e�s�e�m�p�i�o �n�e�i� �f�e�r�r�o�m�a�g�n�e�t�i�.

§84 P�r�o�c�e�s�s�i� �l�i�n�e�a�r�i� �i�n� �s�i�s�t�e�m�i� �t�e�r�m�o�d�i�n�a�m�i�c�i� M�a�r�k�o�v�i�a�n�i�
U�n�a� �e�s�p�a�n�s�i�o�n�e T�a�y�l�o�r� �d�e�l �f�l�u�s�s�o �v�i�s�t�o �c�o�m�e �u�n�a� �f�u�n�z�i�o�n�e
�d�e�l�l�e �a�f�f�i�n�i�t�à� �d�à�

Jj(F , A ) = J
�e��
j + ∑

k
Ljk(F )A k +

1
2 ∑

k,l
Ljkl(F )A kA l + . . . , (3.47)

�d�o�v�e �i� �c�oe�f�f�i�c�i�e�n�t�i� �c�i�n�e�t�i�c�i� Ljk, Ljkl , . . . �d�i�p�e�n�d�o�n�o �s�o�l�o �d�a�i� �p�a�-
�r�a�m�e�t�r�i� �i�n�t�e�n�s�i�v�i�. P�e�r� �r�e�n�d�e�r�e �c�o�n�t�o �d�e�l �p�o�s�s�i�b�i�l�e �m�o�v�i�m�e�n�t�o
�d�e�l �s�i�s�t�e�m�a�, �è �s�t�a�t�a� �i�n�s�e�r�i�t�a� �u�n�a� �c�o�r�r�e�n�t�e �d�i� �e�q�u�i�l�i�b�r�i�o J

�e��
k ,

�c�h�e �t�u�t�t�a�v�i�a� �n�o�n� �c�o�n�t�r�i�b�u�i�s�c�e �a�l�l�a� �p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a�.
I �n� �p�r�e�s�e�n�z�a� �d�i� �t�a�l�e �c�o�r�r�e�n�t�e, �i�n�v�e�c�e �d�e�l�l�a� (3.41), �l�a� �r�e�l�a�z�i�o-
�n�e �t�r�a� �i�l �t�a�s�s�o �d�i� �p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �e �l�e �a�f�f�i�n�i�t�à� �e �i�
�f�l�u�s�s�i� �è

σS = ∑
k

A k J̃k, (3.48)

�c�o�n�
J̃k ≡ Jk − J

�e��
k . (3.49)

Q�u�a�n�d�o �l�e �a�f�f�i�n�i�t�à� �s�o�n�o �p�i�c�c�o�l�e �s�i� �p�u�ò �a�p�p�r�o�s�s�i�m�a�r�e �i�l
�f�l�u�s�s�o �c�o�n� �i� �t�e�r�m�i�n�i� �d�i� �p�r�i�m�o �o�r�d�i�n�e, �m�e�n�t�r�e �i� �t�e�r�m�i�n�i� �d�i�
�o�r�d�i�n�e �s�u�p�e�r�i�o�r�e �p�o�s�s�o�n�o �e�s�s�e�r�e �t�r�a�s�c�u�r�a�t�i�. T�a�l�e �p�r�o�c�e�s�s�o
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�l�i�n�e�a�r�e �o�b�b�e�d�i�s�c�e �q�u�i�n�d�i� �l�a� �r�e�l�a�z�i�o�n�e �g�e�n�e�r�a�l�e

J̃j = ∑
k

LjkA k (3.50)

I�n� �q�u�e�s�t�o �c�a�s�o, �i�l �t�a�s�s�o �d�i� �p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� (3.41)
�d�i�v�e�n�t�a�

σS = ∑
k

LjkA jA k (3.51)

P�o�i�c�h�é �i�l �p�r�o�d�o�t�t�o A jA k �è �s�i�m�m�e�t�r�i�c�o �n�e�l�l�o �s�c�a�m�b�i�o �d�e�l�l�e
�q�u�a�n�t�i�t�à� j �e k, �s�o�l�o �l�a� �p�a�r�t�e �s�i�m�m�e�t�r�i�c�a� 1/2(Ljk + Lkj) �c�o�n�-
�t�r�i�b�u�i�s�c�e �a�l�l�a� �p�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a�, �m�e�n�t�r�e �l�a� �p�a�r�t�e �a�n�t�i�-
�s�i�m�m�e�t�r�i�c�a� �n�o�n� �c�o�n�t�r�i�b�u�i�s�c�e. (S�i� �o�s�s�e�r�v�i� �c�h�e �i�l �r�e�q�u�i�s�i�t�o �c�h�e
σS ≥ 0 �c�o�m�p�o�r�t�a�, �t�r�a� �l��a�l�t�r�o, �c�h�e Ljj > 0 �p�e�r� �o�g�n�i� j.)

S�i� �o�s�s�e�r�v�i� �i�n�o�l�t�r�e �c�h�e �n�e�l�l�a� �r�e�l�a�z�i�o�n�e (3.50) (�o, �p�i�ù� �g�e-
�n�e�r�a�l�m�e�n�t�e �n�e�l�l�a� (3.47)) , �s�i� �p�r�e�s�u�m�e �c�h�e �u�n� �d�a�t�o �f�l�u�s�s�o Jj

�d�i�p�e�n�d�a� �n�o�n� �s�o�l�o �d�a�l�l��a�f�f�i�n�i�t�à� �c�o�n�i�u�g�a�t�a� A j, �m�a� �a�n�c�h�e �d�a�l�l�e
�a�l�t�r�e �a�f�f�i�n�i�t�à� A k �c�o�n� k 6= j.

§85 S�c�a�l�a�r�i�, �v�e�t�t�o�r�i� �e �t�e�n�s�o�r�i� S�e �l�e �a�f�f�i�n�i�t�à� �e �f�l�u�s�s�i� �s�o�n�o
�v�e�t�t�o�r�i� �o �t�e�n�s�o�r�i� �d�i� �r�a�n�g�o 2 �o �s�u�p�e�r�i�o�r�e (�r�i�s�p�e�t�t�o �a�l�l�o �s�p�a�-
�z�i�o �f�i�s�i�c�o �t�r�i�d�i�m�e�n�s�i�o�n�a�l�e), �i� �c�oe�f�f�i�c�i�e�n�t�i� �c�i�n�e�t�i�c�i� �s�t�e�s�s�i� �s�o�n�o
�t�e�n�s�o�r�i�. P�e�r� �e�s�e�m�p�i�o, �n�e�l �c�a�s�o �d�e�l �t�r�a�s�p�o�r�t�o �v�e�t�t�o�r�i�a�l�e, �i�
�c�oe�f�f�i�c�i�e�n�t�i� �d�i� �p�r�i�m�o �o�r�d�i�n�e �s�o�n�o �t�e�n�s�o�r�i� Ljk �d�i� �r�a�n�g�o 2.

C�o�n�s�i�d�e�r�i�a�m�o, �p�e�r� �e�s�e�m�p�i�o �u�n�a� �t�e�o�r�i�a� �c�o�n� �d�u�e �v�a�r�i�a�b�i�l�i�
�e�s�t�e�n�s�i�v�e �s�c�a�l�a�r�i�, A = A(t, r) �e B = B(t, r) �e �u�n�a� �v�a�r�i�a�b�i�l�e
�e�s�t�e�n�s�i�v�a� �v�e�t�t�o�r�i�a�l�e V = V(t, r) �c�h�e �d�e�s�c�r�i�v�e �u�n� �i�p�o�t�e�t�i�c�o
�s�i�s�t�e�m�a� �c�o�n� �e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b��

ds = FAda +F Bdb + FV • dv
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(�c�o�m�e �d�i� �c�o�n�s�u�e�t�o, �s�i� �s�o�n�o �d�e�n�o�t�a�t�e �i�n� �m�i�n�u�s�c�o�l�o �l�e �d�e�n�s�i�t�à�
�d�e�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e), �c�o�n�

FA ≡
∂s
∂a

�s�c�a�l�a�r�e,

F B ≡
∂s
∂b

�s�c�a�l�a�r�e,

FV ≡
∂s
∂v

�v�e�t�t�o�r�e

L�e �a�f�f�i�n�i�t�à� �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �a�l�l�e �v�a�r�i�a�b�i�l�i� A �e B �e V �s�o�n�o
�r�i�s�p�e�t�t�i�v�a�m�e�n�t�e

AAA A =∇∇∇FA �v�e�t�t�o�r�e,
AAA B =∇∇∇FB �v�e�t�t�o�r�e,
AV ≡ ∇∇∇FV �t�e�n�s�o�r�e �d�i� �r�a�n�g�o 2

S�c�r�i�v�i�a�m�o �a�d�e�s�s�o �l�a� �r�e�l�a�z�i�o�n�e �g�e�n�e�r�a�l�e (3.50) �p�e�r� �i� �f�l�u��-
�s�i� �i�n� �f�o�r�m�a� �m�a�t�r�i�c�i�a�l�e (�o�m�e�t�t�e�n�d�o �p�e�r� �b�r�e�v�i�t�à� �l�a� �t�i�l�d�e �s�u�i�
�f�l�u�s�s�i�)




JA

JB

JV



=




LAA LAB LAV

LBA LBB LBV

LVA LVB LVV







AAA A

AAA B

AV




(3.52)

3.6 P�r�i�n�c�i�p�i�o �d�i� C�u�r�i�e �e �r�e�l�a�z�i�o�n�i� �d�i� O�n�s�a�g�e�r�

§86 P�r�i�n�c�i�p�i�o �d�i� C�u�r�i�e V�o�g�l�i�a�m�o �a�d�e�s�s�o �d�i�s�c�u�t�e�r�e �i� �p�r�i�n�-
�c�i�p�i� �g�e�n�e�r�a�l�i� �c�h�e �l�i�m�i�t�a�n�o �i� �p�o�s�s�i�b�i�l�i� �v�a�l�o�r�i� �d�e�i� �c�oe�f�f�i�c�i�e�n�t�i�
�c�i�n�e�t�i�c�i�. U�n� �p�r�i�m�o �p�r�i�n�c�i�p�i�o �r�i�s�a�l�e �a� P�i�e�r�r�e C�u�r�i�e (1894),
�s�e�c�o�n�d�o �c�u�i� �g�l�i� �e�f�f�e�t�t�i�, �q�u�i�, �i� �f�l�u�s�s�i�, �d�e�v�o�n�o �a�v�e�r�e �g�l�i� �s�t�e�s�s�i�
�e�l�e�m�e�n�t�i� �d�i� �s�i�m�m�e�t�r�i�a� �d�e�l�l�e �l�o�r�o �c�a�u�s�e, �q�u�i�, �l�e �a�f�f�i�n�i�t�à�.3 3A �r�i�g�o�r� �d�i� �t�e�r�m�i�n�i�, �q�u�e�s�t�o �p�r�i�n�-

�c�i�p�i�o �v�a�l�e �q�u�a�n�d�o �s�i� �c�o�n�s�i�d�e�r�a�n�o
�t�u�t�t�i� �i� �p�o�s�s�i�b�i�l�i� �e�f�f�e�t�t�i� �d�i� �u�n�a�
�c�e�r�t�a� �c�a�u�s�a�, �c�i�o�è �q�u�a�n�d�o �s�i� �c�o�n�-
�s�i�d�e�r�a�n�o �t�u�t�t�e �l�e �r�e�a�l�i�z�z�a�z�i�o�n�i� �d�i�
�u�n�a� �q�u�a�l�c�h�e �e�v�e�n�t�u�a�l�e �r�o�t�t�u�r�a� �d�i�
�s�i�m�m�e�t�r�i�a� �s�o�n�o �p�r�e�s�i� �i�n� �c�o�n�s�i�-
�d�e�r�a�z�i�o�n�e (�c�a�s�o �c�h�e �p�e�r�o' �n�o�n� �s�i�
�v�e�r�i�f�i�c�a� �q�u�i�).

L�i�m�i�t�a�n�d�o�c�i� �a� �m�e�z�z�i� �i�s�o�t�r�o�p�i� �c�o�n�t�i�n�u�i�, �c�i�o�è �s�i�m�m�e�t�r�i�c�i�
�p�e�r� �r�o�t�a�z�i�o�n�i� �s�p�a�z�i�a�l�i� �a�r�b�i�t�r�a�r�i�e �e �p�e�r� �i�n�v�e�r�s�i�o�n�e �d�i� �p�a�r�i�t�à�
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�s�p�a�z�i�a�l�e, �s�i� �p�o�s�s�o�n�o �e�l�e�n�c�a�r�e �d�u�e �c�o�n�s�e�g�u�e�n�z�e �d�i� �q�u�e�s�t�o
�p�r�i�n�c�i�p�i�o:

(�i�) N�e�l �t�r�a�s�p�o�r�t�o �d�i� �q�u�a�n�t�i�t�à� �s�c�a�l�a�r�i�, �p�e�r� �l�e �q�u�a�l�i� �i� �f�l�u�s�s�i�
�e �l�e �a�f�f�i�n�i�t�à� �s�o�n�o �v�e�t�t�o�r�i�, �i� �t�e�n�s�o�r�i� Lik �s�o�n�o �p�r�o�p�o�r�z�i�o-
�n�a�l�i� �a�l�l��i�d�e�n�t�i�t�à� 11, �c�i�o�è �c�o�i�n�v�o�l�g�o�n�o �u�n� �s�i�n�g�o�l�o �n�u�m�e�r�o:,
Ljk = Ljk11.

(�i�i�) F�l�u�s�s�i� �e �a�f�f�i�n�i�t�à� �d�i� �d�i�f�f�e�r�e�n�t�e �c�a�r�a�t�t�e�r�e �t�e�n�s�o�r�i�a�l�e �n�o�n�
�s�i� �a�c�c�o�p�p�i�a�n�o.

Q�u�e�s�t�o �s�e�m�p�l�i�f�i�c�a� �n�o�t�e�v�o�l�m�e�n�t�e �l�a� �r�e�l�a�z�i�o�n�e �t�r�a� �f�l�u�s�s�i� �e
�a�f�f�i�n�i�t�à�. I �n� �p�a�r�t�i�c�o�l�a�r�e, �l�a� �r�e�l�a�z�i�o�n�e (3.74) �d�i�v�e�n�t�a�




JA

JB

JV



=




LAA LAB 0

LBA LBB 0

0 0 LVV







AAA A
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AV




(3.53)

L�e �q�u�a�n�t�i�t�à� LAA, LAB, LBA, LBB �s�o�n�o �s�c�a�l�a�r�i�. D�e�l�l�a� �s�t�r�u�t�t�u�r�a�
�d�e�l �t�e�n�s�o�r�e LVV �c�e �n�e �o�c�c�u�p�e�r�e�m�o �n�e�l �s�e�g�u�i�t�o �q�u�a�n�d�o �s�t�u�d�i�e-
�r�e�m�o �i�l �c�a�s�o �p�i�ù� �i�m�p�o�r�t�a�n�t�e �d�i� �t�r�a�s�p�o�r�t�o �d�i� �u�n�a� �q�u�a�n�t�i�t�à�
�v�e�t�t�o�r�i�a�l�e: �i�l �t�r�a�s�p�o�r�t�o �d�e�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �i�n� �u�n� �f�l�u�i�d�o
�n�e�w�t�o�n�i�a�n�o.

§87 T�e�o�r�e�m�a� �d�i� O�n�s�a�g�e�r� U�n� �a�l�t�r�o �p�r�i�n�c�i�p�i�o �d�i� �s�i�m�m�e-
�t�r�i�a�, �c�h�e �è �s�t�a�t�o �v�e�r�i�f�i�c�a�t�o �s�p�e�r�i�m�e�n�t�a�l�m�e�n�t�e �i�n� �v�a�r�i� �s�i�s�t�e�m�i�,
�e �p�o�i� �f�o�r�m�a�l�i�z�z�a�t�o �n�e�l 1931 �d�a� L�a�r�� O�n�s�a�g�e�r� �c�o�m�e �u�n�
�t�e�o�r�e�m�a� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�, �r�i�g�u�a�r�d�a� �i� �c�oe�f�f�i�c�i�e�n�t�i� �i�n�c�r�o-
�c�i�a�t�i� Lik �c�o�n� i 6= k. Q�u�e�s�t�i� �c�oe�f�f�i�c�i�e�n�t�i� �d�e�s�c�r�i�v�o�n�o �t�r�a�s�p�o�r�t�o
`̀ �i�n�d�i�r�e�t�t�o'', �c�o�m�e �a�d� �e�s�e�m�p�i�o �q�u�a�n�d�o �l��e�n�e�r�g�i�a� �v�i�e�n�e �t�r�a�s�p�o�r�-
�t�a�t�a� �n�o�n� �s�o�l�o �a� �c�a�u�s�a� �d�i� �u�n� �g�r�a�d�i�e�n�t�e �d�i� �t�e�m�p�e�r�a�t�u�r�a�, �c�h�e
�c�o�r�r�i�s�p�o�n�d�e �a� �u�n� �t�r�a�s�f�e�r�i�m�e�n�t�o �p�e�r� �c�o�n�d�u�z�i�o�n�e, �m�a� �a�n�-
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�c�h�e �a� �c�a�u�s�a� �d�i� �u�n� �g�r�a�d�i�e�n�t�e �d�i� �d�e�n�s�i�t�à� �d�i� �p�a�r�t�i�c�e�l�l�e, �c�h�e �è �i�l
�t�r�a�s�f�e�r�i�m�e�n�t�o �d�i� �e�n�e�r�g�i�a� �p�e�r� �c�o�n�v�e�z�i�o�n�e.

P�e�r� �f�o�r�m�u�l�a�r�e �i�l �t�e�o�r�e�m�a� �d�i� O�n�s�a�g�e�r� �è �c�o�m�o�d�o �i�n�t�r�o�d�u�r�-
�r�e �u�n�a� �n�o�t�a�z�i�o�n�e �c�h�e �e�s�i�b�i�s�c�e �l�a� �d�i�p�e�n�d�e�n�z�a� �f�u�n�z�i�o�n�a�l�e �d�e�i�
�c�oe�f�f�i�c�i�e�n�t�i� �c�i�n�e�t�i�c�i� �d�a� �u�n� (�e�v�e�n�t�u�a�l�e) �c�a�m�p�o �m�a�g�n�e�t�i�c�o �e�s�t�e�r�-
�n�o Be, �s�o�p�p�r�i�m�e�n�d�o �l�a� �d�i�p�e�n�d�e�n�z�a� �d�a�g�l�i� �a�l�t�r�i� �p�a�r�a�m�e�t�r�i�
�i�n�t�e�n�s�i�v�i� F k,

Ljk = Ljk(Be) .

I�l �t�e�o�r�e�m�a� �d�i� O�n�s�a�g�e�r� �s�t�a�b�i�l�i�s�c�e �c�h�e

Ljk(Be) = Lkj(−Be), (3.54)

�v�a�l�e �a� �d�i�r�e, �s�t�a�b�i�l�i�s�c�e �u�n�a� �s�i�m�m�e�t�r�i�a� �t�r�a� �l��e�f�f�e�t�t�o �l�i�n�e�a�r�e �d�e�l-
�l�a� j-�e�s�i�m�a� �a�f�f�i�n�i�t�à� �s�u�l �f�l�u�s�s�o k-�e�s�i�m�o �e �l��e�f�f�e�t�t�o �l�i�n�e�a�r�e �d�e�l�l�a�
k-�e�s�i�m�a� �a�f�f�i�n�i�t�à� �s�u�l �f�l�u�s�s�o j-�e�s�i�m�o �q�u�a�n�d�o �q�u�e�s�t�i� �e�f�f�e�t�t�i� �s�o�n�o
�m�i�s�u�r�a�t�i� �i�n� �c�a�m�p�i� �m�a�g�n�e�t�i�c�i� �o�p�p�o�s�t�i�. C�o�n� �r�i�f�e�r�i�m�e�n�t�o �a�l�l�a�
�r�e�l�a�z�i�o�n�e (3.53), �s�i� �h�a� �d�u�n�q�u�e �u�n�'�u�l�t�e�r�i�o�r�e �s�e�m�p�l�i�f�i�c�a�z�i�o�n�e:
LAB = LBA.

I�l �t�e�o�r�e�m�a� �s�i� �d�i�m�o�s�t�r�a� �c�o�n� �i� �m�e�t�o�d�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�-
�t�i�s�t�i�c�a� (�t�e�o�r�i�a� �d�e�l�l�e �f�l�u�t�t�u�a�z�i�o�n�i�) �e�d� �è �c�o�n�s�e�g�u�e�n�z�a� �d�e�l�l��i�n�v�a�-
�r�i�a�n�z�a� �p�e�r� �i�n�v�e�r�s�i�o�n�e �t�e�m�p�o�r�a�l�e �d�e�l�l�e �l�e�g�g�i� �f�i�s�i�c�h�e �f�o�n�d�a�-
�m�e�n�t�a�l�i�.

3.7 T�r�a�s�p�o�r�t�o �d�e�l �c�a�l�o�r�e �e �d�i�f�f�u�s�i�o�n�e �d�i� �p�a�r�t�i�c�e�l�l�e

§88 T�r�a�s�p�o�r�t�o �d�e�l �c�a�l�o�r�e �i�n� �u�n� �i�s�o�l�a�n�t�e C�o�n�s�i�d�e�r�i�a�m�o �o�r�a�
�a�l�c�u�n�e �l�e�g�g�i� �f�e�n�o�m�e�n�o�l�o�g�i�c�h�e �l�i�n�e�a�r�i� �d�i� �t�r�a�s�p�o�r�t�o �e �l�a� �l�o�r�o
�e�s�p�r�e�s�s�i�o�n�e �i�n� �t�e�r�m�i�n�i� �d�i� �r�e�l�a�z�i�o�n�i� �t�r�a� �f�l�u�s�s�i� �e �a�f�f�i�n�i�t�à�.
I �n�i�z�i�a�m�o �c�o�n� �i�l �f�e�n�o�m�e�n�i� �d�i� �t�r�a�s�p�o�r�t�o �d�e�l �c�a�l�o�r�e, �c�h�e �s�a�r�à�
�s�t�u�d�i�a�t�o �n�e�l �s�i�s�t�e�m�a� �d�i� �r�i�f�e�r�i�m�e�n�t�o �i�n� �q�u�i�e�t�e �d�e�l �s�i�s�t�e�m�a� �i�n�
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�e�s�a�m�e, �d�i� �m�o�d�o �c�h�e �i� �f�l�u�s�s�i� �d�'�e�q�u�i�l�i�b�r�i�o J
�e��
j �s�i� �a�n�n�u�l�l�i�n�o.

I �n� �u�n� �s�o�l�i�d�o �d�i� �m�a�t�e�r�i�a�l�e �i�s�o�l�a�n�t�e �c�o�n� �u�n� �g�r�a�d�i�e�n�t�e �d�i�
�t�e�m�p�e�r�a�t�u�r�a�, �i�l �c�a�l�o�r�e �v�i�e�n�e �t�r�a�s�p�o�r�t�a�t�o �a�t�t�r�a�v�e�r�s�o �l�e �v�i�b�r�a�-
�z�i�o�n�i� �d�e�l�l�a� �s�t�r�u�t�t�u�r�a� �c�r�i�s�t�a�l�l�i�n�a� � �l�a� �c�u�i� �s�o�t�t�o�s�t�a�n�t�e �d�e�s�c�r�i�-
�z�i�o�n�e �s�e�c�o�n�d�o �l�a� �m�e�c�c�a�n�i�c�a� �q�u�a�n�t�i�s�t�i�c�a� �s�i� �b�a�s�a� �s�u�i� �f�o�n�o�n�i� �
�p�i�u�t�t�o�s�t�o �c�h�e �a�t�t�r�a�v�e�r�s�o �i�l �t�r�a�s�p�o�r�t�o �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e.

T�r�a�d�i�z�i�o�n�a�l�m�e�n�t�e, �q�u�e�s�t�o �t�r�a�s�p�o�r�t�o �d�i� �e�n�e�r�g�i�a� �è �e�s�p�r�e�s�s�o
�n�e�l�l�a� �f�o�r�m�a� �d�i� �l�e�g�g�e �d�i� F�o�u�r�i�e�r�

JE = −κ∇∇∇T (3.55)

�c�o�n� κ �l�a� �c�o�n�d�u�c�i�b�i�l�i�t�à� �t�e�r�m�i�c�a� �d�e�l �m�a�t�e�r�i�a�l�e. N�e�l �r�e�g�i�m�e �l�i�-
�n�e�a�r�e, �i� �t�r�a�s�p�o�r�t�i� �d�i� �e�n�e�r�g�i�a� �e �d�i� �p�a�r�t�i�c�e�l�l�e �o�b�b�e�d�i�s�c�o�n�o �a�l�l�e
�l�e�g�g�i� (3.50). P�e�r� �u�n� �m�e�z�z�o �i�s�o�t�r�o�p�o, �l�a� �r�e�l�a�z�i�o�n�e �t�r�a� �f�l�u��-
�s�i� �e �a�f�f�i�n�i�t�à� �p�u�ò �e�s�s�e�r�e �e�s�p�r�e�s�s�a� �i�n� �f�o�r�m�a� �m�a�t�r�i�c�i�a�l�e �c�o�m�e
�c�a�s�o �p�a�r�t�i�c�o�l�a�r�e �d�e�l�l�a� (3.53),




JN

JE


 =




LNN LNE

LEN LEE






∇∇∇
(
− µ

T
)

∇∇∇
(

1
T

)


 (3.56)

P�e�r� �i�l �t�e�o�r�e�m�a� �d�i� O�n�s�a�g�e�r� �v�a�l�e �l�a� �r�e�l�a�z�i�o�n�e �d�i� �r�e�c�i�p�r�o�c�i�-
�t�à� LNE = LEN. N�e�l �c�a�s�o �i�n� �c�u�i� �n�o�n� �v�i� �s�i�a� �u�n� �g�r�a�d�i�e�n�t�e �d�i�
�p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o, �s�i� �h�a�

JE = LEE •∇∇∇
(

1
T

)
= − 1

T2 LEE •∇∇∇T, (3.57)

I�l �c�o�n�f�r�o�n�t�o �t�r�a� �l�e �e��. (3.55) �e (3.57) �d�à� �q�u�i�n�d�i� �l��i�d�e�n�t�i�f�i�c�a�z�i�o-
�n�e

κ =
1

T2 LEE. (3.58)

P�o�i�c�h�é LEE ≥ 0 �a�n�c�h�e κ �è �n�o�n� �n�e�g�a�t�i�v�o �c�o�s�i�c�c�h�é �i�l �f�l�u�s�s�o (3.55)
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�t�r�a�s�p�o�r�t�a� �e�n�e�r�g�i�a� �d�a�l�l�e �r�e�g�i�o�n�i� �d�i� �t�e�m�p�e�r�a�t�u�r�e �p�i�ù� �e�l�e�v�a�t�e �a�
�q�u�e�l�l�e �c�o�n� �u�n�a� �t�e�m�p�e�r�a�t�u�r�a� �p�i�ù� �b�a�s�s�a�.

C�o�m�b�i�n�a�n�d�o �l�e�g�g�e �d�i� F�o�u�r�i�e�r� (3.55) �c�o�n� �l��e�q�u�a�z�i�o�n�e �d�i�
�c�o�n�t�i�n�u�i�t�à� �a�p�p�l�i�c�a�t�a� �a�l�l�a� �d�e�n�s�i�t�à� �d�'�e�n�e�r�g�i�a� e, �s�i� �o�t�t�i�e�n�e

∂e
∂t

= −∇∇∇ • JE =∇∇∇ • (κ∇∇∇T)

I�p�o�t�i�z�z�a�n�d�o �c�h�e �l�a� �c�o�n�d�u�c�i�b�i�l�i�t�à� �t�e�r�m�i�c�a� �s�i�a� �u�n�i�f�o�r�m�e �n�e�l
�m�e�z�z�o �i�n� �e�s�a�m�e, κ �p�u�ò �e�s�s�e�r�e �p�o�r�t�a�t�o �f�u�o�r�i� �d�a�l�l�a� �d�i�v�e�r�-
�g�e�n�z�a�, �i�n� �m�o�d�o �c�h�e �i�l �l�a�t�o �d�e�s�t�r�o �d�e�l�l��e�q�u�a�z�i�o�n�e �d�i�v�e�n�t�a� κ∆T

, �c�o�n� ∆ �i�l �l�a�p�l�a�c�i�a�n�o. L�a� �v�a�r�i�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �è
�p�a�r�i� �a�l�l�a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �a� �v�o�l�u�m�e �c�o�s�t�a�n�t�e �m�o�l�t�i�p�l�i�c�a�t�a�
�p�e�r� �l�a� �v�a�r�i�a�z�i�o�n�e �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a�. S�e �l�a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a�
�p�e�r� �u�n�i�t�à� �d�i� �v�o�l�u�m�e cv �è �i�n�d�i�p�e�n�d�e�n�t�e �d�a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a�, �s�i�
�o�t�t�i�e�n�e �l��e�q�u�a�z�i�o�n�e �d�i� �e�v�o�l�u�z�i�o�n�e

∂T
∂t

=
κ

cv
∆T. (3.59)

Q�u�e�s�t�a� �è �l�a� �f�o�r�m�a� �g�e�n�e�r�i�c�a� �d�i� �u�n�'�e�q�u�a�z�i�o�n�e �d�i� �d�i�f�f�u�s�i�o�n�e,
�c�o�n� �c�oe�f�f�i�c�i�e�n�t�e �d�i� �d�i�f�f�u�s�i�o�n�e κ/cv.

§89 P�r�o�d�u�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �n�e�l �t�r�a�s�p�o�r�t�o �d�e�l �c�a�l�o�r�e C�a�l�c�o-
�l�i�a�m�o dS/dt, �d�a�t�o �d�a�l�l�a� (3.34), �i�n�t�e�g�r�a�n�d�o �s�u� �t�u�t�t�o �i�l �v�o�l�u�m�e.
I �n� �q�u�e�s�t�o �c�a�s�o dS�e�x�t/dt = 0 �e �q�u�i�n�d�i�

dS
dt

=
dS�i�n�t

dt
=
∫

V
σSd3r

D�a�l�l�a� �e��. (3.51) �e (3.58) �s�i� �o�t�t�i�e�n�e

σs = LEE

(
∇∇∇ 1

T

)2
= κT2

(
∇∇∇ 1

T

)2
,
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�p�e�r� �c�u�i�
dS
dt

=
∫

V
κT2

(
∇∇∇ 1

T

)2
d3r ≥ 0

Q�u�a�n�d�o t → ∞, T(t, r) → T �p�e�r� �t�u�t�t�i� �i� �p�u�n�t�i� r ∈ V, �c�o�n� �l�a�
�t�e�m�p�e�r�a�t�u�r�a� T �d�e�t�e�r�m�i�n�a�t�a� �d�a�l�l�a� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a�,
�e S(t) �s�i� �a�v�v�i�c�i�n�a� �a�l �s�u�o �v�a�l�o�r�e �m�a�s�s�i�m�o �d�i� �e�q�u�i�l�i�b�r�i�o S�e��. =

Vs(e, n)

§90 D�i�f�f�u�s�i�o�n�e �d�i� �p�a�r�t�i�c�e�l�l�e C�o�n�s�i�d�e�r�i�a�m�o �o�r�a� �i�l �c�a�s�o �d�i�
�p�a�r�t�i�c�e�l�l�e �i�m�m�e�r�s�e �i�n� �u�n� �m�e�z�z�o �i�m�m�o�b�i�l�e, �o�m�o�g�e�n�e�o �e �a�
�t�e�m�p�e�r�a�t�u�r�a� �c�o�s�t�a�n�t�e, �i�n� �c�u�i� �p�o�s�s�o�n�o �m�u�o�v�e�r�s�i� (�m�i�c�r�o�s�c�o-
�p�i�c�a�m�e�n�t�e, �m�e�d�i�a�n�t�e �c�o�l�l�i�s�i�o�n�i� �c�o�n� �i� �c�o�s�t�i�t�u�e�n�t�i� �d�e�l �m�e�z�z�o)
�s�e�n�z�a� �i�n�t�a�c�c�a�r�e �l�e �c�a�r�a�t�t�e�r�i�s�t�i�c�h�e �d�e�l �m�e�z�z�o. E�s�e�m�p�i� �s�o�n�o �i�l
�m�o�v�i�m�e�n�t�o �d�i� �p�o�l�v�e�r�e �n�e�l�l��a�r�i�a�, �d�i� �c�o�r�p�i� �d�i� �d�i�m�e�n�s�i�o�n�i� �l�i�n�e�a�-
�r�i� �d�e�l�l��o�r�d�i�n�e �d�e�l �m�i�c�r�o�n� (10−6 �m�) �i�n� �l�i�q�u�i�d�i�, �m�a� �a�n�c�h�e �d�i� �i�m�-
�p�u�r�i�t�à� �i�n� �u�n� �s�o�l�i�d�o �o �d�i� �n�e�u�t�r�o�n�i� �n�e�l �n�u�c�l�e�o �d�i� �u�n� �r�e�a�t�t�o�r�e
�n�u�c�l�e�a�r�e.

S�i�a� n �l�a� �d�e�n�s�i�t�à� �d�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e. I�l �t�r�a�s�p�o�r�t�o �d�i�
�p�a�r�t�i�c�e�l�l�e �p�u�ò �e�s�s�e�r�e �d�e�s�c�r�i�t�t�o �d�a�l�l�a� �l�e�g�g�e �d�i� F�i�c�k� (1855)

JN = −D∇∇∇n (3.60)

�c�o�n� JN �i�l �f�l�u�s�s�o �d�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �e D �i�l �c�oe�f�f�i�c�i�e�n�t�e �d�i�
�d�i�f�f�u�s�i�o�n�e. I �n� �a�s�s�e�n�z�a� �d�i� �g�r�a�d�i�e�n�t�e �d�i� �t�e�m�p�e�r�a�t�u�r�a� �e �d�i� �m�o�t�o
�c�o�l�l�e�t�t�i�v�o �d�e�l �m�e�z�z�o, �l�a� �r�e�l�a�z�i�o�n�e �g�e�n�e�r�a�l�e (3.56) �f�o�r�n�i�s�c�e

JN = LNN∇∇∇
(
− µ

T

)
= − 1

T
LNN∇∇∇µ, (3.61)

C�o�l�l�e�g�a�n�d�o �i�l �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �a� �q�u�e�l�l�o �d�e�l�l�a�
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�d�e�n�s�i�t�à� �d�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �t�r�a�m�i�t�e

dµ =
∂µ

∂n

∣∣∣∣
T

dn, �o�v�v�e�r�o ∇∇∇µ =
∂µ

∂n

∣∣∣∣
T
∇∇∇n (3.62)

�l��i�d�e�n�t�i�f�i�c�a�z�i�o�n�e �d�e�l�l�a� �l�e�g�g�e �d�i� F�i�c�k� (3.60) �c�o�n� �l�a� �f�o�r�m�u�l�a�
(3.61) �f�o�r�n�i�s�c�e

D =
1
T

∂µ

∂n

∣∣∣∣
T

LNN , (3.63)

�d�o�v�e �l�a� �d�e�r�i�v�a�t�a� �d�i�p�e�n�d�e �d�a�l �s�i�s�t�e�m�a� �i�n� �e�s�a�m�e.
S�e �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �c�h�e �d�i�f�f�o�n�d�o�n�o �è �c�o�n�s�e�r�v�a�t�o,

�c�h�e, �p�e�r� �e�s�e�m�p�i�o, �n�o�n� �è �i�l �c�a�s�o �p�e�r� �n�e�u�t�r�o�n�i� �i�n� �u�n� �r�e�a�t�t�o-
�r�e �n�u�c�l�e�a�r�e, �l��e�q�u�a�z�i�o�n�e �d�i� �c�o�n�t�i�n�u�i�t�à� �a�s�s�o�c�i�a�t�a� �c�o�n�d�u�c�e �a�l�l�a�
�e�q�u�a�z�i�o�n�e �d�i� �d�i�f�f�u�s�i�o�n�e

∂n
∂t

= D∆n. (3.64)

§91 C�o�n�d�u�c�i�b�i�l�i�t�à� �e�l�e�t�t�r�i�c�a� U�n� �a�l�t�r�o �e�s�e�m�p�i�o �d�i� �t�r�a�s�p�o�r�t�o
�d�i� �p�a�r�t�i�c�e�l�l�e �è �q�u�e�l�l�o �d�e�l�l�e �c�a�r�i�c�h�e �i�n� �m�o�v�i�m�e�n�t�o �i�n� �u�n� �c�o�n�-
�d�u�t�t�o�r�e �e�l�e�t�t�r�i�c�o �i�n� �p�r�e�s�e�n�z�a� �d�i� �u�n� �c�a�m�p�o �e�l�e�t�t�r�i�c�o E = −∇∇∇φ

�c�o�n� φ �i�l �p�o�t�e�n�z�i�a�l�e �e�l�e�t�t�r�o�s�t�a�t�i�c�o, �c�h�e �s�i� �a�s�s�u�m�e �v�a�r�i� �m�o�l�t�o
�l�e�n�t�a�m�e�n�t�e �s�u� �s�c�a�l�a� �m�i�c�r�o�s�c�o�p�i�c�a�, �p�e�r� �n�o�n� �v�i�o�l�a�r�e �l�a� �c�o�n�-
�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e. S�e q �d�e�n�o�t�a� �l�a� �c�a�r�i�c�a� �e�l�e�t�t�r�i�c�a�
�d�e�i� �p�o�r�t�a�t�o�r�i�, �a�l�l�o�r�a� �l�a� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �d�i� �c�a�r�i�c�a� �e�l�e�t�t�r�i�c�a�,
�t�r�a�d�i�z�i�o�n�a�l�m�e�n�t�e �i�n�d�i�c�a�t�o �c�o�m�e �d�e�n�s�i�t�à� �d�i� �c�o�r�r�e�n�t�e, �è �s�e�m�-
�p�l�i�c�e�m�e�n�t�e �c�o�n�n�e�s�s�e �a�l�l�a� �d�e�n�s�i�t�à� �d�i� �f�l�u�s�s�o �d�e�l�l�e �c�a�r�i�c�h�e �i�n�
�m�o�v�i�m�e�n�t�o �t�r�a�m�i�t�e

J �e�l. = qJN (3.65)

L�a� �r�e�l�a�z�i�o�n�e �t�r�a� �c�a�m�p�o �e�l�e�t�t�r�i�c�o �e �d�e�n�s�i�t�à� �d�i� �c�o�r�r�e�n�t�e �i�n�
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�u�n� �c�o�n�d�u�t�t�o�r�e �a� �t�e�m�p�e�r�a�t�u�r�a� �c�o�s�t�a�n�t�e �è �l�a� �l�e�g�g�e �d�i� O�h�m�

J �e�l. = σE (3.66)

�c�o�n� σ �l�a� �c�o�n�d�u�c�i�b�i�l�i�t�à� �e�l�e�t�t�r�i�c�a� (�i�s�o�t�e�r�m�a�). P�e�r� �m�e�t�t�e�r�e �i�n�
�r�e�l�a�z�i�o�n�e �l�a� �c�o�n�d�u�c�i�b�i�l�i�t�à� �e�l�e�t�t�r�i�c�a� �c�o�n� �i� �c�oe�f�f�i�c�i�e�n�t�i� �c�i�n�e�t�i�c�i�,
�e �p�i�ù� �s�p�e�c�i�f�i�c�a�m�e�n�t�e �c�o�n� JN , �e�s�s�e�n�d�o J �e�l. �p�r�o�p�o�r�z�i�o�n�a�l�e
�a� JN , �o�c�c�o�r�r�e �d�e�t�e�r�m�i�n�a�r�e �l�a� �v�a�r�i�a�b�i�l�e �i�n�t�e�n�s�i�v�a� �c�o�n�i�u�g�a�t�a�
�a�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e. O�r�a�, �l��e�n�t�r�o�p�i�a� �n�o�n� �c�a�m�b�i�a� �s�e �i�l
�s�i�s�t�e�m�a� �h�a� �u�n�'�e�n�e�r�g�i�a� �p�o�t�e�n�z�i�a�l�e, �p�e�r� �c�u�i� �s�e �s�e e0 �d�e�n�o�t�a�
�l�a� �d�e�n�s�i�t�à� �d�i� �e�n�e�r�g�i�a� (�i�n�t�e�r�n�a�) �i�n� �a�s�s�e�n�z�a� �d�i� �p�o�t�e�n�z�i�a�l�e
�e�l�e�t�t�r�o�s�t�a�t�i�c�o, �a�l�l�o�r�a� �l�a� �d�e�n�s�i�t�à� �d�i� �e�n�e�r�g�i�a� �i�n� �p�r�e�s�e�n�z�a� �d�i� φ

�d�i�v�e�n�t�a� e = e0 + nqφ. L'�e�n�t�r�o�p�i�a� �p�e�r� �u�n�i�t�à� �d�i� �v�o�l�u�m�e �s�o�d�d�i�s�f�a�
�q�u�i�n�d�i� �l��i�d�e�n�t�i�t�à�

s(e, n, φ) = s(e− nqφ, n, 0) = s0(e− nqφ, n)

�c�h�e �f�o�r�n�i�s�c�e

∂s
∂n

=
∂s0

∂e0

∂e0

∂n
+

∂s0

∂n
=

1
T
(−qφ)− µ

T
=

µ + qφ

T
≡ −µφ

T
(3.67)

�c�o�n� µ �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o �a� �p�o�t�e�n�z�i�a�l�e �e�l�e�t�t�r�i�c�o �n�u�l�l�o. µφ �è
�d�e�n�o�m�i�n�a�t�o �p�o�t�e�n�z�i�a�l�e �e�l�e�t�t�r�o�c�h�i�m�i�c�o.

L�a� �r�e�l�a�z�i�o�n�e �l�i�n�e�a�r�e �p�e�r� �i�l �f�l�u�s�s�o �d�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e
�d�i�v�e�n�t�a�

JN = LNN∇∇∇
(
−µ + qφ

T

)

S�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �è �u�n�i�f�o�r�m�e, �q�u�e�s�t�o �d�à�

JN = −D∇∇∇n +
q
T

LNNE,
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�a�v�e�n�d�o �t�e�n�u�t�o �c�o�n�t�o �d�e�l�l�e �e��. (3.62) �e (3.63). S�e �l�a� �d�e�n�s�i�t�à� �è
�u�n�i�f�o�r�m�e, �i�l �p�r�i�m�o �t�e�r�m�i�n�e �s�i� �a�n�n�u�l�l�a�, �e �l��i�d�e�n�t�i�f�i�c�a�z�i�o�n�e �c�o�n�
�l�e �e��. (3.65) �e (3.66) �f�o�r�n�i�s�c�e �l�a� �c�o�n�d�u�c�i�b�i�l�i�t�à� �e�l�e�t�t�r�i�c�a�

σ =
q2

T
LNN (3.68)

3.8 R�e�l�a�z�i�o�n�e �d�i� E�i�n�s�t�e�i�n�

§92 L�e �e�q�u�a�z�i�o�n�i� (3.63) �e (3.68) �m�o�s�t�r�a�n�o �c�h�e �i�l �c�oe�f�f�i�c�i�e�n�t�e
�d�i� �d�i�f�f�u�s�i�o�n�e D �e �l�a� �c�o�n�d�u�c�i�b�i�l�i�t�à� �e�l�e�t�t�r�i�c�a� σ �s�o�n�o �e�n�t�r�a�m�b�i�
�c�o�l�l�e�g�a�t�e �a�l�l�o �s�t�e�s�s�o �c�oe�f�f�i�c�i�e�n�t�e �c�i�n�e�t�i�c�o LNN , �e �f�o�r�n�i�s�c�o�n�o

D =
1
T

∂µ

∂n

∣∣∣∣
T

LNN =
σ

q2
∂µ

∂n

∣∣∣∣
T

(3.69)

S�i�a� ν�e�l. �l�a� �m�o�b�i�l�i�t�à� �e�l�e�t�t�r�i�c�a� �d�e�i� �p�o�r�t�a�t�o�r�i� �d�i� �c�a�r�i�c�a�, �c�h�e �è
�i�l �r�a�p�p�o�r�t�o �t�r�a� �l�a� �v�e�l�o�c�i�t�à� �m�e�d�i�a� v �a�c�q�u�i�s�t�a�t�a� �i�n� �u�n� �c�a�m�p�o
�e�l�e�t�t�r�i�c�o E �e �q�u�e�s�t�o �c�a�m�p�o,

v = ν�e�l.E (3.70)

C�h�i�a�r�a�m�e�n�t�e, �l�a� �d�e�t�e�r�m�i�n�a�z�i�o�n�e �d�i� ν�e�l. �n�e�c�e�s�s�i�t�a� �d�i� �u�n� �m�o�d�e�l�l�o
�m�i�c�r�o�s�c�o�p�i�c�o �p�e�r� �i�l �m�o�t�o �d�e�l�l�e �c�a�r�i�c�h�e.

A �l�i�v�e�l�l�o �m�a�c�r�o�s�c�o�p�i�c�o, �l�a� �d�e�n�s�i�t�à� �d�i� �c�o�r�r�e�n�t�e �e�l�e�t�t�r�i�c�a� �è
�s�e�m�p�l�i�c�e�m�e�n�t�e �i�l �p�r�o�d�o�t�t�o �d�e�l�l�a� �v�e�l�o�c�i�t�à� �m�e�d�i�a� �d�e�l�l�e �c�a�r�i�c�h�e
�p�e�r� �l�a� �d�e�n�s�i�t�à� �d�i� �c�a�r�i�c�a�, �v�a�l�e �a� �d�i�r�e

J �e�l. = nqv = nqν�e�l.E

�c�h�e �d�o�p�o �l��i�d�e�n�t�i�f�i�c�a�z�i�o�n�e �c�o�n� �l�a� �l�e�g�g�e �d�i� O�h�m� (3.66) �d�à�

σ = nqν�e�l.
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I�n�s�i�e�m�e �c�o�n� �l��e�q�u�a�z�i�o�n�e (3.69) �f�o�r�n�i�s�c�e

D =
ν�e�l.
q

n
∂µ

∂n

∣∣∣∣
T

. (3.71)

P�e�r� �u�n� �g�a�� �c�l�a�s�s�i�c�o �i�d�e�a�l�e, �s�i� �h�a�

∂µ

∂n

∣∣∣∣
T
=

kBT
n

,

�d�a� �c�u�i�
D =

ν�e�l.
q

kBT. (3.72)

�c�h�e �è �u�n� �c�a�s�o �p�a�r�t�i�c�o�l�a�r�e �d�i� �u�n�a� �r�e�l�a�z�i�o�n�e �g�e�n�e�r�a�l�e �d�e�r�i�v�a�t�a�
�d�a� A. E�i�n�s�t�e�i�n� �n�e�l �s�u�o �l�a�v�o�r�o �d�e�l 1905 �s�u�l �m�o�t�o �b�r�o�w�n�i�a�n�o.

3.9 E�f�f�e�t�t�i� �t�e�r�m�oe�l�e�t�t�r�i�c�i�

§93 P�a�s�s�i�a�m�o �o�r�a� �a� �u�n� �e�s�e�m�p�i�o �d�i� �s�i�s�t�e�m�i� �i�n� �c�u�i� �d�i�v�e�r�s�e
�q�u�a�n�t�i�t�à� �p�o�s�s�o�n�o �e�s�s�e�r�e �t�r�a�s�p�o�r�t�a�t�e �n�e�l�l�o �s�t�e�s�s�o �m�o�m�e�n�t�o.
C�o�n�s�i�d�e�r�i�a�m�o �i�l �c�a�s�o �d�i� �c�o�n�d�u�t�t�o�r�i� �e�l�e�t�t�r�i�c�i� �i�s�o�t�r�o�p�i�, �i�n� �c�u�i�
�s�i�a� �i�l �c�a�l�o�r�e �s�i�a� �l�e �p�a�r�t�i�c�e�l�l�e, �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �a�l�l�e �c�a�r�i�c�h�e
�m�o�b�i�l�i�, �p�o�s�s�o�n�o �e�s�s�e�r�e �t�r�a�s�f�e�r�i�t�i� �c�o�n�t�e�m�p�o�r�a�n�e�a�m�e�n�t�e �d�a�
�u�n�a� �r�e�g�i�o�n�e �a�d� �u�n�'�a�l�t�r�a�.

P�e�r� �s�e�m�p�l�i�c�i�t�à�, �c�o�n�s�i�d�e�r�i�a�m�o �u�n� �u�n�i�c�o �t�i�p�o �d�i� �p�a�r�t�i�c�e�l�l�e
�m�o�b�i�l�i�, �c�o�n� �c�a�r�i�c�a� �e�l�e�t�t�r�i�c�a� q. L�e �c�a�r�i�c�h�e �s�o�n�o �i�n� �g�r�a�d�o �d�i�
�m�u�o�v�e�r�s�i� �c�o�l�l�e�t�t�i�v�a�m�e�n�t�e, �c�o�n� �u�n�a� �c�o�n�s�e�g�u�e�n�t�e �d�e�n�s�i�t�à� �d�i�
�c�o�r�r�e�n�t�e �e�l�e�t�t�r�i�c�a� J �e�l. = qJN. S�u�l �s�i�s�t�e�m�a� �a�g�i�s�c�e �u�n� �p�o�t�e�n�-
�z�i�a�l�e �e�l�e�t�t�r�o�s�t�a�t�i�c�o φ �l�e�n�t�a�m�e�n�t�e �v�a�r�i�a�b�i�l�e �n�e�l�l�o �s�p�a�z�i�o, �c�h�e �s�i�
�t�r�a�d�u�c�e, �c�o�m�e �s�i� �è �v�i�s�t�o �s�o�p�r�a�, �n�e�l�l�a� �s�o�s�t�i�t�u�z�i�o�n�e �d�e�l �p�o�t�e�n�-
�z�i�a�l�e �c�h�i�m�i�c�o µ �c�o�n� �i�l �p�o�t�e�n�z�i�a�l�e �e�l�e�t�t�r�o�c�h�i�m�i�c�o µφ. A�l�l�o�r�a� �l�a�
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(3.56) �d�i�v�e�n�t�a�



JN

JE


 =




LNN LNE

LEN LEE






∇∇∇
(
− µφ

T

)

∇∇∇
(

1
T

)


 (3.73)

P�e�r� �i�l �t�e�o�r�e�m�a� �d�i� O�n�s�a�g�e�r� �v�a�l�e �l�a� �r�e�l�a�z�i�o�n�e �d�i� �r�e�c�i�p�r�o�c�i�t�à�
LNE = LEN.

I �n�v�e�c�e �d�i� JE, �è �a�b�i�t�u�d�i�n�e �u�s�a�r�e �i�l �f�l�u�s�s�o �d�e�l �c�a�l�o�r�e

JQ = TJS = JE − µJN (3.43)

C�o�m�e �g�i�à�s�o�t�t�o�l�i�n�e�a�t�o, �d�a�l�l�a� (3.45) �s�e�g�u�e �c�h�e �l�e �a�f�f�i�n�i�t�à� �c�o�n�i�u�-
�g�a�t�e �a� JQ �e JN �s�o�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e ∇∇∇(1/T) �e −(1/T)∇∇∇µ.
S�i� �a�v�r�à� �d�u�n�q�u�e




JN

JQ


 =




L11 L12

L21 L22






(
−(1/T)∇∇∇µφ

)

∇∇∇
(

1
T

)


 (3.74)

D�i� �n�u�o�v�o, �s�i� �h�a� �l�a� �r�e�l�a�z�i�o�n�e �d�i� �r�e�c�i�p�r�o�c�i�t�à� L12 = L21. I �n�u�o�v�i�
�c�oe�f�f�i�c�i�e�n�t�i� �s�o�n�o �c�o�l�l�e�g�a�t�i� �a�i� �v�e�c�c�h�i� �d�a�l�l�e �r�e�l�a�z�i�o�n�i�

L11 = LNN

L12 = LNE − µφLNN

L22 = LEE − 2µφLNE + µ2
φLNN

(3.75)

§94 T�r�a�s�p�o�r�t�o �d�e�l �c�a�l�o�r�e �i�n� �u�n� �c�o�n�d�u�t�t�o�r�e P�e�r� �v�a�l�u�t�a�r�e �l�a�
�c�o�n�d�u�c�i�b�i�l�i�t�à� �t�e�r�m�i�c�a� �i�n� �u�n� �c�o�n�d�u�t�t�o�r�e �c�o�n�s�i�d�e�r�i�a�m�o �i�l �f�l�u�s�s�o
�d�i� �c�a�l�o�r�e �i�n� �a�s�s�e�n�z�a� �d�i� �t�r�a�s�p�o�r�t�o �d�i� �c�a�r�i�c�h�e, �c�i�o�è �a� �c�i�r�c�u�i�t�o
�a�p�e�r�t�o, �i�n� �m�o�d�o �t�a�l�e �c�h�e J �e�l. = qJN = 0. I �n� �q�u�e�s�t�o �c�a�s�o �a�l�l�o�r�a�
�s�i� �h�a�

JN = 000 = −L11
1
T
∇∇∇µφ + L12∇∇∇

1
T

,
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�d�a� �c�u�i�,
∇∇∇µφ = − L12

TL11
∇∇∇T (3.76)

�e �i�l �f�l�u�s�s�o �d�i� �c�a�l�o�r�e �d�i�v�e�n�t�a�

JQ = − 1
T2

[
L11L22 − L2

12
L11

]
∇∇∇T (3.77)

D�a�l �m�o�m�e�n�t�o �c�h�e L11 = LNN ≥ 0 �e L11L22 − L2
12 = LNN LEE −

L2
EN , �i�l �l�o�r�o �r�a�p�p�o�r�t�o �è �u�n� �n�u�m�e�r�o �n�o�n� �n�e�g�a�t�i�v�o. O�r�a�, �q�u�a�n�-

�d�o �i�l �f�l�u�s�s�o �d�i� �p�a�r�t�i�c�e�l�l�e �s�i� �a�n�n�u�l�l�a�, JQ = JE, �q�u�i�n�d�i� �i�l �c�o�n�-
�f�r�o�n�t�o �d�e�l�l��e��. (3.77) �c�o�n� �l�a� �l�e�g�g�e �d�i� F�o�u�r�i�e�r� (3.55) �c�o�n�s�e�n�t�e
�d�i� �i�n�t�e�r�p�r�e�t�a�r�e �q�u�e�s�t�o �r�a�p�p�o�r�t�o �c�o�m�e �c�o�n�d�u�c�i�b�i�l�i�t�à� �t�e�r�m�i�c�a�
κ, �c�h�e �c�o�n� �l��a�i�u�t�o �d�e�l�l�e �r�e�l�a�z�i�o�n�i� (3.75) �p�u�ò �e�s�s�e�r�e �r�i�s�c�r�i�t�t�a�
�c�o�m�e

κ = − L11L22 − L2
12

T2L11
=

LNN LEE − L2
NE

T2LNN
(3.78)

T�a�l�e �r�i�s�u�l�t�a�t�o �d�i�f�f�e�r�i�s�c�e �d�a�l�l��e�s�p�r�e�s�s�i�o�n�e (3.58) �d�e�l�l�a� �c�o�n�-
�d�u�c�i�b�i�l�i�t�à� �t�e�r�m�i�c�a� �i�n� �u�n� �i�s�o�l�a�n�t�e, �u�n� �f�a�t�t�o �n�o�n� �i�n�a�s�p�e�t�t�a�t�o
�i�n� �q�u�a�n�t�o, �n�e�l �c�a�s�o �d�i� �u�n� �c�o�n�d�u�t�t�o�r�e �e�l�e�t�t�r�i�c�o, �s�i�a� �i� �f�o�n�o�n�i�
�s�i�a� �l�e �c�a�r�i�c�h�e �m�o�b�i�l�i� �c�o�n�t�r�i�b�u�i�s�c�o�n�o �a�l �t�r�a�s�p�o�r�t�o �d�e�l �c�a�l�o�r�e.

§95 E�f�f�e�t�t�o S�e�e�b�e�c�k� C�o�n�t�i�n�u�i�a�m�o �c�o�n� �i�l �c�a�s�o �s�o�p�r�a� �e�s�a�m�i�-
�n�a�t�o �d�i� �u�n� �c�i�r�c�u�i�t�o �a�p�e�r�t�o, J �e�l. = qJN = 0. I �n� �t�a�l�e �c�i�r�c�u�i�t�o,
�u�n� �g�r�a�d�i�e�n�t�e �d�i� �t�e�m�p�e�r�a�t�u�r�a� �i�n�d�u�c�e �u�n� �g�r�a�d�i�e�n�t�e �d�e�l �p�o�t�e�n�-
�z�i�a�l�e �e�l�e�t�t�r�o�c�h�i�m�i�c�o, �c�o�m�e �m�o�s�t�r�a�t�o �d�a�l�l��e��. (3.76). C�i�ò �c�o�s�t�i�-
�t�u�i�s�c�e �l��e�f�f�e�t�t�o S�e�e�b�e�c�k� (1821). I�l �r�a�p�p�o�r�t�o �è �t�r�a�d�i�z�i�o�n�a�l�m�e�n�t�e
�s�c�r�i�t�t�o �n�e�l�l�a� �f�o�r�m�a�

1
q
∇∇∇µφ = −αS∇∇∇T (3.79)

�c�h�e �d�e�f�i�n�i�s�c�e �i�l �c�oe�f�f�i�c�i�e�n�t�e S�e�e�b�e�c�k� α �d�e�l �c�o�n�d�u�t�t�o�r�e. P�o�i�c�h�é �l�a�
�d�e�n�s�i�t�à� �d�e�l �n�u�m�e�r�o �d�i� �c�a�r�i�c�h�e �i�n� �m�o�v�i�m�e�n�t�o �s�i� �a�s�s�u�m�e �s�i�a�
�u�n�i�f�o�r�m�e, ∇∇∇µφ = q∇∇∇φ = −qE, �d�i� �m�o�d�o �c�h�e �l��e��. (3.79) �p�u�ò
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�e�s�s�e�r�e �r�i�f�o�r�m�u�l�a�t�o �c�o�m�e

E = αS∇∇∇T (3.80)

�d�o�v�e E �è �i�l �c�a�m�p�o �e�l�e�t�t�r�i�c�o.
C�o�n�f�r�o�n�t�a�n�d�o �l�e �e�q�u�a�z�i�o�n�i� (3.79) �e (3.76), �s�i� �o�t�t�i�e�n�e

αS =
L12

qTL11
. (3.81)

L'�e�f�f�e�t�t�o S�e�e�b�e�c�k� �è �u�n� �c�a�s�o �d�i� �t�r�a�s�p�o�r�t�o �i�n�d�i�r�e�t�t�o, �i�n� �q�u�a�n�t�o
�l�a� �s�u�a� �e�n�t�i�t�à� �m�i�s�u�r�a�t�a� �d�a�l �c�oe�f�f�i�c�i�e�n�t�e αS �è �p�r�o�p�o�r�z�i�o�n�a�l�e �a�l
�c�oe�f�f�i�c�i�e�n�t�e �f�u�o�r�i� �d�i�a�g�o�n�a�l�e L12.

U�n� �a�l�t�r�o �e�f�f�e�t�t�o �i�n� �c�u�i� �s�i� �h�a� �u�n� �t�r�a�s�p�o�r�t�o �i�n�d�i�r�e�t�t�o �è
�l��e�f�f�e�t�t�o P�e�l�t�i�e�r�, �c�h�e �c�o�n�s�i�s�t�e �n�e�l �f�a�t�t�o �c�h�e �i�n� �u�n� �c�o�n�d�u�t�t�o�r�e
�a� �t�e�m�p�e�r�a�t�u�r�a� �u�n�i�f�o�r�m�e, �u�n�a� �d�e�n�s�i�t�à� �d�i� �c�o�r�r�e�n�t�e �e�l�e�t�t�r�i�c�a� �è
�a�c�c�o�m�p�a�g�n�a�t�a� �d�a� �u�n� �f�l�u�s�s�o �d�i� �c�a�l�o�r�e.

3.10 E�q�u�a�z�i�o�n�i� �d�i� �b�i�l�a�n�c�i�o �i�n� �f�l�u�i�d�i� �s�e�m�p�l�i�c�i�

§96 C�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l�l�a� �m�a�s�s�a� L�a� �m�a�s�s�a� �t�o�t�a�l�e �s�i� �c�o�n�-
�s�e�r�v�a� �e �q�u�i�n�d�i� �n�o�n� �h�a� �a�l�c�u�n� �t�e�r�m�i�n�e �d�i� �s�o�r�g�e�n�t�e. P�e�r�t�a�n�t�o,
�p�e�r� �u�n� �s�i�s�t�e�m�a� �m�o�n�o-�c�o�m�p�o�n�e�n�t�e �c�o�n� �d�e�n�s�i�t�à� �d�i� �m�a�s�s�a�
�l�o�c�a�l�e ρ = ρ(t, r) �e �v�e�l�o�c�i�t�à� �l�o�c�a�l�e v = v(t, r), �s�i� �h�a� �l��e�� �d�i�
�c�o�n�t�i�n�u�i�t�à�

∂ρ

∂t
+∇∇∇ • ρv = 0. (3.82)

I�l �f�l�u�s�s�o �d�i� �m�a�s�s�a� �è �q�u�i�n�d�i�

JM = ρv.

Q�u�i� �s�t�i�a�m�o �u�s�a�n�d�o �l�a� �f�o�r�m�u�l�a�z�i�o�n�e �e�u�l�e�r�i�a�n�a� �d�o�v�e �i�l �s�i�-
�s�t�e�m�a� �d�i� �r�i�f�e�r�i�m�e�n�t�o �i�n� �q�u�i�e�t�e �è �q�u�e�l�l�o �d�e�l `̀ �l�a�b�o�r�a�t�o�r�i�o''. L�a�
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�d�e�r�i�v�a�t�a� �l�a�g�r�a�n�g�i�a�n�a� (�o �c�o�n�v�e�t�t�i�v�a�, �s�o�s�t�a�n�z�i�a�l�e, �e�c�c.), �d�e�f�i�n�i�t�a�
�c�o�m�e

d
dt

=
∂

∂t
+ v •∇∇∇ (3.83)

�f�o�r�n�i�s�c�e �i�l �t�a�s�s�o �d�i� �v�a�r�i�a�z�i�o�n�e �n�e�l �s�i�s�t�e�m�a� �d�i� �r�i�f�e�r�i�m�e�n�t�o
�d�e�l �c�e�n�t�r�o �d�i� �m�a�s�s�a� �d�i� �u�n� �e�l�e�m�e�n�t�o �d�e�l �f�l�u�i�d�o. U�n� �e�s�e�m�p�i�o
�d�i� �q�u�e�s�t�o �è �u�n� �f�l�u�i�d�o �i�n�c�o�m�p�r�i�m�i�b�i�l�e, �p�e�r� �c�u�i� �n�e�l �c�o�r�s�o �d�e�l
�t�e�m�p�o �n�o�n� �v�a�r�i�a� �l�a� �d�e�n�s�i�t�à� �d�e�l �f�l�u�i�d�o �e �q�u�i�n�d�i� �s�i� �h�a� dρ/dt =

0, �c�i�o�è
∂ρ

∂t
+ v •∇∇∇ρ = 0,

�c�h�e, �c�o�m�b�i�n�a�t�a� �c�o�n� �l��e��. �d�i� �c�o�n�t�i�n�u�i�t�à� (3.82), �p�o�r�t�a� �a�l�l��u�s�u�a�l�e
�v�i�n�c�o�l�o �d�i� �i�n�c�o�m�p�r�i�m�i�b�i�l�i�t�à�

∇∇∇ • v = 0. (3.84)

U�s�a�n�d�o �q�u�e�s�t�a� �n�o�t�a�z�i�o�n�e, �s�i� �o�t�t�i�e�n�e �l��u�t�i�l�e �r�e�l�a�z�i�o�n�e �s�e�g�u�e�n�t�e
�p�e�r� �u�n�a� �g�e�n�e�r�i�c�a� �q�u�a�n�t�i�t�à� G

ρ
dgm

dt
=

∂(ρgm)

∂t
+∇∇∇ • (gmρv), (3.85)

�d�o�v�e �a�b�b�i�a�m�o �u�s�a�t�o �l��e��. �d�i� �c�o�n�t�i�n�u�i�t�à� (3.82). P�o�s�s�i�a�m�o �q�u�i�n�d�i�
�s�c�r�i�v�e�r�e �i�l �e�q�u�a�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o (3.33) �d�i� G (�o�m�e�t�t�e�n�d�o �p�e�r�
�b�r�e�v�i�t�à� �i�l �p�e�d�i�c�e m) �c�o�m�e

ρ
dg
dt

=
∂(ρg)

∂t
+∇∇∇ • (gρv) = −∇∇∇ • (JG − ρgv) + σG (3.86)

C�o�s�ì� �p�e�r� �u�n� �o�s�s�e�r�v�a�t�o�r�e �n�e�l �c�e�n�t�r�o �d�i� �m�a�s�s�a� �d�e�l�l��e�l�e�m�e�n�-
�t�o �d�i� �f�l�u�i�d�o �i�n� �m�o�v�i�m�e�n�t�o, �l�a� �c�o�r�r�e�n�t�e �v�i�s�t�a� �è �r�i�d�o�t�t�a� �d�i�
�q�u�a�n�t�i�t�à� ρgv.
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§97 E�q�u�a�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o �p�e�r� �l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o L�a�
�q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �è �l�o�c�a�l�m�e�n�t�e �c�o�n�s�e�r�v�a�t�a� (�i�n� �a�s�s�e�n�z�a� �d�i�
�f�o�r�z�e �e�s�t�e�r�n�e), �q�u�i�n�d�i� �v�a�l�e �l��e�q�u�a�z�i�o�n�e �d�i� �c�o�n�t�i�n�u�i�t�à� �p�e�r� �l�a�
�s�u�a� �d�e�n�s�i�t�à� p = ρv

∂ρv
∂t

+∇∇∇ • JP = 0, (3.87)

�d�o�v�e JP �è �u�n� �t�e�n�s�o�r�e �d�i� �r�a�n�g�o 2: �s�i� �h�a�, �i�n�f�a�t�t�i�, �c�o�n�s�e�r�v�a�-
�z�i�o�n�e �l�o�c�a�l�e �d�i� �c�i�a�s�c�u�n�a� �c�o�m�p�o�n�e�n�t�e �d�e�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o,

∂ρvi
∂t

+
3

∑
k=1

∂[JP]ik
∂xk

= 0, (3.88)

P�e�r� �c�o�m�p�r�e�n�d�e�r�e �i�l �s�i�g�n�i�f�i�c�a�t�o �f�i�s�i�c�o �d�e�l �t�e�n�s�o�r�e JP, �r�i�s�c�r�i�v�i�a�-
�m�o �l��e�q�u�a�z�i�o�n�e �p�r�e�c�e�d�e�n�t�e �u�s�a�n�d�o �l��e��. (3.86)

ρ
dv
dt

= −∇∇∇ • (JP − ρvv) , (3.89)

�d�o�v�e vv �è �l�a� �f�o�r�m�a� �d�i�a�d�i�c�a� �c�o�n� �c�o�m�p�o�n�e�n�t�i� [vv]ik = vivk. R�i�-
�c�o�n�o�s�c�i�a�m�o �n�e�l�l�a� (3.89) �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�i� N�e�w�t�o�n� �s�c�r�i�t�t�a�
�i�n� �f�o�r�m�a� �l�o�c�a�l�e. D�u�n�q�u�e JP − ρvv = P, �c�o�n� P �c�h�e �r�a�p�p�r�e�s�e�n�t�a�
�i�l �t�e�n�s�o�r�e �d�i� �p�r�e�s�s�i�o�n�e, �c�h�e �è �p�a�r�i� �a�l �t�e�n�s�o�r�e �d�e�g�l�i� �s�f�o�r�-
�z�i� �c�a�m�b�i�a�t�o �d�i� �s�e�g�n�o, �e �c�h�e �r�i�s�u�l�t�a� �d�a�l�l�e �i�n�t�e�r�a�z�i�o�n�i� �a� �c�o�r�t�e
�r�a�g�g�i�o �t�r�a� �l�e �p�a�r�t�i�c�e�l�l�e �d�e�l �s�i�s�t�e�m�a�.4 D�u�n�q�u�e, 4S�e �s�u�l �s�i�s�t�e�m�a� �a�g�i�s�c�e �u�n�a� �f�o�r�z�a�

�e�s�t�e�r�n�a� F = F(r), �l��e�q�u�a�z�i�o�n�e �d�i�
N�e�w�t�o�n� �d�i�v�e�n�t�a�

ρ
dv
dt

= −∇∇∇ •P + ρF,

�e �l��e�q�u�a�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o �p�e�r� �l�a�
�q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �è

∂ρv
∂t

= −∇∇∇ • (P + ρvv) + ρF.

I�l �t�e�r�m�i�n�e �d�i� �s�o�r�g�e�n�t�e �a� �s�e�c�o�n�d�o
�m�e�m�b�r�o �è �d�o�v�u�t�a� �a�l�l�e �f�o�r�z�e �e�s�t�e�r�-
�n�e �e �a� �e�v�e�n�t�u�a�l�i� �i�n�t�e�r�a�z�i�o�n�i� �a�
�l�u�n�g�o �r�a�g�g�i�o.

JP = P + ρvv (3.90)

U�s�a�n�d�o �l�a� �c�o�n�s�e�r�v�a�z�i�o�n�e �d�e�l �m�o�m�e�n�t�o �a�n�g�o�l�a�r�e �s�i� �p�u�ò
�d�i�m�o�s�t�r�a�r�e �c�h�e P �è �u�n� �t�e�n�s�o�r�e �s�i�m�m�e�t�r�i�c�o.

R�i�a�s�s�u�m�e�n�d�o, �r�i�s�c�r�i�v�i�a�m�o �l�a� (3.89) �i�n� �u�n�a� �f�o�r�m�a� �u�t�i�l�e
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�c�h�e �u�t�i�l�i�z�z�e�r�e�m�o �n�e�l �s�e�g�u�i�t�o

ρ
dv
dt

= ρ

[
∂v
∂t

+ v •∇∇∇v
]
= −∇∇∇ •P, (3.91)

§98 E�q�u�a�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o �p�e�r� �l��e�n�e�r�g�i�a� P�e�r� �c�a�l�c�o�l�a�r�e �l��e�q�u�a�-
�z�i�o�n�e �d�i� �b�i�l�a�n�c�i�o �s�i� �p�a�r�t�e �c�o�n� �l��e�n�e�r�g�i�a� �c�i�n�e�t�i�c�a�

∂

∂t

(
1
2

ρv2
)
= ρ

∂

∂t

(
1
2

v2
)
+

1
2

v2 ∂

∂t
ρ

= ρ
∂

∂t

(
1
2

v2
)
− 1

2
v2∇∇∇ • (ρv)

= ρ
d
dt

(
1
2

v2
)
− 1

2
∇∇∇ • (ρvv2)

= ρv • dv
dt
− 1

2
∇∇∇ • (ρvv2)

= −v • (∇∇∇ •P)− 1
2
∇∇∇ • (ρvv2)

S�e �r�i�o�r�g�a�n�i�z�z�i�a�m�o �q�u�e�s�t�o �n�e�l�l�a� �f�o�r�m�a� �u�s�u�a�l�e �d�i� �u�n�a� �e�q�u�a�z�i�o-
�n�e �d�i� �b�i�l�a�n�c�i�o, �s�i� �o�t�t�i�e�n�e �l��e�s�p�r�e�s�s�i�o�n�e �s�e�g�u�e�n�t�e5 5S�e �s�i� �t�i�e�n�e �c�o�n�t�o �d�e�l�l�e �f�o�r�z�e

�e�s�t�e�r�n�e, �a� �s�e�c�o�n�d�o �m�e�m�b�r�o �s�i�
�h�a� �u�n� �t�e�r�m�i�n�e �a�d�d�i�z�i�o�n�a�l�e ρv • F

�c�h�e �r�a�p�p�r�e�s�e�n�t�a� �i�l �l�a�v�o�r�o �s�v�o�l�t�o
�d�a�l�l�e �f�o�r�z�e �e�s�t�e�r�n�e.

∂

∂t

(
1
2

ρv2
)
+∇∇∇ •

[
1
2

ρv2v + P • v
]
= P :::∇∇∇v , (3.92)

�d�o�v�e ∇∇∇v �è �i�l �t�e�n�s�o�r�e �d�i� �r�a�n�g�o 2 �c�o�n� �c�o�m�p�o�n�e�n�t�i�[∇∇∇v]ik =

∂vk/∂xi �e `̀ :::'' �d�e�n�o�t�a� �l�a� �c�o�n�t�r�a�z�i�o�n�e �c�o�m�p�l�e�t�a� �d�e�i� �d�u�e �t�e�n�s�o�r�i�
�d�i� �r�a�n�g�o 2,

A ::: B ≡∑
ik
[A]ik[B]ki (3.93)

I�l �f�l�u�s�s�o �d�i� �e�n�e�r�g�i�a� �c�i�n�e�t�i�c�a�

JE.C. =
1
2

ρv2v + P • v

�c�o�n�t�i�e�n�e �d�u�e �t�e�r�m�i�n�i�: �i�l �p�r�i�m�o �è �u�n� �t�e�r�m�i�n�e �c�o�n�v�e�t�t�i�v�o �e �i�l
�s�e�c�o�n�d�o �è �u�n� �t�e�r�m�i�n�e �d�i� �c�o�n�d�u�z�i�o�n�e. I�l �t�e�r�m�i�n�e �s�i� �s�o�r�g�e�n�t�e
�a� �d�e�s�t�r�a� �d�e�l�l�a� (3.92), σE.C. = P ::: ∇∇∇v �r�a�p�p�r�e�s�e�n�t�a� �l�a� �p�o�t�e�n�z�a�
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�d�i� �c�o�m�p�r�e�s�s�i�o�n�e. P�o�i�c�h�é �c�o�m�p�a�r�e �q�u�e�s�t�o �t�e�r�m�i�n�e �d�i� �s�o�r�g�e�n�t�e,
�l��e�n�e�r�g�i�a� �c�i�n�e�t�i�c�a� �n�o�n� �è �c�o�n�s�e�r�v�a�t�a�.

S�e �s�i� �t�i�e�n�e �c�o�n�t�o �a�n�c�h�e �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �l�o�c�a�l�e u �e
�c�o�n�s�i�d�e�r�a� �l�a� �d�e�n�s�i�t�à� �d�i� �e�n�e�r�g�i�a� �t�o�t�a�l�e

ρe =
1
2

ρv2 + ρu (3.94)

�e �i�l �f�l�u�s�s�o �t�o�t�a�l�e �d�i� �e�n�e�r�g�i�a�

JE = ρev + P • v + JQ, (3.95)

�d�o�v�e JQ �è �i�l �b�f �f�l�u�s�s�o �d�e�l �c�a�l�o�r�e, �s�i� �p�e�r�v�i�e�n�e �a�l�l�a� �l�e�g�g�e �l�o�c�a�l�e
�d�i� �c�o�n�s�e�r�v�a�z�i�o�n�e

∂ρe
∂t

+∇∇∇ • JE = 0. (3.96)

È �i�m�p�o�r�t�a�n�t�e �o�s�s�e�r�v�a�r�e �c�h�e, �d�a� �u�n� �p�u�n�t�o �d�i� �v�i�s�t�a� �m�a�c�r�o-
�s�c�o�p�i�c�o, �l�e �u�l�t�i�m�e �t�r�e �e�q�u�a�z�i�o�n�i� �f�o�r�n�i�s�c�o�n�o �l�e �d�e�f�i�n�i�z�i�o�n�i� �d�i�
�e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �e �f�l�u�s�s�o �d�i� �c�a�l�o�r�e.

3.11 E�q�u�a�z�i�o�n�i� �d�i� N�a�v�i�e�r�-S�t�o�k�e�� �p�e�r� �f�l�u�i�d�i� �n�e�w�t�o�n�i�a�-
�n�i�

§99 P�e�r� �i�l �p�r�i�n�c�i�p�i�o �d�i� C�u�r�i�e, �i� �f�l�u�s�s�i� �d�i� �i�m�p�u�l�s�o �e �e�d�
�e�n�e�r�g�i�a� �n�o�n� �s�i� �a�c�c�o�p�p�i�a�n�o �e�s�s�e�n�d�o �q�u�a�n�t�i�t�à� �d�i� �n�a�t�u�r�a� �t�e�n�s�o-
�r�i�a�l�e �d�i�f�f�e�r�e�n�t�e �e �p�o�s�s�o�n�o �q�u�i�n�d�i� �e�s�s�e�r�e �a�n�a�l�i�z�z�a�t�i� �i�n�d�i�p�e�n�-
�d�e�n�t�e�m�e�n�t�e. S�i� �p�u�ò �q�u�i�n�d�i� �e�s�p�r�i�m�e�r�e �l�a� �r�e�l�a�z�i�o�n�e �t�r�a� �f�l�u�s�s�i�
�e �a�f�f�i�n�i�t�à� �s�e�c�o�n�d�o �l�a� �t�e�o�r�i�a� �g�e�n�e�r�a�l�e �d�i� O�n�s�a�g�e�r�, �l�a� �q�u�a�l�e
�p�r�e�s�e�n�t�a� �p�e�r�o`' �q�u�a�l�c�h�e �s�o�t�t�i�g�l�i�e�z�z�a�. P�r�e�f�e�r�i�a�m�o �q�u�i� �s�e�g�u�i�r�e
�u�n� �a�p�p�r�o�c�c�i�o �p�i�ù� �s�e�m�p�l�i�c�e �b�a�s�a�t�o �d�i�r�e�t�t�a�m�e�n�t�e �s�u�l�l�e �e�q�u�a�-
�z�i�o�n�e �f�e�n�o�m�e�n�o�l�o�g�i�c�h�e �o �r�e�l�a�z�i�o�n�i� �c�o�s�t�i�t�u�t�i�v�e �e �r�i�m�a�n�d�i�a�m�o
�i�l �l�e�t�t�o�r�e �a�l �l�i�b�r�o �d�i� D�e G�r�o�o�t �e M�a�z�u�r� �c�i�t�a�t�o �a�l�l��i�n�i�z�i�o �d�e�l
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�c�a�p�i�t�o�l�o �p�e�r� �u�n�a� �t�r�a�t�t�a�z�i�o�n�e �c�o�m�p�l�e�t�a� �s�e�c�o�n�d�o �l�a� �t�e�o�r�i�a� �d�i�
O�n�s�a�g�e�r�.

P�e�r� �i�l �f�l�u�s�s�o �d�i� �c�a�l�o�r�e, �l�a� �s�i�t�u�a�z�i�o�n�e �è �c�h�i�a�r�a�: �b�a�s�t�a� �u�s�a�r�e
�l�a� �l�e�g�g�e �d�i� F�o�u�r�i�e�r�

JQ,= −κ∇∇∇T . (3.97)

P�e�r� �q�u�e�l �c�h�e �r�i�g�u�a�r�d�a� �i�l �f�l�u�s�s�o �d�e�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o JP =

P + ρvv, �l�a� �s�i�t�u�a�z�i�o�n�e �è �p�i�ù� �d�e�l�i�c�a�t�a�. I �n� �p�r�i�m�o �l�u�o�g�o �o�c�c�o�r�r�e
�o�s�s�e�r�v�a�r�e �c�h�e �i�l �t�e�n�s�o�r�e P �o�l�t�r�e �a� �d�i�p�e�n�d�e�r�e �d�a�l�l��a�f�f�i�n�i�t�à�,
�l�e�g�a�t�a� �a�l �g�r�a�d�i�e�n�t�e �d�i� �v�e�l�o�c�i�t�à�, �c�o�n�t�i�e�n�e �u�n� �t�e�r�m�i�n�e �d�'�e�q�u�i�l�i�b�r�i�o
�i�n�d�i�p�e�n�d�e�n�t�e �d�a�l�l��a�f�f�i�n�i�t�à�.

C�o�m�e �o�s�s�e�r�v�a�t�o �i�n� �u�n�a� �n�o�t�a� �s�o�p�r�a�, �i�n� �p�r�e�s�e�n�z�a� �d�i� �f�o�r�z�e
�e�s�t�e�r�n�e �s�i� �h�a�

ρ
dv
dt

= −∇∇∇ •P + ρF,

�p�e�r� �c�u�i�, �i�n� �c�o�n�d�i�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o,

dv
dt

= 0,

�s�i� �h�a�
−∇∇∇ •P

�e�� + ρF = 0 .

S�e �c�o�n�f�r�o�n�t�i�a�m�o �q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �c�o�n� �l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�-
�t�a�l�e �d�e�l�l��e�q�u�i�l�i�b�r�i�o �i�d�r�o�s�t�a�t�i�c�o

−∇∇∇P + ρF = 0,

�d�o �v�e P `�e �l��u�s�u�a�l�e �p�r�e�s�s�i�o�n�e (�s�c�a�l�a�r�e), �v�e�d�i�a�m�o �c�h�e P
�e�� �è �u�n�

�t�e�n�s�o�r�e �d�i� �r�a�n�g�o 2 �p�r�o�p�o�r�z�i�o�n�a�l�e �a�l�l��i�d�e�n�t�i�t�à� 11 �e �l�a� �c�o�s�t�a�n�t�e
�d�i� �p�r�o�p�o�r�z�i�o�n�a�l�i�t�à� �e �p�r�o�p�r�i�o �l�a� �p�r�e�s�s�i�o�n�e P. D�u�n�q�u�e,

P
�e�� = P11 .
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S�i� �h�a� �q�u�i�n�d�i� �l�a� �d�e�c�o�m�p�o�s�i�z�i�o�n�e

P = P
�e�� + P̃, (3.98)

�d�o�v�e �s�o�l�o P̃ �d�i�p�e�n�d�e �d�a�l�l�e �a�f�f�i�n�i�t�à�, �c�i�o�è �i� �g�r�a�d�i�e�n�t�i� �d�i� �v�e�l�o�c�i�t�à�.
I�l �t�e�n�s�o�r�e P̃ �è �d�e�t�t�o �t�e�n�s�o�r�e �d�e�g�l�i� �s�f�o�r�z�i�.

§100 D�e�c�o�m�p�o�s�i�z�i�o�n�e �c�a�n�o�n�i�c�a� �d�i� �u�n� �t�e�n�s�o�r�e �d�i� �r�a�n�g�o 2
P�e�r� �a�n�a�l�i�z�z�a�r�e �l�a� �s�t�r�u�t�t�u�r�a� �d�e�l �t�e�n�s�o�r�e �d�e�g�l�i� �s�f�o�r�z�i�, �s�o�n�o
�u�t�i�l�i� �a�l�c�u�n�i� �r�i�c�h�i�a�m�i� �s�u�l�l�a� �d�e�c�o�m�p�o�s�i�z�i�o�n�e �d�i� �u�n� �t�e�n�s�o�r�e
�d�i� �r�a�n�g�o 2 �r�i�s�p�e�t�t�o �a�l�l�e �s�u�e �p�r�o�p�r�i�e�t�à� �p�e�r� �r�o�t�a�z�i�o�n�i� �d�e�l�l�o
�s�p�a�z�i�o �f�i�s�i�c�o.

S�o�t�t�o �l��e�f�f�e�t�t�o �d�i� �u�n�a� �r�o�t�a�z�i�o�n�e R �d�e�l�l�o �s�p�a�z�i�o �f�i�s�i�c�o (�e�u�c�l�i�-
�d�e�o) �t�r�i�-�d�i�m�e�n�s�i�o�n�a�l�e (�r�i�s�p�e�t�t�o �a�d� �u�n�'�o�r�i�g�i�n�e O �a�r�b�i�t�r�a�r�i�a�m�e�n�-
�t�e �s�c�e�l�t�a�), �u�n� �t�e�n�s�o�r�e T �d�i� �r�a�n�g�o 2 (�r�a�p�p�r�e�s�e�n�t�a�t�o �d�a� �u�n�a�
�m�a�t�r�i�c�e) �s�i� �t�r�a�s�f�o�r�m�a� �c�o�m�e T′ = RTR−1. I�l �p�r�o�d�o�t�t�o �r�i�g�h�e
�p�e�r� �c�o�l�o�n�n�e �i�n� �g�e�n�e�r�a�l�e �m�e�s�c�o�l�a� �t�u�t�t�i� �g�l�i� �e�l�e�m�e�n�t�i� �n�e�l �s�e�n�-
�s�o �c�h�e �l��e�l�e�m�e�n�t�o [T′]ij �d�e�l�l�a� �m�a�t�r�i�c�e �t�r�a�s�f�o�r�m�a�t�a� �i�n� �g�e�n�e�r�a�l�e
�d�i�p�e�n�d�e�r�à� �d�a� �t�u�t�t�i� �g�l�i� �e�l�e�m�e�n�t�i� �d�e�l�l�a� �m�a�t�r�i�c�e T.

T�u�t�t�a�v�i�a�, �s�i� �p�o�s�s�o�n�o �r�a�g�g�r�u�p�p�a�r�e �g�l�i� �e�l�e�m�e�n�t�i� �d�i� A �i�n�
�m�o�d�o �t�a�l�e �c�h�e �l�a� �r�o�t�a�z�i�o�n�e �m�e�s�c�o�l�a� �s�o�l�o �g�l�i� �e�l�e�m�e�n�t�i� �c�h�e �s�t�a�n�-
�n�o �d�e�n�t�r�o �c�i�a�s�c�u�n� �g�r�u�p�p�e�t�t�o �s�e�n�z�a� �f�a�r� �p�a�s�s�a�r�e �d�a� �u�n�
�g�r�u�p�p�e�t�t�o �a�l�l��a�l�t�r�o. P�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e, �s�i� �p�u�ò �d�e�c�o�m�p�o�r�r�e
�u�n�a� �m�a�t�r�i�c�e �n�e�l�l�a� �s�o�m�m�a� �d�e�l�l�a� �s�u�a� �p�a�r�t�e �s�i�m�m�e�t�r�i�c�a� �e �d�i�
�q�u�e�l�l�a� �a�n�t�i�s�i�m�m�e�t�r�i�c�a�

[T]ij =
1
2
(
[T]ij + [T]ji

)
+

1
2
(
[T]ij − [T]ji

)
≡ [TS]ij + [TA]ij

�e �l�a� �r�o�t�a�z�i�o�n�e �a�g�i�s�c�e �i�n� �m�a�n�i�e�r�a� �i�n�d�i�p�e�n�d�e�n�t�e �s�u�l�l�e �d�u�e �p�a�r�-
�t�i�, �t�r�a�s�f�o�r�m�a�n�d�o TS �i�n� �u�n�a� �m�a�t�r�i�c�e �c�h�e �è �a�n�c�o�r�a� �s�i�m�m�e�t�r�i�-
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�c�a� �e TA �i�n� �u�n�a� �c�h�e �è �a�n�c�o�r�a� �a�n�t�i�s�i�m�m�e�t�r�i�c�a�, �c�o�m�e �s�i� �p�u�ò
�f�a�c�i�l�m�e�n�t�e �v�e�r�i�f�i�c�a�r�e. L�a� �p�a�r�t�e �s�i�m�m�e�t�r�i�c�a�, �p�o�i�, �a�m�m�e�t�t�e
�l��u�l�t�e�r�i�o�r�e �d�e�c�o�m�p�o�s�i�z�i�o�n�e �s�e�g�u�e�n�t�e:

TS =
1
3

(
Tr TS

)
11 +

[
TS − 1

3

(
Tr TS

)
11
]
≡ 1

3

(
Tr TS

)
11 +

o
TS .

I�l �p�r�i�m�o �t�e�r�m�i�n�e �è �u�n�o �s�c�a�l�a�r�e �c�h�e �m�o�l�t�i�p�l�i�c�a� �l��i�d�e�n�t�i�t�à�, �e�d� �è
�q�u�i�n�d�i� �i�n�v�a�r�i�a�n�t�e �p�e�r� �r�o�t�a�z�i�o�n�i�. I�l �s�e�c�o�n�d�o �t�e�r�m�i�n�e �è �a� �t�r�a�c-
�c�i�a� �n�u�l�l�a� �e�d� �e�s�s�e�n�d�o �l�a� �t�r�a�c�c�i�a� �i�n�v�a�r�i�a�n�t�e �p�e�r� �t�r�a�s�f�o�r�m�a�-
�z�i�o�n�e �d�i� �s�i�m�i�l�i�t�u�d�i�n�e, �e �q�u�i�n�d�i� �p�e�r� �r�o�t�a�z�i�o�n�i�, �è �t�r�a�s�f�o�r�m�a�t�o
�d�a� �u�n�a� �r�o�t�a�z�i�o�n�e �i�n� �u�n�a� �m�a�t�r�i�c�e �s�i�m�m�e�t�r�i�c�a� �c�h�e �è �a�n�c�o�r�a� �a�
�t�r�a�c�c�i�a� �n�u�l�l�a�. R�i�s�u�l�t�a� �c�o�s�ì� �d�i�m�o�s�t�r�a�t�o �c�h�e �l�a� �d�e�c�o�m�p�o�s�i�z�i�o�n�e
�d�i� �u�n� �t�e�n�s�o�r�e �d�i� �r�a�n�g�o 2

T =
1
3
(Tr T) 11 + TA +

o
TS (3.99)

�è �p�r�e�s�e�r�v�a�t�a� �d�a� �u�n�a� �r�o�t�a�z�i�o�n�e, �n�e�l �s�e�n�s�o �c�h�e �u�n�a� �r�o�t�a�z�i�o�n�e
�a�g�i�s�c�e �i�n� �m�o�d�o �i�n�d�i�p�e�n�d�e�n�t�e �s�u� �c�i�a�s�c�u�n� �a�d�d�e�n�d�o �d�e�l�l�a� �s�o�m�-
�m�a�. S�i�m�b�o�l�i�c�a�m�e�n�t�e, �r�i�s�c�r�i�v�i�a�m�o �l�a� (3.99) 333× 333 = 111 + 333 + 555 ,

�i�n�t�e�n�d�e�n�d�o �c�o�n� �q�u�e�s�t�o �c�h�e �i� 9 �g�r�a�d�i� �d�i� �l�i�b�e�r�t�à� �i�n�d�i�p�e�n�d�e�n�t�i�
�d�e�l �t�e�n�s�o�r�e, �q�u�a�n�d�o �s�o�n�o �o�r�g�a�n�i�z�z�a�t�i� �c�o�m�e �n�e�l�l�a� (3.99), �f�o�r�-
�m�a�n�o �t�r�e �g�r�u�p�p�e�t�t�i� �s�u� �c�u�i� �l�e �r�o�t�a�z�i�o�n�i� �a�g�i�s�c�o�n�o �i�n� �m�o�d�o �i�n�-
�d�i�p�e�n�d�e�n�t�e: �i�l �p�r�i�m�o �è �u�n� �s�i�n�g�o�l�e�t�t�o, �c�h�e �è �l�a�s�c�i�a�t�o �i�n�v�a�r�i�a�t�o
�d�a�l�l�e �r�o�t�a�z�i�o�n�i�, �i�l 333 �è �l�a� �p�a�r�t�e �a�n�t�i�s�i�m�m�e�t�r�i�c�a� �d�e�l�l�a� �m�a�t�r�i�c�e,
�c�h�e �p�u�ò �e�s�s�e�r�e �m�e�s�s�a� �i�n� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �c�o�n� �u�n� �v�e�t�t�o�r�e ,
�i�l 555 �è �u�n�a� �m�a�t�r�i�c�e �s�i�m�m�e�t�r�i�c�a� �a� �t�r�a�c�c�i�a� �n�u�l�l�a�. N�e�l �l�i�n�g�u�a�g�g�i�o
�d�e�l�l�a� �t�e�o�r�i�a� �d�e�i� �g�r�u�p�p�i�, �s�i� �t�r�a�t�t�a� �d�e�l�l�a� �d�e�c�o�m�p�o�s�i�z�i�o�n�e �d�i�
�u�n�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �r�i�d�u�c�i�b�i�l�e (�c�i�o�è, 333× 333) �d�e�l �g�r�u�p�p�o �d�e�l�l�e
�r�o�t�a�z�i�o�n�i� �n�e�l�l�e �s�u�e �c�o�m�p�o�n�e�n�t�i� �i�r�r�i�d�u�c�i�b�i�l�i� (�c�i�o�è, 111, 333 �e 555).
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§101 E�q�u�a�z�i�o�n�i� �c�o�s�t�i�t�u�t�i�v�e I�l �t�e�n�s�o�r�e �d�e�g�l�i� �s�f�o�r�z�i� �p�u�ò
�q�u�i�n�d�i� �e�s�s�e�r�e �d�e�c�o�m�p�o�s�t�o �s�e�c�o�n�d�o �l�a� (3.99):

P̃ =
1
3

(
Tr P̃

)
11 +

o
P̃S (3.100)

(�e�s�s�e�n�d�o �s�i�m�m�e�t�r�i�c�o �n�o�n� �c'�è �p�a�r�t�e �a�n�t�i�s�i�m�m�e�t�r�i�c�a�). L�e �e�q�u�a�-
�z�i�o�n�i� �c�o�s�t�i�t�u�t�i�v�e �s�t�a�b�i�l�i�s�c�o�n�o �u�n�a� �r�e�l�a�z�i�o�n�e �t�r�a� �i�l �t�e�n�s�o�r�e �d�i�
�v�i�s�c�o�s�i�t�à� �e �i�l �g�r�a�d�i�e�n�t�e �d�i� �v�e�l�o�c�i�t�à�, �c�i�o�è �i�l �t�e�n�s�o�r�e ∇∇∇v. P�e�r�
�r�i�s�p�e�t�t�a�r�e �l��i�n�v�a�r�i�a�n�z�a� �p�e�r� �r�o�t�a�z�i�o�n�i�, �s�i� �a�v�r�a�n�n�o �r�e�l�a�z�i�o�n�i�
�s�e�p�a�r�a�t�e �t�r�a� �i�l �t�e�r�m�i�n�e �p�r�o�p�o�r�z�i�o�n�a�l�e �a�l�l��i�d�e�n�t�i�t�à� �e �l�a� �p�a�r�t�e
�s�i�m�m�e�t�r�i�c�a� �a� �t�r�a�c�c�i�a� �n�u�l�l�a� �d�i� ∇∇∇v.

L�a� �t�r�a�c�c�i�a� �d�i� ∇∇∇v �è ∇∇∇ • v �e �l�a� �p�a�r�t�e �s�i�m�m�e�t�r�i�c�a� �a� �t�r�a�c�c�i�a�
�n�u�l�l�a� �d�i� ∇∇∇v �i�n� �c�o�m�p�o�n�e�n�t�i� �è

[
o

(∇∇∇v)S]ij =
1
2

(
∂vi
∂xj

+
∂vj

∂xi

)
− 1

3
(∇∇∇ • v) δij (3.101)

L�a� �r�e�l�a�z�i�o�n�e �c�o�s�t�i�t�u�t�i�v�a� �f�o�n�d�a�m�e�n�t�a�l�e �d�i� �u�n� �f�l�u�i�d�o �n�e�w�t�o�n�i�a�-
�n�o �i�n� �a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �l�i�n�e�a�r�e �è

[P̃]ij = −ζ(∇∇∇ • v)δij − 2η[
o

(∇∇∇v)S]ij (3.102)

�d�o�v�e �i� �c�oe�f�f�i�c�i�e�n�t�e �n�u�m�e�r�i�c�i� η �e ζ �s�o�n�o �d�e�t�t�i� �r�i�s�p�e�t�t�i�v�a�m�e�n�-
�t�e �v�i�s�c�o�s�i�t�à� �d�i� �t�a�g�l�i�o �e �v�i�s�c�o�s�i�t�à� �d�i� �v�o�l�u�m�e. D�u�n�q�u�e, �t�e�n�u�t�o
�c�o�n�t�o �d�e�l �t�e�r�m�i�n�e �d�i� �e�q�u�i�l�i�b�r�i�o, �i�l �t�e�n�s�o�r�e �d�i� �p�r�e�s�s�i�o�n�e �è

[P]ij = Pδij − ζ(∇∇∇ • v)δij − 2η[
o

(∇∇∇v)S]ij (3.103)

I�n�s�e�r�i�a�m�o �q�u�e�s�t�o �t�e�n�s�o�r�e �n�e�l�l��e��. (3.91),

ρ

[
∂v
∂t

+ v •∇∇∇v
]
= −∇∇∇ •P.
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O�s�s�e�r�v�a�n�d�o �c�h�e

∇∇∇ •P =∇∇∇P− ζ∇∇∇(∇∇∇ • v)− η

[
∆v +

1
3
∇∇∇(∇∇∇ • v)

]
,

�s�i� �a�r�r�i�v�a� �c�o�s�ì� �a�l�l�e �f�a�m�o�s�e �e�q�u�a�z�i�o�n�i� �d�i� N�a�v�i�e�r�-S�t�o�k�e��

ρ

[
∂v
∂t

+ v •∇∇∇v
]
= −∇∇∇P + ζ∇∇∇(∇∇∇ • v) + η

[
∆v +

1
3
∇∇∇(∇∇∇ • v)

]
,

(3.104)
�c�h�e, �p�e�r� �u�n� �f�l�u�i�d�o �i�n�c�o�m�p�r�i�m�i�b�i�l�e, �c�i�o�è �t�a�l�e �p�e�r� �c�u�i� �v�a�l�e �l�a�
(3.84), �d�i�v�e�n�t�a�n�o

ρ

[
∂v
∂t

+ v •∇∇∇v
]
= −∇∇∇P + η∆v (3.105)

S�i� �l�a�s�c�i�a� �c�o�m�e �e�s�e�r�c�i�z�i�o �d�e�t�e�r�m�i�n�a�r�e �l�a� �l�e�g�g�e �c�o�m�p�l�e�t�a� �d�i�
�b�i�l�a�n�c�i�o �d�e�l�l��e�n�e�r�g�i�a� �p�e�r� �u�n� �f�l�u�i�d�o �n�e�w�t�o�n�i�a�n�o (�s�i� �c�o�n�s�u�l�t�i� �i�l
�l�i�b�r�o �d�i� D�e G�r�o�o�t �e M�a�z�u�r� �c�i�t�a�t�o �a�l�l��i�n�i�z�i�o �d�e�l �c�a�p�i�t�o�l�o).
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A�p�p�e�n�d�i�c�e

3.A L�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e

§102 U�n� �f�u�n�z�i�o�n�a�l�e �è �l��a�n�a�l�o�g�o �i�n�f�i�n�i�t�o �d�i�m�e�n�s�i�o�n�a�l�e �d�i�
�u�n�a� �f�u�n�z�i�o�n�e �s�u� Rn �c�h�e �a�d� �o�g�n�i� �v�e�t�t�o�r�e u = (u1, . . . un) ∈ Rn

�a�s�s�o�c�i�a� �i�l �n�u�m�e�r�o (�r�e�a�l�e �o �c�o�m�p�l�e�s�s�o) F[u]. P�i�ù� �p�r�e�c�i�s�a�m�e�n�-
�t�e, �u�n� �f�u�n�z�i�o�n�a�l�e F �s�u� �u�n�o �s�p�a�z�i�o B �d�i� �f�u�n�z�i�o�n�i� `̀ �b�u�o�n�e''
u = u(x) �s�u� Ω ⊆ Rd (�c�o�n� �a�p�p�r�o�p�r�i�a�n�t�e �c�o�n�d�i�z�i�o�n�i� �a�l �b�o�r�d�o
∂Ω) �è �u�n�a� �f�u�n�z�i�o�n�e �c�h�e �a�s�s�o�c�i�a� �a�d� �o�g�n�i� u ∈ B �u�n� �n�u�m�e�r�o
(�r�e�a�l�e �o �c�o�m�p�l�e�s�s�o) F[u]. L�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e (�o �d�e�r�i�v�a�t�o
�v�a�r�i�a�z�i�o�n�a�l�e) �m�i�s�u�r�a� �i�l �c�a�m�b�i�a�m�e�n�t�o �d�e�l �f�u�n�z�i�o�n�a�l�e �i�n� �s�e�g�u�i�t�o
�a�l �c�a�m�b�i�a�m�e�n�t�o �d�e�l�l�a� �f�u�n�z�i�o�n�e �d�a� �c�u�i� �d�i�p�e�n�d�e.

N�e�l �c�a�s�o �f�i�n�i�t�o �d�i�m�e�n�s�i�o�n�a�l�e, �p�e�r� �o�g�n�i� ε > 0 �e �i�n�c�r�e�m�e�n�t�o
h, �l�a� �d�e�r�i�v�a�t�a� F′u �è �i�l �f�u�n�z�i�o�n�a�l�e �l�i�n�e�a�r�e �d�e�l�l��i�n�c�r�e�m�e�n�t�o h

�d�e�f�i�n�i�t�o �d�a�l�l��e�q�u�a�z�i�o�n�e

F[u + εh] = F[u] + εF′u(h) + �o�r�d�i�n�i� �s�u�p�e�r�i�o�r�i� �i�n� ε ,

�p�e�r� �c�u�i�

F′u(h) ≡ lim
ε→0

F[u + εh− F[u]
ε

=

[
d
dε

F[u + εh]
]

ε=0
. (3.106)

I�n�o�l�t�r�e, �p�e�r� �l�a� �l�i�n�e�a�r�i�t�à�, F′u(h) �p�u�ò �e�s�s�e�r�e �e�s�p�r�e�s�s�o �c�o�m�e
�p�r�o�d�o�t�t�o �s�c�a�l�a�r�e:

F′u(h) =
〈

F′u , h
〉
= ∑

k
F′ukhk, (3.107)

�d�o�v�e F′uk �e hk �s�o�n�o �l�e �c�o�m�p�o�n�e�n�t�i� �d�e�i� �v�e�t�t�o�r�i� F′u �e h �r�i�s�p�e�t�t�o
�a�l�l�a� �b�a�s�e �n�a�t�u�r�a�l�e e1 = (1, 0, . . . , 0) . . . , en = (0, . . . , 0, 1) �d�i�
Rn. S�i� �d�i�m�o�s�t�r�a� �f�a�c�i�l�m�e�n�t�e �c�h�e �l�e �c�o�m�p�o�n�e�n�t�i� F′uk �s�o�n�o �l�e
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�d�e�r�i�v�a�t�e �p�a�r�z�i�a�l�i� �d�i� F �n�e�l �p�u�n�t�o u:

F′uk =
∂F
∂xk

∣∣∣∣
x=u

= lim
ε→0

F[u + εek]− F[u]
ε

, (3.108)

�s�o�n�o �c�i�o�è �l�e �c�o�m�p�o�n�e�n�t�i� �d�e�l �g�r�a�d�i�e�n�t�e �d�i� F.
I�l �c�a�s�o �i�n�f�i�n�i�t�o-�d�i�m�e�n�s�i�o�n�a�l�e �è �t�r�a�t�t�a�t�o �i�n� �m�a�n�i�e�r�a� �c�o�m�p�l�e-

�t�a�m�e�n�t�e �a�n�a�l�o�g�a�: �s�i� �m�a�n�t�i�e�n�e �l�a� �d�e�f�i�n�i�z�i�o�n�e (3.106) �d�i� �d�e�r�i�-
�v�a�t�a�, �d�o�v�e �a�d�e�s�s�o u �e h �s�o�n�o �f�u�n�z�i�o�n�i�: u = u(x) �e h = h(x).
S�i� �m�a�n�t�i�e�n�e �i�n�o�l�t�r�e �l�a� �p�r�i�m�a� �u�g�u�a�g�l�i�a�n�z�a� �d�i� (3.107), �m�e�n�t�r�e
�l�a� �s�e�c�o�n�d�a� �è �s�o�s�t�i�t�u�i�t�a� �d�a�l �p�r�o�d�o�t�t�o �s�c�a�l�a�r�e L2:

F′u(h) =
〈

F′u , h
〉
=
∫

F′u(x)h(x)dx (3.109)

V�a�l�e �a� �d�i�r�e, �l�a� �s�o�m�m�a� �n�e�l�l��u�l�t�i�m�o �m�e�m�b�r�o �d�e�l�l�a� (3.106) �è
�s�o�s�t�i�t�u�i�t�a� �d�a� �u�n� �i�n�t�e�g�r�a�l�e �e �l�a� �d�e�r�i�v�a�t�a� �p�a�r�z�i�a�l�e �è �a�d�e�s�s�o
�s�o�s�t�i�t�u�i�t�a� �d�a�l�l�a� �f�u�n�z�i�o�n�e F′u = F′u(x) �c�h�e �è �u�s�u�a�l�m�e�n�t�e �c�h�i�a�m�a�-
�t�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e. Q�u�e�s�t�a� �f�u�n�z�i�o�n�e �è �d�e�n�o�t�a�t�a� δF

δu �o, �s�e
�s�i� �v�u�o�l�e �m�e�t�t�e�r�e �i�n� �e�v�i�d�e�n�z�a� �l�a� �d�i�p�e�n�d�e�n�z�a� �d�a�l�l��a�r�g�o�m�e�n�t�o,
�c�o�n� δF

δu(x) . C�o�n� �q�u�e�s�t�a� �n�o�t�a�z�i�o�n�e, �l�a� (3.109) �s�i� �r�i�s�c�r�i�v�e �c�o�m�e

F′u(h) =
∫

δF
δu(x)

h(x)dx, (3.110)

D�u�n�q�u�e, �i�n� �a�n�a�l�o�g�i�a� �a�l �c�a�s�o �f�i�n�i�t�o-�d�i�m�e�n�s�i�o�n�a�l�e, �s�a�r�e�b�b�e �a�p�-
�p�r�o�p�r�i�a�t�o �c�h�i�a�m�a�r�e �l�a� �f�u�n�z�i�o�n�e δF

δu �i�l �g�r�a�d�i�e�n�t�e �d�i� F.
P�e�r� �i�l �c�a�s�o �f�i�n�i�t�o-�d�i�m�e�n�s�i�o�n�a�l�e, �n�e�l�l�a� �l�e�t�t�e�r�a�t�u�r�a� �f�i�s�i�c�a� �s�i�

�p�r�e�f�e�r�i�s�c�e �a�s�s�o�r�b�i�r�e ε �i�n� h, �p�o�r�r�e δu ≡ εh, εF′u(h) ≡ δF �e
�p�e�n�s�a�r�e �i�l �d�i�f�f�e�r�e�n�z�i�a�l�e

δF = ∑
k

∂F
∂xk

δxk

�c�o�m�e �l�a� �v�a�r�i�a�z�i�o�n�e �p�r�i�m�a� �d�e�l�l�a� �f�u�n�z�i�o�n�e, �c�i�o�è �l�a� �v�a�r�i�a�z�i�o-
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�n�e �d�e�l�l�a� �f�u�n�z�i�o�n�e �a�l �p�r�i�m�o �o�r�d�i�n�e �n�e�l�l�a� �v�a�r�i�a�z�i�o�n�e δx =

(δx1, . . . , δxd) �d�e�i� �s�u�o�i� �a�r�g�o�m�e�n�t�i�. A�n�a�l�o�g�a�m�e�n�t�e, �n�e�l �c�a�s�o
�i�n�f�i�n�i�t�o-�d�i�m�e�n�s�i�o�n�a�l�e

δF =
∫

δF
δu(x)

δu(x)dx, (3.111)

�è �l�a� �v�a�r�i�a�z�i�o�n�e �p�r�i�m�a� �d�e�l �f�u�n�z�i�o�n�a�l�e F, �c�i�o�è �l�a� �v�a�r�i�a�z�i�o�n�e
�d�e�l �f�u�n�z�i�o�n�a�l�e �a�l �p�r�i�m�o �o�r�d�i�n�e �n�e�l�l�a� �v�a�r�i�a�z�i�o�n�e δu(x) �d�e�l �s�u�o
�a�r�g�o�m�e�n�t�o.
N.B. L�a� �d�e�f�i�n�i�z�i�o�n�e �d�i� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e �p�u�ò �e�s�s�e�r�e �r�e-
�s�a� �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �p�i�ù� �r�i�g�o�r�o�s�a�, �d�e�f�i�n�e�n�d�o �l�o �s�p�a�z�i�o �d�e�l�l�e
�f�u�n�z�i�o�n�i� �p�i�ù� �a�t�t�e�n�t�a�m�e�n�t�e. P�e�r� �e�s�e�m�p�i�o, �q�u�a�n�d�o �l�o �s�p�a�z�i�o
�d�i� �f�u�n�z�i�o�n�i� �è �u�n�o �s�p�a�z�i�o �d�i� B�a�n�a�c�h�, �l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e
�d�i�v�e�n�t�a� �n�o�t�a� �c�o�m�e �l�a� �d�e�r�i�v�a�t�a� �d�i� F�r�é�c�h�e�t, �m�e�n�t�r�e �s�i� �u�t�i�l�i�z-
�z�a� �l�a� �d�e�r�i�v�a�t�a� �d�i� G�â�t�e�a�u�x �s�u� �g�e�n�e�r�i�c�i� �s�p�a�z�i� �l�o�c�a�l�m�e�n�t�e
�c�o�n�v�e�s�s�i�. S�i� �n�o�t�i� �c�h�e �g�l�i� �s�p�a�z�i� �c�o�n� �p�r�o�d�o�t�t�o �s�c�a�l�a�r�e L2, �s�e
�c�o�m�p�l�e�t�i�, �s�o�n�o �s�p�a�z�i� �d�i� H�i�l�b�e�r�t �e �d�u�n�q�u�e �c�a�s�i� �p�a�r�t�i�c�o�l�a�r�i�
�d�i� �s�p�a�z�i� �d�i� B�a�n�a�c�h�. I�l �t�r�a�t�t�a�m�e�n�t�o �p�i�ù� �r�i�g�o�r�o�s�o �p�e�r�m�e�t�t�e
�d�i� �g�e�n�e�r�a�l�i�z�z�a�r�e �m�o�l�t�i� �t�e�o�r�e�m�i� �d�e�l �c�a�l�c�o�l�o �d�i�f�f�e�r�e�n�z�i�a�l�e �e �d�i�
�a�n�a�l�i�s�i� �a� �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �t�e�o�r�e�m�i� �d�i� �a�n�a�l�i�s�i� �f�u�n�z�i�o�n�a�l�e, �o�l�t�r�e
�a� �v�a�r�i� �n�u�o�v�i� �t�e�o�r�e�m�i�.

§103 P�r�o�p�r�i�e�t�à� �d�e�l�l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e C�o�m�e �l�a� �d�e�r�i�v�a�t�a�
�d�i� �u�n�a� �f�u�n�z�i�o�n�e, �l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e �s�o�d�d�i�s�f�a� �l�e �s�e�g�u�e�n�t�i�
�p�r�o�p�r�i�e�t�à�, �d�o�v�e F[u] �e G[u] �s�o�n�o �f�u�n�z�i�o�n�a�l�i�.

L�i�n�e�a�r�i�t�à�:

δ(αF + βG)

δu(x)
= α

δF
δu(x)

+ β
δG

δu(x)
, α �e β �c�o�s�t�a�n�t�i�
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R�e�g�o�l�a� �d�e�l �p�r�o�d�o�t�t�o:

δ(FG)

δu(x)
=

δF
δu(x)

G + F
δG

δu(x)

R�e�g�o�l�a� �d�e�l�l�a� �d�e�r�i�v�a�t�a� �c�o�m�p�o�s�t�a�. S�e f �è �u�n�a� �f�u�n�z�i�o�n�e �d�i�f�f�e-
�r�e�n�z�i�a�b�i�l�e

δF[ f (u)]
δu(x)

=
δF[ f (u)]
δ f (u(x))

d f (u(x))
du(x)

δ f (F[u])
δu(x)

=
d f (F[u])

dF[u]
δF[u]
δu(x)

§104 R�e�g�o�l�a� �d�i� �c�a�l�c�o�l�o �d�e�l�l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e S�e�g�u�e
�i�m�m�e�d�i�a�t�a�m�e�n�t�e �a�l�l�a� �d�e�f�i�n�i�z�i�o�n�e (3.106) �c�o�m�b�i�n�a�t�a� �c�o�n� �l�a�
(3.110):

∫
δF

δu(x)
h(x)dx =

[
d
dε

F[u + εh]
]

ε=0
(3.112)

I�n�o�l�t�r�e, �l�a� (3.112) �f�o�r�n�i�s�c�e �i�m�m�e�d�i�a�t�a�m�e�n�t�e �l�a� �r�e�g�o�l�a� �d�i�
�c�a�l�c�o�l�o �f�o�r�m�a�l�e

δF
δu(x)

=

[
d
dε

F[u + εδx]

]

ε=0
, (3.113)

�d�o�v�e δx �è �l�a� �d�e�l�t�a� �d�i� D�i�r�a�c �c�e�n�t�r�a�t�a� �i�n� x. A�p�p�l�i�c�a�n�d�o �l�a�
�f�o�r�m�u�l�a� �p�r�e�c�e�d�e�n�t�e �a�l �f�u�n�z�i�o�n�a�l�e F[u] = u(y), �p�e�r� y �f�i�s�s�a�t�o,
�e�d� �e�s�s�e�n�d�o �p�e�r� �q�u�e�s�t�o �f�u�n�z�i�o�n�a�l�e F[u + εδx] = (u + εδx)(y) =

u(y) + εδ(x− y), �s�i� �o�t�t�i�e�n�e

δu(y)
δu(x)

= δ(x− y) . (3.114)

Q�u�e�s�t�a� �r�e�l�a�z�i�o�n�e, �c�o�n�g�i�u�n�t�a�m�e�n�t�e �a�l�l�a� �r�e�g�o�l�a� �d�e�l�l�a� �d�e�r�i�v�a�t�a�
�d�e�l�l�a� �f�u�n�z�i�o�n�e �c�o�m�p�o�s�t�a�, �p�e�r�m�e�t�t�e �m�o�l�t�o �s�p�e�s�s�o �u�n� �c�a�l�c�o�l�o
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�v�e�l�o�c�e �d�e�l�l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e.

§105 E�s�e�m�p�i�o 1 (�e�q�u�a�z�i�o�n�i� �d�i� E�u�l�e�r�o-L�a�g�r�a�n�g�e) C�a�l�c�o�l�i�a�m�o
�l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e �d�i� �f�u�n�z�i�o�n�a�l�i� �d�e�l �t�i�p�o

F[u] =
∫

f (x, u(x),∇u(x)) dx . (3.115)

A�p�p�l�i�c�h�i�a�m�o �l�a� �r�e�g�o�l�a� (3.112). A�l�l�o�r�a� �p�e�r� �v�a�r�i�a�z�i�o�n�i� h =

h(x) �c�h�e �s�i� �a�n�n�u�l�l�a�n�o �a�l �b�o�r�d�o �d�i� �i�n�t�e�g�r�a�z�i�o�n�e
∫

δF
δu(x)

h(x) dx =

[
d
dε

∫
f (x, u + εh,∇u + ε∇h) dx

]

ε=0

=
∫ (

∂ f
∂u

h +
∂ f

∂∇u
· ∇h

)
dx

=
∫ [

∂ f
∂u

h +∇ ·
(

∂ f
∂∇u

h
)
−
(
∇ · ∂ f

∂∇u

)
h
]

dx

=
∫ [

∂ f
∂u

h−
(
∇ · ∂ f

∂∇u

)
h
]

dx

=
∫ (

∂ f
∂u
−∇ · ∂ f

∂∇u

)
h(x) dx .

P�o�i�c�h�é h �è �u�n�a� �f�u�n�z�i�o�n�e �a�r�b�i�t�r�a�r�i�a�, �s�i� �a�r�r�i�v�a� �a�l �r�i�s�u�l�t�a�t�o

δF
δu

=
∂ f
∂u
−∇ · ∂ f

∂∇u
(3.116)

L�a� �c�o�n�d�i�z�i�o�n�e �d�i� �a�n�n�u�l�l�a�m�e�n�t�o �d�i� �q�u�e�s�t�a� �d�e�r�i�v�a�t�a� �p�o�r�t�a� �a�l�l�e
�u�s�u�a�l�i� �e�q�u�a�z�i�o�n�i� �d�i� E�u�l�e�r�o-L�a�g�r�a�n�g�e �p�e�r� u = u(x).

L'�e�q�u�a�z�i�o�n�e (3.116)�p�e�r� �l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e �p�u�ò �e�s�s�e-
�r�e �g�e�n�e�r�a�l�i�z�z�a�t�a� �a�l �c�a�s�o �c�h�e �c�o�m�p�r�e�n�d�e �d�e�r�i�v�a�t�e �d�i� �o�r�d�i�n�e
�s�u�p�e�r�i�o�r�e.

§106 E�s�e�m�p�i�o 2 (�e�s�p�o�n�e�n�z�i�a�l�e) S�i�a�

F[u] = e
∫

u(x)g(x)dx
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�e �c�a�l�c�o�l�i�a�m�o�n�e �l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e �u�s�a�n�d�o �l�a� �r�e�g�o�l�a� (3.113):

δF[u]
δu(y)

= lim
ε→0

F[u + εδx]− F[u]
ε

= lim
ε→0

e
∫
(u(x)+εδ(x−y))g(x)dx − e

∫
u(x)g(x)dx

ε

= e
∫

u(x)g(x)dx lim
ε→0

eε
∫

δ(x−y)g(x)dx − 1
ε

= e
∫

u(x)g(x)dx lim
ε→0

eεg(y) − 1
ε

= e
∫

u(x)g(x)dxg(y).

C�o�s�ì�,
δF[u]
δu(y)

= F[u]g(y).

O�s�s�e�r�v�i�a�m�o �i�n�f�i�n�e �c�h�e �q�u�e�s�t�o �r�i�s�u�l�t�a�t�o �s�e�g�u�e �i�m�m�e�d�i�a�t�a�-
�m�e�n�t�e �d�a�l�l�a� �r�e�g�o�l�a� �d�e�l�l�a� �f�u�n�z�i�o�n�e �c�o�m�p�o�s�t�a� �e �d�a�l�l�a� (3.114):

δF[u]
δu(y)

= e
∫

u(x)g(x)dx δ

δu(y)

[∫
u(x)g(x)dx

]

= e
∫

u(x)g(x)dx
[∫

δ(x− y)g(x)dx
]

= F[u]g(y)
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�h�a�m�i�l�t�o�n�i�a�n�a� �e �d�i� �t�e�o�r�i�a� �d�e�i� �s�i�s�t�e�m�i� �d�i�n�a�m�i�c�i�. I�l �r�i�f�e�r�i�m�e�n�t�o �c�l�a�s�s�i�c�o �è �i�l �l�i�b�r�o

�d�i� V. A�r�n�o�l�d�, M�e�t�o�d�i� �m�a�t�e�m�a�t�i�c�i�
�d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �c�l�a�s�s�i�c�a�, E�d�i�t�o�r�i�
R�i�u�n�i�t�i� U�n�i�v. P�r�e�s�� (2010,
�u�l�t�i�m�a� �e�d�i�z�i�o�n�e).

4.1 S�i�s�t�e�m�i� �d�i�n�a�m�i�c�i�

§107 L'�a�p�p�a�r�a�t�o �m�a�t�e�m�a�t�i�c�o �m�o�d�e�r�n�o �p�e�r� �s�t�u�d�i�a�r�e �l�e �l�e�g�g�i�
�d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�i� �b�a�s�a� �s�u�l�l�a� �n�o�z�i�o�n�e �d�i� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o.
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U�n� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e �è �u�n� �s�i�s�t�e�m�a� �i� �c�u�i� �s�t�a�-
�t�i� �p�o�s�s�i�b�i�l�i� �s�o�n�o �r�a�p�p�r�e�s�e�n�t�a�t�i� �d�a�i� �p�u�n�t�i� x = (x1, . . . , xn) (�i�n�
�c�o�o�r�d�i�n�a�t�e �l�o�c�a�l�i�) �d�i� �u�n�a� �v�a�r�i�e�t�à� �d�i�f�f�e�r�e�n�z�i�a�b�i�l�e n-�d�i�m�e�n�s�i�o�n�a�l�e
Γ �e �l��e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�i� �u�n�o �d�i� �q�u�e�s�t�i� �s�t�a�t�i�

X = (X1, . . . , Xn) = X(t) = (X1(t), . . . , Xn(t))

�è �g�o�v�e�r�n�a�t�a� �d�a�l �s�i�s�t�e�m�a� �d�i� �e�q�u�a�z�i�o�n�i� �d�i�f�f�e�r�e�n�z�i�a�l�i� �d�e�l �p�r�i�m�'�o�r�-
�d�i�n�e

dX
dt

= v(X), (4.1)

�p�e�r� �u�n� �d�a�t�o �c�a�m�p�o �d�i� �v�e�l�o�c�i�t�à�

v : Γ→ Rn , v(x) = (v1(x), . . . , vn(x)) .

L�o �s�p�a�z�i�o �d�e�g�l�i� �s�t�a�t�i� M �è �d�e�t�t�o �l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �d�e�l
�s�i�s�t�e�m�a�. P�e�r� �s�e�m�p�l�i�c�i�t�à�, �s�i� �p�u�ò �a�s�s�u�m�e�r�e �c�h�e Γ = Rn.

§108 L�a� �c�o�n�d�i�z�i�o�n�e �c�h�e v(x) �n�o�n� �d�i�p�e�n�d�a� �d�a�l �t�e�m�p�o �n�o�n�
�è �r�e�s�t�r�i�t�t�i�v�a�: �s�e �d�i�p�e�n�d�e�s�s�e �d�a�l �t�e�m�p�o �b�a�s�t�e�r�e�b�b�e �a�g�g�i�u�n�g�e-
�r�e �l�a� �v�a�r�i�a�b�i�l�e xn+1 = t �e �p�a�s�s�a�r�e �a�l �s�i�s�t�e�m�a� �i�n� Rn+1 �c�o�n�
�e�q�u�a�z�i�o�n�e �a�g�g�i�u�n�t�i�v�a� ẋn+1 = 1. Q�u�i�n�d�i� �q�u�a�l�u�n�q�u�e �e�q�u�a�z�i�o�n�e
�d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� �o�r�d�i�n�e m �o �q�u�a�l�u�n�q�u�e �s�i�s�t�e�m�a� �d�i� �e�q�u�a�z�i�o�n�i�
�d�i�f�f�e�r�e�n�z�i�a�l�i� �p�u�ò �e�s�s�e�r�e �t�r�a�s�f�o�r�m�a�t�o �i�n� �u�n� �s�i�s�t�e�m�a� �d�i�n�a�m�i�-
�c�o �c�o�n� �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �c�o�n�t�e�n�u�t�o �i�n� Rn �p�e�r� n �o�p�p�o�r�t�u�n�o;
�p�e�r� �e�s�e�m�p�i�o, �u�n�'�e�q�u�a�z�i�o�n�e �d�e�l �s�e�c�o�n�d�o �o�r�d�i�n�e �i�n� t �c�o�n� �t�e�r�-
�m�i�n�i� �d�i�p�e�n�d�e�n�t�i� �d�a� t �p�u�ò �e�s�s�e�r�e �t�r�a�s�f�o�r�m�a�t�a� �i�n� �u�n� �s�i�s�t�e�m�a�
�d�i�n�a�m�i�c�o �c�o�n� �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �c�o�n�t�e�n�u�t�o �i�n� R3.

§109 S�e �i�l �c�a�m�p�o v �è �a�b�b�a�s�t�a�n�z�a� �r�e�g�o�l�a�r�e �l�a� �s�o�l�u�z�i�o�n�e �d�i�
(4.1), �p�e�r� �u�n�a� �d�a�t�a� �c�o�n�d�i�z�i�o�n�e �i�n�i�z�i�a�l�e X0 �a�l �t�e�m�p�o t = 0

�è �e�s�p�r�i�m�i�b�i�l�e �m�e�d�i�a�n�t�e �u�n�a� �f�a�m�i�g�l�i�a� �a�d� �u�n� �p�a�r�a�m�e�t�r�o �d�i�
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�f�u�n�z�i�o�n�i� φt : Γ → Γ, �d�e�t�t�a� �f�l�u�s�s�o, �c�h�e �t�r�a�s�f�o�r�m�a� �l�o �s�t�a�t�o
�i�n�i�z�i�a�l�e X0 �n�e�l�l�o �s�t�a�t�o Xt �a�l �t�e�m�p�o t, �v�a�l�e �a� �d�i�r�e,

Xt = φt(X0, ) . (4.2)

L�a� �r�e�l�a�z�i�o�n�e �t�r�a� �c�a�m�p�o �d�i� �v�e�l�o�c�i�t�à� �e �f�l�u�s�s�o �è

∂φt(x)
∂t

= v(x)

�e �h�a� �l��i�m�p�o�r�t�a�n�t�e �p�r�o�p�r�i�e�t�à� �d�i� �c�o�m�p�o�s�i�z�i�o�n�e

φt+s = φt ◦ φs (4.3)

�c�h�e �c�o�r�r�i�s�p�o�n�d�e �a�l �f�a�t�t�o �c�h�e Xt+s = φs(φt(X0)).
I�l �v�a�n�t�a�g�g�i�o �d�i� �t�r�a�s�f�o�r�m�a�r�e �u�n�'�e�q�u�a�z�i�o�n�e �d�i�f�f�e�r�e�n�z�i�a�l�e �o �u�n�

�s�i�s�t�e�m�a� �d�i� �e�q�u�a�z�i�o�n�i� �d�i�f�f�e�r�e�n�z�i�a�l�i� �n�e�l�l�a� �f�o�r�m�a� �d�i� �u�n� �s�i�s�t�e�m�a�
�d�i�n�a�m�i�c�o (4.1) �s�t�a� �n�e�l �p�o�t�e�r� �u�t�i�l�i�z�z�a�r�e �m�e�t�o�d�i� �g�e�o�m�e�t�r�i�c�i� �e
�i�l �l�i�n�g�u�a�g�g�i�o �i�d�r�o�d�i�n�a�m�i�c�o �p�e�r� �a�n�a�l�i�z�z�a�r�e �i�l �s�i�s�t�e�m�a�. L�e �s�o-
�l�u�z�i�o�n�i� �d�i� (4.1) �p�o�s�s�o�n�o �i�n�f�a�t�t�i� �e�s�s�e�r�e �i�n�t�e�r�p�r�e�t�a�t�e �c�o�m�e �l�e
�l�i�n�e �d�i� �f�l�u�s�s�o �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �d�i� �u�n� �f�l�u�i�d�o �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e
�f�a�s�i�: �a�l �v�a�r�i�a�r�e �d�i� t, �l�a� �s�o�l�u�z�i�o�n�e φ(X0, t) �d�e�s�c�r�i�v�e �c�o�m�e �e�v�o�l-
�v�e �n�e�l �c�o�r�s�o �d�e�l �t�e�m�p�o �l�a� �t�r�a�i�e�t�t�o�r�i�a� �d�i� �u�n�a� �p�a�r�t�i�c�e�l�l�a� �d�e�l
�f�l�u�i�d�o �c�h�e �i�n�i�z�i�a�l�m�e�n�t�e, �a�l �t�e�m�p�o t = 0, �s�i� �t�r�o�v�a�v�a� �n�e�l �p�u�n�t�o
X0. L�e �l�i�n�e�e �d�i� �f�l�u�s�s�o �n�o�n� �s�i� �i�n�t�e�r�s�e�c�a�n�o �e �i�n� �o�g�n�i� �p�u�n�t�o
�i�l �c�a�m�p�o �d�i� �v�e�l�o�c�i�t�à� �è �t�a�n�g�e�n�t�e �a�d� �e�s�s�e. P�e�r�c�i�ò, �l�a� �s�e�m�p�l�i�-
�c�e �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �g�r�a�f�i�c�a� �d�e�l �c�a�m�p�o �d�i� �v�e�l�o�c�i�t�à� �f�o�r�n�i�s�c�e
�g�i�à� �u�n�'�i�n�f�o�r�m�a�z�i�o�n�e �u�t�i�l�e �s�u�l�l�e �s�o�l�u�z�i�o�n�i� �d�e�l �s�i�s�t�e�m�a�. T�a�l�e
�r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �g�r�a�f�i�c�a� �è �d�e�t�t�a� �r�i�t�r�a�t�t�o �d�i� �f�a�s�e.

L�a� �f�i�g�u�r�a� 4.1 �f�o�r�n�i�s�c�e �u�n� `̀ �r�i�t�r�a�t�t�o �d�i� �f�a�s�e'' �d�e�l �p�e�n�d�o�l�o



110 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

E�s�e�m�p�i�o 4.1. F�i�g�u�r�a� 4.1: R�i�t�r�a�t�t�o �d�i� �f�a�s�e �d�e�l
�p�e�n�d�o�l�o �s�e�m�p�l�i�c�e. L�e �f�r�e�c�c�e�t�t�e
�r�o�s�s�e �i�n�d�i�c�a�n�o �a�l�c�u�n�i� �v�e�t�t�o�r�i� �d�e�l
�c�a�m�p�o v = (y,− sin x). S�o�n�o �r�a�f�f�i�g�u�-
�r�a�t�e �l�i�n�e�e �d�i� �f�l�u�s�s�o �d�e�l �c�a�m�p�o �c�h�e
�r�a�p�p�r�e�s�e�n�t�a�n�o �l�e �t�r�a�i�e�t�t�o�r�i�e �d�e�l
�s�i�s�t�e�m�a� �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i�.

�s�e�m�p�l�i�c�e (�i�n� �u�n�'�u�n�i�t�à� �d�i� �m�i�s�u�r�a� �o�p�p�o�r�t�u�n�e)

ẋ = y

ẏ = − sin x

L�e �s�o�l�u�z�i�o�n�i� �s�o�n�o �l�e �l�i�n�e�e �d�i� �f�l�u�s�s�o �d�e�l �c�a�m�p�o v(x, y) =

(y,− sin x).

§110 I �p�u�n�t�i� �f�i�s�s�i� �d�e�l �s�i�s�t�e�m�a� �s�o�n�o �i� �p�u�n�t�i� �p�e�r� �c�u�i� �i�l
�c�a�m�p�o v �s�i� �a�n�n�u�l�l�a�, �s�o�n�o �c�i�o�è �l�e �s�o�l�u�z�i�o�n�i� a �d�e�l�l��e�q�u�a�z�i�o�n�e
v(a) = 0, �e �s�o�n�o �a�n�c�h�e �d�e�t�t�i� �p�u�n�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �o, �n�e�l �l�i�n�g�u�a�g-
�g�i�o �i�d�r�o�d�i�n�a�m�i�c�o, �p�u�n�t�i� �d�i� �s�t�a�g�n�a�z�i�o�n�e �d�e�l �f�l�u�i�d�o. I�l �p�r�i�m�o
�p�a�s�s�o �n�e�l�l�o �s�t�u�d�i�o �d�i� �u�n� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �è �l�o �s�t�u�d�i�o �d�i� �c�o-
�m�e �e�v�o�l�v�o�n�o �p�i�c�c�o�l�e �p�e�r�t�u�r�b�a�z�i�o�n�i� ξ = X − a �n�e�l�l��i�n�t�o�r�n�o �d�i�
�u�n� �p�u�n�t�o �d�i� �e�q�u�i�l�i�b�r�i�o a. I �n� �q�u�e�s�t�o �s�t�u�d�i�o, �l�a� �d�e�r�i�v�a�t�a� �d�i� v

�g�i�o�c�a� �u�n� �r�u�o�l�o �i�m�p�o�r�t�a�n�t�e. I �n�f�a�t�t�i�, �s�o�s�t�i�t�u�e�n�d�o X = a + ξ �n�e�l�l�a�
(4.1), �s�i� �o�t�t�i�e�n�e

d
dt

ξ = v(a + ξ) = v(a) + v′(a)ξ + o( ||ξ|| ) = v′(a)ξ + o( ||ξ|| ) ,

�d�o�v�e, �c�o�m�e �d�i� �c�o�n�s�u�e�t�o, o( ||ξ|| ) �d�e�n�o�t�a� �u�n�a� �q�u�a�n�t�i�t�à� �c�h�e �t�e�n�d�e
�a� �z�e�r�o �p�i�ù� �r�a�p�i�d�a�m�e�n�t�e �d�i� ||ξ|| . T�r�a�s�c�u�r�a�n�d�o �q�u�e�s�t�a� �q�u�a�n�-
�t�i�t�à�, �s�i� �o�t�t�i�e�n�e �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �l�i�n�e�a�r�e �d�e�l �s�i�s�t�e�m�a� �n�e�l
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�p�u�n�t�o a:
dξ

dt
= Aξ , (4.4)

�d�o�v�e �s�i� �è �p�o�s�t�o A = v′(a). E�s�s�e�n�d�o A �u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �l�i�-
�n�e�a�r�e, (4.4) �è �u�n� �s�i�s�t�e�m�a� �l�i�n�e�a�r�e �e �l�e �s�u�e �s�o�l�u�z�i�o�n�i� �p�o�s�s�o�n�o
�e�s�s�e�r�e �f�a�c�i�l�m�e�n�t�e �t�r�o�v�a�t�e.

§111 P�o�i�c�h�è �l�a� (4.4) �g�o�v�e�r�n�a� �l��e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�i� �u�n�a�
�p�i�c�c�o�l�a� �p�e�r�t�u�r�b�a�z�i�o�n�e �n�e�l�l��i�n�t�o�r�n�o �d�i� �u�n� �p�u�n�t�o �d�i� �e�q�u�i�l�i�-
�b�r�i�o, �e�s�s�a� �c�i� �f�o�r�n�i�s�c�e �i�n�f�o�r�m�a�z�i�o�n�i� �u�t�i�l�i� �s�u�l �s�i�s�t�e�m�a�. A�l-
�t�r�e�t�t�a�n�t�o �u�t�i�l�e �è �s�a�p�e�r�e �c�o�m�e �e�v�o�l�v�o�n�o �p�i�c�c�o�l�e �p�e�r�t�u�r�b�a�z�i�o�n�i�
�d�e�l�l��i�n�t�o�r�n�o �d�i� �u�n� �q�u�a�l�u�n�q�u�e �p�u�n�t�o, �n�o�n� �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �d�'�e-
�q�u�i�l�i�b�r�i�o. Q�u�e�s�t�o �s�e�r�v�e, �i�n� �p�a�r�t�i�c�o�l�a�r�e, �a� �d�e�t�e�r�m�i�n�a�r�e �s�e �i�l
�s�i�s�t�e�m�a� �è �c�a�o�t�i�c�o, �c�i�o�è �s�e �p�i�c�c�o�l�e �p�e�r�t�u�r�b�a�z�i�o�n�i� �d�i�v�e�r�g�o�n�o
�e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �n�e�l �c�o�r�s�o �d�e�l �t�e�m�p�o.

E�s�e�m�p�i�o 4.2. T�r�o�v�a�r�e �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �l�i�n�e�a�r�e �d�e�l �p�e�n�d�o�l�o
�s�e�m�p�l�i�c�e �n�e�i� �s�u�o�i� �p�u�n�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o.

S�o�l�u�z�i�o�n�e. I �p�u�n�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �s�o�n�o �l�e �s�o�l�u�z�i�o�n�i� �d�i� v =

(y,− sin x) = (0, 0). Q�u�e�s�t�e �s�o�n�o (0, nπ), n = 0,±1,±2, . . . (�i�
�p�u�n�t�i� �i�n� �v�i�o�l�a� �n�e�l�l�a� �f�i�g�u�r�a� 4.1). B�a�s�t�a� �s�t�u�d�i�a�r�e �l��a�p�p�r�o�s�s�i�-
�m�a�z�i�o�n�e �l�i�n�e�a�r�e �d�e�l�l�a� �d�i�n�a�m�i�c�a� �i�n� (0, 0) �e (0, π), �e�s�s�e�n�d�o �l�e
�a�l�t�r�e �o�t�t�e�n�u�t�e �d�a� �q�u�e�s�t�e �p�e�r� �p�e�r�i�o�d�i�c�i�t�à�. C�a�l�c�o�l�i�a�m�o [v′(x, y)]:

[v′(x, y)] =




0 1

− cos x 0




S�i�a�n�o A0 = [v′(0, 0)] =




0 1

−1 0


 �e Aπ = [v′(0, π)] =




0 1

1 0


.

P�o�n�i�a�m�o ξ = (u, v). A�l�l�o�r�a� �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �l�i�n�e�a�r�e �d�e�l�l�a�



112 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

�d�i�n�a�m�i�c�a� �n�e�l�l��i�n�t�o�r�n�o �d�i� (0, 0) �è



u̇

v̇


 = A0




u

v


 =




0 1

−1 0







u

v


 =




v

−u




�m�e�n�t�r�e �n�e�l�l��i�n�t�o�r�n�o �d�i� (0, π) �è



u̇

v̇


 = Aπ




u

v


 =




0 1

1 0







u

v


 =




v

u




N�e�l �p�r�i�m�o �c�a�s�o, �s�i� �t�r�a�t�t�a� �d�e�l�l�a� �d�i�n�a�m�i�c�a� �d�e�l�l��o�s�c�i�l�l�a�t�o�r�e �a�r�-
�m�o�n�i�c�o �l�i�n�e�a�r�e: �l�e �t�r�a�i�e�t�t�o�r�i�e �s�o�n�o �c�e�r�c�h�i� �c�e�n�t�r�a�t�i� �n�e�l�l��o�r�i�g�i�n�e,
�c�o�n� �l�e�g�g�e �o�r�a�r�i�a� �c�h�e �è �c�o�m�b�i�n�a�z�i�o�n�e �l�i�n�e�a�r�e �d�i� cos(t) �e sin(t).
L'�o�r�i�g�i�n�e �è �u�n� �p�u�n�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �s�t�a�b�i�l�e. N�e�l �s�e�c�o�n�d�o �c�a�s�o,
�l�e �s�o�l�u�z�i�o�n�i� �s�o�n�o �c�o�m�b�i�n�a�z�i�o�n�i� �l�i�n�e�a�r�i� �d�i� exp(t) �e exp(−t). I�l
�p�u�n�t�o (0, π) �è �u�n� �p�u�n�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �i�n�s�t�a�b�i�l�e.

4.2 M�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e �e �s�i�s�t�e�m�i� �d�i�n�a�m�i�c�i� �a�s�t�r�a�t�t�i�

§112 N�o�z�i�o�n�e �m�a�t�e�m�a�t�i�c�a� �d�i� �m�i�s�u�r�a� I�n� �g�e�n�e�r�a�l�e, �u�n�a� �m�i�-
�s�u�r�a� µ �è �f�u�n�z�i�o�n�e �d�e�f�i�n�i�t�a� �s�o�p�r�a� �u�n�a� �f�a�m�i�g�l�i�a� F �d�i� �s�o�t�t�o�i�n�-
�s�i�e�m�i� �d�i� �u�n� �c�e�r�t�o �i�n�s�i�e�m�e Γ �a� �v�a�l�o�r�i� �n�e�l�l��i�n�t�e�r�v�a�l�l�o �e�s�t�e�s�o
[0, ∞] �e �n�u�m�e�r�a�b�i�l�m�e�n�t�e �a�d�d�i�t�i�v�a�. L'�a�d�d�i�t�i�v�i�t�à� �n�u�m�e�r�a�b�i�l�e, �o
σ-�a�d�d�i�t�i�v�i�t�à�, �s�i�g�n�i�f�i�c�a� �c�h�e �s�e E1, E2, . . . �è �u�n�a� �s�u�c�c�e�s�s�i�o�n�e �d�i�
�i�n�s�i�e�m�i� �m�u�t�u�a�m�e�n�t�e �d�i�s�g�i�u�n�t�i� �i�n� F, �a�l�l�o�r�a�:

µ

(
∞⋃

i=1

Ei

)
=

∞

∑
i=1

µ(Ei).

G�l�i� �e�l�e�m�e�n�t�i� �d�i� F �s�o�n�o �d�e�t�t�i� �i�n�s�i�e�m�i� �m�i�s�u�r�a�b�i�l�i�, �e �l�a� �s�t�r�u�t-
�t�u�r�a� (Γ,F, µ) �v�i�e�n�e �d�e�t�t�a� �s�p�a�z�i�o �d�i� �m�i�s�u�r�a�. P�e�r� �s�p�a�z�i�o �d�e�l�l�e
�f�a�s�i� Γ �l�o�c�a�l�m�e�n�t�e �i�s�o�m�o�r�f�o �a� Rn, �l�a� �f�a�m�i�g�l�i�a� F �è �c�o�s�t�i�t�u�i�-
�t�a� �d�a�g�l�i� �i�n�s�i�e�m�i� �d�i� B�o�r�e�l �d�i� Γ, �c�h�e �s�o�n�o �q�u�e�i� �s�o�t�t�o�i�n�s�i�e�m�i�
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�d�i� Γ �c�h�e �p�o�s�s�o�n�o �e�s�s�e�r�e �e�s�p�r�e�s�s�i� �c�o�m�e �l�i�m�i�t�e �d�i� �u�n�i�o�n�i� �e
�i�n�t�e�r�s�e�z�i�o�n�i� �n�u�m�e�r�a�b�i�l�i� �d�i� `̀ �p�a�r�a�l�l�e�l�e�p�i�p�e�d�i�'' �o `̀ �c�i�l�i�n�d�r�i�''.

L'�i�n�t�e�g�r�a�z�i�o�n�e �r�i�s�p�e�t�t�o �a�d� �u�n�a� �m�i�s�u�r�a� �è �d�e�f�i�n�i�t�a� �c�o�m�e
�l�i�m�i�t�e �a� �p�a�r�t�i�r�e �d�a�l�l��i�n�t�e�g�r�a�z�i�o�n�e �d�i� �f�u�n�z�i�o�n�i� �s�e�m�p�l�i�c�i� �a�
�s�c�a�l�i�n�o �e �l��i�n�t�e�g�r�a�l�e �d�i� �u�n�a� �f�u�n�z�i�o�n�e f (x) �r�i�s�p�e�t�t�o �a� µ �è
�d�e�n�o�t�a�t�o

∫
f (x)dµ.

§113 M�i�s�u�r�a� �d�i� �p�r�o�b�a�b�i�l�i�t�à� U�n�a� �m�i�s�u�r�a� �p�o�s�i�t�i�v�a� �n�o�r�-
�m�a�l�i�z�z�a�t�a� �a� 1 �è �d�e�t�t�a� �m�i�s�u�r�a� �d�i� �p�r�o�b�a�b�i�l�i�t�à� �e�d� �è �d�i� �s�o�l�t�o
�d�e�n�o�t�a�t�a� �c�o�n� �i�l �s�i�m�b�o�l�o P. P�e�r� �u�n�a� �t�a�l�e �m�i�s�u�r�a� �s�i� �h�a� �d�i�n�q�u�e

P(Γ) = 1.

§114 S�i�s�t�e�m�i� �d�i�n�a�m�i�c�i� �a�s�t�r�a�t�t�i� D�a�t�o �u�n� �f�l�u�s�s�o φ (�n�o�n�
�n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �h�a�m�i�l�t�o�n�i�a�n�o) �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� Γ, �u�n�a�
�m�i�s�u�r�a� �s�u� Γ �è �d�e�t�t�a� �i�n�v�a�r�i�a�n�t�e �r�i�s�p�e�t�t�o �a� φ �s�e

µ(φ−1
t (A)) = µ(A), �p�e�r� A ∈ F, (4.5)

�d�o�v�e
φ−1

t (A) = {X ∈ Γ|φt(X) ∈ A}.

S�e �i�l �f�l�u�s�s�o �è �i�n�v�e�r�t�i�b�i�l�e, �v�a�l�e �a� �d�i�r�e �l�a� �d�i�n�a�m�i�c�a� �è �r�e-
�v�e�r�s�i�b�i�l�e, �a�l�l�o�r�a� �p�o�s�s�i�a�m�o �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e �r�i�c�h�i�e�d�e�r�e �c�h�e

µ(φ(A)) = µ(A), (4.6)

�i�n� �q�u�a�n�t�o �e�s�i�s�t�e φ−1
t (X).

L�a� �s�t�r�u�t�t�u�r�a� (Γ,F, µ, φt), �d�o�v�e µ �è �i�n�v�a�r�i�a�n�t�e �r�i�s�p�e�t�t�o �a�
φt, �è �u�s�u�a�l�m�e�n�t�e �d�e�t�t�a� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �a�s�t�r�a�t�t�o �d�o�t�a�t�o �d�i�
�m�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e.
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§115 A �c�h�e �c�o�s�a� �s�e�r�v�e �l�a� �m�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e? I�n�
�s�o�l�d�o�n�i�, �l�a� �r�i�s�p�o�s�t�a� �è �l�a� �s�e�g�u�e�n�t�e:

L�a� �m�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e �p�e�r�m�e�t�t�e �d�i� �c�a�r�a�t�t�e�r�i�z-
�z�a�r�e �c�o�m�p�o�r�t�a�m�e�n�t�i� �o �p�r�o�p�r�i�e�t�à� �d�e�l �s�i�s�t�e�m�a�
�t�i�p�i�c�i�, �c�i�o�è �c�h�e �c�i�o�è �v�a�l�g�o�n�o �p�e�r� �l�a� �s�c�h�i�a�c�c�i�a�n�t�e
�m�a�g�g�i�o�r�a�n�z�a� �d�e�i� �p�u�n�t�i� �d�i� �f�a�s�e, �e�s�s�e�n�d�o �v�i�o�l�a�t�i�
�d�a� �u�n� �i�n�s�i�e�m�e E �d�i� �e�c�c�e�z�i�o�n�i� �l�a� �c�u�i� �m�i�s�u�r�a� µ(E)

�è �n�u�l�l�a� �o �c�o�m�u�n�q�u�e �t�r�a�s�c�u�r�a�b�i�l�e.

(4.7)

S�i� �o�s�s�e�r�v�i� �l��i�m�p�o�r�t�a�n�z�a� �d�e�l�l��i�n�d�i�p�e�n�d�e�n�z�a� �d�a�l �t�e�m�p�o, �c�i�o�è
�l�a� �s�t�i�m�a� �d�e�l�l�a� �m�i�s�u�r�a� �d�e�l�l�e �e�c�c�e�z�i�o�n�i� �n�o�n� �d�e�v�e �d�i�p�e�n�d�e�r�e
�d�a�l �t�e�m�p�o: �a�d� �e�s�e�m�p�i�o, �l�a� �t�i�p�i�c�i�t�à� �d�e�l�l�a� �n�o�n� �d�i�m�i�n�u�i�z�i�o�n�e
�d�e�l�l��e�n�t�r�o�p�i�a� �d�i� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o �n�o�n� �d�e�v�e �d�i�p�e�n�d�e�r�e �d�a�l
�t�e�m�p�o �i�n� �c�u�i� �t�a�l�e �c�o�m�p�o�r�t�a�m�e�n�t�o �s�i� �r�e�a�l�i�z�z�a� (�c�h�e �d�a� �u�n�a�
�f�r�i�t�t�a�t�a� �n�o�n� �s�i� �f�o�r�m�i� �s�p�o�n�t�a�n�e�a�m�e�n�t�e �u�n� �u�o�v�o �d�e�v�e �v�a�l�e�r�e
�i�e�r�i�, �o�g�g�i� �o �t�r�a� �u�n� �s�e�c�o�l�o).

4.3 S�i�s�t�e�m�i� �d�i�n�a�m�i�c�i� �a� �t�e�m�p�o �d�i�s�c�r�e�t�o

§116 T�a�l�v�o�l�t�a� �è �c�o�n�v�e�n�i�e�n�t�e �c�o�n�s�i�d�e�r�a�r�e �d�i�n�a�m�i�c�h�e �a� �t�e�m�p�o
�d�i�s�c�r�e�t�o, �c�o�n� φ = φτ �c�h�e �r�a�p�p�r�e�s�e�n�t�a� �l��e�v�o�l�u�z�i�o�n�e �d�e�l �s�i�s�t�e-
�m�a� �i�n� �u�n� �t�e�m�p�o �c�a�r�a�t�t�e�r�i�s�t�i�c�o τ �f�i�s�s�a�t�o. A�l�l�o�r�a�, �l�a� �d�i�n�a�m�i�c�a�
�d�i� �u�n�o �s�t�a�t�o �i�n�i�z�i�a�l�e X0 �è �d�a�t�a� �d�a�l�l�a� �s�u�c�c�e�s�s�i�o�n�e

X0 −→ X1 = φ(X0) −→ X2 = φ(X1) = φ(φ(X0)) ≡ φ(2)(X0) −→ . . .

U�n� �e�s�e�m�p�i�o �s�e�m�p�l�i�c�e �d�i� �d�i�n�a�m�i�c�a� (�n�o�n� �i�n�v�e�r�t�i�b�i�l�e) �a� �t�e�m�p�o
�d�i�s�c�r�e�t�o �è �l�a� �m�a�p�p�a� �d�i� B�e�r�n�o�u�l�l�i�

σ(X) = 2X ( mod 1), X ∈ [0, 1] (4.8)
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�n�e�l�l��i�n�t�e�r�v�a�l�l�o [0, 1], �c�i�o�è �c�o�n� �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� Γ = [0, 1] (�s�i�
�v�e�d�a� �l�a� �f�i�g�u�r�a� �l�a�t�o). S�i� �l�a�s�c�i�a� �c�o�m�e �e�s�e�r�c�i�z�i�o �m�o�s�t�r�a�r�e �c�h�e
�l��u�s�u�a�l�e �m�i�s�u�r�a� dx �n�e�l�l��i�n�t�e�r�v�a�l�l�o [0, 1] �è �i�n�v�a�r�i�a�n�t�e �r�i�s�p�e�t�t�o
�a� �q�u�e�s�t�a� �d�i�n�a�m�i�c�a�.

F�i�g�u�r�a� 4.2: M�a�p�p�a� �d�i� B�e�r�n�o�u�l�l�i�

§117 M�a�p�p�a� �d�i� B�e�r�n�o�u�l�l�i� C�o�n�s�i�d�e�r�i�a�m�o �l�a� �m�a�p�p�a� (4.8).
S�e �c�o�m�i�n�c�i�a�m�o �c�o�n� �u�n� �v�a�l�o�r�e x0, �l�a� �m�a�p�p�a� �g�e�n�e�r�a� �u�n�a�
�s�u�c�c�e�s�s�i�o�n�e �d�i� �i�t�e�r�a�z�i�o�n�i�

x0, x1 = σ(x0), x2 = σ(x1) = σ(σ(x0)) . . . .

A�l �f�i�n�e �d�i� �s�t�u�d�i�a�r�e �l�e �p�r�o�p�r�i�e�t�à� �d�i� �q�u�e�s�t�a� �s�u�c�c�e�s�s�i�o�n�e �s�c�r�i�-
�v�i�a�m�o x0 �i�n� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �b�i�n�a�r�i�a�:

x0 =
∞

∑
n=0

an
1
2n = 0, a1a2a3 · · ·

�d�o�v�e an �a�s�s�u�m�e �i� �v�a�l�o�r�i� 0 �o 1. P�e�r� x0 < 1/2, �a�b�b�i�a�m�o a1 = 0,
�e x0 > 1/2 �i�m�p�l�i�c�a� a1 = 1. P�e�r�t�a�n�t�o, �l�a� �p�r�i�m�a� �i�t�e�r�a�z�i�o�n�e
σ(x0) �p�u�ò �e�s�s�e�r�e �s�c�r�i�t�t�o �c�o�m�e

σ(x0) =





2x0 �p�e�r� a1 = 0

2x0 − 1 �p�e�r� a1 = 1





= 0, a2a3a4 · · · ,

�c�i�o�è, �l��a�z�i�o�n�e �d�i� σ �s�u�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �b�i�n�a�r�i�a� �d�i� x �è �d�i�
�c�a�n�c�e�l�l�a�r�e �l�a� �p�r�i�m�a� �c�i�f�r�a� �e �s�p�o�s�t�a�r�e �l�a� �s�u�c�c�e�s�s�i�o�n�e �r�i�m�a�-
�n�e�n�t�e �v�e�r�s�o �s�i�n�i�s�t�r�a�. P�e�r� �q�u�e�s�t�a� �r�a�g�i�o�n�e, �l�a� �m�a�p�p�a� �è �a�n�c�h�e
�c�h�i�a�m�a�t�a� �s�p�o�s�t�a�m�e�n�t�o �d�i� B�e�r�n�o�u�l�l�i�.

I �n� �q�u�e�s�t�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �s�i� �v�e�d�e �f�a�c�i�l�m�e�n�t�e �l�a� �d�i�p�e�n�-
�d�e�n�z�a� �s�e�n�s�i�b�i�l�e �d�a�l�l�e �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i�: �a�n�c�h�e �s�e �d�u�e �p�u�n�t�i�
x �e�d� x′ �d�i�f�f�e�r�i�s�c�o�n�o �s�o�l�o �d�o�p�o �l�a� �l�o�r�o �e�n�n�e�s�i�m�a� �c�i�f�r�a�, �q�u�e�s�t�a�
�d�i�f�f�e�r�e�n�z�a� �d�i�v�e�n�t�a� �a�m�p�l�i�f�i�c�a�t�a� �s�o�t�t�o �l��a�z�i�o�n�e �d�i� σ(x), �e �l�e �l�o-
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�r�o �e�n�n�e�s�i�m�a� �i�t�e�r�a�z�i�o�n�i� σ(n)(x) �e σ(n)(x′) �g�i�à� �d�i�f�f�e�r�i�s�c�o�n�o �n�e�l�l�a�
�p�r�i�m�a� �c�i�f�r�a� �p�e�r�c�h�é σ(n)(x) = 0, an · · · .

§118 E�s�e�m�p�i�o �d�i� �p�r�o�p�r�i�e�t�à� �t�i�p�i�c�a� �d�e�l�l�a� �d�i�n�a�m�i�c�a� �d�i� B�e-
�n�o�u�l�l�i� I�n� �p�r�i�m�o �l�u�o�g�o, �o�s�s�e�r�v�i�a�m�o �c�h�e �l�a� �s�u�c�c�e�s�s�i�o�n�e �d�e�l�l�e
�i�t�e�r�a�z�i�o�n�i� σ(n)(x) �h�a� �l�e �s�t�e�s�s�e �p�r�o�p�r�i�e�t�à� �c�a�s�u�a�l�i� �d�e�i� �l�a�n�c�i�
�s�u�c�c�e�s�s�i�v�i� �d�i� �u�n�a� �m�o�n�e�t�a�. P�e�r� �v�e�d�e�r�e �q�u�e�s�t�o, �a�s�s�o�c�i�a�m�o �a�
σ(n)(x) �i�l �s�i�m�b�o�l�o D �o S �a� �s�e�c�o�n�d�a� �c�h�e �l��i�t�e�r�a�z�i�o�n�e �è �c�o�n�t�e-
�n�u�t�o �n�e�l�l�a� �p�a�r�t�e �d�e�s�t�r�a� �o �s�i�n�i�s�t�r�a� �d�e�l �i�n�t�e�r�v�a�l�l�o �u�n�i�t�a�r�i�o. S�e
�o�r�a� �p�r�e�s�c�r�i�v�i�a�m�o �u�n�a� �s�u�c�c�e�s�s�i�o�n�e DSDDSDSD · · · �a�r�b�i�t�r�a�r�i�a�,
�p�e�r� �e��., �l�a�n�c�i�a�n�d�o �u�n�a� �m�o�n�e�t�a�, �p�o�s�s�i�a�m�o �s�e�m�p�r�e �t�r�o�v�a�r�e
�u�n� x0 �p�e�r� �i�l �q�u�a�l�e �l�a� �s�e�r�i�e �d�i� �i�t�e�r�a�z�i�o�n�i� x0, σ(x0), σ(σ(x0)) . . . .

�g�e�n�e�r�a� �q�u�e�s�t�a� �s�u�c�c�e�s�s�i�o�n�e. Q�u�e�s�t�o �s�e�g�u�e �p�e�r�c�h�é σ(n)(x) =

0, anan+1 · · · �c�o�r�r�i�s�p�o�n�d�e �a� D �o S �s�e �e �s�o�l�o �s�e an = 1 �o
an = 0, �c�i�o�è �l�a� �s�u�c�c�e�s�s�i�o�n�e DSDDSDSD · · · �è �i�s�o�m�o�r�f�a� �a�l�l�a�
�r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �b�i�n�a�r�i�a� �d�i� x0

x0 = 0, 1 0 1 1 0 1 0 1

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

D S D D S D S D

(4.9)

C�o�s�ì�, �l�a� �p�r�e�s�c�r�i�z�i�o�n�e �d�i� �u�n�a� �s�u�c�c�e�s�s�i�o�n�e �l�a�n�c�i�a�n�d�o �u�n�a� �m�o-
�n�e�t�a� �d�i�v�e�n�t�a� �e�q�u�i�v�a�l�e�n�t�e �a�l�l�a� �s�c�e�l�t�a� �d�i� �u�n� �p�a�r�t�i�c�o�l�a�r�e �v�a�l�o�r�e
�d�i� x0.

C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �l�a� �f�r�e�q�u�e�n�z�a� �r�e�l�a�t�i�v�a� f D
N �c�h�e �i�n�

N �i�t�e�r�a�z�i�o�n�i� �d�e�l�l�o �s�t�a�t�o �i�n�i�z�i�a�l�e x0 �i�l �s�i�s�t�e�m�a� �s�i� �t�r�o�v�i� �a�
�d�e�s�t�r�a�,

f D
N (x0) =

�n�u�m�e�r�o �d�i� �v�o�l�t�e �c�h�e �l�a� �p�r�i�m�a� �c�i�f�r�a� �b�i�n�a�r�i�a� �d�i� σ(n)(x0) �è �u�g�u�a�l�e �a� 1 �p�e�r� n = 1, 2, . . . , N

N
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A�l�l�o�r�a�, �p�e�r� �q�u�a�n�t�o �v�i�s�t�o �s�o�p�r�a�,

f D
N (x0) =

1
N

N

∑
n=1

an(x0) ,

�d�o�v�e an(x0) �è �l��e�n�n�e�s�i�m�a� �c�i�f�r�a� �b�i�n�a�r�i�a� �d�e�l�l��e�s�p�a�n�s�i�o�n�e �b�i�n�a�r�i�a�
�d�i� x0.

P�e�r� �d�e�t�e�r�m�i�n�a�r�e �a� �c�h�e �v�a�l�o�r�e �c�o�n�v�e�r�g�e f D
N �q�u�a�n�d�o N �d�i�-

�v�e�n�t�a� �i�n�f�i�n�i�t�a�m�e�n�t�e �g�r�a�n�d�e, �u�s�i�a�m�o �u�n� �t�e�o�r�e�m�a� �c�l�a�s�s�i�c�o �d�i�
B�o�r�e�l �s�u�i� �n�u�m�e�r�i� �n�o�r�m�a�l�i�. R�i�c�o�r�d�i�a�m�o �c�h�e �u�n� �n�u�m�e�r�o �è �d�e�t�t�o
�n�o�r�m�a�l�e �s�e �i�n� �u�n�a� �q�u�a�l�u�n�q�u�e �b�a�s�e b �l�e �s�u�e �c�i�f�r�e �h�a�n�n�o �u�n�a�
�d�i�s�t�r�i�b�u�z�i�o�n�e �u�n�i�f�o�r�m�e 1/b, �t�u�t�t�e �l�e �c�o�p�p�i�e �p�o�s�s�i�b�i�l�i� �d�i� �c�i�f�r�e
�h�a�n�n�o �d�i�s�t�r�i�b�u�z�i�o�n�e 1/b2, �t�u�t�t�e �l�e �t�e�r�n�e �p�o�s�s�i�b�i�l�i� �h�a�n�n�o �d�i�-
�s�t�r�i�b�u�z�i�o�n�e 1/b3 �e �c�o�s�ì� �v�i�a�. I�l �t�e�o�r�e�m�a� �d�i� B�o�r�e�l �s�t�a�b�i�l�i�s�c�e �c�h�e
�i�n� �u�n� �i�n�t�e�r�v�a�l�l�o �q�u�a�s�i� �t�u�t�t�i� �i� �n�u�m�e�r�i� �s�o�n�o �n�o�r�m�a�l�i�, �f�a�t�t�a� �e�c-
�c�e�z�i�o�n�e �p�e�r� �u�n� �i�n�s�i�e�m�e �d�i� �n�u�m�e�r�i� �h�a�n�n�o �m�i�s�u�r�a� �d�i� L�e�b�e�s�g�u�e
µ �n�u�l�l�a�. Q�u�i�n�d�i�

f D
N (x0) =

1
N

N

∑
n=1

an(x0)→
1
2

, �q�u�a�s�i� �o�v�u�n�q�u�e �r�i�s�p�e�t�t�o �a� µ �i�n� [0, 1].

I�n� �a�l�t�r�i� �t�e�r�m�i�n�i�,

µ

{
x0 ∈ [0, 1]

∣∣∣∣ f D
N (x0) 6→

1
2

}
N→∞−→ 0 (4.10)

U�n�'�a�n�a�l�i�s�i� �p�i�ù� �f�i�n�e �p�e�r�m�e�t�t�e �d�i� �s�t�a�b�i�l�i�r�e �c�h�e �l�a� �c�o�n�v�e�r�g�e�n�z�a�
�è �e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �r�a�p�i�d�a�.

R�i�s�u�l�t�a� �c�o�s�ì� �d�i�m�o�s�t�r�a�t�o �c�h�e �p�e�r� �g�r�a�n�d�i� �t�e�m�p�i�, �i�l �s�i�s�t�e�m�a�
�s�p�e�n�d�e �c�i�r�c�a� �m�e�t�à� �d�e�l �t�e�m�p�o �a� �d�e�s�t�r�a� (�e �l��a�l�t�r�a� �m�e�t�à� �a� �s�i�-
�n�i�s�t�r�a�) �e �c�h�e �q�u�e�s�t�o �è �u�n� �c�o�m�p�o�r�t�a�m�e�n�t�o �t�i�p�i�c�o, �n�e�l �s�e�n�s�o
�d�e�l�l�a� (4.7).
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§119 E�q�u�i�v�a�l�e�n�z�a� �t�r�a� �s�i�s�t�e�m�i� �d�e�t�e�r�m�i�n�i�s�t�i�c�i� �e �s�i�s�t�e�m�i� �s�t�o-
�c�a�s�t�i�c�i� L�a� (4.9) �p�e�r�m�e�t�t�e �d�i� �s�t�a�b�i�l�i�r�e �u�n�'�e�q�u�i�v�a�l�e�n�z�a� �t�r�a� �l�a�
�d�i�n�a�m�i�c�a� �d�e�t�e�r�m�i�n�i�s�t�i�c�a� �d�i� B�e�r�n�o�u�l�l�i� �e �l�a� �d�i�n�a�m�i�c�a� �c�o�m�p�l�e�t�a�-
�m�e�n�t�e �s�t�o�c�a�s�t�i�c�a� �d�e�l �l�a�n�c�i�o �d�i� �u�n�a� �m�o�n�e�t�a� �c�o�n� `̀ �f�a�c�c�e'' D (`̀ �t�e-
�s�t�a�'') �e S (`̀ �c�r�o�c�e''). L�a� �p�r�o�b�a�b�i�l�i�t�à� �d�i� �o�t�t�e�n�e�r�e D �a�l�l��e�n�n�e�s�i�m�o
�l�a�n�c�i�o �è �i�n� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �l�a� �m�i�s�u�r�a� �d�e�l�l�e �s�u�c�c�e�s�s�i�o�n�i� �d�i�
�n�u�m�e�r�i� �i�n� [0, 1] �l�a� �c�u�i� n-�e�s�i�m�a� �c�i�f�r�a� �b�i�n�a�r�i�a� �è �p�a�r�i� �a� 1, �c�h�e �è
�c�h�i�a�r�a�m�e�n�t�e 1/2. L�a� �d�i�n�a�m�i�c�a� �è �l�o �s�p�o�s�t�a�m�e�n�t�o �d�i� B�e�r�n�o�u�l�l�i�

a1a2a3 · · · → a2a3a4 . . .

�e �l�a� (4.10) �è �s�e�m�p�l�i�c�e�m�e�n�t�e �l�a� �l�e�g�g�e �d�e�i� �g�r�a�n�d�i� �n�u�m�e�r�i�:

P

{
�n�u�m�e�r�o �d�i� �t�e�s�t�e �i�n� N �l�a�n�c�i�

N
6→ 1

2

}
N→∞−→ 0 (4.11)

4.4 T�e�o�r�e�m�a� �d�i� L�i�o�u�v�i�l�l�e

§120 C�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �i�n� Rn

dX
dt

= v(X),

�p�e�r� �u�n� �d�a�t�o �c�a�m�p�o �d�i� �v�e�l�o�c�i�t�à�

v : Γ→ Rn , v(x) = (v1(x), . . . , vn(x))

�e �f�l�u�s�s�o �a�s�s�o�c�i�a�t�o φt : X0 → Xt �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� Γ ⊂ Rn.
S�i�a� A �u�n� �q�u�a�l�u�n�q�u�e �i�n�s�i�e�m�e �m�i�s�u�r�a�b�i�l�e �d�i� �p�u�n�t�i� �d�i� Γ ⊂ Rn �e
�s�i�a�

|A| =
∫

A
dx
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�i�l �s�u�o �v�o�l�u�m�e, �d�o�v�e dx �è �l�a� �m�i�s�u�r�a� �d�i� L�e�b�e�s�q�u�e �i�n� Rn. S�i�a�

Jt(x) =
∣∣∣∣
dφt(x)

dx

∣∣∣∣ (4.12)

�i�l �d�e�t�e�r�m�i�n�a�n�t�e �j�a�c�o�b�i�a�n�o �d�e�l�l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e x → φt(x). S�i�a�

|At| =
∫

At
dx =

∫

A

∣∣∣∣
dφt(x)

dx

∣∣∣∣ dx (4.13)

I�l �v�o�l�u�m�e �d�i� At. A�l�l�o�r�a�

d|At|
dt

=
∫

A
�d�i�v v (φt(x))

∣∣∣∣
dφt

dx

∣∣∣∣ dx =
∫

At
�d�i�v v(x)dx (4.14)

�d�o�v�e
�d�i�v v =

n

∑
i=1

∂vi
∂xi

.

D�i�m�o�s�t�r�a�z�i�o�n�e.

d|At|
dt

=
d
dt

∫

A

∣∣∣∣
dφt(x)

dx

∣∣∣∣ dx =
∫

A

∂

∂t

∣∣∣∣
dφt(x)

dx

∣∣∣∣ dx

C�a�l�c�o�l�i�a�m�o �l�a� �d�e�r�i�v�a�t�a� �s�o�t�t�o �i�l �s�e�g�n�o �d�i� �i�n�t�e�g�r�a�l�e �c�o�m�e �l�i�m�i�t�e
�d�i� �r�a�p�p�o�r�t�i� �i�n�c�r�e�m�e�n�t�a�l�i�.

Jt+h(x) =
∣∣∣∣
dφt+h(x)

dx

∣∣∣∣ =
∣∣∣∣
dφh [φt(x)]

dx

∣∣∣∣ = Jh(φt(x))Jt(x)

�p�e�r�c�h�é �l�o �j�a�c�o�b�i�a�n�o �d�i� �u�n�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e �c�o�m�p�o�s�t�a� �è �i�l
�p�r�o�d�o�t�t�o �d�e�g�l�i� �j�a�c�o�b�i�a�n�i� �d�e�i� �f�a�t�t�o�r�i�. P�o�i�c�h�é fh(y) = y + v(y)h +

o( ||h|| ), �p�e�r� h �i�n�f�i�n�i�t�e�s�i�m�o �s�i� �h�a�

dφh(y)
dy

= 11 + hv′(y) ,

�d�o�v�e v′ �è �l�a� �d�e�r�i�v�a�t�a� (�m�a�t�r�i�c�e �j�a�c�o�b�i�a�n�a�) �d�e�l �c�a�m�p�o v, �d�a� �c�u�i�

Jh(y) =
∣∣∣∣
dφh(y)

dy

∣∣∣∣ =
∣∣11 + hv′(y)

∣∣ = 1 + h�t�r�(v′(y)) = 1 + h �d�i�v v(y) ,
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�r�i�c�o�r�d�a�n�d�o �l�a� �f�o�r�m�u�l�a� det(I + εA) = 1 + �t�r�(A)ε +O(ε2). A�l�l�o�r�a�,
�p�e�r� h �i�n�f�i�n�i�t�e�s�i�m�o,

Jt+h(x) =
[
1 + h �d�i�v v(φt(x))

]
Jt(x) .

Q�u�i�n�d�i�,

∂

∂t

∣∣∣∣
dφt(x)

dx

∣∣∣∣ = lim
h→0

Jt+h(x)− Jt(x)
h

= �d�i�v v (φt(x)) Jt(x) ,

�c�h�e �e�r�a� �q�u�e�l�l�o �c�h�e �s�i� �v�o�l�e�v�a� �d�i�m�o�s�t�r�a�r�e.

E�s�e�m�p�i�o 4.3. L�a� �d�i�v�e�r�g�e�n�z�a� �d�e�l �c�a�m�p�o v = (p,− sin q) �d�e�l
�p�e�n�d�o�l�o �s�e�m�p�l�i�c�e �è

�d�i�v v =
∂p
∂q

+
∂(− sin q)

∂p
= 0 + 0 = 0

�e �q�u�i�n�d�i� �i�l �v�o�l�u�m�e �n�o�n� �v�a�r�i�a� �n�e�l �c�o�r�s�o �d�e�l �t�e�m�p�o. S�i� �o��-
�s�e�r�v�i� �c�h�e �s�e �s�i� �i�n�t�r�o�d�u�c�e �u�n� �t�e�r�m�i�n�e �d�i� �s�m�o�r�z�a�m�e�n�t�o �e �s�i�
�c�o�n�s�i�d�e�r�a� �i�l �s�i�s�t�e�m�a�

q̇ = p

ṗ = −γp− sin q ,

�l�a� �d�i�v�e�r�g�e�n�z�a� �d�i� v = (p,−γp − sin q) �è �a�d�e�s�s�o �u�g�u�a�l�e �a�
−γ. Q�u�i�n�d�i� �i�l �v�o�l�u�m�e �d�i� �u�n�a� �q�u�a�l�u�n�q�u�e �r�e�g�i�o�n�e A �d�e�c�r�e�s�c�e
(�e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e) �n�e�l �c�o�r�s�o �d�e�l �t�e�m�p�o.

E�s�e�m�p�i�o 4.4. I�l �s�i�s�t�e�m�a�

dx
dt

= σ(y− x)

dy
dt

= rx− y− xz

dz
dt

= xy− bz
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F�i�g�u�r�a� 4.3: A�t�t�r�a�t�t�o�r�e �s�t�r�a�n�o �d�e�l
�s�i�s�t�e�m�a� �d�i� L�o�r�e�n�z. P�e�r� �v�a�l�o�r�i�
�o�p�p�o�r�t�u�n�i� �d�e�i� �p�a�r�a�m�e�t�r�i�, �i�l �v�o-
�l�u�m�e �d�i� �q�u�a�l�u�n�q�u�e �r�e�g�i�o�n�e �t�e�n�d�e
�e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �a� �z�e�r�o �e �l�a�
�d�i�n�a�m�i�c�a� �s�c�h�i�a�c�c�i�a� �l�o �s�p�a�z�i�o �d�e�l�l�e
�f�a�s�i� �s�u� �u�n�a� �v�a�r�i�e�t�à� �d�i� �v�o�l�u�m�e
�n�u�l�l�o. Q�u�e�s�t�a� �v�a�r�i�e�t�à� �s�i� �o�t�t�i�e�n�e
�m�e�d�i�a�n�t�e �s�i�m�u�l�a�z�i�o�n�e �n�u�m�e�r�i�c�a�,
�f�a�c�e�n�d�o �e�v�o�l�v�e�r�e �i�l �s�i�s�t�e�m�a� �c�o�n�
�c�o�n�d�i�z�i�o�n�e �i�n�i�z�i�a�l�e �t�i�p�i�c�a�. L'�e�f�f�e�t�t�o
�è �m�o�s�t�r�a�t�o �i�n� �f�i�g�u�r�a�. T�a�l�e �v�a�-
�r�i�e�t�à� �è �u�n� �e�s�e�m�p�i�o �d�i� `̀ �a�t�t�r�a�t�t�o�r�e
�s�t�r�a�n�o''.

�d�o�v�e σ, r �e b �s�o�n�o �p�a�r�a�m�e�t�r�i�, �f�u� �o�t�t�e�n�u�t�o �d�a� L�o�r�e�n�t�z �c�o�m�e
�a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�e�l�l�a� �d�i�n�a�m�i�c�a� �d�i� �u�n� �f�l�u�i�d�o �c�h�e �è �s�o�g�g�e�t�t�o
�a�d� �u�n� �g�r�a�d�i�e�n�t�e �d�i� �t�e�m�p�e�r�a�t�u�r�a�. T�r�o�v�a�r�e �p�e�r� �q�u�a�l�e �v�a�l�o�r�e
�d�e�i� �p�a�r�a�m�e�t�r�i� �i�l �v�o�l�u�m�e �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �d�i�m�i�n�u�i�s�c�e
�n�e�l �c�o�r�s�o �d�e�l �t�e�m�p�o.

4.5 S�i�s�t�e�m�i� �h�a�m�i�l�t�o�n�i�a�n�i� �e �t�e�o�r�e�m�a� �d�i� L�i�o�u�v�i�l�l�e

§121 U�n� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �è �d�e�t�t�o H�a�m�i�l�t�o�n�i�a�n�o �s�e �i�l �s�u�o
�s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �è �p�a�r�i�, �c�o�s�i�c�c�h�é x �p�u�ò �e�s�s�e�r�e �s�c�r�i�t�t�o �c�o�m�e
x = (q, p), �c�o�n� q �e p �d�i� �u�g�u�a�l�e �d�i�m�e�n�s�i�o�n�e, �e �s�e �e�s�i�s�t�e �u�n�
�c�a�m�p�o �s�c�a�l�a�r�e �s�u�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� E = E (q, p), �d�e�t�t�o
�h�a�m�i�l�t�o�n�i�a�n�a�, �t�a�l�e �c�h�e

v(q, p) =
(
∇pE (q, p),−∇qE (q, p)

)
. (4.15)

I�l �p�e�n�d�o�l�o �s�e�m�p�l�i�c�e (�s�e�n�z�a� �s�m�o�r�z�a�m�e�n�t�o) �è �u�n� �e�s�e�m�p�i�o �d�i�
�s�i�s�t�e�m�a� �h�a�m�i�l�t�o�n�i�a�n�o, �c�o�n� �h�a�m�i�l�t�o�n�i�a�n�a�

E =
1
2

p2 + cos q
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(�c�h�e �a� �m�e�n�o �d�i� �u�n�a� �c�o�s�t�a�n�t�e �a�r�b�i�t�r�a�r�i�a� �è �l��e�n�e�r�g�i�a� �t�o�t�a�l�e �d�e�l
�p�e�n�d�o�l�o, �e�s�s�e�n�d�o p �l�a� �v�e�l�o�c�i�t�à� �e q �l�a� �p�o�s�i�z�i�o�n�e). S�i� �o�s�s�e�r�v�i�
�c�h�e �l�a� (4.15) �i�m�p�l�i�c�a� �c�h�e �i�l �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �h�a� �f�o�r�m�a� �d�i�
H�a�m�i�l�t�o�n�

dQ
dt

= ∇pE (Q, P)

dP
dt

= −∇qE (Q, P)

(4.16)

(4.17)

�p�e�r� Q = Q(t) �e P = P(t)

§122 T�e�o�r�e�m�a� �d�i� L�i�u�o�v�i�l�l�e �p�e�r� �s�i�s�t�e�m�i� H�a�m�i�l�t�o�n�i�a�n�i� S�e
�i�l �c�a�m�p�o v �h�a� �l�a� �f�o�r�m�a� (4.15), �a�l�l�o�r�a� �l�a� �s�u�a� �d�i�v�e�r�g�e�n�z�a� �è
�n�u�l�l�a�. I �n�f�a�t�t�i�,

�d�i�v v = ∇q · ∇pE −∇p · ∇qE = 0

(�a�s�s�u�m�e�n�d�o, �o�v�v�i�a�m�e�n�t�e, �c�h�e E �s�i�a� �a�b�b�a�s�t�a�n�z�a� �l�i�s�c�i�a� �i�n� �m�o-
�d�o �t�a�l�e �c�h�e �l�o �s�c�a�m�b�i�o �d�e�l�l�e �d�e�r�i�v�a�t�e �p�a�r�z�i�a�l�i� �s�i�a� �l�e�g�i�t�t�i�m�o).
Q�u�i�n�d�i�, �p�e�r� �i�l �t�e�o�r�e�m�a� �d�i� L�i�o�u�v�i�l�l�e,

F�i�g�u�r�a� 4.4: E�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e
�n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i�. I�l �f�l�u�s�s�o
φt �d�i� �u�n� �s�i�s�t�e�m�a� �h�a�m�i�l�t�o�n�i�a�n�o
�c�o�n�s�e�r�v�a� �i�l �v�o�l�u�m�e.

d|At|
dt

= 0 (4.18)

�c�o�n� A �u�n� �q�u�a�l�u�n�q�u�e �i�n�s�i�e�m�e (�m�i�s�u�r�a�b�i�l�e) �d�i� �p�u�n�t�i� �d�e�l�l�o �s�p�a�-
�z�i�o �d�e�l�l�e �f�a�s�i� Γ. I�l �f�l�u�s�s�o �h�a�m�i�l�t�o�n�i�a�n�o φt �c�o�n�s�e�r�v�a� �d�u�n�q�u�e �i�
�v�o�l�u�m�i� �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i�:

|At| =
∫

At
dx =

∫

A

∣∣∣∣
dφt(x)

dx

∣∣∣∣ dx = |A| =
∫

A
dx.

Q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �s�o�t�t�o �l��e�f�f�e�t�t�o �d�e�l�l��e�v�o�l�u�z�i�o�n�e �t�e�m�p�o-
�r�a�l�e, �l�e �r�e�g�i�o�n�i� �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �p�o�s�s�o�n�o �d�e�f�o�r�m�a�r�s�i�
�i�n� �m�o�d�o �o�r�r�e�n�d�o, �m�a� �i�l �l�o�r�o �v�o�l�u�m�e �n�o�n� �p�u�ò �c�a�m�b�i�a�r�e. U�n�
�e�s�e�m�p�i�o �è �m�o�s�t�r�a�t�o �i�n� �f�i�g�u�r�a� 4.5.
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§123 M�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e S�i� �p�u�ò �d�i�m�o�s�t�r�a�r�e �c�h�e �l�a� �f�o�r�m�a�
�i�n�f�i�n�i�t�e�s�i�m�a�1 dx = dqdp = ∏k dqkdpk �è �i�n�v�a�r�i�a�n�t�e �p�e�r� �t�r�a�s�f�o�r�- 1P�i�ù� �p�r�o�p�r�i�a�m�e�n�t�e �s�c�r�i�t�t�a� �u�s�a�n�d�o

�i�l �p�r�o�d�o�t�t�o �e�s�t�e�r�n�o �d�i� �f�o�r�m�e
�d�i�f�f�e�r�e�n�z�i�a�l�i�

dx = dq ∧ dp

�m�a�z�i�o�n�i� �c�a�n�o�n�i�c�h�e �e �d�e�f�i�n�i�s�c�e �d�u�n�q�u�e �n�e�l�l�o �s�p�a�z�i�o �n�e�l�l�e �f�a�s�i�
�u�n�a� �n�o�z�i�o�n�e �d�i� �v�o�l�u�m�e �i�n�d�i�p�e�n�d�e�n�t�e �d�a�l�l�a� �s�c�e�l�t�a� �d�e�l �s�i�s�t�e�m�a�
�d�i� �c�o�o�r�d�i�n�a�t�e. P�e�r� �i�l �t�e�o�r�e�m�a� �d�i� L�i�o�u�v�i�l�l�e, dx �è �u�n�a� �f�o�r�m�a�
�i�n�v�a�r�i�a�n�t�e �r�i�s�p�e�t�t�o �a�l �f�l�u�s�s�o �h�a�m�i�l�t�o�n�i�a�n�o.

È �c�o�n�s�u�e�t�u�d�i�n�e �r�i�f�e�r�s�i� �a�l �v�o�l�u�m�e |A| �d�i� �u�n� �s�o�t�t�o�i�n�s�i�e�m�e
A �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �c�o�m�e �a�l�l�a� �s�u�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e.
P�e�r� �m�e�t�t�e�r�e �i�n� �e�v�i�d�e�n�z�a� �q�u�e�s�t�o �s�c�r�i�v�e�r�e�m�o

µL (A) = |A| =
∫

A
dx (4.19)

�e �c�i� �r�i�f�e�r�i�r�e�m�o �a� µL �c�o�m�e �a�l�l�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e. I �n� �t�e�r�m�i�-
�n�i� �d�i� �v�o�l�u�m�i� �i�n�f�i�n�i�t�e�s�i�m�i� �s�i� �h�a�

dµL = dx �d�o�v�e dx = dqdp = d3q1 · · · d3qNd3p1 · · · d3pN . (4.20)

R�i�a�s�s�u�m�e�n�d�o, �u�n� �s�i�s�t�e�m�a� �h�a�m�i�l�t�o�n�i�a�n�o �è �u�n� �s�i�s�t�e�m�a�
�d�i�n�a�m�i�c�o �d�o�t�a�t�o �d�i� �m�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e, �l�a� �m�i�s�u�r�a� �d�i� L�i�u�o�v�i�l-
�l�e µL , �p�e�r� �l�a� �q�u�a�l�e �v�a�l�e �l��i�d�e�n�t�i�t�à� (4.5). E�s�s�e�n�d�o �i�l �f�l�u�s�s�o
�h�a�m�i�l�t�o�n�i�a�n�o �i�n�v�e�r�t�i�b�i�l�e, �p�e�r� �e�s�s�o �v�a�l�e �a�n�c�h�e �l�a� (4.6).

4.6 F�o�r�m�u�l�a�z�i�o�n�e H�a�m�i�l�t�o�n�i�a�n�a� �d�i� �s�i�s�t�e�m�i� �d�i� �p�a�r�t�i�-
�c�e�l�l�e

§124 C�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� (�g�a�� �o �l�i�q�u�i�d�o) �d�i� N �p�a�r�t�i�-
�c�e�l�l�e �d�e�s�c�r�i�t�t�i�e �d�a� �p�u�n�t�i� �m�a�t�e�r�i�a�l�i� �c�h�e �s�i� �m�u�o�v�o�n�o �i�n� �a�c�c�o�r�d�o
�c�o�n� �l�e �l�e�g�g�i� �d�i� N�e�w�t�o�n� �s�o�t�t�o �l��a�z�i�o�n�e �d�i� �i�n�t�e�r�a�z�i�o�n�i� �a� �d�u�e
�p�a�r�t�i�c�e�l�l�e �e �c�o�l�l�i�s�i�o�n�i� �t�r�a� �l�e �p�a�r�t�i�c�e�l�l�e �e �l�e �p�a�r�e�t�i� �d�e�l �r�e�c�i�-
�p�i�e�n�t�e Λ. L�e �p�o�s�i�z�i�o�n�i� (�g�e�n�e�r�i�c�h�e) �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �f�o�r�m�a�n�o �l�a�
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�c�o�n�f�i�g�u�r�a�z�i�o�n�e

q = (q1, . . . , qN), qi ∈ Λ (�r�e�c�i�p�i�e�n�t�e) ⊂ Rd

L�e �p�o�s�i�z�i�o�n�i� �a�t�t�u�a�l�i� �a�l �t�e�m�p�o t (�p�e�r� �d�a�t�e �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i�
�a�l �t�e�m�p�o t = 0) �s�o�n�o

Q = (Q1, . . . , QN) = Q(t) = (Q1(t), . . . , QN(t))

L�e �e�q�u�a�z�i�o�n�i� �d�i� N�e�w�t�o�n� �s�o�n�o:

mQ̈i = −∑
j 6=i
∇∇∇qi V(Qi −Qj) (4.21)

+ �c. �c. (�p�. �e��., �r�i�f�l�e�s�s�i�o�n�e) �p�e�r� Qi ∈ ∂Λ. (4.22)

I�n�t�r�o�d�o�t�t�i� �i� �m�o�m�e�n�t�i� pi = mqi, �l��e�n�e�r�g�i�a� �t�o�t�a�l�e �c�o�m�e �f�u�n�z�i�o-
�n�e �d�i� q �e p �è �l�H�a�m�i�l�t�o�n�i�a�n�a�

∑
i

1
2

m|q̇i|2 + ∑
i<j

V(qi − qj) = ∑
i

|pi|2
2m

+ ∑
i<j

V(qi − qj), (4.23)

�c�h�e �i�n� �f�o�r�m�a� �c�o�m�p�a�t�t�a� �s�c�r�i�v�i�a�m�o �c�o�m�e

E (q, p) =
p2

2m
+ V(q) (4.24)

�d�o�v�e

p2 ≡ ||p|| 2 = ∑
i
|pi|2 �e V(q) = ∑

i<j
V(qi − qj). (4.25)

A�l�l�o�r�a� �l�e �e�q�u�a�z�i�o�n�i� �d�i� N�e�w�t�o�n� �a�s�s�u�m�o�n�o �l�a� �f�o�r�m�a� �c�a�n�o�n�i�c�a�

dQ
dt

= ∇pE (Q, P) = P (4.26)
dP
dt

= −∇qE (Q, P) = −V′(Q) (4.27)
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F�i�g�u�r�a� 4.5: U�n�a� �r�e�g�i�o�n�e �d�e�l�l�o
�s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �p�u�ò �e�s�s�e�r�e
�c�o�m�p�l�e�t�a�m�e�n�t�e �d�i�s�t�o�r�t�a� �d�a�l �f�l�u��-
�s�o �h�a�m�i�l�t�o�n�i�a�n�o �e �d�i�v�e�n�t�a�r�e, �a�d�
�e�s�e�m�p�i�o, �l�a� �s�t�r�u�t�t�u�r�a� �f�i�l�a�m�e�n�t�o�s�a�
�m�o�s�t�r�a�t�a� �i�n� �f�i�g�u�r�a�. T�u�t�t�a�v�i�a�, �p�e�r�
�i�l �t�e�o�r�e�m�a� �d�i� LI�o�u�v�i�l�l�e, �i�l �s�u�o
�v�o�l�u�m�e �n�o�n� �p�u�ò �c�a�m�b�i�a�r�e. (F�i�g�u�r�a�
�t�r�a�t�t�a� �d�a�l �l�i�b�r�o �d�i� R. P�e�n�r�o�s�e
`̀T�h�e �e�m�p�e�r�o�r�'�� �n�e�w �m�i�n�d�''.)

�d�o�v�e

V′(q) =

(
∇∇∇q1 ∑

i<j
V(qi − qj), . . . ,∇∇∇qN ∑

i<j
V(qi − qj)

)
(4.28)

§125 M�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e �i�n�d�o�t�t�a� �n�e�l �g�u�s�c�i�o �d�i� �e�n�e�r�g�i�a� �c�o-
�s�t�a�n�t�e L�a� �m�i�s�u�r�a� �d�i� L�i�u�o�v�i�l�l�e �è �i�l �v�o�l�u�m�e �n�a�t�u�r�a�l�e dx =

dqdp = ∏k dqkdpk �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i�. P�e�r� �i�l �t�e�o�r�e�m�a� �d�i�
L�i�o�u�v�i�l�l�e, dx �è �u�n�a� �m�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e �r�i�s�p�e�t�t�o �a�l �f�l�u�s�s�o
�h�a�m�i�l�t�o�n�i�a�n�o.

C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o �c�o�m�p�o�s�t�o �d�a� �p�a�r�-
�t�i�c�e�l�l�e �c�h�e �s�i� �m�u�o�v�o�n�o �i�n� �u�n�a� �r�e�g�i�o�n�e �l�i�m�i�t�a�t�a� Λ �d�e�l�l�o �s�p�a�-
�z�i�o �f�i�s�i�c�o. A�l�l�o�r�a� �l��e�n�e�r�g�i�a� E �d�e�l �s�i�s�t�e�m�a� �r�e�s�t�a� �c�o�s�t�a�n�t�e �e
�q�u�i�n�d�i� �i�l �s�u�o �f�l�u�s�s�o �h�a�m�i�l�t�o�n�i�a�n�o �a�v�v�i�e�n�e �s�u�l�l�a� �s�u�p�e�r�f�i�c�i�e �d�i�
�e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e E (q, p) = E. D�e�n�o�t�i�a�m�o �c�o�n� ΓE �t�a�l�e �s�u�p�e�r�f�i�-
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�c�i�e. P�o�i�c�h�é �i�l �m�o�v�i�m�e�n�t�o �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �a�v�v�i�e�n�e �n�e�l�l�a� �r�e�g�i�o�n�e
�l�i�m�i�t�a�t�a� Λ �n�e�l�l�o �s�p�a�z�i�o �f�i�s�i�c�o, �l�a� �s�u�p�e�r�f�i�c�i�e ΓE �n�e�l�l�o �s�p�a�-
�z�i�o �d�e�l�l�e �f�a�s�i� �è �l�i�m�i�t�a�t�a�. V�o�g�l�i�a�m�o �d�e�t�e�r�m�i�n�a�r�e �l�a� �m�i�s�u�r�a� µL

E

�s�u�l�l�a� �s�u�p�e�r�f�i�c�i�e ΓE �i�n�d�o�t�t�a� �d�a�l�l�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e �i�n� Γ.
A �t�a�l �f�i�n�e, �c�o�n�s�i�d�e�r�i�a�m�o �l�a� �s�u�p�e�r�f�i�c�i�e �v�i�c�i�n�a� ΓE+δE, �d�o�v�e

δE � E, �c�o�m�e �m�o�s�t�r�a�t�o �n�e�l�l�a� �f�i�g�u�r�a� �a� �l�a�t�o. L�a� �r�e�g�i�o�n�e �d�e�l�l�o
�s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �r�a�c�c�h�i�u�s�a� �t�r�a� �q�u�e�s�t�e �d�u�e �s�u�p�e�r�f�i�c�i� �è �d�e�t�t�o
�g�u�s�c�i�o �d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e. I�l �f�l�u�s�s�o �h�a�m�i�l�t�o�n�i�a�n�o �i�n� �q�u�e�s�t�o
�g�u�s�c�i�o �c�o�n�s�i�s�t�e �i�n� �l�i�n�e�e �d�i� �f�l�u�s�s�o �p�a�r�a�l�l�e�l�e �a�l�l�e �s�u�p�e�r�f�i�c�i�
�s�t�e�s�s�e. S�e �c�o�n�s�i�d�e�r�i�a�m�o �u�n�a� �r�e�g�i�o�n�e �i�n�f�i�n�i�t�e�s�i�m�a� �c�o�m�p�r�e�s�a�
�t�r�a� �q�u�e�s�t�e �s�u�p�e�r�f�i�c�i�, �i�l �s�u�o �v�o�l�u�m�e �s�a�r�à� dV = dsδ`, �d�o�v�e ds �è
�l��e�l�e�m�e�n�t�o �d�i� �s�u�p�e�r�f�i�c�i�e �e δ` �è �l�o �s�p�e�s�s�o�r�e (�s�i� �v�e�d�a� �l�a� �f�i�g�u�r�a�
�a� �l�a�t�o). L�o �s�p�e�s�s�o�r�e δ` �t�r�a� �l�e �d�u�e �s�u�p�e�r�f�i�c�i� �v�a�r�i�a� �e�d� �è �p�a�r�i�
�a�

δ` =
δE
|∇E | ,

�p�e�r� �c�u�i�
dV = dsδ` = ds

δE
|∇E |

L�a� �m�i�s�u�r�a� �d�i� �u�n�a� �r�e�g�i�o�n�e A �t�r�a� �l�e �d�u�e �s�u�p�e�r�f�i�c�i� (�d�i� �s�p�e�s�s�o-
�r�e �i�n�f�i�n�i�t�e�s�i�m�o) �è �q�u�i�n�d�i�

|A| =
∫

A
dV =

∫

A
dsδ` =

[∫

A

ds
|∇E |

]
δE.

ΓE+δE

ΓE

δ�
δs

F�i�g�u�r�a� 4.6: M�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a�

L�a� �m�i�s�u�r�a�
ds
|∇E |

�è �l�a� �m�i�s�u�r�a� �i�n�d�o�t�t�a� �d�a�l�l�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e �s�u�l�l�a� �s�u�p�e�r�-
�f�i�c�i�e �d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e ΓE (�o, �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e, �n�e�l �g�u�s�c�i�o
�d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e) �e�d� �è �l�a� �m�i�s�u�r�a� �a�p�p�r�o�p�r�i�a�t�a� �p�e�r� �s�i�s�t�e-
�m�i� �a�d� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e: �è �l�a� �m�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e �d�e�l �f�l�u�s�s�o
�h�a�m�i�l�t�o�n�i�a�n�o �r�i�s�t�r�e�t�t�o �a�l�l�a� �s�u�p�e�r�f�i�c�i�e �d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e ΓE.
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§126 M�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� L�a� �m�i�s�u�r�a� �i�n�d�o�t�t�a� �n�e�l �g�u�s�c�i�o
�d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e �è �u�n�a� �m�i�s�u�r�a� �l�i�m�i�t�a�t�a�, �c�i�o�è �u�n�a� �m�i�s�u�-
�r�a� �c�h�e �a�s�s�e�g�n�a� �u�n� �v�a�l�o�r�e �f�i�n�i�t�o �a�l �v�o�l�u�m�e |ΓE| �d�e�l�l��i�n�t�e�r�a�
�s�u�p�e�r�f�i�c�i�e ΓE

Ω(E) =
∫

ΓE

ds
|∇E | ≡ Ω(E), (4.29)

�d�o�v�e �a�b�b�i�a�m�o �i�n�t�r�o�d�o�t�t�o �l�a� �n�o�t�a�z�i�o�n�e �s�t�a�n�d�a�r�d� Ω(E) �p�e�r� �t�a�l�e
�v�o�l�u�m�e. N�e�l�l�a� �l�e�t�t�e�r�a�t�u�r�a�, Ω(E) �è �n�o�t�o �c�o�m�e �d�e�n�s�i�t�à� �d�e�g�l�i�
�s�t�a�t�i�.

D�i�v�i�d�e�n�d�o �a�d�e�s�s�o �l�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e �i�n�d�o�t�t�a� �s�u�l �g�u�s�c�i�o
�d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e �p�e�r� �i�l �v�o�l�u�m�e �d�e�l �g�u�s�c�i�o, �s�i� �o�t�t�i�e�n�e �l�a�
�m�i�s�u�r�a� �d�i� �p�r�o�b�a�b�i�l�i�t�à� (�c�i�o�è �n�o�r�m�a�l�i�z�z�a�t�a� �a� 1)

dµE =
ds

Ω(E) |∇E | , (4.30)

�c�h�e �è �d�e�t�t�a� �m�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �o �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� �p�r�o�b�a�-
�b�i�l�i�t�à� �m�i�c�r�o�c�a�n�o�n�i�c�a� �o �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� �p�r�o�b�a�b�i�l�i�t�à� �m�i�c�r�o�c�a�n�o-
�n�i�c�a� �o �a�n�c�h�e �i�n�s�i�e�m�e �m�i�c�r�o�c�a�n�o�n�i�c�o (�s�e�g�u�e�n�d�o �l�a� �t�e�r�m�i�n�o�l�o�g�i�a�
�o�r�i�g�i�n�a�r�i�a� �d�i� G�i�b�b��).

L�a� �r�e�g�o�l�a� �p�e�r� �c�a�l�c�o�l�a�r�e Ω(E) �è �s�u�g�g�e�r�i�t�a� �i�m�m�e�d�i�a�t�a�m�e�n�t�e
�d�a�l�l�a� �f�i�g�u�r�a� (4.6): �e�s�s�e�n�d�o Ω(E)δE �i�l �v�o�l�u�m�e �d�e�l �g�u�s�c�i�o �t�r�a� �l�e
�d�u�e �s�u�p�e�r�f�i�c�i� �i�n�f�i�n�i�t�a�m�e�n�t�e �v�i�c�i�n�e, �s�e Σ(E) �d�e�n�o�t�a� �i�l �v�o�l�u�m�e
�d�i� �t�u�t�t�a� �l�a� �r�e�g�i�o�n�e �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �r�a�c�c�h�i�u�s�a� �d�a�l�l�a�
�s�u�p�e�r�f�i�c�i�e ΓE, �s�i� �a�v�r�à�

Ω(E) =
dΣ(E)

dE
=

d
dE

∫

{E (x)≤E}
dx. (4.31)

E�s�e�r�c�i�z�i�o 4.1. D�i�m�o�s�t�r�a�r�e �c�h�e �l�a� �m�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �p�u�ò
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�e�s�s�e�r�e �e�s�p�r�e�s�s�a� �c�o�m�e

dµE =
δ (E− E (x)) dx∫
δ (E− E (x)) dx

(4.32)

�d�o�v�e δ(x) �è �l�a� �l�a� �f�u�n�z�i�o�n�e �g�e�n�e�r�a�l�i�z�z�a�t�a� `̀ �d�e�l�t�a� �d�i� D�i�r�a�c''.

4.7 I�l �t�e�o�r�e�m�a� �d�i� �r�i�c�o�r�r�e�n�z�a� �d�i� P�o�i�n�c�a�r�é

F�i�g�u�r�a� 4.7: G�a�� �c�o�n�t�e�n�u�t�o �i�n� �u�n�
�r�e�c�i�p�i�e�n�t�e �r�i�g�i�d�o �s�e�p�a�r�a�t�o �a�d�i�a�b�a�t�i�-
�c�a�m�e�n�t�e �d�a�l�l��e�s�t�e�r�n�o �i�n�i�z�i�a�l�m�e�n�t�e
�i�n� �u�n� �a�n�g�o�l�o �d�e�l�l�a� �s�c�a�t�o�l�a�.

F�i�g�u�r�a� 4.8: G�a�� �c�o�n�t�e�n�u�t�o �i�n�
�u�n� �r�e�c�i�p�i�e�n�t�e �r�i�g�i�d�o �s�e�p�a�r�a�t�o
�a�d�i�a�b�a�t�i�c�a�m�e�n�t�e �d�a�l�l��e�s�t�e�r�n�o �i�n�
�c�o�n�d�i�z�i�o�n�i� �d�i� �e�q�u�i�l�i�b�r�i�o

§127 E�c�c�o �u�n�a� �f�o�r�m�u�l�a�z�i�o�n�e �d�e�l �t�e�o�r�e�m�a� �d�i� �r�i�c�o�r�r�e�n�z�a� �d�i�
P�o�i�n�c�a�r�é:

S�i� �c�o�n�s�i�d�e�r�i� �u�n� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �c�o�n� �s�p�a�z�i�o
�d�e�l�l�e �f�a�s�i� Γ, �f�l�u�s�s�o �d�i� �f�a�s�e φt, �m�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e
�f�i�n�i�t�a� µ. S�i�a� A �u�n� �s�o�t�t�o�i�n�s�i�e�m�e (�m�i�s�u�r�a�b�i�l�e) �d�i�
Γ �e X0 �u�n� �p�u�n�t�o �d�i� �f�a�s�e �c�h�e �a�p�p�a�r�t�i�e�n�e �a�d� A.
A�l�l�o�r�a� �q�u�a�s�i� �o�v�u�n�q�u�e �r�i�s�p�e�t�t�o �a� µ, �i�l �p�u�n�t�o X0

�r�i�t�o�r�n�a� �i�n� A, �v�a�l�e �a� �d�i�r�e, �e�s�i�s�t�e �u�n� �t�e�m�p�o T �t�a�-
�l�e �c�h�e XT = φT(X0) �è �i�n� A (�i�n� �v�e�r�i�t�à�, �i�l �p�u�n�t�o
�r�i�t�o�r�n�a� �i�n�f�i�n�i�t�a�m�e�n�t�e �s�p�e�s�s�o �i�n� A �p�e�r� �t�e�m�p�i�
�i�n�f�i�n�i�t�a�m�e�n�t�e �g�r�a�n�d�i�).

(4.33)

§128 G�a�� �i�n� �u�n�a� �s�c�a�t�o�l�a� I�l �t�e�o�r�e�m�a� �d�i� P�o�i�n�c�a�r�é �s�t�a�b�i�l�i�s�c�e
�u�n� �c�o�m�p�o�r�t�a�m�e�n�t�o �t�i�p�i�c�o �d�e�l �s�i�s�t�e�m�a� �n�e�l �s�e�n�s�o �p�i�ù� �f�o�r�t�e
�p�o�s�s�i�b�i�l�e: �l��i�n�s�i�e�m�e E �d�e�i� �p�u�n�t�i� �e�c�c�e�z�i�o�n�a�l�i�, �c�i�o�è �d�e�i� �p�u�n�t�i�
�c�h�e �n�o�n� �r�i�t�o�r�n�a�n�o, �h�a� �m�i�s�u�r�a� �n�u�l�l�a�, �i�n�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e �d�a�l
�n�u�m�e�r�o �d�i� �g�r�a�d�i� �d�i� �l�i�b�e�r�t�à� �d�e�l �s�i�s�t�e�m�a�.

C�o�n�s�i�d�e�r�i�a�m�o �c�o�m�e �e�s�e�m�p�i�o �u�n� �g�a�� �i�n� �u�n�a� �s�c�a�t�o�l�a� �r�i�g�i�-
�d�a�, �i�s�o�l�a�t�o �a�d�i�a�b�a�t�i�c�a�m�e�n�t�e �d�a�l�l��e�s�t�e�r�n�o �e �q�u�i�n�d�i� �c�o�n� �e�n�e�r�g�i�a�
�c�o�s�t�a�n�t�e E. E�s�s�e�n�d�o �l�a� �m�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �f�i�n�i�t�a�, �i�l �t�e�o-
�r�e�m�a� �d�i� P�o�i�n�c�a�r�é �è �a�p�p�l�i�c�a�b�i�l�e. S�u�p�p�o�n�i�a�m�o �c�h�e �i�l �g�a�� �s�i�a�
�i�n�i�z�i�a�l�m�e�n�t�e �i�n� �u�n� �a�n�g�o�l�o �d�e�l�l�a� �s�c�a�t�o�l�a�, �c�o�m�e �m�o�s�t�r�a�t�o �n�e�l-
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�l�a� �f�i�g�u�r�a� 4.7. C�i� �a�s�p�e�t�t�i�a�m�o �c�h�e �i�l �g�a�� �e�v�o�l�v�a� �i�n� �m�o�d�o �t�a�l�e
�d�a� �p�o�r�t�a�r�s�i� �n�e�l�l�a� �c�o�n�d�i�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �i�n� �c�u�i� �l�e �m�o�l�e�c�o�l�e
�s�o�n�o �u�n�i�f�o�r�m�e�m�e�n�t�e �s�p�a�r�p�a�g�l�i�a�t�e �n�e�l�l�a� �s�c�a�t�o�l�a�, �c�o�m�e �m�o�s�t�r�a�-
�t�o �i�n� 4.8. S�e�m�b�r�e�r�e�b�b�e �i�n�o�l�t�r�e �n�a�t�u�r�a�l�e �a�s�p�e�t�t�a�r�s�i� �c�h�e �i�l �g�a��,
�d�o�p�o �a�v�e�r� �r�a�g�g�i�u�n�t�o �l��e�q�u�i�l�i�b�r�i�o, �m�a�n�t�e�n�g�a� �q�u�e�s�t�a� �d�i�s�t�r�i�b�u�z�i�o-
�n�e �u�n�i�f�o�r�m�e, �e�s�s�e�n�d�o �q�u�e�s�t�o �è �i�l �t�i�p�o �d�i� �c�o�m�p�o�r�t�a�m�e�n�t�o �c�h�e
�o�s�s�e�r�v�i�a�m�o �n�e�l �m�o�n�d�o. T�u�t�t�a�v�i�a�, �c�o�m�e �c�o�n�s�e�g�u�e�n�z�a� �d�e�l �t�e�o-
�r�e�m�a� �d�i� �r�i�c�o�r�r�e�n�z�a� �d�i� P�o�i�n�c�a�r�é, �q�u�a�s�i� �t�u�t�t�i� �i� �p�u�n�t�i� �d�i� �f�a�s�e
�c�o�r�r�i�s�p�o�n�d�e�n�t�i� �a�l�l�a� �c�o�n�d�i�z�i�o�n�e �i�n�i�z�i�a�l�e �c�o�n� �t�u�t�t�o �i�l �g�a�� �i�n�
�u�n� �a�n�g�o�l�o �d�e�l�l�a� �s�c�a�t�o�l�a�, �d�o�p�o �u�n� �c�e�r�t�o �t�e�m�p�o �s�u�c�c�e�s�s�i�v�o �a�l
�t�e�m�p�o �i�n� �c�u�i� �l�o �s�t�a�t�o �u�n�i�f�o�r�m�e �è �s�t�a�t�o �r�a�g�g�i�u�n�t�o �e �m�a�n�t�e�n�u�-
�t�o �p�e�r� �u�n� �c�e�r�t�o �p�e�r�i�o�d�o, �r�i�t�o�r�n�e�r�a�n�n�o �s�p�o�n�t�a�n�e�a�m�e�n�t�e �n�e�l�l�a�
�l�o�r�o �c�o�n�d�i�z�i�o�n�e �i�n�i�z�i�a�l�e �d�i� �c�o�n�f�i�n�a�m�e�n�t�o �i�n� �u�n� �a�n�g�o�l�o.

§129 D�i�m�o�s�t�r�a�z�i�o�n�e �d�e�l �t�e�o�r�e�m�a� �d�i� �r�i�c�o�r�r�e�n�z�a� �d�i� P�o�i�n�c�a�r�é
C�o�n�s�i�d�e�r�i�a�m�o �i�l �c�a�s�o �d�i�s�c�r�e�t�o �p�e�r� φ = φτ �a�s�s�u�m�e�n�d�o �p�e�r�
�s�e�m�p�l�i�c�i�t�à� �a�i� �f�i�n�i� �d�e�l�l�a� �d�i�m�o�s�t�r�a�z�i�o�n�e �c�h�e φ �s�i�a� �i�n�v�e�r�t�i�b�i�l�e �e
�c�h�e �l�a� �m�i�s�u�r�a� µ �s�i�a� �n�o�r�m�a�l�i�z�z�a�t�a� �a� 1. S�i�a� B ⊂ A �l��i�n�s�i�e�m�e
�d�e�i� �p�u�n�t�i� �i�n� A �c�h�e �n�o�n� �t�o�r�n�e�r�a�n�n�o �m�a�i� �i�n� A, �e �q�u�i�n�d�i� �a�
�m�a�g�g�i�o�r� �r�a�g�i�o�n�e �i�n� B. A�l�l�o�r�a� B �h�a� �l�a� �p�r�o�p�r�i�e�t�à� �c�h�e

φ(B) ∩ B = ∅

φ2(B) ∩ B = ∅

. . . = . . .

φn(B) ∩ B = ∅
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A�p�p�l�i�c�a�n�d�o φ �a�d� �a�m�b�o �i� �m�e�m�b�r�i� �d�i� �q�u�e�s�t�e �u�g�u�a�g�l�i�a�n�z�e �e
�s�f�r�u�t�t�a�n�d�o �l��i�n�v�e�r�t�i�b�i�l�i�t�à� �d�i� φ, �s�i� �o�t�t�i�e�n�e

φ2(B) ∩ φ(B) = ∅

φ3(B) ∩ φ(B) = ∅

. . . = . . .

φn+1(B) ∩ φ(B) = ∅

Q�u�i�n�d�i�
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F�i�g�u�r�a� 4.9: B ⊂ A �è �l��i�n�s�i�e�m�e �d�e�i�
�p�u�n�t�i� �i�n� A �c�h�e �n�o�n� �t�o�r�n�e�r�a�n�n�o
�m�a�i� �i�n� A

B, φ(B), φ2(B), φ3(B), . . .

�è �u�n�a� �s�u�c�c�e�s�s�i�o�n�e �d�i� �i�n�s�i�e�m�i� �m�u�t�u�a�m�e�n�t�e �d�i�s�g�i�u�n�t�i�. I �n�o�l�t�r�e,
�p�o�i�c�h�é φ �c�o�n�s�e�r�v�a� �l�a� �m�i�s�u�r�a� µ,

µ (φn(B)) = µ (B) .

D�u�n�q�u�e,

1 ≥ µ

(
N⋃

n=1

φn(B)

)

=
N

∑
n=1

µ (φn(B))

=
N

∑
n=1

µ (B)

= Nµ(B)

P�e�r� N → ∞, �s�e µ(B) 6= 0 �s�i� �a�v�r�e�b�b�e �c�h�e Nµ(B) �t�e�n�d�e�r�e�b�b�e �a�l-
�l��i�n�f�i�n�i�t�o, �i�l �c�h�e �è �i�m�p�o�s�s�i�b�i�l�e �p�e�r�c�h�è �è �d�o�m�i�n�a�t�o �d�a� 1. A�l�l�o�r�a�
�d�e�v�e �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �e�s�s�e�r�e µ(B) = 0 �e �i�l �t�e�o�r�e�m�a� �r�i�s�u�l�t�a�
�c�o�s�ì� �d�i�m�o�s�t�r�a�t�o.
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4.8 I�l �t�e�o�r�e�m�a� �e�r�g�o�d�i�c�o �d�i� B�i�r�k�h�o�f�f

§130 E�r�g�o�d�i�c�i�t�à� U�n� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �è �d�e�t�t�o �e�r�g�o�d�i�c�o �s�e
�t�u�t�t�i� �g�l�i� �i�n�s�i�e�m�i� �i�n�v�a�r�i�a�n�t�i� (�m�i�s�u�r�a�b�i�l�i�) �s�o�n�o �b�a�n�a�l�i�:

E�r�g�o�d�i�c�i�t�à�: A ∈ F, φt(A) = A ⇒ µ(A) = 0 �o�p�p�u�r�e 1

(4.34)

§131 T�e�o�r�e�m�a� �e�r�g�o�d�i�c�o �d�i� B�i�r�k�h�o�f�f S�i�a� f �u�n�a� �f�u�n�z�i�o�n�e
�s�u�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �t�a�l�e �c�h�e

∫

Γ
| f (x)|dµ < ∞.

A�l�l�o�r�a� �p�e�r� �u�n� �s�i�s�t�e�m�a� �d�i�n�a�m�i�c�o �e�r�g�o�d�i�c�o �s�i� �h�a�

lim
T→∞

1
T

∫ T

0
f (φt(x))dt =

∫

Γ
f (x)dµ �q�u�a�s�i� �o�v�u�n�q�u�e �r�i�s�p�e�t�t�o �a� µ,

(4.35)
�v�a�l�e �a� �d�i�r�e, �l�a� �m�e�d�i�a� �t�e�m�p�o�r�a�l�e �d�i� f ,

f ≡ lim
T→∞

1
T

∫ T

0
f (φt(x))dt,

�è �u�g�u�a�l�e �a�l�l�a� �m�e�d�i�a� �d�i� �f�a�s�e �d�i� f ,

〈 f 〉 =
∫

Γ
f (x)dµ,

�p�e�r� �q�u�a�s�i� �t�u�t�t�i� �i� �p�u�n�t�i� �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i�, �f�a�t�t�a� �e�c�c�e-
�z�i�o�n�e, �e�v�e�n�t�u�a�l�m�e�n�t�e, �p�e�r� �u�n� �i�n�s�i�e�m�e �d�i� �p�u�n�t�i� �d�i� �m�i�s�u�r�a�
�n�u�l�l�a�.
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4.9 P�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e �i�n� �m�e�c�c�a�n�i�c�a� �c�l�a�s�s�i�c�a�

§132 S�p�a�z�i�o �d�e�l�l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �d�i� �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e D�e-
�n�o�t�i�a�m�o �c�o�n� Λ ⊂ Rd �l�o �s�p�a�z�i�o �d�e�l�l�e �p�o�s�i�z�i�o�n�i� �d�i� �u�n� �s�i�s�t�e�m�a�
�a�d� �u�n�a� �p�a�r�t�i�c�e�l�l�a�, �e �s�u�p�p�o�n�i�a�m�o �c�h�e N �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e
�s�i�a�n�o �i�n� �m�o�v�i�m�e�n�t�o �i�n� �q�u�e�s�t�o �s�p�a�z�i�o. L�e �p�o�s�s�i�b�i�l�i� �c�o�n�f�i�g�u�-
�r�a�z�i�o�n�i� �d�i� �q�u�e�s�t�o �s�i�s�t�e�m�a� �d�i� N �p�a�r�t�i�c�e�l�l�e �s�o�n�o �s�o�l�i�t�a�m�e�n�t�e
�d�e�s�c�r�i�t�t�e �d�a� �p�u�n�t�i� �i�n� ΛN , �c�h�e �è �i�l �p�r�o�d�o�t�t�o �c�a�r�t�e�s�i�a�n�o �d�e�g�l�i�
�s�p�a�z�i� �d�i� �s�i�n�g�o�l�a� �p�a�r�t�i�c�e�l�l�a�. T�u�t�t�a�v�i�a�, �d�a�t�o �c�h�e �l�e �p�a�r�t�i�c�e�l�l�e
�s�o�n�o �i�d�e�n�t�i�c�h�e, �n�e�s�s�u�n�a� �d�i�s�t�i�n�z�i�o�n�e �f�i�s�i�c�a� �p�u�ò �e�s�s�e�r�e �f�a�t�t�a�
�t�r�a� �p�u�n�t�i� �i�n� ΛN �c�h�e �d�i�f�f�e�r�i�s�c�o�n�o �s�o�l�o �p�e�r� �l�e �p�o�s�i�z�i�o�n�i� �d�e�l�l�e
�s�i�n�g�o�l�e �p�a�r�t�i�c�e�l�l�e. C�o�s�ì�, �i� �d�u�e �p�u�n�t�i� �i�n� ΛN

q = (q1, . . . , qN), qi ∈ Λ �p�e�r� i = 1, . . . , N

q′ = π(q) = (qπ−1(1), . . . , qπ−1(N))

(4.36)

�d�o�v�e π �è �u�n� �p�e�r�m�u�t�a�z�i�o�n�e �d�e�g�l�i� �i�n�d�i�c�i� �d�i� �p�a�r�t�i�c�e�l�l�a�, �e�n�t�r�a�m�-
�b�i� �d�e�s�c�r�i�v�o�n�o �l�a� �s�t�e�s�s�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �f�i�s�i�c�a� �d�e�l �s�i�s�t�e�m�a�.
P�e�r�t�a�n�t�o �i�l �v�e�r�o �s�p�a�z�i�o �d�e�l�l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �d�i� �u�n� �s�i�s�t�e�m�a�
�d�i� N �p�a�r�t�i�c�e�l�l�e �n�o�n� �è �i�l �p�r�o�d�o�t�t�o �c�a�r�t�e�s�i�a�n�o ΛN , �m�a� �l�o �s�p�a�-
�z�i�o �o�t�t�e�n�u�t�o �i�d�e�n�t�i�f�i�c�a�n�d�o �p�u�n�t�i� �i�n� ΛN �c�h�e �r�a�p�p�r�e�s�e�n�t�a�n�o �l�a�
�s�t�e�s�s�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �f�i�s�i�c�a�. 2 2Q�u�e�s�t�o �f�a�t�t�o, �t�u�t�t�o �s�o�m�m�a�t�o

�a�b�b�a�s�t�a�n�z�a� �o�v�v�i�o, �è �s�t�a�t�o �s�o�t-
�t�o�l�i�n�e�a�t�o �d�a� J.M. L�e�i�n�a�a�� �e J.
M�y�r�h�e�i�m� �i�n� O�n� �t�h�e �t�h�e�o�r�y �o�f
�i�d�e�n�t�i�c�a�l �p�a�r�t�i�c�l�e��, I�l N�u�o�v�o �c�i�-
�m�e�n�t�o 37 B, 1, 1977, �c�h�e �h�a�n�n�o
�a�p�p�l�i�c�a�t�o �q�u�e�s�t�a� �i�d�e�a� �a�n�c�h�e �a�l�l�a�
�m�e�c�c�a�n�i�c�a� �q�u�a�n�t�i�s�t�i�c�a�.

Q�u�e�s�t�o �s�p�a�z�i�o �è �d�e�n�o�t�a�t�o ΛN/SN , �p�o�i�c�h�é �e�s�s�o �è �o�t�t�e�n�u�t�o
�d�a� ΛN �d�a� `̀ �d�i�v�i�d�e�n�d�o�l�o'' �p�e�r� �l��a�z�i�o�n�e �d�e �g�r�u�p�p�o �s�i�m�m�e�t�r�i�c�o
(�o �g�r�u�p�p�o �d�e�l�l�e �p�e�r�m�u�t�a�z�i�o�n�i�) SN. D�a�t�o �c�h�e SN �è �u�n� �g�r�u�p�p�o
�d�i� �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �d�i� ΛN �d�i�s�c�r�e�t�o, �a�n�z�i� �f�i�n�i�t�o, �l�a� �s�p�a�z�i�o
ΛN/SN �è �l�o�c�a�l�m�e�n�t�e �i�s�o�m�o�r�f�o �a� ΛN , �s�a�l�v�o �c�h�e �p�e�r� �i� �s�u�o�i�
�p�u�n�t�i� �s�i�n�g�o�l�a�r�i�. I �p�u�n�t�i� �s�i�n�g�o�l�a�r�i� �d�i� ΛN/SN �s�o�n�o �i� �p�u�n�t�i� �d�i�
�c�o�i�n�c�i�d�e�n�z�a� �d�i� �o �p�i�ù� �p�a�r�t�i�c�e�l�l�e.

S�o�t�t�r�a�e�n�d�o �a� ΛN/SN �i� �p�u�n�t�i� �s�i�n�g�o�l�a�r�i�, �s�i� �o�t�t�i�e�n�e �l�o �s�p�a�-
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�z�i�o Λ̃N �i� �c�u�i� �e�l�e�m�e�n�t�i� �s�o�n�o �i�n�s�i�e�m�i� �d�i� N �p�u�n�t�i� �i�n� Λ �n�o�n�
�c�o�i�n�c�i�d�e�n�t�i�:

Λ̃N =
{

q = {q1, . . . , qN}|qi ∈ Λ �e qi 6= qj i, j = 1, . . . N
}

. (4.37)

L�a� �d�i�f�f�e�r�e�n�z�a� �t�r�a� �l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �d�i� �p�a�r�t�i�c�e�l�l�e �n�o�n� �i�d�e�n�-
�t�i�c�h�e �e �q�u�e�l�l�e �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e �è �d�u�n�q�u�e �l�a� �s�e�g�u�e�n�t�e:
�l�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �d�i� �p�a�r�t�i�c�e�l�l�e �n�o�n� �i�d�e�n�t�i�c�h�e �è �r�a�p�p�r�e�s�e�n�t�a�t�a�
�d�a�l �v�e�t�t�o�r�e (q1, . . . , qN) (�l�i�s�t�a� �o�r�d�i�n�a�t�a�), �q�u�e�l�l�a� �d�i� �p�a�r�t�i�c�e�l�l�e
�i�d�e�n�t�i�c�h�e �d�a�l�l��i�n�s�i�e�m�e {q1, . . . , qN} (�l�i�s�t�a� �n�o�n� �o�r�d�i�n�a�t�a�).

L�o �s�p�a�z�i�o Λ̃N �è �u�n�a� �v�a�r�i�e�t�à� �l�i�s�c�i�a� (�d�i�f�f�e�r�e�n�z�i�a�b�i�l�e), �c�i�o�è
�p�r�i�v�a� �d�i� �p�u�n�t�i� �s�i�n�g�o�l�a�r�i�, �e �l�o�c�a�l�m�e�n�t�e, �m�a� �n�o�n� �g�l�o�b�a�l�m�e�n�t�e,
�i�s�o�m�o�r�f�a� �a� ΛN.

F�i�g�u�r�a� 4.10: 2R �è �l�o �s�p�a�z�i�o �d�e�l�l�e
�c�o�n�f�i�g�u�r�a�z�i�o�n�i� �d�i� �d�u�e �p�a�r�t�i�c�e�l�l�e
�i�d�e�n�t�i�c�h�e �s�u�l�l�a� �r�e�t�t�a� �r�e�a�l�e, �q�u�i�
�i�l�l�u�s�t�r�a�t�o �d�a�l�l�a� �r�e�g�i�o�n�e �n�o�n� �o�m�-
�b�r�e�g�g�i�a�t�a� �d�e�l �p�i�a�n�o. S�i� �i�l�l�u�s�t�r�a�
�a�n�c�h�e �c�o�m�e �u�n� �v�e�t�t�o�r�e �t�a�n�g�e�n�t�e
v = (v1, v2) �è �t�r�a�s�p�o�r�t�a�t�o �l�u�n�g�o
�u�n�a� �c�u�r�v�a� �c�h�e �s�i� �r�i�f�l�e�t�t�e �d�a�l �b�o�r�-
�d�o x1 = x2. (F�i�g�u�r�a� �t�r�a�t�t�a� �d�a� J.M.
L�e�i�n�a�a�� �e J. M�y�r�h�e�i�m�, �o�p�. �c�i�t.)

§133 S�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �d�i� �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e D�a�l�l�o �s�p�a�z�i�o
�d�e�l�l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i�, �s�i� �p�a�s�s�a� �i�n� �m�a�n�i�e�r�a� �o�v�v�i�a� �a�l�l�o �s�p�a�z�i�o
�n�a�t�u�r�a�l�e �d�e�l�l�e �f�a�s�i� Γ̃N �d�i� �u�n� �s�i�s�t�e�m�a� �d�i� N �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e

Γ̃N =
{

x̃ = {x1, . . . , xN}| xi 6= xj i, j = 1, . . . N
}

(4.38)

�d�o�v�e
xi = (qi, pi) i = 1, . . . N.

I�l �f�a�t�t�o �c�h�e �l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �d�i� �u�n� �s�i�s�t�e�m�a� �d�i� N �p�a�r�t�i�-
�c�e�l�l�e �i�d�e�n�t�i�c�h�e �s�i�a� Γ̃N , �e �n�o�n� �l�o �s�p�a�z�i�o �u�s�u�a�l�e

ΓN =
{

x = (x1, . . . , xN)
}

,

�è �s�t�a�t�o �s�o�l�i�t�a�m�e�n�t�e �t�r�a�s�c�u�r�a�t�o, �i�n�c�o�n�s�c�i�a�m�e�n�t�e �o �d�e�l�i�b�e�r�a�t�a�-
�m�e�n�t�e. P�e�r� �q�u�e�l �c�h�e �r�i�g�u�a�r�d�a� �l�a� �d�e�s�c�r�i�z�i�o�n�e �m�i�c�r�o�s�c�o�p�i�c�a� �d�i�
�u�n� �s�i�s�t�e�m�a� �c�l�a�s�s�i�c�o �d�i� �m�o�l�t�e �p�a�r�t�i�c�e�l�l�e, �i�l �m�o�t�i�v�o �è �f�a�c�i�l�e �d�a�
�c�a�p�i�r�e. L�e �d�i�n�a�m�i�c�h�e �d�i� �u�n� �s�i�s�t�e�m�a� �c�l�a�s�s�i�c�o �c�o�m�p�o�r�t�a�n�o �s�o�l�o
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�l�e �p�r�o�p�r�i�e�t�à� �l�o�c�a�l�i� �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i�, �c�o�s�ì� �l�a� �s�c�e�l�t�a� �t�r�a�
Γ̃N �e ΓN �è �i�n� �l�a�r�g�a� �p�a�r�t�e �u�n�a� �q�u�e�s�t�i�o�n�e �d�i� �c�o�n�v�e�n�i�e�n�z�a�. A
�e�s�s�e�r�e �p�i�ù� �p�r�e�c�i�s�i�, �l��e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�i� �u�n� �s�i�s�t�e�m�a�
�c�l�a�s�s�i�c�o �a� N �p�a�r�t�i�c�e�l�l�e �è �u�n�a� �c�u�r�v�a� �c�o�n�t�i�n�u�a� ( �e �d�i�f�f�e�r�e�n�z�i�a�-
�b�i�l�e) �i�n� Γ̃N �c�o�n� �i�l �t�e�m�p�o t �c�o�m�e �u�n� �p�a�r�a�m�e�t�r�o. U�n�a� �c�u�r�v�a�
�i�n� Γ̃N �c�o�r�r�i�s�p�o�n�d�e �a� N! �c�u�r�v�e �i�n� ΓN. M�a� �l�e �c�u�r�v�e �i�n� ΓN

�n�o�n� �s�i� �i�n�t�e�r�s�e�c�a�n�o, �p�o�s�s�i�a�m�o �q�u�i�n�d�i� �p�r�e�n�d�e�r�e �u�n�a� �d�i� �q�u�e�s�t�e
�c�u�r�v�e �a� �c�a�s�o �e �c�h�i�a�m�a�r�l�a� �l��e�v�o�l�u�z�i�o�n�e �d�e�l �s�i�s�t�e�m�a�. (B�e�n� �d�i�-
�v�e�r�s�a� �è �l�a� �s�i�t�u�a�z�i�o�n�e �i�n� �m�e�c�c�a�n�i�c�a� �q�u�a�n�t�i�s�t�o�c�a� �d�o�v�e, �e�s�s�e�n�d�o
�l�a� �f�u�n�z�i�o�n�e �d�'�o�n�d�a� �è �u�n�a� �f�u�n�z�i�o�n�e �s�u�l�l�o �s�p�a�z�i�o �d�e�l�l�e �c�o�n�f�i�-
�g�u�r�a�z�i�o�n�i�, �e�s�s�a� �è �i�n�f�l�u�e�n�z�a�t�a� �n�o�n� �s�o�l�o �d�a�l�l�e �p�r�o�p�r�i�e�t�à� �l�o�c�a�l�i�
�d�i� �q�u�e�s�t�o �s�p�a�z�i�o, �m�a� �a�n�c�h�e, �e �i�n� �m�a�n�i�e�r�a� �m�o�l�t�o �s�i�g�n�i�f�i�c�a�t�i�v�a�,
�d�a�l�l�e �s�u�e �p�r�o�p�r�i�e�t�à� �g�l�o�b�a�l�i�.)

§134 M�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �p�e�r� �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e L�a�
�c�o�n�c�l�u�s�i�o�n�e �a� �c�u�i� �s�i�a�m�o �g�i�u�n�t�i� �è �c�h�e �p�e�r� �d�e�s�c�r�i�v�e�r�e �u�n�
�s�i�s�t�e�m�a� �d�i� �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e �p�o�s�s�i�a�m�o �u�s�a�r�e �l�o �s�p�a�z�i�o
�u�s�u�a�l�e ΓN �i� �c�u�i� �e�l�e�m�e�n�t�i� �s�o�n�o �v�e�t�t�o�r�i� x = (x1, . . . , xN), �a�n�-
�z�i�c�h�é �l�o �s�p�a�z�i�o �n�a�t�u�r�a�l�e Γ̃N �i� �c�u�i� �e�l�e�m�e�n�t�o �s�o�n�o �i�n�s�i�e�m�i�
x̃ = {x1, . . . , xN}, �m�a�, �n�e�l �f�a�r�e �q�u�e�s�t�o, �c�i� �r�i�t�r�o�v�i�a�m�o �i�n� ΓN �c�o�n�
N! �c�o�p�i�e �d�e�l�l��e�v�o�l�u�z�i�o�n�e �d�i� �f�a�s�e �i�n� Γ̃N.

Q�u�e�s�t�o �s�i�g�n�i�f�i�c�a�, �i�n� �p�a�r�t�i�c�o�l�a�r�e, �c�h�e �i� �v�o�l�u�m�i� �i�n� ΓN �v�a�n�n�o
�d�i�v�i�s�i� �p�e�r� N! �i�n� �m�o�d�o �d�a� �c�o�r�r�i�s�p�o�n�d�e�r�e �a�i� �v�o�l�u�m�i� �i�n� Γ̃N. S�i�
�h�a� �q�u�i�n�d�i� �l�a� �r�e�l�a�z�i�o�n�e

d̃x =
dx
N!

(4.39)

�t�r�a� �l�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e d̃x �i�n� Γ̃N �e �l�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e
dx �i�n� ΓN. N�e �s�e�g�u�e �c�h�e �p�e�r� N �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e, �i�l �v�o�l�u�m�e
|ΓE| ≡ Ω(E) �d�e�l�l�a� �s�u�p�e�r�f�i�c�i�e �d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e �è (�v�e�d�e�r�e
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�e�s�e�r�c�i�z�i�o 4.1)

Ω(E) =
dΣ(E)

dE
=

d
dE

∫

{E (x)≤E}
d̃x =

∫
δ(E− E (x))d̃x. (4.40)

N�e�l �s�e�g�u�i�t�o, �p�e�r� �s�e�m�o�l�i�f�i�c�a�r�e �l�e �n�o�t�a�z�i�o�n�i�, �d�e�n�o�t�e�r�e�m�o d̃x

�c�o�n� dx, �a�s�s�u�m�e�n�d�o �c�h�e �i�l �f�a�t�t�o�r�e N! �p�e�r� �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e
�s�i�a� �s�t�a�t�o �a�s�s�o�r�b�i�t�o �i�n� dx. C�o�n� �q�u�e�s�t�a� �n�o�t�a�z�i�o�n�e, �l�a� �m�i�s�u�r�a�
�m�i�c�r�o�c�a�n�o�n�i�c�a� �r�i�s�u�l�t�a�

dµE =
ds

Ω(E) |∇E |N!
=

1
Ω(E)

δ(E− E (x))dx. (4.41)

�i�n�v�e�c�e �d�e�l�l�a� (4.30).

§135 M�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �p�e�r� �u�n� �g�a�� �i�d�e�a�l�e �d�i� �p�a�r�t�i�c�e�l�l�e
�i�d�e�n�t�i�c�h�e I�l �g�a�� �è �f�o�r�m�a�t�o �d�a� N �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e �i�n� �u�n�a�
�s�c�a�t�o�l�a� Λ �d�i� �v�o�l�u�m�e V, �s�o�t�t�o �l��i�p�o�t�e�s�i� �d�i� �p�o�t�e�r� �t�r�a�s�c�u�r�a�r�e
�l��e�n�e�t�g�i�a� �p�o�t�e�n�z�i�a�l�e �d�i� �i�n�t�e�r�a�z�i�o�n�e. L'�h�a�m�i�l�t�o�n�i�a�n�a� �è

E (q, p) =
p2

2m
=

N

∑
i=1

|pi|2
2m

.

I�n�c�o�m�i�n�c�i�a�m�o �i�l �c�a�l�c�o�l�o �d�e�l �v�o�l�u�m�e Σ(E) �d�i� �t�u�t�t�a� �l�a� �r�e�g�i�o�n�e
�d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �r�a�c�c�h�i�u�s�a� �d�a�l�l�a� �s�u�p�e�r�f�i�c�i�e

N

∑
i=1

|pi|2
2m

= E, qi ∈ Λ.

E�s�s�o �è

Σ(E) =

[
�v�o�l�u�m�e �d�e�l�l�a� �s�f�e�r�a� �i�n� 3N �d�i�m�e�n�s�i�o�n�i� �d�i� �r�a�g�g�i�o √2mE

]
×VN

N!

= c3N(2mE)3N/2 VN

N!
,
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�d�o�v�e cn = πn/2/(n/2)! �è �i�l �v�o�l�u�m�e �d�e�l�l�a� �s�f�e�r�a� �u�n�i�t�a�r�i�a� �i�n� n

�d�i�m�e�n�s�i�o�n�i�. C�a�l�c�o�l�a�n�d�o�n�e �l�a� �d�e�r�i�v�a�t�a� �r�i�s�p�e�t�t�o �a�l�l��e�n�e�r�g�i�a�, �s�i�
�o�t�t�i�e�n�e �i�l �f�a�t�t�o�r�e �d�i� �n�o�r�m�a�l�i�z�z�a�z�i�o�n�e

Ω(E) =
dΣ(E)

dE
=

3N
2

c3N(2m)3N/2E(3N/2)−1 VN

N!
≈ 3N

2
Σ(E) (4.42)
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I�n� �q�u�e�s�t�o �c�a�p�i�t�o�l�o �i�n�t�r�o�d�u�c�i�a�m�o �l��e�n�t�r�o�p�i�a� �d�i� B�o�l�t�z- I�l �r�i�f�e�r�i�m�e�n�t�o �è �l��a�r�t�i�c�o�l�o �d�i� S.
G�o�l�d�s�t�e�i�n� �e J. L�e�b�o�w�i�t�z , O�n�
�t�h�e (B�o�l�t�z�m�a�n�n�) E�n�t�r�o�p�y �o�f
N�o�n�e�q�u�i�l�i�b�r�i�u�m� S�y�s�t�e�m��, P�h�y�s�i�c�a�
D193 (2004) 53-66.

�m�a�n�n� �e �a�n�a�l�i�z�z�i�a�m�o �c�o�m�e �e�s�s�a� �f�o�r�n�i�s�c�a� �u�n�'�i�n�t�e�r�p�r�e�t�a�z�i�o�n�e
�m�i�c�r�o�s�c�o�p�i�c�a� �d�e�l�l��e�n�t�r�o�p�i�a� �d�i� C�l�a�u�s�i�u��.

5.1 L'�e�n�t�r�o�p�i�a� �d�i� B�o�l�t�z�m�a�n�n�

§136 C�i� �s�o�n�o �m�o�l�t�i� �m�o�d�i� �p�e�r� �e�s�t�e�n�d�e�r�e �l�a� �n�o�z�i�o�n�e �d�i� �e�q�u�i�-
�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e �e �a�p�p�l�i�c�a�r�e �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �a�
�p�r�o�c�e�s�s�i� �c�h�e �s�i� �s�v�o�l�g�o�n�o �i�n� �s�i�s�t�e�m�i� �c�h�e �s�o�n�o �c�h�i�a�r�a�m�e�n�t�e
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�m�o�l�t�o �l�o�n�t�a�n�o �d�a�l�l��e�q�u�i�l�i�b�r�i�o, �e��. �g�l�i� �o�r�g�a�n�i�s�m�i� �v�i�v�e�n�t�i�. Q�u�e�s�t�e
�e�s�t�e�n�s�i�o�n�i� �a�d� �h�o�c �f�u�n�z�i�o�n�a�n�o �a�b�b�a�s�t�a�n�z�a� �b�e�n�e �n�e�l�l�e �m�a�n�i� �d�i�
�p�r�o�f�e�s�s�i�o�n�i�s�t�i� �e�s�p�e�r�t�i�, �m�a� �s�o�n�o �t�u�t�t'�a�l�t�r�o �c�h�e �s�i�s�t�e�m�a�t�i�c�h�e1. 1L. O�n�s�a�g�e�r� , T�h�e�r�m�o�d�y�n�a�m�i�c��

�a�n�d� S�o�m�e M�o�l�e�c�u�l�a�r� A�s�p�e�c�t�� �o�f
B�i�o�l�o�g�y, �i�n� T�h�e N�e�u�r�o�s�c�i�e�n�c�e��, A
S�t�u�d�y P�r�o�g�r�a�m�, �e�d��. G. C. Q�u�a�r�-
�t�o�n� �e�t �a�l. (R�o�c�k�e�f�e�l�l�e�r� U�n�i�v�e�r�s�i�t�y
P�r�e�s��, N�e�w Y�o�r�k�, 1967) �p�p�.
75-79.

S�a�r�e�b�b�e �c�e�r�t�a�m�e�n�t�e �a�u�s�p�i�c�a�b�i�l�e �t�r�o�v�a�r�e �u�n� �m�o�d�o �s�i�s�t�e�m�a�t�i�c�o
�p�e�r� �d�e�f�i�n�i�r�e �e �c�a�l�c�o�l�a�r�e �l��e�n�t�r�o�p�i�a�, �e�s�p�r�e�s�s�a� �c�o�m�e �f�u�n�z�i�o-
�n�e �d�e�l�l�e �o�p�p�o�r�t�u�n�e �v�a�r�i�a�b�i�l�i� �m�a�c�r�o�s�c�o�p�i�c�h�e �d�i� �s�i�s�t�e�m�i� �c�h�e
�n�o�n� �s�o�n�o �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e. Q�u�e�s�t�a� �e�n�t�r�o�p�i�a�
�s�a�r�e�b�b�e �m�o�n�o�t�o�n�a� �n�e�l �t�e�m�p�o �e �c�o�i�n�c�i�d�e�r�e�b�b�e �c�o�n�

S�e��.t.l.(n, v, e) =
∫

V
seq.
[

e(r)− 1
2

mn(r)v2(x), n(r)
]

d3r (5.1)

�p�e�r� �u�n� �s�i�s�t�e�m�a� �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e.
Q�u�e�s�t�o �è �e�s�a�t�t�a�m�e�n�t�e �c�i�ò �c�h�e �è �s�t�a�t�o �o�t�t�e�n�u�t�o �c�o�n� �l��i�n�t�e�r�-

�p�r�e�t�a�z�i�o�n�e �m�i�c�r�o�s�c�o�p�i�c�a� �d�i� B�o�l�t�z�m�a�n�n� �d�e�l�l��e�n�t�r�o�p�i�a� �e�q�u�i�l�i�b�r�i�o
�d�i� C�l�a�u�s�i�u�� S�e��(Y). Q�u�e�s�t�a� �i�n�t�e�r�p�r�e�t�a�z�i�o�n�e �f�o�r�n�i�s�c�e �u�n�a� �f�o�r�-
�m�u�l�a� �p�e�r� �i�l �c�a�l�c�o�l�o �d�i� S(Y) �d�a�l�l�a� �h�a�m�i�l�t�o�n�i�a�n�a� �m�i�c�r�o�s�c�o�p�i�c�a�.
A�n�c�o�r�a� �p�i�ù� �i�m�p�o�r�t�a�n�t�e, �s�p�i�e�g�a� �l��o�r�i�g�i�n�e �d�e�l�l�a� �s�e�c�o�n�d�a� �l�e�g-
�g�e, �a�s�i�m�m�e�t�r�i�c�a� �n�e�l �t�e�m�p�o � �c�i�o�è �i�r�r�e�v�e�r�s�i�b�i�l�e � �s�u�l�l�a� �b�a�s�e
�d�e�l�l�a� �d�i�n�a�m�i�c�a� �m�i�c�r�o�s�c�o�p�i�c�a� �s�i�m�m�e�t�r�i�c�a� �n�e�l �t�e�m�p�o � �c�i�o�è
�r�e�v�e�r�s�i�b�i�l�e � �d�e�g�l�i� �a�t�o�m�i� �e �m�o�l�e�c�o�l�e �c�h�e �s�o�n�o �i� �c�o�s�t�i�t�u�e�n�t�i�
�d�e�l�l�a� �m�a�t�e�r�i�a� �m�a�c�r�o�s�c�o�p�i�c�a�, �e �m�o�s�t�r�a� �l�a� �s�u�a� �a�p�p�l�i�c�a�b�i�l�i�t�à� �a�
�s�i�s�t�e�m�i� �c�h�e �n�o�n� �s�o�n�o �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e.

U�n� �o�t�t�i�m�o �r�i�a�s�s�u�n�t�o �d�e�i� �r�i�s�u�l�t�u�t�a�t�i� �c�o�n�s�e�g�u�i�t�i� �d�a� B�o�l�t�z-
�m�a�n�n� �è �d�a�t�o �d�a� �q�u�e�s�t�a� �c�i�t�a�z�i�o�n�e �d�i� E�i�n�s�t�e�i�n�2: 2A�l�b�e�r�t E�i�n�s�t�e�i�n�, P�h�i�l�o�s�o�p�h�e�r�-

S�c�i�e�n�t�i�s�t. A�u�t�o�b�i�o�g�r�a�p�h�i�c�a�l N�o�t�e��,
�p�. 43, �i�n� T�h�e L�i�b�r�a�r�y �o�f L�i�v�i�n�g
P�h�i�l�o�s�o�p�h�e�r�� (1949) (�s�e�s�t�a� �e�d�i�-
�z�i�o�n�e 1995), �a� �c�u�r�a� �d�i� P. A.
S�c�h�l�i�p�p�.

S�u�l�l�a� �b�a�s�e �d�e�l�l�a� �t�e�o�r�i�a� �c�i�n�e�t�i�c�a� �d�e�i� �g�a�� �d�i� B�o�l�t�z�m�a�n�n� �a�v�e�v�a�
�s�c�o�p�e�r�t�o �c�h�e, �a� �p�a�r�t�e �u�n� �f�a�t�t�o�r�e �c�o�s�t�a�n�t�e, �l��e�n�t�r�o�p�i�a� �è �e�q�u�i�v�a�-
�l�e�n�t�e �a�l �l�o�g�a�r�i�t�m�o �d�e�l�l�a� `̀ �p�r�o�b�a�b�i�l�i�t�à�'' �d�e�l �m�a�c�r�o-�s�t�a�t�o �i�n� �e�s�a�m�e.
A�t�t�r�a�v�e�r�s�o �q�u�e�s�t�a� �i�n�t�u�i�z�i�o�n�e �h�a� �r�i�c�o�n�o�s�c�i�u�t�o �l�a� �n�a�t�u�r�a� �d�e�l
�c�o�r�s�o �d�e�g�l�i� �e�v�e�n�t�i� �c�h�e, �n�e�l �s�e�n�s�o �d�e�l �t�e�r�m�o�d�i�n�a�m�i�c�a�, �s�o�n�o `̀ �i�r�-
�r�e�v�e�r�s�i�b�i�l�i�''. V�i�s�t�o �d�a�l �p�u�n�t�o �d�i� �v�i�s�t�a� �m�e�c�c�a�n�i�c�o-�m�o�l�e�c�o�l�a�r�e, �i�n�-
�v�e�c�e, �t�u�t�t�i� �i� �c�o�r�s�i� �d�e�g�l�i� �e�v�e�n�t�i� �s�o�n�o �r�e�v�e�r�s�i�b�i�l�i�. S�e �s�i� �c�h�i�a�m�a�
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�u�n�o �s�t�a�t�o �m�o�l�e�c�o�l�a�r�e �d�e�f�i�n�i�t�o �i�n� �t�e�r�m�i�n�i� �m�o�l�e�c�o�l�a�r�i�, �u�n�o �s�t�a�t�o
�d�e�s�c�r�i�t�t�o �m�i�c�r�o�s�c�o�p�i�c�a�m�e�n�t�e, �o, �p�i�ù� �b�r�e�v�e�m�e�n�t�e, �u�n� �m�i�c�r�o-
�s�t�a�t�o, �u�n� �n�u�m�e�r�o (Z) �i�m�m�e�n�s�a�m�e�n�t�e �g�r�a�n�d�e �d�i� �m�i�c�r�o-�s�t�a�t�i�
�a�p�p�a�r�t�e�n�g�o�n�o �a� �q�u�e�s�t�a� �c�o�n�d�i�z�i�o�n�e �m�a�c�r�o�s�c�o�p�i�c�a� ( �m�a�c�r�o-�s�t�a�t�o).
Z �è �q�u�i�n�d�i� �u�n�a� �m�i�s�u�r�a� �d�e�l�l�a� �p�r�o�b�a�b�i�l�i�t�à� �d�i� �u�n� �d�a�t�o �m�a�c�r�o-
�s�t�a�t�o. Q�u�e�s�t�a� �i�d�e�a� �s�e�m�b�r�a� �e�s�s�e�r�e �d�i� �n�o�t�e�v�o�l�e �i�m�p�o�r�t�a�n�z�a�
�a�n�c�h�e �a� �c�a�u�s�a� �d�e�l �f�a�t�t�o �c�h�e �l�a� �s�u�a� �u�t�i�l�i�t�à� �n�o�n� �è �l�i�m�i�t�a�t�a� �a�l�l�a�
�d�e�s�c�r�i�z�i�o�n�e �m�i�c�r�o�s�c�o�p�i�c�a� �s�u�l�l�a� �b�a�s�e �d�e�l�l�a� �m�e�c�c�a�n�i�c�a�.

§137 R�e�n�d�i�a�m�o �p�i�ù� �e�s�p�l�i�c�i�t�e �l�e �o�s�s�e�r�v�a�z�i�o�n�i� �d�i� E�i�n�s�t�e�i�n�
�c�o�n�s�i�d�e�r�a�n�d�o �u�n� �s�i�s�t�e�m�a� �c�l�a�s�s�i�c�o �d�i� N �p�a�r�t�i�c�e�l�l�e �i�n� �u�n�a�
�s�c�a�t�o�l�a� V. I�l �s�u�o �m�i�c�r�o�s�t�a�t�o

X = (q, p) = (q1, . . . , qN , p1, . . . , pN)

�è �d�a�t�o �d�a� �u�n� �p�u�n�t�o �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� 6N-�d�i�m�e�n�s�i�o�n�a�l�e
Γ. I�l �p�u�n�t�o �d�i� �f�a�s�e X �s�p�e�c�i�f�i�c�a� �t�u�t�t�o �c�i�ò �c�h�e �r�i�g�u�a�r�d�a� �i�l �s�i�s�t�e-
�m�a�, �a�d� �e�s�e�m�p�i�o �l��e�n�e�r�g�i�a� �d�a�t�a� �d�a�l�l�a� �s�u�a� �h�a�m�i�l�t�o�n�i�a�n�a� E (X),
�e�c�c..

Q�u�a�n�d�o N �è �m�o�l�t�o �g�r�a�n�d�e �l�a� �d�e�s�c�r�i�z�i�o�n�e �p�i�ù� �a�p�p�r�o�p�r�i�a�t�a�
�è �q�u�e�l�l�a� �i�n�t�r�o�d�o�t�t�a� �i�n� 64, �c�i�o�è �i�n� �t�e�r�m�i�n�i� �d�i� �p�i�c�c�o�l�e �c�e�l�l�e,
�d�i�c�i�a�m�o �c�u�b�e�t�t�i�, �a�b�b�a�s�t�a�n�z�a� �g�r�a�n�d�i� �c�h�e �l�e �f�l�u�t�t�u�a�z�i�o�n�e �r�e�l�a�t�i�v�e
�d�e�l�l�e �g�r�a�n�d�e�z�z�e �t�e�r�m�o�d�i�n�a�m�i�c�h�e �n�e�l�l�a� �c�e�l�l�e �s�o�n�o �t�r�a�s�c�u�r�a�b�i�l�i�
�e �n�o�n� �t�r�o�p�p�o �g�r�a�n�d�i�, �i�n� �m�o�d�o �c�h�e ) �v�a�l�g�a� �u�n�a� �c�o�n�d�i�z�i�o�n�e �d�i�
�o�m�o�g�e�n�e�i�t�à� �d�e�n�t�r�o �c�i�a�s�c�u�n�a� �c�e�l�l�a�. U�n�a� �d�e�s�c�r�i�z�i�o�n�e �d�i� �q�u�e�s�t�o
�t�i�p�o �è �d�i� �s�o�l�i�t�o �d�e�t�t�a� �a� �g�r�a�n�a� �g�r�o�s�s�a�. �d�e�l �s�i�s�t�e�m�a�.

corrispondenti a questi punti differiscano così tanto che la loro diffe-
renza possa essere apprezzata sulla scala macroscopica; ad esempio,
una differenza nelle loro posizioni di 10–6 cm potrebbe non compor-
tare alcuna differenza macroscopica e dunque, in questo caso, la fun-
zione f assumerebbe lo stesso valore per questi due punti di fase.

Per comprendere la struttura delle funzioni macroscopiche è utile
considerare la temperatura. La temperatura di un corpo è l’energia
cinetica totale degli atomi divisa per il numero N di atomi che forma-
no il corpo, in formule:

FIGURA 2.2
Discretizzazione dello spazio: una griglia di cellette molto piccole su scala macro-
scopica ma molto grandi su scala microscopica. Il disegno non è realistico sotto
molti aspetti, in particolare il numero di punti in ogni celletta dovrebbe essere
molto, molto più grande di quello che appare in figura
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F�i�g�u�r�a� 5.1: D�e�s�c�r�i�z�i�o�n�e �a� �g�r�a�n�a�
�g�r�o�s�s�a� �d�e�l �s�i�s�t�e�m�a� �o�t�t�e�n�u�t�a�
�s�p�e�c�i�f�i�c�a�n�d�o, �p�e�r� �e�s�e�m�p�i�o, �i�l
�n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e �i�n� �c�i�a�s�c�u�n�a�
�c�e�l�l�a�.

P�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e, �s�i�a�

Y = Y(X). (5.2)

�l�a� �f�u�n�z�i�o�n�e �d�i� �f�a�s�e �c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�d� �u�n�a� �v�a�r�i�a�b�i�l�e �t�e�r�m�o�d�i�-
�n�a�m�i�c�a� �e �c�o�n�s�i�d�e�r�i�a�m�o �l�a� �s�p�e�c�i�f�i�c�a�z�i�o�n�e �d�i� Y �a� �g�r�a�n�a� �g�r�o�s�s�a�
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�o�t�t�e�n�u�t�a� �d�i�v�i�d�e�n�d�o V �i�n� J �c�u�b�e�t�t�i� ∆k, J << N, �i�n� �m�o�d�o �c�h�e
�o�g�n�i� �c�u�b�o �c�o�n�t�i�e�n�e �u�n� �n�u�m�e�r�o �m�o�l�t�o �e�l�e�v�a�t�o �d�i� �p�a�r�t�i�c�e�l�l�e, �e
�s�p�e�c�i�f�i�c�a�n�d�o �i� �v�a�l�o�r�i� �a� �g�r�a�n�a� �g�r�o�s�s�a� �d�i� �e�n�e�r�g�i�a�, �i�m�p�u�l�s�o �e
�n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �i�n� �o�g�n�i� ∆k. S�i�a� ΓY �l�a� �r�e�g�i�o�n�e �d�e�l�l�o �s�p�a�-
�z�i�o �d�e�l�l�e �f�a�s�i� �c�o�s�t�i�t�u�i�t�o �d�a� �t�u�t�t�i� �i� �m�i�c�r�o�s�t�a�t�i� �c�o�n�s�i�s�t�e�n�t�i� �c�o�n�
Y, �c�i�o�è �l��i�n�s�i�e�m�e �d�i� �t�u�t�t�i� �i� �p�u�n�t�i� X �t�a�l�i� �c�h�e �p�e�r� �l�a� �f�u�n�z�i�o�n�e
�d�i� �f�a�s�e �a�p�p�r�o�p�r�i�a�t�a� �s�i� �a�b�b�i�a� Y(X) = Y. I �n� �a�l�t�r�e �p�a�r�o�l�e,

ΓY = {X ∈ Γ|Y(X) = Y}. (5.3)

S�i�a� |ΓY| �i�l �v�o�l�u�m�e �d�i� ΓY �i�n� �u�n�i�t�à� �a�p�p�r�o�p�r�i�a�t�e (�q�u�e�s�t�o �è �l�o
Z �d�i� E�i�n�s�t�e�i�n� �p�e�r� �u�n� �s�i�s�t�e�m�a� �c�l�a�s�s�i�c�o). B�o�l�t�z�m�a�n�n� �d�e�f�i�n�ì�
�l��e�n�t�r�o�p�i�a� �d�i� �s�i�s�t�e�m�a� �m�a�c�r�o�s�c�o�p�i�c�o �n�e�l �m�i�c�r�o�s�t�a�t�o X �m�e�d�i�a�n�t�e
�l�a� �f�o�r�m�u�l�a�

SB(X) = k log |ΓY(X)|. (5.4)

§138 B�o�l�t�z�m�a�n�n� �p�o�i� �m�o�s�t�r�ò (�p�e�r� �u�n� �g�a��) �c�h�e �u�n� �m�a�c�r�o-
�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o, Yeq �c�o�r�r�i�s�p�o�n�d�e �a�d� �u�n�a� �d�e�n�s�i�t�à� �u�n�i�f�o�r�m�e
�d�e�l�l�e �m�a�c�r�o-�v�a�r�i�a�b�i�l�i� Yeq �i�n� V (�i�n� �a�s�s�e�n�z�a� �d�i� �f�o�r�z�e �e�s�t�e�r�n�e)
�e �c�h�e, �i�n� �q�u�e�s�t�o �c�a�s�o, SB �c�o�n�c�o�r�d�a� (�a�l�l��o�r�d�i�n�e �p�r�i�n�c�i�p�a�l�e �i�n�
N) �c�o�n� �l��e�n�t�r�o�p�i�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� C�l�a�u�s�i�u��.

L�o �s�t�e�s�s�o �v�a�l�e �p�e�r� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e,
�c�i�o�è �s�e

Y(X) = {n(r), v(r), e(r)},

�a�l�l�o�r�a�
SB(X) = k log |ΓY(X)| = S�e��.t.l.(n, v, e).

§139 U�n�a� �c�o�n�s�e�g�u�e�n�z�a� �i�m�m�e�d�i�a�t�a�, �m�a� �i�m�p�o�r�t�a�n�t�i�s�s�i�m�a�,
�d�e�l�l�a� �f�o�r�m�u�l�a� �d�i� B�o�l�t�z�m�a�n�n� �è �c�h�e �s�e �l�e �e�n�t�r�o�p�i�e SB(Y) �e
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Macro-states have very different volumes.

Most micro-states at a given energy lie in
the macrostate Γeq of thermal equilibrium.

Most X ∈ Γeq stay in Γeq for a VERY long

time (of order 101010

years).

Most X ∈ ΓM , M �= eq, move (in both
time directions) to bigger macro-states.
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F�i�g�u�r�a� 5.2: A �d�e�s�t�r�a�: �p�a�r�t�i�z�i�o�n�e
�d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �i�n� �r�e�g�i�o�n�i�
�i�n� �c�u�i� �l�e �v�a�r�i�a�b�i�l�i� �m�a�c�r�o�s�c�o�p�i�c�h�e
Y �h�a�n�n�o �l�o �s�t�e�s�s�o �v�a�l�o�r�e. L�a�
�r�e�g�i�o�n�e Γeq �c�o�r�r�i�s�p�o�n�d�e �a�i� �v�a�l�o�r�i�
�d�i� �e�q�u�i�l�i�b�r�o �d�e�l�l�e �v�a�r�i�a�b�i�l�i� Y �e�d� �è
�m�o�l�t�o �p�i�ù� �g�r�a�n�d�e �d�e�l�l�e �a�l�t�r�e. I �n�
�e�f�f�e�t�t�i� �u�n�a� �r�a�f�f�i�g�u�r�a�z�i�o�n�e �p�i�ù�
�a�p�p�r�o�p�r�i�a�t�a� (�m�a� �a�n�c�o�r�a� �m�o�l�t�o
�i�n�a�d�e�g�u�a�t�a�) �è �q�u�e�l�l�a� �m�o�s�t�r�a�t�a�
�n�e�l�l�a� �f�i�g�u�r�a� �a� �s�i�n�i�s�t�r�a�. (F�i�g�u�r�e �d�i�
R. T�u�m�u�l�k�a�.)

SB(Y′) �d�i�f�f�e�r�i�s�c�o�n�o �d�i� �u�n�a� �q�u�a�n�t�i�t�à� �m�a�c�r�o�s�c�o�p�i�c�a�, �i�l �r�a�p�p�o�r�t�o
�t�r�a� �i� �l�o�r�o �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �v�o�l�u�m�i� �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �è
�e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �g�r�a�n�d�e �i�n� N. C�o�s�ì�, �s�e �i�l �s�i�s�t�e�m�a� �c�o�n�t�i�e�n�e
�u�n�a� �m�o�l�e �d�i� �m�a�t�e�r�i�a�l�e, �i�l �r�a�p�p�o�r�t�o �d�i� |ΓYeq | �c�o�n� |ΓY|, �p�e�r� �u�n�
�m�a�c�r�o�s�t�a�t�o Y �i�n� �c�u�i� �t�u�t�t�e �l�e �p�a�r�t�i�c�e�l�l�e �s�o�n�o �t�u�t�t�e �n�e�l�l�a� �p�a�r�t�e
�s�i�n�i�s�t�r�a� �d�e�l�l�a� �s�c�a�t�o�l�a�, �è �d�i� �o�r�d�i�n�e exp

[
1020]. Q�u�e�s�t�o �è �m�o�l�t�o

�m�a�g�g�i�o�r�e �d�e�l �r�a�p�p�o�r�t�o �t�r�a� �i�l �v�o�l�u�m�e �d�e�l�l��u�n�i�v�e�r�s�o �c�o�n�o�s�c�i�u�t�o
�e �i�l �v�o�l�u�m�e �d�i� �u�n� �p�r�o�t�o�n�e.

B�o�l�t�z�m�a�n�n� �m�o�s�t�r�ò �q�u�i�n�d�i� �c�h�e, �d�a�t�a� �l�a� �d�i�s�p�a�r�i�t�à� �d�i� �d�i�m�e�n�-
�s�i�o�n�i� �d�i� ΓY �p�e�r� �d�i�v�e�r�s�i� Y, �l��e�v�o�l�u�t�o �t�e�m�p�o�r�a�l�e �d�e�l �m�a�c�r�o�s�t�a�t�o

Yt = Y(Xt)

�s�a�r�à� �t�a�l�e �c�h�e |ΓY(Xt)|, �e �q�u�i�n�d�i� SB(Xt), �t�i�p�i�c�a�m�e�n�t�e �a�u�m�e�n�t�a�,
�i�n� �a�c�c�o�r�d�o �c�o�n� �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�. P�e�r�
`̀ �t�i�p�i�c�a�m�e�n�t�e'' �s�i� �i�n�t�e�n�d�e �q�u�a�n�t�o �e�s�p�r�e�s�s�o �d�a�l�l�a� �p�r�o�p�o�s�i�z�i�o-
�n�e (4.7), �v�a�l�e �a�d�i�r�e, �c�h�e �p�e�r� �q�u�a�l�s�i�a�s�i� ΓY (�d�e�l �t�i�p�o �d�e�s�c�r�i�t�t�o
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�s�o�p�r�a�) �i�l �v�o�l�u�m�e �r�e�l�a�t�i�v�o �d�e�l�l��i�n�s�i�e�m�e �d�i� �m�i�c�r�o�s�t�a�t�i� X �i�n�
ΓY �p�e�r� �c�u�i� �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �è �v�i�o�l�a�t�a� �d�i� �u�n�a� �q�u�a�n�t�i�t�à� �m�a�-
�c�r�o�s�c�o�p�i�c�a�, �c�i�o�è �d�i� �u�n� �i�m�p�o�r�t�o �p�r�o�p�o�r�z�i�o�n�a�l�e �a� N, �d�u�r�a�n�t�e
�u�n� �p�e�r�i�o�d�o �d�i� �t�e�m�p�o �f�i�s�s�a�t�o (�n�o�n� �p�i�ù� �g�r�a�n�d�e �d�e�l�l�a� �e�t�à� �d�e�l-
�l��u�n�i�v�e�r�s�o), �v�a� �a� �z�e�r�o �r�a�p�i�d�a�m�e�n�t�e (�e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e) �n�e�l
�n�u�m�e�r�o �d�i� �a�t�o�m�i� �e �m�o�l�e�c�o�l�e �d�e�l �s�i�s�t�e�m�a�.

5.2 I�l �m�o�d�e�l�l�o �d�i� E�h�r�e�n�f�e�s�t

§140 P�e�r� �r�e�n�d�e�r�e �c�o�m�p�r�e�n�d�e�r�e �m�e�g�l�i�o �i�l �s�i�g�n�i�f�i�c�a�t�o �d�e�l�l�a�
�f�o�r�m�u�l�a� �d�e�l�l��e�n�t�r�o�p�i�a� �d�i� B�o�l�t�z�m�a�n�n� (5.4) � �s�o�p�r�a�t�t�u�t�t�o �l�a�
�r�a�g�i�o�n�e �p�e�r� �c�u�i� �e�s�s�a� �h�a� �l�e �p�r�o�p�r�i�e�t�à� �d�e�l�l��e�n�t�r�o�p�i�a� �t�e�r�m�o-
�d�i�n�a�m�i�c�a� � , �c�o�n�s�i�d�e�r�i�a�m�o �u�n� �m�o�d�e�l�l�o �c�h�e P�a�u�l E�h�r�e�n�f�e�s�t
�p�r�o�p�o�s�e �p�r�e�c�i�s�a�m�e�n�t�e �p�e�r� �q�u�e�s�t�o �s�c�o�p�o.
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B0 B1

C�o�n�s�i�d�e�r�i�a�m�o �u�n� `̀ �g�a��'' �d�i� N �p�a�r�t�i�c�e�l�l�e �d�i�s�t�r�i�b�u�i�t�e �t�r�a� �d�u�e
�s�c�a�t�o�l�e B0 �e B1. L�o �s�t�a�t�o �m�i�c�r�o�s�c�o�p�i�c�o x ∈ Γ �è �d�a�t�o �d�a� �u�n�
�v�e�t�t�o�r�e

x = (x1, . . . , xα, . . . xN)

�l�e �c�u�i� �c�o�m�p�o�n�e�n�t�i� �p�o�s�s�o�n�o �a�s�s�u�m�e�r�e �s�o�l�o �i� �v�a�l�o�r�i� 0 �e 1:
xα = 0 �s�i�g�n�i�f�i�c�a� �c�h�e �l�a� �p�a�r�t�i�c�e�l�l�a� α-�e�s�i�m�a� �è �n�e�l�l�a� �s�c�a�t�o�l�a� B0,
xα = 1 �c�h�e �è �n�e�l�l�a� �s�c�a�t�o�l�a� B1. S�i� �a�s�s�u�m�e �l�a� �s�e�g�u�e�n�t�e �d�i�n�a�-
�m�i�c�a� �m�i�c�r�o�s�c�o�p�i�c�a� �a� �t�e�m�p�o �d�i�s�c�r�e�t�o �e �s�t�o�c�a�s�t�i�c�a�: �a�d� �o�g�n�i�
�u�n�i�t�à� �d�i� �t�e�m�p�o �s�i� �p�r�e�n�d�e �a� �c�a�s�o �u�n�a� �p�a�r�t�i�c�e�l�l�a� �e �l�a� �s�i�
�s�p�o�s�t�a� �n�e�l�l��a�l�t�r�a� �s�c�a�t�o�l�a�, �d�e�t�t�o �i�n� �a�l�t�r�i� �t�e�r�m�i�n�i�: �t�r�a� �i� �n�u�m�e-
�r�i� 1, . . . , N �s�e �n�e �e�s�t�r�a�e �u�n�o �a� �c�a�s�o �e �s�i� �s�p�o�s�t�a� �l�a� �p�a�r�t�i�c�e�l�l�a�
�c�o�r�r�i�s�p�o�n�d�e�n�t�e �a� �t�a�l�e �n�u�m�e�r�o �n�e�l�l��a�l�t�r�a� �s�c�a�t�o�l�a�.

§141 C�a�t�e�n�a� �d�i� M�a�r�k�o�v �r�e�v�e�r�s�i�b�i�l�e D�e�t�t�o �a�n�c�o�r�a� �i�n� �a�l�t�r�i�
�t�e�r�m�i�n�i�, �i�l �s�i�s�t�e�m�a� �f�o�r�m�a� �u�n�a� �c�a�t�e�n�a� �d�i� M�a�r�k�o�v �c�o�n� 2N
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�s�t�a�t�i� �l�e �c�u�i� �p�r�o�b�a�b�i�l�i�t�à� �d�i� �t�r�a�n�s�i�z�i�o�n�e

P(x → y) ≡ P({Xt+1 = y}|{Xt = x})

�s�o�n�o

P(x → y) =





1
N

�s�e y �d�i�f�f�e�r�i�s�c�e �d�a� x �s�o�l�o �p�e�r� �u�n�a� �c�o�m�p�o�n�e�n�t�e

0 �a�l�t�r�i�m�e�n�t�i�

�e�d� �è �f�a�c�i�l�e �m�o�s�t�r�a�r�e �c�h�e �l�a� �m�i�s�u�r�a� µeq(x) = 2−N �è �i�n�v�a�r�i�a�n�t�e
�e �c�h�e �i�l �p�r�o�c�e�s�s�o �è �r�e�v�e�r�s�i�b�i�l�e3 �r�i�s�p�e�t�t�o �a� µeq, �c�i�o�è 3U�n�a� �c�a�t�e�n�a� �d�i� M�a�r�k�o�v �è

�r�e�v�e�r�s�i�b�i�l�e �s�e
P ({Xt+1 = x} ∩ {Xt = y})
= P ({Xt+1 = y} ∩ {Xt = x})µeq(x)P(x → y) = µeq(y)P(y→ x)

§142 V�a�r�i�a�b�i�l�e �m�a�c�r�o�s�c�o�p�i�c�a� Q�u�e�s�t�o �m�o�d�e�l�l�o �s�i�m�u�l�a� �u�n�
�s�i�s�t�e�m�a� �m�e�c�c�a�n�i�c�o �c�o�n� �d�e�s�c�r�i�z�i�o�n�e �d�e�l�l�o �s�t�a�t�o �m�i�c�r�o�s�c�o�p�i�c�a�
�e �c�o�n� �m�i�s�u�r�a� �i�n�v�a�r�i�a�n�t�e �m�i�c�r�o-�c�a�n�o�n�i�c�a�. U�n�a� �d�e�s�c�r�i�z�i�o�n�e
�m�a�c�r�o�s�c�o�p�i�c�a� �c�o�n�s�i�s�t�e �n�e�l�l�a� �s�p�e�c�i�f�i�c�a�z�i�o�n�e �d�e�l �n�u�m�e�r�o �d�e�l�l�e
�p�a�r�t�i�c�e�l�l�e �n�e�l�l�a� �s�c�a�t�o�l�a� B0:

Y = Yt(X) =
N

∑
α=1

Xα(t).

È �f�a�c�i�l�e �m�o�s�t�r�a�r�e �c�h�e �l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �s�t�a�z�i�o�n�a�r�i�a� �i�n�d�o�t�t�a�
�p�e�r� Y �è:4 4R�i�c�o�r�d�i�a�m�o �l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e

�b�i�n�o�m�i�a�l�e

P(n; p, q) =
(

N
n

)
pnqN−npeq(n) = P(Y = n) = 2−N

(
N
n

)
= 2−N N!

n!(N − n)!
(5.5)

≈ 1√
π(N/2)

exp

[
− (n− (N/2))2

N/2

]
(5.6)

�d�o�v�e �n�e�l�l��u�l�t�i�m�o �p�a�s�s�a�g�g�i�o �s�i� �è �u�s�a�t�a� �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i�
S�t�i�r�l�i�n�g5 �p�e�r� n, N � 1. 5R�i�c�o�r�d�i�a�m�o �l�a� F�o�r�m�u�l�a� �d�i�

S�t�i�r�l�i�n�g �p�e�r� �i�l �f�a�t�t�o�r�i�a�l�e:

n! ∼
√

2πn nne−n .

U�s�a�n�d�o �q�u�e�s�t�a� �f�o�r�m�u�l�a�, �s�i� �o�t�t�i�e�n�e
�l�a� �s�e�g�u�e�n�t�e �a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �p�e�r�
�l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �b�i�n�o�m�i�a�l�e

p(n) ≈ 1
2
√

πNpq
exp

[
− (n− Np)2

2Npq

]
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§143 L�e�g�g�e �d�e�i� �g�r�a�n�d�i� �n�u�m�e�r�i� �e �f�l�u�t�t�u�a�z�i�o�n�i� S�i� �p�u�ò �d�i�-
�m�o�s�t�r�a�r�e �c�h�e �p�e�r� Y �v�a�l�e �l�a� �l�e�g�g�e �d�e�i� �g�r�a�n�d�i� �n�u�m�e�r�i�, �v�a�l�e �a�
�d�i�r�e, �p�e�r� �o�g�n�i� ε > 0, �s�i� �h�a�

P
(∣∣∣∣

Y
N
− 1

2

∣∣∣∣ > ε

)
≤ �c�o�s�t. e−NI(ε) (5.7)

�d�o�v�e I(ε) �n�o�n� �d�i�p�e�n�d�e �d�a� N �e�d� �è �u�n�a� �f�u�n�z�i�o�n�e �l�i�m�i�t�a�t�a� �d�i�
ε �p�e�r� �o�g�n�i� ε > 0. L�e �f�l�u�t�t�u�a�z�i�o�n�i� �s�o�n�o �p�u�r�e �n�o�r�m�a�l�i�, �c�o�m�e
�r�i�s�u�l�t�a� �i�m�m�e�d�i�a�t�a�m�e�n�t�e �d�a�l�l�a� (5.6), �c�i�o�è

√
N
(

Y
N
− 1

2

)

�è �a�p�p�r�o�s�s�i�m�a�t�i�v�a�m�e�n�t�e �l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �n�o�r�m�a�l�e N (0, 1
2 ) �p�e�r�

N � 1.

§144 D�i�n�a�m�i�c�a� �m�a�c�r�o�s�c�o�p�i�c�a� A�n�c�h�e �l�a� �d�i�n�a�m�i�c�a� �m�a�c�r�o�s�c�o-
�p�i�c�a� �p�u�ò �e�s�s�e�r�e �s�t�u�d�i�a�t�a� �e�s�a�t�t�a�m�e�n�t�e. Yt �è �u�n�a� �c�a�t�e�n�a� �d�i�
M�a�r�k�o�v �c�o�n� �p�r�o�b�a�b�i�l�i�t�à� �d�i� �t�r�a�n�s�i�z�i�o�n�e





P(n→ n− 1) =
n
N

P(n→ n + 1) = 1− n
N

L'�e�q�u�a�z�i�o�n�e �p�e�r� �l�e �p�r�o�b�a�b�i�l�i�t�à� �è �d�u�n�q�u�e

pn(t + 1) =
[

n + 1
N

]
pn+1(t) +

[
1− n− 1

N

]
pn−1(t)

�e�d� �è �f�a�c�i�l�e �v�e�d�e�r�e �c�h�e �l�a� �p�r�o�b�a�b�i�l�i�t�à� peq(n) �d�a�t�a� �d�a�l�l�a� (5.5) �è
�i�n� �e�f�f�e�t�t�i� �s�t�a�z�i�o�n�a�r�i�a�.

S�e �a�d�e�s�s�o �c�o�n�s�i�d�e�r�i�a�m�o Y(t) �n�e�l�l�a� �s�c�a�l�a� �m�a�c�r�o�s�c�o�p�i�c�a� �e
�i�n� �u�n�a� �s�c�a�l�a� �t�e�m�p�o�r�a�l�e �l�u�n�g�a�, �p�o�s�s�i�a�m�o �m�o�s�t�r�a�r�e �c�h�e Y(t)

�e�v�o�l�v�e �i�n� �m�o�d�o �c�o�m�p�l�e�t�a�m�e�n�t�e �d�e�t�e�r�m�i�n�i�s�t�i�c�o �q�u�a�n�d�o N → ∞.
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I�n�c�o�m�i�n�c�i�a�m�o �c�o�l �c�a�l�c�o�l�a�r�e �c�o�m�e �e�v�o�l�v�e �i�l �v�a�l�o�r� �m�e�d�i�o �d�i� Y:

〈Y(t + 1|Y(t)〉 = (Y(t) + 1)
[

1− Y(t)
N

]
+ (Y(t)− 1)

Y(t)
N

= Y(t) + 1− 2Y(t)
N

D�a� �c�u�i�,
〈Y(t + 1)〉 = 〈Y(t)〉+ 1− 2 〈Y(t)〉

N
.

P�e�r� �t�e�m�p�i� t � 1 �p�o�s�s�i�a�m�o �p�a�s�s�a�r�e �a�l�l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e
�c�o�n�t�i�n�u�a� �e �t�r�a�t�t�a�r�e t �c�o�m�e �u�n�a� �v�a�r�i�a�b�i�l�e �c�o�n�t�i�n�u�a�. A�l�l�o�r�a�

〈Y(t + 1〉 − 〈Y(t)〉
1

= 1− 2 〈Y(t)〉
N

,

�o�v�v�e�r�o
d 〈Y(t)〉

dt
= 1− 2 〈Y(t)〉

N
,

�l�a� �c�u�i� �s�o�l�u�z�i�o�n�e �è

〈Y(t)〉 = N
2
+

[
〈Y(0)〉 − N

2

]
e−2t/N

Q�u�e�s�t�a� �e�s�p�r�e�s�s�i�o�n�e �m�o�s�t�r�a� �c�h�e �p�e�r� �s�c�a�l�a� �t�e�m�p�o�r�a�l�e �l�u�n�g�a�
�s�i� �d�e�v�e �i�n�t�e�n�d�e�r�e �u�n�a� �s�c�a�l�a� �i�n� �c�u�i� �i� �t�e�m�p�i� �s�o�n�o �d�i� �o�r�d�i�n�e
1/N. P�o�i�c�h�é �n�e�l �l�i�m�i�t�e N >> 1, Y �e�s�p�l�o�d�e �c�o�n�v�i�e�n�e �a�n�c�h�e
�p�a�s�s�a�r�e �a�l�l�a� �s�u�a� �d�e�n�s�i�t�à� �d�i�v�i�d�e�n�d�o�l�a� �p�e�r� N. C�o�n�s�i�d�e�r�i�a�m�o
�a�l�l�o�r�a� �l�a� �v�a�r�i�a�b�i�l�e �m�a�c�r�o�s�c�o�p�i�c�a� �c�o�s�ì� �r�i�s�c�a�l�a�t�a�

f (t) =
1
N

Y(Nt)

�i�l �c�u�i� �v�a�l�o�r� �m�e�d�i�o �e�v�o�l�v�e �s�e�c�o�n�d�o �l�a� �l�e�g�g�e

〈 f (t)〉 = 1
2
+

[
〈 f (0)〉 − 1

2

]
e−2t
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C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �l�a� �v�a�r�i�a�n�z�a� �d�i� f (t):

v(t) =
〈

f (t)2
〉
− 〈 f (t)〉2 .

U�n� �e�s�e�r�c�i�z�i�o �m�o�l�t�o �u�t�i�l�e �d�a� �s�v�o�l�g�e�r�e �a� �c�a�s�a�, �p�r�o�c�e�d�e�n�d�o
�c�o�m�e �s�i� �è �f�a�t�t�o �p�e�r� �i�l �v�a�l�o�r� �m�e�d�i�o, �m�o�s�t�r�a�r�e �c�h�e

v(t) = v(0)e−4t

P�o�i�c�h�é �l�a� �v�a�r�i�a�n�z�a� �i�n�i�z�i�a�l�e �è �a�l �p�i�ù� �d�i� �o�r�d�i�n�e 1/N, �s�i� �v�e-
�d�e �c�h�e �p�e�r� N � 1, �l�a� �v�a�r�i�a�b�i�l�e f (t) �r�e�s�t�e�r�à� �v�i�c�i�n�i�s�i�s�s�i�m�a�
�a�l �s�u�o �v�a�l�o�r� �m�e�d�i�o �s�e �i�n�i�z�i�a�l�m�e�n�t�e �l�o �e�r�a�. V�e�d�i�a�m�o �q�u�i�n�-
�d�i� �c�h�e, �c�o�n� �g�r�a�n�d�i�s�s�i�m�a� �p�r�e�c�i�s�i�o�n�e, f (t) �e�v�o�l�v�e �i�n� �m�a�n�i�e�r�a�
�d�e�t�e�r�m�i�n�i�s�t�i�c�a� �s�e�c�o�n�d�o �l�a� �l��e�q�u�a�z�i�o�n�e `̀ �t�i�p�o B�o�l�t�z�m�a�n�n�''

d f
dt

= 1− 2 f . (5.8)
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S(Y) = k log |{Y = N f }| = k log
(

N
Y

)

U�s�a�n�d�o �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i� S�t�i�r�l�i�n�g log n! ≈ n log n− n �s�i�
�o�t�t�i�e�n�e

log
(

N
Y

)
= log

N!
Y!(N −Y)!

= log N!− log Y!− log(N −Y)!

≈ N log N − N −Y log Y + Y− (N −Y) log(N −Y) + N −Y

= N log N −Y log Y− (N −Y) log(N −Y)

A�l�l��e�q�u�i�l�i�b�r�i�o Y = N/2
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Seq = N log N − N
2

log
N
2
− N

2
log

N
2

= N log N − N(log N − log 2)

= N log 2 = log 2N

U�n� �f�a�t�t�o �n�o�t�e�v�o�l�e! E �s�u�l �c�u�i� �s�i�g�n�i�f�i�c�a�t�o �r�i�t�o�r�n�e�r�e�m�o �i�n�
�s�e�g�u�i�t�o!

5.3 C�a�r�a�t�t�e�r�i�z�z�a�z�i�o�n�e �d�e�l�l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o
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�t�e �i�n� 137 �e �m�o�s�t�r�i�a�m�o �c�o�m�e �s�i� �c�a�r�a�t�t�e�r�i�z�z�a� �l�o �s�t�a�t�o �d�i�
�e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �d�i� �u�n� �g�a�� �d�i� N �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e
�c�o�n�t�e�n�u�t�o �i�n� �u�n� �r�e�c�i�p�i�e�n�t�e �d�i� �v�o�l�u�m�e V �f�a�c�e�n�d�o �r�i�f�e�r�i�m�e�n�-
�t�o, �p�e�r� �s�e�m�p�l�i�c�i�t�à�, �s�o�l�o �a�l�l�a� �v�a�r�i�a�b�i�l�e �m�a�c�r�o�s�c�o�p�i�c�a� �d�e�n�s�i�t�à�
�d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �c�h�e, �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �h�a� �i�l �v�a�l�o�r�e
�c�o�s�t�a�n�t�e N/V �u�n�i�f�o�r�m�e�m�e�n�t�e �i�n� �t�u�t�t�o �i�l �r�e�c�i�p�i�e�n�t�e.

L�a� �d�e�s�c�r�i�z�i�o�n�e �a� �g�r�a�n�a� �g�r�o�s�s�a� �d�e�l �s�i�s�t�e�m�a� �è �l�a� �s�e�g�u�e�n�t�e.
S�u�p�p�o�n�i�a�m�o �c�h�e �i�l �v�o�l�u�m�e �s�i�a� �d�i�v�i�s�o �i�n� �u�n� �n�u�m�e�r�o J �d�i� �c�e�l-
�l�e�t�t�e ∆α �d�i� �v�o�l�u�m�e |∆α| (�s�i� �v�e�d�a� �l�a� �f�i�g�u�r�a� 5.1). C�i� �s�i� �r�i�f�e�r�i�r�à�
�a�l�l�e �c�e�l�l�e�t�t�e �c�o�m�e �c�e�l�l�e�t�t�a� �n�u�m�e�r�o 1, �c�e�l�l�e�t�t�a� �n�u�m�e�r�o 2, �e �c�o�s�ì�
�v�i�a�. L�e �d�i�f�f�e�r�e�n�t�i� �p�o�s�s�i�b�i�l�i� �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �d�e�l �g�a�� �p�o�s�s�o�n�o
�e�s�s�e�r�e �c�l�a�s�s�i�f�i�c�a�t�e �s�e�c�o�n�d�o �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �c�h�e �c�a�d�o�n�o
�d�e�n�t�r�o �l�e �d�i�f�f�e�r�e�n�t�i� �c�e�l�l�e�t�t�e. A�f�f�i�n�c�h�é �i�n� �o�g�n�i� �c�e�l�l�e�t�t�a� �v�a�l�g�a�
�l��e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e, �a�s�s�u�m�e�r�e�m�o �c�h�e

N � J � 1 .

L�a� �d�e�s�c�r�i�z�i�o�n�e �m�a�c�r�o�s�c�o�p�i�c�a� �d�e�l �g�a�� �è �d�u�n�q�u�e �i�n� �t�e�r�m�i�n�i� �d�e�l
�v�e�t�t�o�r�e

Y = (N1, . . . , NJ)
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�l�e �c�u�i� �c�o�m�p�o�n�e�n�t�i� �s�o�n�o �s�o�g�g�e�t�t�e �a�l�l�a� �c�o�n�d�i�z�i�o�n�e

J

∑
k=1

Nα = N (5.9)

P�o�i�c�h�é �l�o �s�t�a�t�o �m�a�c�r�o�s�c�o�p�i�c�o �è �f�u�n�z�i�o�n�e �d�e�l�l�o �s�t�a�t�o �m�i�c�r�o-
�s�c�o�p�i�c�o, �a�l �v�a�r�i�a�r�e �d�e�i� �v�a�l�o�r�i� �a�s�s�u�n�t�i� �d�a�l�l�e �c�o�m�p�o�n�e�n�t�i� �d�e�l
�v�e�t�t�o�r�e Y, �s�i� �h�a� �u�n�a� �p�a�r�t�i�z�i�o�n�e �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �i�n�
�r�e�g�i�o�n�i� ΓN1,...,NJ �d�i�s�g�i�u�n�t�e (�s�i� �v�e�d�a� �l�a� �f�i�g�u�r�a� 5.2). P�e�r� �a�n�a�-
�l�i�z�z�a�r�e �m�e�g�l�i�o �l�a� �s�i�t�u�a�z�i�o�n�e, �a�d�o�t�t�i�a�m�o �l�a� �f�i�n�z�i�o�n�e �d�i� �d�e�s�c�r�i�-
�v�e�r�e �l�o �s�t�a�t�o �m�i�c�r�o�s�c�o�p�i�c�o X �s�o�l�o �i�n� �t�e�r�m�i�n�i� �d�e�l�l�e �c�o�n�f�i�g�u�-
�r�a�z�i�o�n�i� q1, . . . , qN �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e, �r�i�m�a�n�d�a�n�d�o �l�a� �t�r�a�t�t�a�z�i�o�n�e
�c�o�m�p�l�e�t�a� �a�l�l�a� �s�e�z�i�o�n�e 5.5.

E�s�s�e�n�d�o �l�e �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e, �i�l �v�o�l�u�m�e �d�e�l�l�a� �r�e�g�i�o�n�e
ΓN1,...,NJ �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�i� �v�a�l�o�r�i�
N1, . . . , NJ �è

∣∣∣ΓN1,...,NJ

∣∣∣ =
( |∆1|

N1!

)
· · ·
( |∆J |

NJ !

)
(5.10)

�d�o�v�e �n�o�n� �d�i�s�t�i�n�g�u�i�a�m�o �t�r�a� �l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �i�n� �c�u�i� �l�e �e�t�i�c�h�e�t-
�t�e �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �e�t�i�c�h�e�t�t�e �s�o�n�o �s�c�a�m�b�i�a�t�e.

A�b�b�i�a�m�o �a�s�s�u�n�t�o �c�h�e N � J � 1; �a�d�e�s�s�o �a�s�s�u�m�i�a�m�o �c�h�e
�a�n�c�h�e N1, . . . , NJ � 1. A�l�l�o�r�a� �p�o�s�s�i�a�m�o �a�p�p�l�i�c�a�r�e �l��a�p�p�r�o�s�s�i�-
�m�a�z�i�o�n�e �d�i� S�t�i�r�l�i�n�g

Nα! ≈ Nα
Nα e−Nα

�e �o�t�t�e�n�e�r�e
∣∣∣ΓN1,...,NJ

∣∣∣ ≈
(
|∆1|N−N1

1 eN1
)
· · ·
(
|∆J |N−NJ

J eNJ
)

=

(
e
−N1 log N1

|∆1 |
)
· · ·
(

e
−NJ log

NJ
|∆J |

)
e∑α Nα

= e−∑α Nα log Nα
|∆α | eN
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D�u�n�q�u�e
∣∣∣ΓN1,...,NJ

∣∣∣ ≈ e−HeN (5.11)

�d�o�v�e

H = H(N1, . . . , NJ) = ∑
α

(
Nα

|∆α|
log

Nα

|∆α|

)
|∆α| (5.12)

�è �l�a� �f�a�m�o�s�a� �f�u�n�z�i�o�n�e H �d�i� B�o�l�t�z�m�a�n�n�. L'�e�n�t�r�o�p�i�a� �d�i� B�o�l�t�z-
�m�a�n�n� �è

SB(Y) = k log |ΓY| ≈ −k

{
∑
α

(
Nα

|∆α|
log

Nα

|∆α|

)
|∆| − N

}
. (5.13)

§147 P�e�r� �e�s�a�m�i�n�a�r�e �i�l �m�o�d�o �i�n� �c�u�i� �i�l �v�o�l�u�m�e
∣∣∣ΓN1,...,NJ

∣∣∣ �v�a�-
�r�i�a� �p�e�r� �d�i�f�f�e�r�e�n�t�i� �v�a�l�o�r�i� �d�e�l�l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e
�è �s�u�f�f�i�c�i�e�n�t�e �s�t�u�d�i�a�r�e �l�e �v�a�r�i�a�z�i�o�n�i� �d�i� H = H(N1, . . . , NJ) �d�a�-
�t�o �d�a�l�l��e��. (5.12). A �t�a�l �f�i�n�e �è �u�t�i�l�e �r�i�g�u�a�r�d�a�r�e �l�e �v�a�r�i�a�b�i�l�i�
N1, . . . , NJ �n�o�n� �p�i�ù� �c�o�m�e �i�n�t�e�r�i�, �m�a� �c�o�m�e �v�a�r�i�a�b�i�l�i� �c�o�n�t�i�n�u�e
�s�o�g�g�e�t�t�e �a�l�l�a� �c�o�n�d�i�z�i�o�n�e (5.9). È �i�n�o�l�t�r�e �c�o�n�v�e�n�i�e�n�t�e �p�a�s�s�a�r�e
�a�l �l�i�m�i�t�e �c�o�n�t�i�n�u�o �i�n�t�r�o�d�u�c�e�n�d�o �u�n�a� �d�e�n�s�i�t�à� �c�o�n�t�i�n�u�a� �a� �g�r�a�n�a�
�g�r�o�s�s�a� n = n(r) �t�a�l�e �c�h�e �c�h�e

Nα =
∫

∆α

n(r)d3r.

�p�e�r� �c�u�i� �i�l �l�a�t�o �d�e�s�t�r�o �d�e�l�l�a� (5.12) �d�i�v�e�n�t�a�

∑
α

(
Nα

|∆α|
log

Nα

|∆α|

)
|∆α| ≈

∫

V
n(r) log n(r)d3r,

A�l�l�o�r�a�, �i�n� �q�u�e�s�t�o �l�i�m�i�t�e, H �è �i�l �s�e�g�u�e�n�t�e �f�u�n�z�i�o�n�a�l�e �d�i� n =

n(r)

H[n] =
∫

V
n(r) log n(r)d3r (5.14)
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�e �i�l �v�i�n�c�o�l�o (5.9) �d�i�v�e�n�t�a�
∫

V
n(r)d3r = N (5.15)

P�e�r� �p�r�i�m�a� �c�o�s�a� �c�e�r�c�h�i�a�m�o �i� �v�a�l�o�r�i� �d�i� �m�a�s�s�i�m�o �o �d�i� �m�i�n�i�m�o
�d�i� H[n]. P�e�r� �v�a�r�i�a�z�i�o�n�e �d�e�l�l�e �e�q�u�a�z�i�o�n�i� (5.14) �e (5.15),

δH[n] =
∫

V
[log n(r) + 1] δn(r)d3r (5.16)

∫

V
δn(r)d3r = 0 (5.17)

I�n�s�e�r�e�n�d�o �l�a� �s�e�c�o�n�d�a� �e�q�u�a�z�i�o�n�e �n�e�l�l�a� �p�r�i�m�a�, �s�i� �o�t�t�i�e�n�e

δH[n] =
∫

V
log n(r) δn(r)d3r (5.18)

I �v�a�l�o�r�i� �d�i� n = n(r) �p�e�r� �c�u�i� H[n] �h�a� �u�n� �v�a�l�o�r�r�e �s�t�a�z�i�o�n�a�r�i�o
�s�a�r�a�n�n�o �q�u�e�l�l�i� �p�e�r� �c�u�i� δH[n] �s�i� �a�n�n�u�l�l�a�. P�o�i�c�h�è �l�e �v�a�r�i�a�z�i�o�n�i�
δn(r) �s�o�n�o �a�r�b�i�t�r�a�r�i�e, �l��a�n�n�u�l�l�a�m�e�n�t�o �d�i� δH[n] �r�i�c�h�i�e�d�e �q�u�i�n�d�i�
�c�h�e log n(r) �n�e�l�l��e�q�u�a�z�i�o�n�e (5.18) �s�i�a� �c�o�s�t�a�n�t�e �e �q�u�i�n�d�i� �c�h�e �s�i�a�
�c�o�s�t�a�n�t�e n(r). P�e�r�c�i�ò �c'�è �u�n�a� �s�o�l�a� �f�u�n�z�i�o�n�e �d�e�n�s�i�t�à� n �p�e�r� �c�u�i�
H[n] �è �s�t�a�z�i�o�n�a�r�i�a� �e�d� �è �d�a�t�a� �d�a�

n = neq =
N
V

(5.19)

§148 E�s�a�m�i�n�i�a�m�o �a�d�e�s�s�o �c�o�m�e H[n] �v�a�r�i�a� �p�e�r� �v�a�l�o�r�i� �d�i�
n(r) �v�i�c�i�n�i� �a�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o, �c�h�e �s�c�r�i�v�e�r�e�m�o �c�o�m�e

n(r) = neq + δn(r)

�d�o�v�e δn(r) �è �p�i�c�c�o�l�o �r�i�s�p�e�t�t�o �a� neq �e �t�a�l�e �c�h�e
∫

V
δn(r)d3r = 0
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P�e�r� �q�u�e�s�t�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �n�e�l�l�e �d�i�f�f�e�r�e�n�t�i� �c�e�l�l�e,
�d�a�l�l��e�q�u�a�z�i�o�n�e (5.12), �t�r�o�v�i�a�m�o �p�e�r� �i�l �v�a�l�o�r�e �d�i� H

H[neq + δn] =
∫

V
[neq + δn(r)] log [neq + δn(r)] d3r (5.20)

S�e �r�i�s�c�r�i�v�i�a�m�o �l�a� �f�u�n�z�i�o�n�e �i�n�t�e�g�r�a�n�d�a� �n�e�l�l��i�n�t�e�g�r�a�l�e �s�o�p�r�a�
(�o�m�e�t�t�e�n�d�o �p�e�r� �b�r�e�v�i�t�à� �l�a� �d�i�p�e�n�d�e�n�z�a� �d�a� r) �c�o�m�e

neq
[

1 +
δn
neq

]
log neq + neq

[
1 +

δn
neq

] [
log
(

1 +
δn
neq

)]

�v�e�d�i�a�m�o �c�h�e
H[neq + δn] = Heq + δH,

�d�o�v�e

Heq = H[neq] =
∫

V
neq log neqd3r = V

N
V

log
N
V

= N log
N
V

�e
δH = neq

∫

V

[
1 +

δn
neq

] [
log
(

1 +
δn
neq

)]
d3r

U�s�a�n�d�o �l�o �s�v�i�l�u�p�p�o �d�i� T�a�y�l�o�r�

(1 + x) log(1 + x) = x +
1
2

x2 − 1
6

x3 + . . . ,

�o�t�t�e�n�i�a�m�o

δH =
neq

2

∫

V

(
δn
neq

)2
d3r− neq

6

∫

V

(
δn
neq

)3
d3r + . . .

D�a� �q�u�e�s�t�o �è �c�h�i�a�r�o �c�h�e, �p�e�r� δn = 0, δH �s�i� �a�n�n�u�l�l�a� �e H �a��-
�s�u�m�e �i�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o Heq, �m�e�n�t�r�e �p�e�r� �p�e�r� �p�i�c�c�o�l�i� �s�c�o-
�s�t�a�m�e�n�t�i� δn �d�a�l�l��e�q�u�i�l�i�b�r�i�o �l�a� �f�u�n�z�i�o�n�e δH �è �i�n�v�a�r�i�a�b�i�l�m�e�n�t�e
�p�o�s�i�t�i�v�a�. P�e�r�c�i�ò �i�l �v�a�l�o�r�e �s�t�a�z�i�o�n�a�r�i�o �c�h�e �è �s�t�a�t�o �t�r�o�v�a�t�o �p�e�r�
H �è �u�n� �m�i�n�i�m�o. I �n�o�l�t�r�e, �e�s�s�e�n�d�o neq �i�l �s�o�l�o �v�a�l�o�r�e �s�t�a�z�i�o�n�a�-
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�r�i�o �d�i� H, �n�e �s�e�g�u�e �c�h�e H �a�u�m�e�n�t�a� �c�o�s�t�a�n�t�e�m�e�n�t�e �m�a�n� �m�a�n�o
�c�h�e �c�i� �s�i� �a�l�l�o�n�t�a�n�a� �d�a�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o, �c�o�n� δH �o�v�u�n�q�u�e
�p�o�s�i�t�i�v�a� �e�c�c�e�t�t�o �c�h�e �n�e�l �s�u�o �v�a�l�o�r�e �d�i� �m�i�n�i�m�o.

N�e�l�l�o �s�v�i�l�u�p�p�o �d�i� T�a�y�l�o�r� �i�l �r�a�p�p�o�r�t�o �d�i� �c�i�a�s�c�u�n� �t�e�r�m�i�n�e
�c�o�n� �q�u�e�l�l�o �p�r�e�c�e�d�e�n�t�e �è �d�i� �o�r�d�i�n�e

δn
neq =

δnV
N

�c�h�e �è �p�i�c�c�o�l�o �f�i�n� �t�a�n�t�o �c�h�e δn� neq = N/V. P�e�r�c�i�ò �p�e�r� �p�i�c�c�o�l�i�
�v�a�l�o�r�i� �d�i� δn, �l�a� �c�o�r�r�e�z�i�o�n�e �è �r�a�p�p�r�e�s�e�n�t�a�t�a� �d�a�l �p�r�i�m�o �t�e�r�-
�m�i�n�e �d�e�l�l�o �s�v�i�l�u�p�p�o �d�i� T�a�y�l�o�r�. T�u�t�t�a�v�i�a�, �q�u�a�n�d�o δn �d�i�v�e�n�t�a�
�c�o�n�f�r�o�n�t�a�b�i�l�e �c�o�n� neq, �t�u�t�t�i� �i� �t�e�r�m�i�n�i� �s�o�n�o �d�e�l�l�o �s�t�e�s�s�o �o�r�d�i�n�e
�d�i� �g�r�a�n�d�e�z�z�a� �d�i� neq , �p�e�r� �c�u�i� δH �d�i�v�e�n�t�a� �d�e�l�l�o �s�t�e�s�s�o �o�r�d�i�n�e
�d�i� �g�r�a�n�d�e�z�z�a� �d�i� neq �e�d� �è �q�u�i�n�d�i� �m�o�l�t�o �g�r�a�n�d�e. I �n� �q�u�e�s�t�o �c�a�s�o,
�i�l �r�a�p�p�o�r�t�o �t�r�a� �i�l �v�o�l�u�m�e �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �c�o�r�r�i�s�p�o�n�d�e�n�t�e
�a�d� �u�n�o �s�t�a�t�o �c�o�n� n = neq + δn �e �i�l �v�o�l�u�m�e �c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�l
�v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o, �d�a�l�l�a� (5.11) �è

|Γn+δn|
|Γneq | ≈ e−δH (5.21)

S�e �s�i� �c�o�n�s�i�d�e�r�a� �q�u�i�n�d�i� �u�n�o �s�t�a�t�o �d�i� �n�o�n� �e�q�u�i�l�i�b�r�i�o, �c�i�o�è �u�n�o
�s�t�a�t�o �p�e�r� �c�u�i� δn �è �c�o�n�f�r�o�n�t�a�b�i�l�e �c�o�n� neq = N/V, �i�l �v�o�l�u�m�e
�o�c�c�u�p�a�t�o �d�a� �t�a�l�e �s�t�a�t�o �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �è �u�n�a� �f�r�a�z�i�o�n�e
�e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �p�i�c�c�o�l�a� �n�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �r�i�s�p�e�t�t�o
�a�l �v�o�l�u�m�e �o�c�c�u�p�a�t�o �d�a�l�l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o.

§149 L�e �c�o�n�c�l�u�s�i�o�n�i� �a� �c�u�i� �s�i�a�m�o �g�i�u�n�t�i�, �f�o�r�n�i�s�c�o�n�o �u�l�t�e-
�r�i�o�r�e �s�u�p�p�o�r�t�o �a� �q�u�a�n�t�o �d�e�t�t�o �n�e�l�l�e �p�r�i�m�e �p�a�g�i�n�e �d�i� �q�u�e�s�t�o
�c�a�p�i�t�o�l�o �e�d� �e�s�p�r�e�s�s�o �d�a�l�l�e �f�i�g�u�r�e 5.2. N�e �t�r�a�i�a�m�o �d�u�n�q�u�e �l�a�
�s�e�g�u�e�n�t�e �m�o�r�a�l�e �g�e�n�e�r�a�l�e.

(A) L�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� Γ (�o �i�l �g�u�s�c�i�o �d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e
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�p�e�r� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o) �è �r�i�p�a�r�t�i�t�o �i�n� �i�n�s�i�e�m�i� �m�u�t�u�a�l-
�m�e�n�t�e �d�i�s�g�i�u�n�t�i�

Γ =
⋃

α

Γα .

�e �i� �p�u�n�t�i� �d�i� �f�a�s�e �d�e�n�t�r�o �c�i�a�s�c�u�n� Γα �h�a�n�n�o �l�e �s�t�e�s�s�e
�c�a�r�a�t�t�e�r�i�s�t�i�c�h�e �m�a�c�r�o�s�c�o�p�i�c�h�e.

(B) U�n�o �d�e�g�l�i� �i�n�s�i�e�m�i� �d�e�l�l�a� �p�a�r�t�i�z�i�o�n�e �c�o�r�r�i�s�p�o�n�d�e �a�l�l��e�q�u�i�-
�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o Γeq �e �l�a� �s�u�a� �m�i�s�u�r�a� �è �q�u�a�s�i� �u�g�u�a�l�e
�a�l�l�a� �m�i�s�u�r�a� �d�e�l�l��i�n�t�e�r�o �s�p�a�z�i�o, �n�e�l �s�e�n�s�o �c�h�e

µ(Γ \ Γeq) = O(e−N),

�d�o�v�e N �è �i�l �n�u�m�e�r�o �d�i� �c�o�s�t�i�t�u�e�n�t�i� �e�l�e�m�e�n�t�a�r�i� �d�e�l �s�i�s�t�e�m�a�.

5.4 T�e�o�r�e�m�a� H �p�e�r� �s�i�s�t�e�m�i� �i�n� �e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e

§150 C�o�m�e �g�i�à� �s�o�t�t�o�l�i�n�e�a�t�o �i�n� 139 �e �n�e�l�l�a� �d�i�s�c�u�s�s�i�o�n�e �d�e�l
�m�o�d�e�l�l�o �d�i� E�h�r�e�n�f�e�s�t, �c�i� �s�i� �a�s�p�e�t�t�a� �c�h�e, �d�a�t�a� �l�a� �d�i�s�p�a�r�i�t�à� �d�i�
�d�i�m�e�n�s�i�o�n�i� �d�i� ΓY �p�e�r� �d�i�v�e�r�s�i� Y, �l��e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�e�l
�m�a�c�r�o�s�t�a�t�o �s�a�r�à� �t�a�l�e �c�h�e |ΓY(Xt)|, �e �q�u�i�n�d�i� SB(Xt), �t�i�p�i�c�a�m�e�n�t�e
�a�u�m�e�n�t�a�, �i�n� �a�c�c�o�r�d�o �c�o�n� �l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�-
�m�i�c�a�. S�e �v�a�l�e �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o
�l�o�c�a�l�e, �q�u�e�s�t�o �f�a�t�t�o �p�u�ò �e�s�s�e�r�e �f�a�c�i�l�m�e�n�t�e �d�i�m�o�s�t�r�a�t�o.

C�o�n�s�i�d�e�r�i�a�m�o �i�l �c�a�s�o �i�n� �c�u�i� Yt �s�o�d�d�i�s�f�a� �u�n�a� �e�v�o�l�u�z�i�o�n�e
�d�e�t�e�r�m�i�n�i�s�t�i�c�a� �a�u�t�o�n�o�m�a�, �a�d� �e�s�e�m�p�i�o �l��e�q�u�a�z�i�o�n�e �d�i� �d�i�f�f�u�s�i�o�n�e
�p�e�r� Y = n(r). C�i�ò �s�i�g�n�i�f�i�c�a� �c�h�e �s�e �t�a�l�e �e�v�o�l�u�z�i�o�n�e �p�o�r�t�a�

Yt1 → Yt2 ,

�a�l�l�o�r�a� �l�a� �d�i�n�a�m�i�c�a� �m�i�c�r�o�s�c�o�p�i�c�a� φt �p�o�r�t�a� ΓYt1
�d�e�n�t�r�o ΓYt2 ,
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�o�v�v�e�r�o
φt2−t1

(
ΓMt1

)
⊆ ΓMt2

,

�c�o�n� �e�r�r�o�r�e �t�r�a�s�c�u�r�a�b�i�l�e. O�r�a�, �i�l �f�a�t�t�o �c�h�e �i�l �v�o�l�u�m�e �d�e�l�l�o �s�p�a�-
�z�i�o �d�e�l�l�e �f�a�s�i� �è �c�o�n�s�e�r�v�a�t�o �d�a�l �f�l�u�s�s�o �h�a�m�i�l�t�o�n�i�a�n�o �i�m�p�l�i�c�a�
�c�h�e |ΓMt1

| ≤ |ΓMt2
| �e �q�u�i�n�d�i� �d�a�l�l�a� �d�e�f�i�n�i�z�i�o�n�e �d�i� �e�n�t�r�o�p�i�a� �d�i�

B�o�l�z�m�a�n�n� �c�h�e
SB(Yt2) ≥ SB(Yt1)

�p�e�r� t2 ≥ t1. A�b�b�i�a�m�o �c�o�s�ì� �r�i�c�a�v�a�t�o �u�n� �t�e�o�r�e�m�a�-H �p�e�r� �q�u�a�l-
�s�i�a�s�i� �e�v�o�l�u�z�i�o�n�e �d�e�t�e�r�m�i�n�i�s�t�i�c�a� �d�e�l�l�e �m�a�c�r�o-�v�a�r�i�a�b�i�l�i� �d�e�r�i�v�a�n�t�i�
�d�a�l�l�a� �d�i�n�a�m�i�c�a� �m�i�c�r�o�s�c�o�p�i�c�a�. L�a� �f�o�r�m�a� �e�s�p�l�i�c�i�t�a� �p�e�r� �i�l �t�a��-
�s�o �d�i� �v�a�r�i�a�z�i�o�n�e �d�i� SB(Mt) (�i�n�c�l�u�s�a� �l�a� �p�o�s�i�t�i�v�i�t�à� �i�n� �s�e�n�s�o
�s�t�r�e�t�t�o) �d�i�p�e�n�d�e �d�a�l�l�a� �d�e�t�t�a�g�l�i�a�t�a� �e�q�u�a�z�i�o�n�e �d�i� �e�v�o�l�u�z�i�o�n�e
�m�a�c�r�o�s�c�o�p�i�c�a�. I�l �f�a�t�t�o �c�h�e ΓYeq �s�o�s�t�a�n�z�i�a�l�m�e�n�t�e �c�o�i�n�c�i�d�e �p�e�r�
�g�r�a�n�d�i� N �c�o�n� �t�u�t�t�a� �s�u�p�e�r�f�i�c�i�e �d�i� �e�n�e�r�g�i�a� E (X) = E �s�p�i�e�g�a�
�a�n�c�h�e �l��e�v�o�l�u�z�i�o�n�e �v�e�r�s�o �l��e�q�u�i�l�i�b�r�i�o, �e �l�a� �p�e�r�s�i�s�t�e�n�z�a� �i�n� �t�a�l�e
�c�o�n�d�i�z�i�o�n�e, �p�e�r� �u�n� �s�i�s�t�e�m�a� �m�a�c�r�o�s�c�o�p�i�c�o �i�s�o�l�a�t�o.

L'�e�m�e�r�g�e�r�e �d�i� �u�n� �d�e�f�i�n�i�t�o �c�o�m�p�o�r�t�a�m�e�n�t�o �a�s�i�m�m�e�t�r�i�c�o �n�e�l
�t�e�m�p�o �n�e�l�l��e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�e�i� �s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o�p�i�c�i�,
�n�o�n�o�s�t�a�n�t�e �l�a� �t�o�t�a�l�e �a�s�s�e�n�z�a� �d�i� �t�a�l�e �a�s�i�m�m�e�t�r�i�a� �n�e�l�l�e �d�i�n�a�-
�m�i�c�h�e �m�i�c�r�o�s�c�o�p�i�c�h�e, �r�a�p�p�r�e�s�e�n�t�a� �p�e�r�t�a�n�t�o �u�n�a� �c�o�n�s�e�g�u�e�n�z�a�
�d�e�l�l�a� �g�r�a�n�d�e �d�i�s�p�a�r�i�t�à� �t�r�a� �i�l �m�i�c�r�o�s�c�o�p�i�c�o �e �i�l �m�a�c�r�o�s�c�o�p�i�c�o,
�i�n�s�i�e�m�e �c�o�n� �i�l �f�a�t�t�o (�o �l�a� �m�o�l�t�o �r�a�g�i�o�n�e�v�o�l�e �s�u�p�p�o�s�i�z�i�o�n�e)
�c�h�e �c�i�ò �c�h�e �o�s�s�e�r�v�i�a�m�o �i�n� �n�a�t�u�r�a� �è �u�n� �c�o�m�p�o�r�t�a�m�e�n�t�o �t�i�p�i�c�o,
�c�o�r�r�i�s�p�o�n�d�e�n�t�e �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i� �t�i�p�i�c�h�e.

5.5 O�l�t�r�e �l��e�q�u�i�l�i�b�r�i�o �l�o�c�a�l�e: �g�a�� �d�i�l�u�i�t�i�

§151 P�e�r� �o�t�t�e�n�e�r�e �i�n�f�o�r�m�a�z�i�o�n�i� �q�u�a�n�t�i�t�a�t�i�v�e �u�t�i�l�i� �d�a�l�l�a�
�s�e�c�o�n�d�a� �l�e�g�g�e �p�e�r� �s�i�s�t�e�m�i� �c�h�e �n�o�n� �s�o�n�o �i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o-
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�d�i�n�a�m�i�c�o �l�o�c�a�l�e �s�i� �d�e�v�o�n�o �t�r�o�v�a�r�e �a�d�e�g�u�a�t�e �m�a�c�r�o-�v�a�r�i�a�b�i�l�i� Y

�p�e�r� �i�l �s�i�s�t�e�m�a� �i�n� �e�s�a�m�e, �a�d� �e�s�e�m�p�i�o �q�u�e�l�l�e �c�h�e �s�o�d�d�i�s�f�a�n�o
�u�n� �s�i�s�t�e�m�a� �a�u�t�o�n�o�m�o �d�i� �e�q�u�a�z�i�o�n�i� �d�i� �e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e,
�e �p�e�r� �l�e �q�u�a�l�i� �s�i� �p�u�ò �c�a�l�c�o�l�a�r�e S(Y). U�n� �e�s�e�m�p�i�o �p�a�r�a�-
�d�i�g�m�a�t�i�c�o �i�n� �c�u�i� �q�u�e�s�t�o �è �s�t�a�t�o �o�t�t�e�n�u�t�o �è �i�l �c�a�s�o �d�i� �u�n� �g�a��
�d�i�l�u�i�t�o.

S�e�g�u�e�n�d�o B�o�l�t�z�m�a�n�n�, �p�e�r�f�e�z�i�o�n�i�a�m�o �l�a� �d�e�s�c�r�i�z�i�o�n�e �d�i� Y

�c�o�n�s�i�d�e�r�a�t�a� �n�e�l�l�a� �s�e�z�i�o�n�e 5.3 �p�e�r� �u�n� �s�i�s�t�e�m�a� �d�i� N �p�a�r�t�i�-
�c�e�l�l�e �i�d�e�n�t�i�c�h�e �i�n� �u�n� �r�e�c�i�p�i�e�n�t�e V. Q�u�e�s�t�o �è �f�a�t�t�o �n�o�t�a�n�d�o �c�h�e
�i�l �m�i�c�r�o�s�t�a�t�o X = {qi, vi}, i = 1, ..., N �p�u�ò �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�o
�c�o�m�e �u�n� �i�n�s�i�e�m�e �d�i� N �p�u�n�t�i� �n�e�l�l�o �s�p�a�z�i�o �a� �s�e�i� �d�i�m�e�n�s�i�o�n�i�,
�d�e�t�t�o µ-�s�p�a�z�i�o, �i�n� �q�u�a�l�c�h�e �m�o�d�o �a�n�a�l�o�g�o �a� �p�o�s�i�z�i�o�n�i� {qi} �i�n�
V ⊂ R3. P�o�s�s�i�a�m�o �q�u�i�n�d�i� �s�u�d�d�i�v�i�d�e�r�e �q�u�e�s�t�o µ-�s�p�a�z�i�o �i�n� J̃

�c�e�l�l�e�t�t�e ∆̃α, �c�e�n�t�r�a�t�e �i�n� (rα, vα), �d�i� �v�o�l�u�m�e |∆̃α|. U�n� �m�a�c�r�o-
�s�t�a�t�o Ỹ �è �q�u�i�n�d�i� �s�p�e�c�i�f�i�c�a�t�o �d�a�l �n�u�m�e�r�o (�a� �g�r�a�n�a� �g�r�o�s�s�a�) �d�i�
�p�a�r�t�i�c�e�l�l�e �i�n� �o�g�n�i� ∆̃α,

Ỹ = (N1, . . . , NJ̃), 1� J̃ � N. (5.22)

P�e�r� �g�a�� �d�i�l�u�i�t�i� �s�i� �p�o�s�s�o�n�o �t�r�a�s�c�u�r�a�r�e, �p�e�r� �c�o�n�f�i�g�u�r�a�z�i�o�n�i�
�t�i�p�i�c�h�e, �l��e�s�i�s�t�e�n�z�a� �d�i� �i�n�t�e�r�a�z�i�o�n�i� �t�r�a� �l�e �p�a�r�t�i�c�e�l�l�e, �s�e�b�b�e�n�e
�e�s�s�e �g�i�o�c�a�n�o �n�a�t�u�r�a�l�m�e�n�t�e �a�n�c�o�r�a� �u�n� �r�u�o�l�o �n�e�l�l�a� �d�i�n�a�m�i�c�a�
�d�e�s�c�r�i�t�t�a� �d�a� �u�n�a� �s�u�c�c�e�s�s�i�o�n�e �d�i� �c�o�l�l�i�s�i�o�n�i� �t�r�a� �c�o�p�p�i�e �d�i� �p�a�r�-
�t�i�c�e�l�l�e. S�o�t�t�o �q�u�e�s�t�e �c�o�n�d�i�z�i�o�n�i� �l��e�n�e�r�g�i�a� �a� �g�r�a�n�a� �g�r�o�s�s�a� �d�e�l
�s�i�s�t�e�m�a� �i�n� �s�t�a�t�o �d�i� Ỹ �è �d�a�t�a� �d�a�

1
2

m ∑
α

Nαv2
α = E (5.23)

∑ Nα = N (5.24)
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N�o�n� �a�b�b�i�a�m�o �d�u�n�q�u�e �b�i�s�o�g�n�o �d�i� �s�p�e�c�i�f�i�c�a�r�e �l��e�n�e�r�g�i�a� �s�e�p�a�r�a�-
�t�a�m�e�n�t�e �e �i�l �v�o�l�u�m�e �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �a�s�s�o�c�i�a�t�o �a�d� �u�n�
Ỹ �s�i� �c�a�l�c�o�l�a� �p�r�o�n�t�a�m�e�n�t�e �c�o�m�e �n�e�l�l�a� �s�e�z�i�o�n�e �p�r�e�c�e�d�e�n�t�e

|ΓỸ| =
(

∆̃1

N1!

)
· · ·
(

∆̃N
NJ !

)
. (5.25)

P�e�r� N �a�b�b�a�s�t�a�n�z�a� �g�r�a�n�d�e �e �p�e�r� �u�n�a� �s�c�e�l�t�a� �g�i�u�d�i�z�i�o�s�a� �d�i�
{∆̃α} �s�i� �p�u�ò, �p�e�r� �l�a� �q�u�a�s�i� �t�o�t�a�l�i�t�à� �d�e�i� �m�i�c�r�o�s�t�a�t�i� X �u�s�a�r�e
�n�u�o�v�a�m�e�n�t�e �l�a� �f�o�r�m�u�l�a� �d�i� S�t�i�r�l�i�n�g �e �o�t�t�e�n�e�r�e �p�e�r� �l��e�n�t�r�o�p�i�a�
�d�i� B�o�l�t�z�m�a�n�n�

S(Ỹ) = k log |ΓỸ| ≈ −k

{
∑
α

(
Nα

|∆̃α|
log

Nα

|∆̃α|

)
|∆̃α| − N

}
. (5.26)

U�t�i�l�i�z�z�a�n�d�o Ỹ �p�o�s�s�i�a�m�o �a�s�s�o�c�i�a�r�e �c�o�n� �u�n� �t�i�p�i�c�o �m�i�c�r�o�s�t�a�-
�t�o X �u�n�a� �d�e�n�s�i�t�à� �a� �g�r�a�n�a� �g�r�o�s�s�a� fX ∼ Nα/|∆̃α| �n�e�l�l�o �s�p�a�z�i�o
µ, �c�i�o�è �t�a�l�e �c�h�e

Nα =
∫

∆̃α

d3xd3v fX(x, v)

L'�e��. (5.26) �m�o�s�t�r�a� �p�o�i� �c�h�e, �a� �m�e�n�o �d�i� �u�n�a� �c�o�s�t�a�n�t�e (�c�h�e
�d�i�p�e�n�d�e �d�a� N), �l��e�n�t�r�o�p�i�a� �d�i� B�o�l�t�z�m�a�n�n� SB(X) �è �d�a�t�a� �d�a�l�l�a�
�f�u�n�z�i�o�n�e H �d�i� B�o�l�t�z�m�a�n�n� �c�a�m�b�i�a�t�a� �d�i� �s�e�g�n�o,

Sgas( f ) = −k
∫

V
d3x

∫

R3
d3v f (x, v) log f (x, v) (5.27)

�d�o�v�e f = fX. (O�m�e�t�t�i�a�m�o �i�l �p�e�d�i�c�e X �a� �m�e�n�o �c�h�e �n�o�n� �v�o�g�l�i�a�m�o
�s�o�t�t�o�l�i�n�e�a�r�e �c�h�e f �è �a�s�s�o�c�i�a�t�a� �a�d� �u�n� �d�e�t�e�r�m�i�n�a�t�o �m�i�c�r�o�s�t�a�t�o
X.) P�r�o�c�e�d�e�n�d�o �c�o�m�e �n�e�l�l�a� �s�e�z�i�o�n�e 5.3 (�e�v�e�n�t�u�a�l�m�e�n�t�e �u�s�a�n�d�o
�i�l �m�e�t�o�d�o �d�e�i� �m�o�l�t�i�p�l�i�c�a�t�o�r�i� �d�i� L�a�g�r�a�n�g�e), �s�i� �o�t�t�i�e�n�e �c�h�e �i�l
�m�a�s�s�i�m�o �d�i� Sgas( f ) �s�u� �t�u�t�t�e �l�e f �c�h�e �s�o�d�d�i�s�f�a�n�o �l�e �c�o�n�d�i�z�i�o�n�i�,

∫

V
d3x

∫

R3
d3v f (x, v) = N (18)
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∫

V
d3x

∫

R3
d3v

1
2

mv2 f (x, v) = E (19)

�è �d�a�t�o �d�a�l�l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o

feq =
N
V

( m
2πkT

)3/2
exp

{
−mv2

2kT

}
(5.28)

�d�o�v�e
kT =

2
3

E
N

.

feq �c�o�i�n�c�i�d�e �n�a�t�u�r�a�l�m�e�n�t�e �c�o�n� �l�a� �d�e�n�s�i�t�à� fX(x, v) �o�t�t�e�n�u�t�a� �p�e�r�
�u�n� �m�i�c�r�o�s�t�a�t�o �t�i�p�i�c�o X �s�u�l�l�a� �s�u�p�e�r�f�i�c�i�e �d�i� �e�n�e�r�g�i�a� E (X) = E

�q�u�a�n�d�o N �è �m�a�c�r�o�s�c�o�p�i�c�o (�c�o�n� �d�e�v�i�a�z�i�o�n�i� �c�h�e �v�a�n�n�o �a� �z�e�r�o
�p�e�r� N → ∞).

§152 Q�u�a�n�d�o f 6= feq �a�l�l�o�r�a� f , �e �d�i� �c�o�n�s�e�g�u�e�n�z�a� Sgas( f ),
�c�a�m�b�i�e�r�à� �n�e�l �c�o�r�s�o �d�e�l �t�e�m�p�o. L�a� �v�e�r�s�i�o�n�e �m�i�c�r�o�s�c�o�p�i�c�a� �d�e�l�l�a�
�s�e�c�o�n�d�a� �l�e�g�g�e, �o�r�a� �d�i�c�e �c�h�e �i�l �t�i�p�i�c�o �m�i�c�r�o�s�t�a�t�o X ∈ ΓỸ �a�l
�t�e�m�p�o �i�n�i�z�i�a�l�e t = 0, �a�v�r�à� �u�n� �m�a�c�r�o�s�t�a�t�o Ỹt = Ỹ(Xt) �c�o�n� �l�a�
�p�r�o�p�r�i�e�t�à� �c�h�e

SB(Ỹ(Xt)) ≥ SB(Ỹ(Xt′)),

�p�e�r� t ≥ t′. C�i�ò �s�i�g�n�i�f�i�c�a� �c�h�e fXt(x, v) = ft(x, v) �d�e�v�e �e�s�s�e�r�e �t�a�l�e
�c�h�e Sgas( ft) ≥ Sgas( ft′), �p�e�r� t ≥ t′.

Q�u�e�s�t�o �è �e�s�a�t�t�a�m�e�n�t�e �c�i�ò �c�h�e �a�c�c�a�d�e �p�e�r� �u�n� �g�a�� �d�i�l�u�i�t�o
�p�e�r� �c�u�i� �l��e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e �d�i� ft(x, v) �è �b�e�n� �d�e�s�c�r�i�t�t�o
�d�a�l�l��e�q�u�a�z�i�o�n�e �d�i� B�o�l�t�z�m�a�n�n�

∂ ft

∂t
+

p
m
•∇∇∇q ft + F •∇∇∇p ft = C ( ft, ft), (5.29)

�d�o�v�e C ( ft, ft) �è �u�n� �o�p�e�r�a�t�o�r�e �i�n�t�e�g�r�a�l�e �n�o�n�-�l�i�n�e�a�r�e (�q�u�a�d�r�a�t�i�c�o)
�d�e�t�t�o �i�n�t�e�g�r�a�l�e �d�i� �c�o�l�l�i�s�i�o�n�e.

C�o�m�e �m�o�s�t�r�a�t�o �d�a� B�o�l�t�z�m�a�n�n� �n�e�l �s�u�o �f�a�m�o�s�o �t�e�o�r�e�m�a�-H,
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�d�a�l�l��e�q�u�a�z�i�o�n�e �d�i� B�o�l�t�z�m�a�n�n� �s�e�g�u�e �c�h�e

d
dt

Sgas( ft) ≥ 0,

�c�o�n� �l��u�g�u�a�g�l�i�a�n�z�a� �c�h�e �v�a�l�e �s�o�l�o �s�e �s�e f (x, v) �è �u�n�a� M�a�x�w�e�l-
�l�i�a�n�a� �l�o�c�a�l�e f̂ (v; n, u, T),

f̂ = n(x)
(

m
2πkT(x)

)3/2
exp

{−m[v− u(x)]2

2kT(x)

}
, (5.30)

§153 L'�e�q�u�a�z�i�o�n�e (5.30) �d�e�f�i�n�i�s�c�e �l��e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o
�l�o�c�a�l�e �p�e�r� �u�n� �g�a�� �d�i�l�u�i�t�o �c�o�n� �i� �c�a�m�p�i� �i�d�r�o�d�i�n�a�m�i�c�i� n(x), u(x)

�e e(x) �o�t�t�e�n�u�t�i� �d�a� f �n�e�l �m�o�d�o �u�s�u�a�l�e

n(x) =
∫

f (x, v)d3v (5.31)

u(x) =

∫
v f (x, v)d3v

n(x)
(5.32)

kT(x) =
2
3

[
e(x)− 1

2 mn(x)u2(x)
]

n(x)
(5.33)

Q�u�a�n�d�o (5.30) �è �s�o�s�t�i�t�u�i�t�a� �n�e�l�l�a� (5.27) �o�t�t�e�n�i�a�m�o

Sgas( f̂ ) =
∫

V
d3xsgas(e, n) (5.34)

�c�o�n�

sgas(e, n) = k
{

3
2

n log(kT)− n(log n− 1)
}
+ Const., (5.35)

�c�h�e �è �p�r�o�p�r�i�o �l�a� �d�e�n�s�i�t�à� �d�i� �e�n�t�r�o�p�i�a� �d�i� C�l�a�u�s�i�u�� �p�e�r� �u�n� �g�a��
�i�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �l�o�c�a�l�e. D�a�t�o �c�h�e f̂ �n�o�n� �è �s�t�a�z�i�o�n�a�-
�r�i�a� �a� �m�e�n�o �c�h�e n, e �e u �s�i�a�n�o �u�n�i�f�o�r�m�i� �n�e�l�l��i�n�t�e�r�o �r�e�c�i�p�i�e�n�t�e,
�c�i�o�è f̂ = feq, �c�i� �s�i� �a�s�p�e�t�t�a� (�e �i�n� �p�a�r�t�e �è �s�t�a�t�o �d�i�m�o�s�t�r�a�t�o) �c�h�e
�a� �p�a�r�t�i�r�e �d�a� �u�n�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �i�n�i�z�i�a�l�e f0(x, v), �c�h�e �p�u�ò �e�s�s�e-
�r�e �l�o�n�t�a�n�a� �d�a� �u�n�a� M�a�x�w�e�l�l�i�a�n�a� �l�o�c�a�l�e, ft(x, v) �s�i� `̀ �a�v�v�i�c�i�n�e-
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�r�à�'' �r�a�p�i�d�a�m�e�n�t�e'' �a�d� �u�n�a� f , �c�h�e �è �v�i�c�i�n�a� �a� f̂ (v; n, u, T) �e �s�t�a�-
�r�à� �v�i�c�i�n�a� �a�d� �e�s�s�a�, �m�e�n�t�r�e �l�e �v�a�r�i�a�b�i�l�i� �l�o�c�a�l�i� n, u �e e �v�a�r�i�a�n�o
�s�u� �u�n�a� �s�c�a�l�a� �t�e�m�p�o�r�a�l�e �p�i�ù� �l�e�n�t�a�. C�o�m�e �i� �g�r�a�d�i�e�n�t�i� �d�i�v�e�n�-
�t�a�n�o �p�i�ù� �p�i�c�c�o�l�i�, �q�u�e�s�t�a� �e�v�o�l�u�z�i�o�n�e �s�a�r�à� �i�d�r�o�d�i�n�a�m�i�c�a�, �c�i�o�è
�i� �c�a�m�p�i� n, u, e �e�v�o�l�v�e�r�a�n�n�o �s�e�c�o�n�d�o �l�e �e�q�u�a�z�i�o�n�i� �d�i� N�a�v�i�e�r�-
S�t�o�k�e��, �c�h�e �p�o�i� �p�o�r�t�e�r�a�n�n�o �i�l �g�a�� �a�l�l��e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o,
�c�o�n� Seq.loc. �c�h�e �a�u�m�e�n�t�a� �n�e�l �c�o�r�s�o �d�e�l �t�e�m�p�o.

t

F�i�g�u�r�a� 5.3: L�i�n�e�a� �s�o�l�i�d�a� �i�n� �b�l�u�:
�e�v�o�l�u�z�i�o�n�e �e�s�a�t�t�a� �m�i�c�r�o�s�c�o�p�i�c�a� �d�i�
f (�e�q�u�a�z�i�o�n�i� �d�i� N�e�w�t�o�n�); �l�i�n�e�a�
�t�r�a�t�t�e�g�g�i�a�t�a� �i�n� �r�o�s�s�o: �e�v�o�l�u�z�i�o�n�e
�d�i� B�o�l�t�z�m�a�n�n� �d�i� f ; �l�i�n�e�a� �p�u�n�-
�t�e�g�g�i�a�t�a� �i�n� �v�i�o�l�a�: �e�v�o�l�u�z�i�o�n�e �d�e�l�l�a�
�m�a�x�w�e�l�l�i�a�n�a� �l�o�c�a�l�e.

S�i� �n�o�t�i� �c�h�e f �s�o�d�d�i�s�f�a� �l�e �c�o�n�d�i�z�i�o�n�i� �p�e�r� �l�e �m�a�c�r�o-�v�a�r�i�a�b�i�l�i�
�d�i�s�c�u�s�s�e �a�l�l��i�n�i�z�i�o �d�i� �q�u�e�s�t�a� �s�e�z�i�o�n�e �i�n� �m�o�d�o �c�h�e Sgas( f ) �è
�d�a�v�v�e�r�o �u�n� �f�u�n�z�i�o�n�a�l�e �d�i� �e�n�t�r�o�p�i�a� �u�t�i�l�e. L�a� �n�o�n� �d�i�m�i�n�u�z�i�o-
�n�e �d�i� Sgas( ft) �p�e�r� �u�n�a� �s�o�l�u�z�i�o�n�e ft �d�e�l�l��e�q�u�a�z�i�o�n�e �d�i� B�o�l�t�z-
�m�a�n�n� �è, �c�o�m�e �g�i�à� �o�s�s�e�r�v�a�t�o, �u�n�a� �c�o�n�s�e�g�u�e�n�z�a� �d�e�l�l��i�n�t�e�r�p�r�e-
�t�a�z�i�o�n�e �d�i� B�o�l�t�z�m�a�n�n� �d�e�l�l�a� �s�e�c�o�n�d�a� �l�e�g�g�e.

§154 C�o�n�f�r�o�n�t�o �t�r�a� �l�e �d�i�n�a�m�i�c�a� �m�i�c�r�o�s�c�o�p�i�c�a� �e �m�a�c�r�o�s�c�o�p�i�c�a�
L�a� �f�i�g�u�r�a� 5.4 �i�l�l�u�s�t�r�a� �c�o�m�e �s�i� �p�o�s�s�a� �f�a�c�i�l�m�e�n�t�e �e�q�u�i�v�o�c�a�r�e �e
�p�e�n�s�a�r�e �c�h�e �l��e�q�u�i�l�i�b�r�i�o �s�i�a� �u�n�o �s�t�a�t�o �s�p�e�c�i�a�l�e �e �s�i�a�n�o `̀ �m�o�l�t�i�''
�g�l�i� �s�t�a�t�i� �d�i� �n�o�n� �e�q�u�i�l�i�b�r�i�o (�f�i�g�u�r�a� �a� �d�e�s�t�r�a�); �l��e�q�u�i�v�o�c�o �è �c�h�i�a�-
�r�i�t�o �d�a�l�l�a� �f�i�g�u�r�a� �a� �s�i�n�i�s�t�r�a� �e �d�a�l�l�a� �s�e�g�u�e�n�t�e �c�i�t�a�z�i�o�n�e �d�i� B�o�l-
�t�z�m�a�n�n� (�a�n�c�h�e �s�e �e�g�l�i� �u�s�a� �l�o �s�t�e�s�s�o �t�e�r�m�i�n�e `̀ �d�i�s�t�r�i�b�u�z�i�o�n�e''
�p�e�r� �d�e�n�o�t�a�r�e �n�o�z�i�o�n�i� �d�i�f�f�e�r�e�n�t�i�).

N�o�n� �s�i� �d�e�v�e �d�i�m�e�n�t�i�c�a�r�e �c�h�e �l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� M�a�x�w�e�l�l
�n�o�n� �è �u�n�o �s�t�a�t�o �i�n� �c�u�i� �c�i�a�s�c�u�n�a� �m�o�l�e�c�o�l�a� �h�a� �u�n�a� �p�o�s�i�z�i�o�n�e
�e �u�n�a� �v�e�l�o�c�i�t�à� �d�e�f�i�n�i�t�e, �e �c�h�e �è �q�u�i�n�d�i� �r�a�g�g�i�u�n�t�o �q�u�a�n�d�o �l�e
�p�o�s�i�z�i�o�n�i� �e �l�e �v�e�l�o�c�i�t�à� �d�i� �c�i�a�s�c�u�n�a� �m�o�l�e�c�o�l�a� �s�i� �a�v�v�i�c�i�n�a�n�o
�a�s�i�n�t�o�t�i�c�a�m�e�n�t�e �a� �q�u�e�s�t�i� �v�a�l�o�r�i� �d�e�f�i�n�i�t�i�. ... N�o�n� �è �i�n� �a�l�c�u�n�
�m�o�d�o �u�n�a� �s�p�e�c�i�a�l�e �d�i�s�t�r�i�b�u�z�i�o�n�e �s�i�n�g�o�l�a�r�e �d�a� �c�o�n�t�r�a�s�t�a�r�e �c�o�n�
�u�n�'�i�n�f�i�n�i�t�à� �d�i� �a�l�t�r�e �d�i�s�t�r�i�b�u�z�i�o�n�i� �n�o�n� �m�a�x�e�l�l�i�a�n�e; �p�i�u�t�t�o�s�t�o, �è
�c�a�r�a�t�t�e�r�i�z�z�a�t�a� �d�a�l �f�a�t�t�o �c�h�e �l�a� �m�a�g�g�i�o�r� �p�a�r�t�e �d�e�l�l�e �p�o�s�s�i�b�i�l�i�
�d�i�s�t�r�i�b�u�z�i�o�n�i� �d�i� �v�e�l�o�c�i�t�à� �h�a�n�n�o �l�e �p�r�o�p�r�i�e�t�à� �c�a�r�a�t�t�e�r�i�s�t�i�c�h�e
�d�e�l�l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� M�a�x�w�e�l�l, �e �i�n� �c�o�n�f�r�o�n�t�o �a� �q�u�e�s�t�e �c�e
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Non si deve dimenticare che la distribuzione di Maxwell non è uno stato in 
cui ciascuna molecola ha una posizione e una velocità definite, e che è quindi 
raggiunto quando le posizioni e le velocità di ciascuna molecola si avvicinano 
asintoticamente a questi valori definiti. ... Non è in alcun modo una speciale 
distribuzione singolare da contrastare con un'infinità di altre distribuzioni 
non maxelliane; piuttosto, è caratterizzata dal fatto che la maggior parte delle 
possibili distribuzioni di velocità hanno le proprietà caratteristiche della 
distribuzione di Maxwell, e in confronto a queste ce n'è solo un numero 
relativamente piccolo di distribuzioni possibili che deviano in maniera 
significativa da quella di Maxwell.

Γfeq feq

→

X ∈ ΓE fX f − space

microscopic picture macroscopic picture

14

ω − space f − space
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spazio delle X spazio delle f

F�i�g�u�r�a� 5.4: C�o�n�f�r�o�n�t�o �t�r�a� �l�e
�d�i�v�e�r�s�e �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�i� �d�e�l�l�o
�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o: �q�u�e�l�l�a� �m�i�c�r�o-
�s�c�o�p�i�c�a� �e �d�u�n�q�u�e �f�o�n�d�a�m�e�n�t�a�l�e (�a�
�s�i�n�i�s�t�r�a�) �e �q�u�e�l�l�a� �m�a�c�r�o�s�c�o�p�i�c�a�
�n�o�n� �f�o�n�d�a�m�e�n�t�a�l�e (�a� �d�e�s�t�r�a�).

�n�'�è �s�o�l�o �u�n� �n�u�m�e�r�o �r�e�l�a�t�i�v�a�m�e�n�t�e �p�i�c�c�o�l�o �d�i� �d�i�s�t�r�i�b�u�z�i�o�n�i�
�p�o�s�s�i�b�i�l�i� �c�h�e �d�e�v�i�a�n�o �i�n� �m�a�n�i�e�r�a� �s�i�g�n�i�f�i�c�a�t�i�v�a� �d�a� �q�u�e�l�l�a� �d�i�
M�a�x�w�e�l�l.

5.6 F�r�a�i�n�t�e�n�d�i�m�e�n�t�i� �e �c�r�i�t�i�c�h�e

§155 A �p�a�r�t�i�r�e �d�a�l 1872, �a�n�n�o �d�e�l�l�a� �p�u�b�b�l�i�c�a�z�i�o�n�e �d�e�l
�p�r�i�m�o �l�a�v�o�r�o �d�i� �g�r�a�n�d�e �r�e�s�p�i�r�o �d�i� B�o�l�t�z�m�a�n�n� �s�u�l�l�a� �s�p�i�e�g�a�-
�z�i�o�n�e �m�e�c�c�a�n�i�c�a� �d�e�l�l��i�r�r�e�v�e�r�s�i�b�i�l�i�t�à�, �v�a�r�i�e �c�r�i�t�i�c�h�e �s�o�n�o �s�t�a�t�e
�m�o�s�s�e �m�o�s�s�e �a�l�l�a� �s�u�a� �a�n�l�i�s�i�. È �i�n� �q�u�a�l�c�h�e �m�o�d�o �s�o�r�p�r�e�n�-
�d�e�n�t�e �c�h�e �l�e �c�r�i�t�i�c�h�e �d�e�l �p�a�s�s�a�t�o �e �d�e�l �p�r�e�s�e�n�t�e �s�o�v�e�n�t�e �n�o�n�
�e�n�t�r�i�n�o �n�e�l �m�e�r�i�t�o �d�e�l�l��a�n�a�l�i�s�i�, �a�n�d�a�n�d�o, �p�e�r� �c�o�s�ì� �d�i�r�e, �a�l�l�a�
�r�i�c�e�r�c�a� �d�e�l�l��e�v�e�n�t�u�a�l�e �e�r�r�o�r�e �t�e�c�n�i�c�o, �m�a� �s�i� �l�i�m�i�t�i�n�o �a�d� �a�f�f�e�r�-
�m�a�r�e �c�h�e �i�n� �q�u�a�l�c�h�e �m�o�d�o, �d�a� �q�u�a�l�c�h�e �p�a�r�t�e, B�o�l�t�z�m�a�n�n� �h�a�
�c�o�m�m�e�s�s�o �u�n� �e�r�r�o�r�e. I �n� �e�f�f�e�t�t�i�, �c�h�i� �e�n�t�r�ò �n�e�l �m�e�r�i�t�o �d�i� �a�l�c�u�-
�n�e �d�i�f�f�i�c�o�l�t�à� �d�e�l�l��a�r�t�i�c�o�l�o �d�e�l 1872 �f�u� �l�o �s�t�e�s�s�o B�o�l�t�z�m�a�n�n�,
�c�h�e, �a�b�b�a�n�d�o�n�a�n�d�o �a�l�c�u�n�e �c�o�n�d�i�z�i�o�n�i� �r�e�s�t�r�i�t�t�i�v�e �d�e�l�l�a� �f�o�r�m�u�-
�l�a�z�i�o�n�e �o�r�i�g�i�n�a�r�i�a�, �n�e�g�l�i� �a�n�n�i� �s�u�c�c�e�s�s�i�v�i� �e�l�a�b�o�r�ò �l�o �s�c�h�e�m�a�
�g�e�n�e�r�a�l�e �p�e�r� �l�a� �s�p�i�e�g�a�z�i�o�n�e �d�e�i� �p�r�o�c�e�s�s�i� �n�a�t�u�r�a�l�i� �i�r�r�e�v�e�r�s�i�-
�b�i�l�i� �s�u�l�l�a� �b�a�s�e �d�i� �l�e�g�g�i� �m�i�c�r�o�s�c�o�p�i�c�h�e �r�e�v�e�r�s�i�b�i�l�i� �i� �c�u�i� �t�r�a�t�t�i�
�g�e�n�e�r�a�l�i� �a�b�b�i�a�m�o �p�r�e�s�e�n�t�a�t�o �i�n� �q�u�e�s�t�o �c�a�p�i�t�o�l�o.
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§156 U�n�'�o�b�i�e�z�i�o�n�e �r�i�c�o�r�r�e�n�t�e �è �l�a� �s�e�g�u�e�n�t�e: �p�o�i�c�h�é �i� �p�r�o-
�c�e�s�s�i� �n�a�t�u�r�a�l�i� �s�o�n�o �i�r�r�e�v�e�r�s�i�b�i�l�i�, �i�l �p�r�o�c�e�s�s�o �c�h�e �s�i� �o�t�t�i�e�n�e
�p�e�r� �i�n�v�e�r�s�i�o�n�e �d�e�l �t�e�m�p�o �n�o�n� �s�i� �r�e�a�l�i�z�z�a� �i�n� �n�a�t�u�r�a�; �q�u�i�n�d�i�
�c'�è �u�n�a� �c�o�n�t�r�a�d�d�i�z�i�o�n�e �t�r�a� �i�l �c�a�r�a�t�t�e�r�e �r�e�v�e�r�s�i�b�i�l�e �d�e�l�l�e �l�e�g�g�i�
�m�i�c�r�o�s�c�o�p�i�c�h�e �e �q�u�e�l�l�o �i�r�r�e�v�e�r�s�i�b�i�l�e �d�e�i� �f�e�n�o�m�e�n�i� �n�a�t�u�r�a�l�i�.

È �u�n�'�i�r�o�n�i�a� �d�e�l �d�e�s�t�i�n�o �c�h�e �q�u�e�s�t�a� �o�b�i�e�z�i�o�n�e �f�u� �p�e�r� �l�a�
�p�r�i�m�a� �v�o�l�t�a� �s�o�l�l�e�v�a�t�a� �d�a� L�o�s�c�h�m�i�d�t, �a�m�i�c�o �f�i�d�a�t�o �e �m�e�n�t�o-
�r�e �d�i� B�o�l�t�z�m�a�n�n�. M�a� �l�a� �c�r�i�t�i�c�a� �f�u� �s�p�o�s�a�t�a� �a�n�c�h�e �d�a� �a�l�t�r�i�
�e�m�i�n�e�n�t�i� �f�i�s�i�c�i� �e �f�i�l�o�s�o�f�i� �c�o�n�t�e�m�p�o�r�a�n�e�i� �d�i� B�o�l�t�z�m�a�n�n� �c�o-
�m�e E�r�n�s�t M�a�c�h� �e W�i�l�h�e�l�m� O�s�t�w�a�l�d�. A �q�u�e�s�t�e �c�r�i�t�i�c�h�e B�o�l-
�t�z�m�a�n�n� �r�i�s�p�o�s�e �p�u�n�t�u�a�l�m�e�n�t�e, �c�o�m�e �r�i�s�u�l�t�a� �d�a�l �s�e�g�u�e�n�t�e
�c�i�t�a�z�i�o�n�e �d�i� B�o�l�t�z�m�a�n�n�:

D�a�l �f�a�t�t�o �c�h�e �l�e �e�q�u�a�z�i�o�n�i� �d�i�f�f�e�r�e�n�z�i�a�l�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�o�n�o
�l�a�s�c�i�a�t�e �i�n�v�a�r�i�a�t�e �d�a� �u�n� �c�a�m�b�i�a�m�e�n�t�o �d�e�l �s�e�g�n�o �d�e�l �t�e�m�p�o,
H�e�r�r� O�s�t�w�a�l�d� �c�o�n�c�l�u�d�e �c�h�e �l�a� �v�i�s�i�o�n�e �m�e�c�c�a�n�i�c�a� �d�e�l �m�o�n�d�o
�n�o�n� �p�u�ò �s�p�i�e�g�a�r�e �p�e�r�c�h�é �i� �p�r�o�c�e�s�s�i� �n�a�t�u�r�a�l�i� �s�i� �s�v�o�l�g�o�n�o
�p�r�e�f�e�r�e�n�z�i�a�l�m�e�n�t�e �i�n� �u�n�a� �d�e�f�i�n�i�t�a� �d�i�r�e�z�i�o�n�e �t�e�m�p�o�r�a�l�e. M�i�
�s�e�m�b�r�a� �i�n�v�e�c�e �c�h�e �q�u�e�s�t�o �p�u�n�t�o �d�i� �v�i�s�t�a� �t�r�a�s�c�u�r�i� �c�h�e �g�l�i�
�e�v�e�n�t�i� �m�e�c�c�a�n�i�c�i� �s�o�n�o �d�e�t�e�r�m�i�n�a�t�i� �n�o�n� �s�o�l�o �d�a� �e�q�u�a�z�i�o�n�i�
�d�i�f�f�e�r�e�n�z�i�a�l�i�, �m�a� �a�n�c�h�e �d�a� �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i�. I �n� �d�i�r�e�t�t�o �c�o�n�-
�t�r�a�s�t�o �c�o�n� H�e�r�r� O�s�t�w�a�l�d�, �h�o �c�h�i�a�m�a�t�o �u�n�a� �d�e�l�l�e �p�i�ù� �b�r�i�l�l�a�n�t�i�
�c�o�n�f�e�r�m�e �d�e�l�l�a� �v�i�s�i�o�n�e �m�e�c�c�a�n�i�c�a� �d�e�l�l�a� N�a�t�u�r�a� �i�l �f�a�t�t�o �c�h�e �q�u�e-
�s�t�a� �f�o�r�n�i�s�c�a� �u�n�a� �s�t�r�a�o�r�d�i�n�a�r�i�a�m�e�n�t�e �b�u�o�n�a� �d�e�s�c�r�i�z�i�o�n�e �d�e�l�l�a�
�d�i�s�s�i�p�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a�, �a� �p�a�t�t�o �c�h�e �s�i� �a�s�s�u�m�a� �c�h�e �i�l �m�o�n�d�o
�i�n�c�o�m�i�n�c�i�ò �i�n� �u�n�o �s�t�a�t�o �i�n�i�z�i�a�l�e �s�o�d�d�i�s�f�a�c�e�n�t�e �c�e�r�t�e �c�o�n�d�i�z�i�o�n�i�
�i�n�i�z�i�a�l�i�.

I�n� �a�l�t�r�e �p�a�r�o�l�e, �l�a� �f�a�l�l�a�c�i�a� �d�e�l�l��o�b�i�e�z�i�o�n�e �n�a�s�c�e �d�a� �u�n� �f�r�a�i�n�-
�t�e�n�d�i�m�e�n�t�o �d�e�l �r�u�o�l�o �d�e�l�l�e �l�e�g�g�i� �f�i�s�i�c�h�e �n�e�l�l�a� �s�p�i�e�g�a�z�i�o�n�e �d�i�
�c�i�ò �c�h�e �a�c�c�a�d�e �n�e�l �m�o�n�d�o. L�e �l�e�g�g�i� �f�i�s�i�c�h�e �n�o�n� �c�i� �d�i�c�o�n�o �c�h�e
�c�o�s�a� �c'�è �n�e�l �m�o�n�d�o �e �c�o�m�e �e�v�o�l�v�e, �m�a� �s�o�n�o �s�e�m�p�r�e �d�e�l �t�i�p�o:
�d�a�t�e �c�e�r�t�e �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i� �s�u�c�c�e�d�e �q�u�e�s�t�o �e �q�u�e�s�t�o.



162 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

I �n� �e�f�f�e�t�t�i�, �l�e �l�e�g�g�i� �d�e�l�l�a� �f�i�s�i�c�a� �s�o�n�o �c�o�m�p�a�t�i�b�i�l�i� �c�o�n� �u�n�a�
�m�o�l�t�i�t�u�d�i�n�e �d�i� �f�a�t�t�i� �p�o�s�s�i�b�i�l�i�, �a�d� �e�s�e�m�p�i�o �s�o�n�o �c�o�m�p�a�t�i�b�i�l�i�
�c�o�n� �u�n�a� �s�t�o�r�i�a� �d�e�l �m�o�n�d�o �s�e�n�z�a� �l�a� T�e�r�r�a� �o �i�l S�o�l�e �o �u�n�
�m�o�n�d�o �i�n� �c�u�i� �n�e�s�s�u�n�a� �m�o�l�e�c�o�l�a� �d�i� DNA �s�i� �è �m�a�i� �f�o�r�m�a�t�a�.
C'�è �u�n�a� �q�u�a�n�t�i�t�à� �s�t�e�r�m�i�n�a�t�a� �d�i� �p�r�o�c�e�s�s�i� �f�i�s�i�c�i� �p�o�s�s�i�b�i�l�i� �c�h�e
�n�o�n� �s�i� �r�e�a�l�i�z�z�a�n�o �n�e�l�l��u�n�i�v�e�r�s�o �i�n� �c�u�i� �v�i�v�i�a�m�o, �e �n�o�n� �s�i�
�v�e�d�e �q�u�i�n�d�i� �p�e�r�c�h�é �c�i� �d�e�b�b�a� �e�s�s�e�r�e �u�n�a� �c�o�n�t�r�a�d�d�i�z�i�o�n�e �t�r�a�
�i�l �f�a�t�t�o �c�h�e �c�e�r�t�i� �p�r�o�c�e�s�s�i� �n�o�n� �s�i� �r�e�a�l�i�z�z�a�n�o �e �i�l �c�a�r�a�t�t�e�r�e
�r�e�v�e�r�s�i�b�i�l�e �d�e�l�l�e �l�e�g�g�i�. N�o�n� �c'�è �n�e�s�s�u�n�a� �c�o�n�t�r�a�d�d�i�z�i�o�n�e, �e
�i�l �f�a�t�t�o �r�i�s�u�l�t�a� �o�v�v�i�o �s�e �s�i� �t�i�e�n�e �p�r�e�s�e�n�t�e �c�h�e �q�u�a�l�u�n�q�u�e
�s�p�i�e�g�a�z�i�o�n�e �d�i� �f�a�t�t�i� �c�h�e �a�c�c�a�d�o�n�o �n�e�l �m�o�n�d�o �s�i� �b�a�s�a� �s�u� �l�e�g�g�i�
�f�i�s�i�c�h�e �e �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i�. A �q�u�e�s�t�o �r�i�g�u�a�r�d�o, �è �a�n�c�h�e �u�t�i�l�e
�r�i�c�o�r�d�a�r�e �c�h�e �n�o�n� �c'�è �n�e�s�s�u�n�a� �r�a�g�i�o�n�e �p�e�r� �l�a� �q�u�a�l�e �u�n� �d�a�t�o
�p�r�o�c�e�s�s�o, �c�o�r�r�i�s�p�o�n�d�e�n�t�e �a�d� �u�n�a� �d�a�t�a� �c�o�n�d�i�z�i�o�n�e �i�n�i�z�i�a�l�e,
�a�b�b�i�a� �l�a� �s�i�m�m�e�t�r�i�a� �d�e�l�l�e �l�e�g�g�i� �c�h�e �l�o �g�o�v�e�r�n�a�n�o; �s�e �c�o�s�ì� �f�o�s�s�e,
�p�o�i�c�h�é �l�e �l�e�g�g�i� �d�e�l�l�a� �f�i�s�i�c�a� �s�o�n�o �i�n�v�a�r�i�a�n�t�i� �p�e�r� �r�o�t�a�z�i�o�n�i�,
�d�o�v�r�e�m�m�o �e�s�s�e�r�e �t�u�t�t�i� �d�e�l�l�e �s�f�e�r�e.

§157 U�n�'�a�l�t�r�a� �c�r�i�t�i�c�a�, �q�u�e�l�l�a� �d�i� Z�e�r�m�e�l�o, �e�b�b�e �u�n�a� �c�e�r�t�a�
�r�i�s�o�n�a�n�z�a� �a�n�c�h�e �g�r�a�z�i�e �a� P�o�i�n�c�a�r�é, �c�h�e �l�a� �d�i�f�f�u�s�e �e �l�a� �s�o-
�s�t�e�n�n�e �p�r�e�s�s�o �m�a�t�e�m�a�t�i�c�i� �e �f�i�s�i�c�i�. Z�e�r�m�e�l�o, �i�n�d�i�c�ò �u�n�'�a�l�t�r�a�
�r�a�g�i�o�n�e �p�e�r� �l��e�s�i�s�t�e�n�z�a� �d�i� �s�o�l�u�z�i�o�n�i� �a�n�t�i�-�t�e�r�m�o�d�i�n�a�m�i�c�h�e: �i�l
�t�e�o�r�e�m�a� �d�i� �r�i�c�o�r�r�e�n�z�a� �d�i� P�o�i�n�c�a�r�é, �s�e�c�o�n�d�o �c�u�i� �l�a� �s�c�h�i�a�c�c�i�a�n�-
�t�e �m�a�g�g�i�o�r�a�n�z�a� �d�e�l�l�e �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i� �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �a�l
�m�a�c�r�o�s�t�a�t�o �i�n�i�z�i�a�l�e �r�i�t�o�r�n�e�r�a�n�n�o �p�r�i�m�a� �o �p�o�i� �a�l �m�a�c�r�o�s�t�a�t�o
�d�i� �p�a�r�t�e�n�z�a�. Z�e�r�m�e�l�o �a�r�g�o�m�e�n�t�ò �c�h�e �p�o�i�c�h�é �i�l �c�o�m�p�o�r�t�a�-
�m�e�n�t�o �a�n�t�i�-�t�e�r�m�o�d�i�n�a�m�i�c�o �è �t�a�n�t�o �c�o�n�s�i�s�t�e�n�t�e �c�o�n� �l�e �l�e�g�g�i�
�m�i�c�r�o�s�c�o�p�i�c�h�e �q�u�a�n�t�o �q�u�e�l�l�o �q�u�e�l�l�o �t�e�r�m�o�d�i�n�a�m�i�c�o, �n�e�s�s�u�n�o �d�e�i�
�d�u�e �p�u�ò �e�s�s�e�r�e �s�p�i�e�g�a�t�o �d�a� �q�u�e�s�t�e �l�e�g�g�i�.

S�e�c�o�n�d�o P�r�i�g�o�g�i�n�e, B�o�l�t�z�m�a�n�n� �f�u� �o�b�b�l�i�g�a�t�o �a� �c�o�n�c�l�u�d�e�r�e �c�h�e



�l��e�n�t�r�o�p�i�a� �m�i�c�r�o�s�c�o�p�i�c�a� �d�i� �b�o�l�t�z�m�a�n�n� 163

�l��i�r�r�e�v�e�r�s�i�b�i�l�i�t�à� �p�o�s�t�u�l�a�t�a� �d�a�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �e�r�a� �i�n�c�o�m�p�a�t�i�-
�b�i�l�e �c�o�n� �l�e �l�e�g�g�i� �r�e�v�e�r�s�i�b�i�l�i� �d�e�l�l�a� �d�i�n�a�m�i�c�a�, �u�n�a� �c�o�s�a� �c�h�e B�o�l-
�t�z�m�a�n�n� �n�o�n� �s�i� �s�o�g�n�ò �m�a�i� �d�i� �f�a�r�e, �c�o�m�e �r�i�s�u�l�t�a� �c�h�i�a�r�a�m�e�n�t�e
�d�a�l�l�a� �s�u�a� �r�i�s�p�o�s�t�a� �a�d� O�s�t�w�a�l�d�. A �q�u�e�s�t�o �r�i�g�u�a�r�d�o �è �u�t�i�l�e
�c�i�t�a�r�e �u�n� �p�a�s�s�o �d�e�l�l�a� �r�i�s�p�o�s�t�a� �d�i� B�o�l�t�z�m�a�n�n� �a� Z�e�r�m�e�l�o:

H�o . . . �e�n�f�a�t�i�z�z�a�t�o �c�h�e �d�a�l �p�u�n�t�o �d�i� �v�i�s�t�a� �m�o�l�e�c�o�l�a�r�e �l�a� �s�e-
�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �è �m�e�r�a�m�e�n�t�e �u�n�a� �l�e�g�g�e �s�t�a�-
�t�i�s�t�i�c�a�. L'�a�r�t�i�c�o�l�o �d�i� Z�e�r�m�e�l�o �m�o�s�t�r�a� �c�h�e �i� �m�i�e�i� �s�c�r�i�t�t�i� �s�o�n�o
�s�t�a�t�i� �f�r�a�i�n�t�e�s�i�; . . . �i�l �t�e�o�r�e�m�a� �d�i� P�o�i�n�c�a�r�é, �c�h�e Z�e�r�m�e�l�o �s�p�i�e�g�a�
�a�l�l��i�n�i�z�i�o �d�e�l �s�u�o �a�r�t�i�c�o�l�o, �è �c�h�i�a�r�a�m�e�n�t�e �c�o�r�r�e�t�t�o, �m�a� �l�a� �s�u�a�
�a�p�p�l�i�c�a�z�i�o�n�e �a�l�l�a� �t�e�o�r�i�a� �d�e�l �c�a�l�o�r�e �n�o�n� �l�o �è. . . . P�e�r�c�i�ò, �q�u�a�n�d�o
Z�e�r�m�e�l�o �c�o�n�c�l�u�d�e �d�a�l �f�a�t�t�o �t�e�o�r�i�c�o �c�h�e �i� [�m�a�c�r�o]s�t�a�t�i� �i�n�i�z�i�a�l�i�
�d�e�l �g�a�� �s�i� �r�i�p�r�e�s�e�n�t�e�r�a�n�n�o �i�n� �f�u�t�u�r�o � �s�e�n�z�a� �a�v�e�r�e �c�a�l�c�o�l�a�-
�t�o �q�u�a�n�t�o �t�e�m�p�o �q�u�e�s�t�o �r�i�c�h�i�e�d�a��- �c�h�e �l�e �i�p�o�t�e�s�i� �d�e�l�l�a� �t�e�o�r�i�a�
�d�e�i� �g�a�� �d�e�v�o�n�o �e�s�s�e�r�e �r�e�s�p�i�n�t�e �o�p�p�u�r�e �c�a�m�b�i�a�t�e �i�n� �m�a�n�i�e�r�a�
�f�o�n�d�a�m�e�n�t�a�l�e, �e�g�l�i� �è �c�o�m�e �i�l �g�i�o�c�a�t�o�r�e �d�i� �d�a�d�i� �c�h�e �h�a� �c�a�l�c�o�l�a�t�o
�c�h�e �l�a� �p�r�o�b�a�b�i�l�i�t�à� �d�i� �u�n�a� �s�u�c�c�e�s�s�i�o�n�e �d�i� �c�e�n�t�o 1 �n�o�n� �è �z�e�r�o, �e
�a�l�l�o�r�a� �c�o�n�c�l�u�d�e �c�h�e �i�l �d�a�d�o �d�e�v�e �e�s�s�e�r�e �t�r�u�c�c�a�t�o �p�e�r�c�h�é �n�o�n� �h�a�
�a�n�c�o�r�a� �o�s�s�e�r�v�a�t�o �t�a�l�e �s�u�c�c�e�s�s�i�o�n�e!

L�a� �r�i�s�p�o�s�t�a� �d�i� B�o�l�t�z�m�a�n�n� �a� Z�e�r�m�e�l�o �r�i�e�c�h�e�g�g�i�a� �l�e �p�a�r�o�l�e
�d�i� G�a�l�i�l�e�o: G�l�i� �e�r�r�o�r�i� �d�u�n�q�u�e �n�o�n� �c�o�n�s�i�s�t�o�n�o �n�é �n�e�l�l��a�s�t�r�a�t�t�o
�n�é �n�e�l �c�o�n�c�r�e�t�o, �n�é �n�e�l�l�a� �g�e�o�m�e�t�r�i�a� �o �n�e�l�l�a� �f�i�s�i�c�a�, �m�a� �n�e�l �c�a�l-
�c�o�l�a�t�o�r�e, �c�h�e �n�o�n� �s�a� �f�a�r�e �i� �c�o�n�t�i� �g�i�u�s�t�i�. B�o�l�t�z�m�a�n�n� �c�a�l�c�o�l�ò
�i�l �t�e�m�p�o �m�e�d�i�o �n�e�c�e�s�s�a�r�i�o �a�l �r�i�t�o�r�n�o �n�e�l �m�a�c�r�o�s�t�a�t�o �d�i� �p�a�r�-
�t�e�n�z�a� �e �t�r�o�v�ò �u�n� �v�a�l�o�r�e �d�e�l�l��o�r�d�i�n�e �d�i� 101023 ; �i�l �l�e�t�t�o�r�e �p�u�ò
�f�a�c�i�l�m�e�n�t�e �r�e�n�d�e�r�s�i� �c�o�n�t�o �c�h�e �n�o�n� �è �n�e�c�e�s�s�a�r�i�o �s�p�e�c�i�f�i�c�a�r�e
�l��u�n�i�t�à� �d�i� �m�i�s�u�r�a�, �s�e�c�o�n�d�i�, �m�i�c�r�o-�s�e�c�o�n�d�i� �o �a�n�n�i�, �t�a�n�t�o �n�o�n�
�f�a� �d�i�f�f�e�r�e�n�z�a�. L�a� �s�p�a�v�e�n�t�o�s�a� �l�u�n�g�h�e�z�z�a� �d�i� �q�u�e�s�t�o �t�e�m�p�o
�è �c�o�n�s�e�g�u�e�n�z�a� �d�e�l�l��e�n�o�r�m�e �n�u�m�e�r�o �d�i� �a�t�o�m�i� �c�h�e �c�o�m�p�o�n�g�o�n�o
�u�n� �s�i�s�t�e�m�a� �m�a�c�r�o�s�c�o�p�i�c�o �e �q�u�e�s�t�o �t�e�m�p�o �è �d�i� �i�n�n�u�m�e�r�e�v�o�l�i�
�o�r�d�i�n�i� �d�i� �g�r�a�n�d�e�z�z�a� �s�u�p�e�r�i�o�r�e �a�l�l��e�t�à� �d�e�l�l�U�n�i�v�e�r�s�o. N�o�n� �c'�è
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�q�u�i�n�d�i� �c�o�n�t�r�a�d�d�i�z�i�o�n�e �t�r�a� �i�l �t�e�o�r�e�m�a� �d�i� P�o�i�n�c�a�r�è �e �l�a� �s�p�i�e�g�a�-
�z�i�o�n�e �d�e�l�l��i�r�r�e�v�e�r�s�i�b�i�l�i�t�à� �f�o�r�n�i�t�a� �d�a� B�o�l�t�z�m�a�n�n�, �c'�è �s�e�m�p�l�i�c�e-
�m�e�n�t�e �u�n�a� �t�o�t�a�l�e �d�i�s�p�a�r�i�t�à� �d�i� �s�c�a�l�e �t�e�m�p�o�r�a�l�i�: �d�a� �u�n� �l�a�t�o �l�e
�s�c�a�l�e �t�e�m�p�o�r�a�l�i� �r�i�l�e�v�a�n�t�i� �d�e�i� �f�e�n�o�m�e�n�i� �i�r�r�e�v�e�r�s�i�b�i�l�i� �d�e�l �m�o�n�-
�d�o �c�h�e �c�i� �c�i�r�c�o�n�d�a� �e �a� �c�u�i� �l�a� �s�p�i�e�g�a�z�i�o�n�e �d�i� B�o�l�t�z�m�a�n�n� �s�i�
�a�p�p�l�i�c�a�, �d�a�l�l��a�l�t�r�o �l�a� �s�c�a�l�a� �i�r�r�i�l�e�v�a�n�t�e �d�e�l �t�e�m�p�o �d�i� �r�i�t�o�r�n�o
�d�i� P�o�i�n�c�a�r�é.

§158 I�l �r�i�f�e�r�i�m�e�n�t�o �d�i� B�o�l�t�z�m�a�n�n� �a�l �c�a�r�a�t�t�e�r�e �s�t�a�t�i�s�t�i�c�o
�d�e�l�l�a� �s�e�c�o�n�d�a� �l�e�g�g�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�o�n�s�i�s�t�e �i�n� �c�i�ò �c�h�e
�a�b�b�i�a�m�o �m�e�s�s�o �i�n� �e�v�i�d�e�n�z�a� �n�e�l �c�o�r�s�o �d�e�l �c�a�p�i�t�o�l�o: �e�s�i�s�t�o�n�o
�e�c�c�e�z�i�o�n�i� �a�l �c�o�r�r�e�t�t�o �c�o�m�p�o�r�t�a�m�e�n�t�o �t�e�r�m�o�d�i�n�a�m�i�c�o �a� �c�u�i�
�c�o�r�r�i�s�p�o�n�d�e �u�n�a� �d�i�m�i�n�u�z�i�o�n�e �d�e�l�l��e�n�t�r�o�p�i�a� �d�e�l�l��u�n�i�v�e�r�s�o, �m�a�
�q�u�e�s�t�e �e�c�c�e�z�i�o�n�i� �s�o�n�o �s�t�r�a�o�r�d�i�n�a�r�i�a�m�e�n�t�e �r�a�r�e �e�d� �e�s�i�g�u�e, �m�o�l-
�t�o �p�i�ù� �r�a�r�e �d�e�l�l�a� �s�u�c�c�e�s�s�i�o�n�e �d�i� �c�e�n�t�o 1 �a� �c�u�i� B�o�l�t�z�m�a�n�n�
�f�a� �r�i�f�e�r�i�m�e�n�t�o. I �n� �e�f�f�e�t�t�i�, �g�l�i� �a�r�g�o�m�e�n�t�i� �d�i� L�o�s�c�h�m�i�d�t �e Z�e�r�-
�m�e�l�o �n�o�n� �f�a�n�n�o �a�l�t�r�o �c�h�e �m�o�s�t�r�a�r�e �c�h�e �t�a�l�e �i�n�s�i�e�m�e �d�i� �c�a�t�t�i�v�e
�c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i� �d�e�v�e �e�s�i�s�t�e�r�e.

§159 I�n�f�i�n�e, �p�e�r� �q�u�e�l �c�h�e �r�i�g�u�a�r�d�a� �i�l �r�u�o�l�o �d�e�l�l�e �c�o�n�d�i�z�i�o�n�i�
�i�n�i�z�i�a�l�i�, �c'�è �u�n�'�o�s�s�e�r�v�a�z�i�o�n�e �d�a� �f�a�r�e, �c�h�e �v�a� �n�e�l�l�a� �d�i�r�e�z�i�o�n�e
�o�p�p�o�s�t�a� �d�e�l�l�e �o�b�i�e�z�i�o�n�i� �a� �c�u�i� �a�b�b�i�a�m�o �a�c�c�e�n�n�a�t�o �s�o�p�r�a�. U�n�a�
�v�o�l�t�a� �c�a�p�i�t�o �c�h�e �q�u�a�l�u�n�q�u�e �s�p�i�e�g�a�z�i�o�n�e �s�i� �d�e�v�e �b�a�s�a�r�e �s�u�
�l�e�g�g�i� �u�n�i�v�e�r�s�a�l�i� �e �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i�, �i�l �v�e�r�o �p�r�o�b�l�e�m�a� �è �c�h�e
�s�o�n�o �t�r�o�p�p�e �l�e �c�o�s�e �c�h�e �p�o�s�s�o�n�o �e�s�s�e�r�e �s�p�i�e�g�a�t�e �i�n� �t�e�r�m�i�n�i�
�d�i� �a�p�p�r�o�p�r�i�a�t�e �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i�. A�d� �e�s�e�m�p�i�o, �i�l �f�a�t�t�o �c�h�e
�u�n�a� �s�c�i�m�m�i�a�, �b�a�t�t�e�n�d�o �a� �c�a�s�o �s�u�l�l�a� �t�a�s�t�i�e�r�a� �d�i� �u�n� �c�o�m�p�u�-
�t�e�r�, �p�o�s�s�a� �r�i�s�c�r�i�v�e�r�e �t�u�t�t�a� �l�a� D�i�v�i�n�a� C�o�m�m�e�d�i�a� �d�i� D�a�n�t�e,
�p�o�t�r�e�b�b�e �e�s�s�e�r�e �s�p�i�e�g�a�t�o �i�n� �t�e�r�m�i�n�i� �d�i� �c�o�n�d�i�z�i�o�n�i� �i�n�i�z�i�a�l�i�
�a�p�p�r�o�p�r�i�a�t�e. M�a� �q�u�e�s�t�o �r�i�c�o�r�s�o �i�n�n�a�t�u�r�a�l�e �a�l�l�e �c�o�n�d�i�z�i�o�n�i�
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�i�n�i�z�i�a�l�i� �n�o�n� �è �p�r�e�s�e�n�t�e �n�e�l�l�a� �s�p�i�e�g�a�z�i�o�n�e �f�o�r�n�i�t�a� �d�a� B�o�l�t�z-
�m�a�n�n�: �è �l�a� �s�c�h�i�a�c�c�i�a�n�t�e �m�a�g�g�i�o�r�a�n�z�a� � �e �n�o�n� �u�n�a� �m�i�n�o�r�a�n�-
�z�a� �e�s�i�g�u�a� �o �s�p�e�c�i�a�l�e �d�e�i� �m�i�c�r�o�s�t�a�t�i� �a�s�s�o�c�i�a�t�i� �a�l �m�a�c�r�o�s�t�a�t�o
�i�n�i�z�i�a�l�e �a�d� �e�v�o�l�v�e�r�e �n�e�l�l�a� �m�a�n�i�e�r�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�o�r�r�e�t�t�a�.

5.7 L'�e�r�g�o�d�i�c�i�t�à� �n�o�n� �è �n�é �n�e�c�e�s�s�a�r�i�a� �n�é �s�u�f�f�i�c�e�n�t�e

§160 S�o�v�e�n�t�e �s�i� �è �r�i�t�e�n�u�t�o �c�h�e �i�l �t�e�o�r�e�m�a� �e�r�g�o�d�i�c�o �f�o�s�s�e
�e�s�s�e�n�z�i�a�l�e �p�e�r� �g�i�u�s�t�i�f�i�c�a�r�e �i�l �p�r�i�n�c�i�p�i�o �e�l�e�m�e�n�t�a�r�e �d�e�l�l�a� �m�e�c-
�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �s�e�c�o�n�d�o �c�u�i� �p�e�r� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o �i�l �v�a�l�o�r�
�m�e�d�i�o �d�i� �u�n�a� �v�a�r�i�a�b�i�l�e �f�i�s�i�c�a� �è �c�a�l�c�o�l�a�t�o �u�s�a�n�d�o �l�a� �m�i�s�u�r�a�
�m�i�c�r�o-�c�a�n�o�n�i�c�a� µ:

〈 f 〉 =
∫

f (x)dµ.

D�i� �s�o�l�i�t�o �s�i� �d�à� �l�a� �s�e�g�u�e�n�t�e �m�o�t�i�v�a�z�i�o�n�e: �q�u�a�n�d�o �s�i� �m�i�s�u�r�a�
�u�n�a� �v�a�r�i�a�b�i�l�e �m�a�c�r�o�s�c�o�p�i�c�a� Y = f (X) �l�a� �m�i�s�u�r�a� �s�p�e�r�i�m�e�n�t�a�l�e
�n�o�n� �è �i�s�t�a�n�t�a�n�e�a�; �s�e �l��e�s�p�e�r�i�m�e�n�t�o �i�n�c�o�m�i�n�c�i�a� �a�l �t�e�m�p�o t = 0

�e �s�i� �c�o�m�p�l�e�t�a� �a�l �t�e�m�p�o t = T, �c�i�ò �c�h�e �l��e�s�p�e�r�i�m�e�n�t�o �m�i�s�u�r�a� �è
�i�n� �e�f�f�e�t�t�i� �l�a� �m�e�d�i�a� �t�e�m�p�o�r�a�l�e

1
T

∫ T

0
f (Xt)dt ,

�d�o�v�e T �è �u�n� �t�e�m�p�o �m�a�c�r�o�s�c�o�p�i�c�o �d�e�t�e�r�m�i�n�a�t�o �d�a�l �t�e�m�p�o �d�i�
�r�i�s�p�o�s�t�a� �d�e�l�l��a�p�p�a�r�a�t�o �d�i� �m�i�s�u�r�a� (�s�i� �p�e�n�s�i� �a�l�l�a� �m�i�s�u�r�a� �d�e�l-
�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�o�r�p�o�r�e�a� �c�o�n� �i� �v�e�c�c�h�i� �t�e�r�m�o�m�e�t�r�i� �a� �m�e�r�-
�c�u�r�i�o �c�h�e �r�i�c�h�i�e�d�e�v�a� �d�i�v�e�r�s�i� �m�i�n�u�t�i� �p�e�r� �e�s�s�e�r�e �e�f�f�e�t�t�u�a�t�a�).
S�i� �t�r�a�t�t�a� �q�u�i�n�d�i� �d�i� �u�n� �t�e�m�p�o �c�h�e �s�u� �s�c�a�l�a� �m�i�c�r�o�s�c�o�p�i�c�a� �è
�s�p�a�v�e�n�t�o�s�a�m�e�n�t�e �l�u�n�g�o, �e �q�u�i�n�d�i� �t�a�l�e, �s�e�c�o�n�d�o �l�a� �n�o�r�m�a�l�e
�c�o�n�s�u�e�t�u�d�i�n�e, �d�a� �e�s�s�e�r�e �i�d�e�a�l�i�z�z�a�t�o �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �d�a�l�l�a�
�p�r�o�c�e�d�u�r�a� �d�i� �l�i�m�i�t�e T → ∞.

S�e�m�b�r�e�r�e�b�b�e �q�u�i�n�d�i� �c�h�e �l��e�r�g�o�d�i�c�i�t�à� �s�i�a� �d�a�v�v�e�r�o �i�m�p�o�r�t�a�n�t�e,
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�p�e�r�c�h�é �g�a�r�a�n�t�i�r�e�b�b�e �l�a� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �t�r�a� �l�a� �m�e�d�i�a� �m�i�c�r�o�c�a�-
�n�o�n�i�c�a� �d�e�l�l�a� �v�a�r�i�a�b�i�l�e �m�a�c�r�o�s�c�o�p�i�c�a� �e �l�a� �s�u�a� �m�e�d�i�a� �t�e�m�p�o�r�a�l�e,
�c�h�e �è �c�i�ò �c�h�e �è �a�c�c�e�s�s�i�b�i�l�e �s�p�e�r�i�m�e�n�t�a�l�m�e�n�t�e. E �s�e �l��a�r�g�o�m�e�n�t�o
�f�o�s�s�e �c�o�r�r�e�t�t�o �l��e�r�g�o�d�i�c�i�t�à� �s�a�r�e�b�b�e �q�u�i�n�d�i� �f�o�n�d�a�m�e�n�t�a�l�e �p�e�r�
�g�i�u�s�t�i�f�i�c�a�r�e �l�e �b�a�s�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �d�e�l�l��e�q�u�i�l�i�b�r�i�o.

T�u�t�t�a�v�i�a�, �s�e�b�b�e�n�e �l��e�r�g�o�d�i�c�i�t�à� �s�i�a� �r�i�t�e�n�u�t�a� �u�n�a� �p�r�o�p�r�i�e-
�t�à� �g�e�n�e�r�i�c�a� �d�e�i� �s�i�s�t�e�m�i� �d�i�n�a�m�i�c�i�, �l�a� �s�u�a� �d�i�m�o�s�t�r�a�z�i�o�n�e �p�e�r�
�s�i�s�t�e�m�i� �d�i�n�a�m�i�c�i� �c�o�m�p�l�e�s�s�i� �è �t�u�t�t�o�r�a� �u�n� �p�r�o�b�l�e�m�a� �a�p�e�r�t�o.
Q�u�i�n�d�i�, �s�e �d�a�v�v�e�r�o �l��e�r�g�o�d�i�c�i�t�à� �f�o�s�s�e �e�s�s�e�n�z�i�a�l�e, �c�i� �t�r�o�v�e�r�e�m�o
�d�i� �f�r�o�n�t�e �a�l �p�r�o�b�l�e�m�a� �d�i� �n�o�n� �d�i�s�p�o�r�r�e �a�l �m�o�m�e�n�t�o �d�i� �u�n�a�
�c�o�m�p�r�e�n�s�i�o�n�e �c�e�r�t�a� �d�e�l�l�e �b�a�s�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�. S�i�
�t�r�a�t�t�e�r�e�b�b�e �d�u�n�q�u�e �d�i� �u�n�a� �c�r�i�t�i�c�a� �i�n�d�i�r�e�t�t�a� �a�l�l�a� �s�p�i�e�g�a�z�i�o-
�n�e �f�o�r�n�i�t�a� �d�a� B�o�l�t�z�m�a�n�n�, �s�e�b�b�e�n�e �p�i�ù� �s�o�t�t�i�l�e �d�i� �q�u�e�l�l�e �c�h�e
�a�b�b�i�a�m�o �d�i�s�c�u�s�s�o �n�e�l�l�a� �s�e�z�i�o�n�e �p�r�e�c�e�d�e�n�t�e.

§161 L'�a�r�g�o�m�e�n�t�o �a� �s�u�p�p�o�r�t�o �d�e�l�l��e�r�g�o�d�i�c�i�t�à� �s�o�p�r�a� �r�i�p�o�r�t�a�-
�t�o �h�a� �u�n�a� �c�e�r�t�a� �f�o�r�z�a�, �m�a�, �c�o�m�e �p�e�r� �l��o�b�i�e�z�i�o�n�e �d�i� Z�e�r�m�e�l�o,
�c�i� �t�r�o�v�i�a�m�o �d�i� �n�u�o�v�o �d�i� �f�r�o�n�t�e �a� �u�n� �c�a�s�o �i�n� �c�u�i� �g�l�i� �e�r�r�o-
�r�i� �s�o�n�o �n�e�l �c�a�l�c�o�l�a�t�o�r�e, �c�h�e �n�o�n� �s�a� �f�a�r�e �i� �c�o�n�t�i� �g�i�u�s�t�i�. E
�l��e�r�r�o�r�e �d�i� �c�a�l�c�o�l�o, �c�o�m�e �n�e�l �c�a�s�o �d�i� Z�e�r�m�e�l�o, �s�t�a� �n�e�l�l�a� �c�o�m�-
�p�l�e�t�a� �d�i�s�c�r�e�p�a�n�z�a� �d�e�l�l�e �s�c�a�l�e �t�e�m�p�o�r�a�l�i� �i�n� �g�i�o�c�o. I�l �t�e�m�p�o
T �n�e�c�e�s�s�a�r�i�o �p�e�r�c�h�é �s�i� �r�e�a�l�i�z�z�i� �l��u�g�u�a�g�l�i�a�n�z�a� �t�r�a� �l�a� �m�e�d�i�a�
�t�e�m�p�o�r�a�l�e �e �l�a� �m�e�d�i�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �è �i�l �t�e�m�p�o �r�i�c�h�i�e�s�t�o �p�e�r�
�e�s�p�l�o�r�a�r�e �u�n�a� �l�a�r�g�a� �p�o�r�z�i�o�n�e �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i�, �c�i�o�è
�u�n� �t�e�m�p�o �i�l �c�u�i� �o�r�d�i�n�e �d�i� �g�r�a�n�d�e�z�z�a� �è �l�o �s�t�e�s�s�o �d�e�l �t�e�m�p�o
�d�i� �r�i�t�o�r�n�o �d�i� P�o�i�n�c�a�r�é. P�e�r� �u�n� �s�i�s�t�e�m�a� �m�a�c�r�o�s�c�o�p�i�c�o �d�u�n�q�u�e
T ∼ 101023 (�e �d�i� �n�u�o�v�o �n�o�n� �è �n�e�c�e�s�s�a�r�i�o �s�p�e�c�i�f�i�c�a�r�e �l��u�n�i�t�à�
�d�i� �m�i�s�u�r�a�), �u�n� �t�e�m�p�o �d�i� �m�o�l�t�i� �o�r�d�i�n�i� �g�r�a�n�d�e�z�z�a� �p�i�ù� �l�u�n�g�o
�d�e�l�l��e�t�à� �d�e�l�l��u�n�i�v�e�r�s�o, �e �q�u�i�n�d�i� �t�a�l�e �d�a� �n�o�n� �p�o�t�e�r� �a�v�e�r�e �a�l�c�u�n�
�r�a�p�p�o�r�t�o �c�o�n� �i�l �t�e�m�p�o �d�i� �r�i�s�p�o�s�t�a� �d�i� �u�n� �a�p�p�a�r�a�t�o! Q�u�i�n�d�i�



�l��e�n�t�r�o�p�i�a� �m�i�c�r�o�s�c�o�p�i�c�a� �d�i� �b�o�l�t�z�m�a�n�n� 167

�l��i�p�o�t�e�s�i� �e�r�g�o�d�i�c�a� �n�o�n� �è �s�u�f�f�i�c�i�e�n�t�e �p�e�r� �g�i�u�s�t�i�f�i�c�a�r�e �p�e�r�c�h�é
�i�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n�a� �v�a�r�i�a�b�i�l�e �m�a�c�r�o�s�c�o�p�i�c�a� �s�i�a� �d�a�t�o
�d�a�l�l�a� �s�u�a� �m�e�d�i�a� �m�i�c�r�o�c�a�n�o�n�i�c�o.

D'�a�l�t�r�o �c�a�n�t�o, �u�n�a� �r�i�f�l�e�s�s�i�o�n�e �p�i�ù� �a�t�t�e�n�t�a� �m�o�s�t�r�a� �c�h�e �t�a�l�e
�i�p�o�t�e�s�i� �n�o�n� �s�i�a� �n�e�a�n�c�h�e �n�e�c�e�s�s�a�r�i�a�. I�l �p�u�n�t�o �c�r�u�c�i�a�l�e �d�e�l�l��a�-
�n�a�l�i�s�i� �d�i� B�o�l�t�z�m�a�n�n� �s�t�a� �n�e�l �f�a�t�t�o �c�h�e �d�a�t�a� �l��e�n�e�r�g�i�a� �d�i� �u�n�
�s�i�s�t�e�m�a�, �l�a� �s�c�h�i�a�c�c�i�a�n�t�e �m�a�g�g�i�o�r�a�n�z�a� �d�e�i� �p�u�n�t�i� �n�e�l�l�o �s�p�a�-
�z�i�o �d�e�l�l�e �f�a�s�i� �s�u�l�l�a� �i�p�e�r�s�u�p�e�r�f�i�c�i�e �d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e �s�o�n�o
�m�i�c�r�o�s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �e, �i�n� �q�u�a�n�t�o �t�a�l�i�, �s�o�n�o �m�a�c�r�o�s�c�o�p�i�-
�c�a�m�e�n�t�e �s�i�m�i�l�i� �t�r�a� �l�o�r�o. Q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �f�i�n� �t�a�n�t�o �c�h�e
�i�l �m�i�c�r�o�s�t�a�t�o �p�e�r�m�a�n�e �n�e�l �m�a�c�r�o�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o, �i� �d�e�t�t�a�g�l�i�
�d�e�l�l��e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e �s�o�n�o �i�n�i�n�f�l�u�e�n�t�i�, �e �u�n�a� �v�a�r�i�a�b�i�l�e
�m�a�c�r�o�s�c�o�p�i�c�a�, �n�e�l �c�o�r�s�o �d�e�l�l�a� �s�u�a� �e�v�o�l�u�z�i�o�n�e �t�e�m�p�o�r�a�l�e �r�e-
�s�t�a� �t�i�p�i�c�a�m�e�n�t�e �c�o�s�t�a�n�t�e, �a� �m�e�n�o �d�i� �p�i�c�c�o�l�e �f�l�u�t�t�u�a�z�i�o�n�i� �c�h�e
�s�o�n�o �t�r�a�s�c�u�r�a�b�i�l�i� �s�u� �s�c�a�l�a� �m�a�c�r�o�s�c�o�p�i�c�a�. Q�u�i�n�d�i� �p�e�r� �q�u�e�l
�c�h�e �r�i�g�u�a�r�d�a� �l�e �p�r�e�v�i�s�i�o�n�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�, �i� �v�a�l�o�r�i�
�d�e�l�l�e �q�u�a�n�t�i�t�à� �f�i�s�i�c�h�e �m�a�c�r�o�s�c�o�p�i�c�a�m�e�n�t�e �r�i�l�e�v�a�n�t�i� � �l�e �v�a�r�i�a�-
�b�i�l�i� �m�a�c�r�o�s�c�o�p�i�c�h�e � �s�o�n�o �c�o�s�t�a�n�t�i� �s�u�l�l�a� �s�u�p�e�r�f�i�c�i�e �d�i� �e�n�e�r�g�i�a�
�c�o�s�t�a�n�t�e, �e �l�a� �l�o�r�o �m�e�d�i�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �n�e �r�i�p�r�o�d�u�c�e �i�l �l�o�r�o
�v�a�l�o�r�e �c�o�s�t�a�n�t�e. N�o�n� �s�o�l�o, �s�o�n�o �s�t�a�b�i�l�i� �r�i�s�p�e�t�t�o �a�l�l�e �m�e�d�i�e
�t�e�m�p�o�r�a�l�i� �c�h�e �s�o�n�o �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �c�o�i�n�v�o�l�t�e �q�u�a�n�d�o �q�u�e�s�t�e
�q�u�a�n�t�i�t�à� �v�e�n�g�o�n�o �s�p�e�r�i�m�e�n�t�a�l�m�e�n�t�e �m�i�s�u�r�a�t�e.





6
M�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �d�e�l�l��e�q�u�i�l�i�b�r�i�o

I�n�d�i�c�e

6.1E�n�t�r�o�p�i�a� �d�i� �e�q�u�i�l�i�b�r�i�o �e �i�n�s�i�e�m�e �m�i�c�r�o�c�a�n�o�n�i�c�o 169

6.2F�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �e �i�n�s�i�e�m�e �c�a�n�o�n�i�c�o 172

6.3F�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�o�n�f�i�g�u�r�a�z�i�o�n�a�l�e 179

6.4L�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �c�a�n�o�n�i�c�a� 180

6.5L�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o 184

6.6I�n�s�i�e�m�i� �g�e�n�e�r�a�l�i�z�z�a�t�i� �e �i�n�s�i�e�m�e �g�r�a�n� �c�a�n�o�n�i�c�o 186

6.7F�u�n�z�i�o�n�i� �d�i� �c�o�r�r�e�l�a�z�i�o�n�e 190

6.8S�i�s�t�e�m�i� �m�a�g�n�e�t�i�c�i� �e �m�o�d�e�l�l�i� �r�e�t�i�c�o�l�a�r�i� 200

6.9M�o�d�e�l�l�i� �u�n�i�d�i�m�e�n�s�i�o�n�a�l�i� 207

A�p�p�e�n�d�i�c�e 215

6.AN�o�z�i�o�n�i� �d�i� �a�n�a�l�i�s�i� �a�s�i�n�t�o�t�i�c�a� 215

6.1 E�n�t�r�o�p�i�a� �d�i� �e�q�u�i�l�i�b�r�i�o �e �i�n�s�i�e�m�e �m�i�c�r�o�c�a�n�o�n�i�c�o



170 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

§162 L'�e�n�t�r�o�p�i�a� �d�i� B�o�l�t�z�m�a�n�n� �d�e�l �m�a�c�r�o�s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o
Γeq �d�i� �u�n� �s�i�s�t�e�m�a� �i�s�o�l�a�t�o �a�d� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e E (x) = U �è

S = k log |Γeq| , (6.1)

�d�o�v�e |Γeq| �è �i�l �v�o�l�u�m�e �d�i� Γeq. T�a�l�e �v�o�l�u�m�e �è �d�a�t�o �d�a�l�l�a� �s�u�a�
�m�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� (4.30) �p�e�r� E = U, �c�i�o�è |Γeq| = µU(Γeq),
�d�o�v�e µU �è �l�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e �r�i�s�t�r�e�t�t�a� �a�l �g�u�s�c�i�o �d�i� �e�n�e�r�-
�g�i�a� �c�o�s�t�a�t�e U. M�a�, �c�o�m�e �a�b�b�i�a�m�o �v�i�s�t�o �n�e�l �p�r�e�c�e�d�e�n�t�e �c�a�p�i�-
�t�o�l�o, �i�l �v�o�l�u�m�e �d�i� Γeq �è �q�u�a�s�i� �u�g�u�a�l�e �a�l�l�a� �v�o�l�u�m�e Ω(U) �d�e�l-
�l��i�n�t�e�r�a� �s�u�p�e�r�f�i�c�i�e �d�i� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e ΓE=U , �n�e�l �s�e�n�s�o �c�h�e
µU(ΓE=U \ Γeq) = O(e−N). A�l�l�o�r�a�, �a� �m�e�n�o �d�i� �u�n� �e�r�r�o�r�e �t�r�a�s�c�u�-
�r�a�b�i�l�e �c�h�e �t�e�n�d�e �a� �z�e�r�o �p�e�r� N �c�h�e �t�e�n�d�e �a�l�l��i�n�f�i�n�i�t�o, �l��e�n�t�r�o�p�i�a�
�d�i� �e�q�u�i�l�i�b�r�i�o �d�i� �u�n� �s�i�s�t�e�m�a� �a�d� �e�n�e�r�g�i�a� �c�o�s�t�a�n�t�e U �è

S = k log Ω(U). (6.2)

L'�e��. (6.3) �è �l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�-
�t�i�s�t�i�c�a� �d�e�l�l��e�q�u�i�l�i�b�r�i�o: �p�o�i�c�h�é Ω(U) �d�i�p�e�n�d�e �s�o�l�o �d�a�l�l�e �v�a�r�i�a�b�i�l�i�
�e�s�t�e�n�s�i�v�e �e�n�e�r�g�i�a� �i�n�t�e�r�n�a� U, �v�o�l�u�m�e V �e �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l-
�l�e N, �e�s�s�a� �d�e�t�e�r�m�i�n�a� �l��e�n�t�r�o�p�i�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o
S = S(U, V, N), �i�n� �f�u�n�z�i�o�n�e �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e �d�e�l �s�i�-
�s�t�e�m�a�, �c�i�o�è �l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�i� G�i�b�b��, �s�e�c�o�n�d�o �l�a�
�t�e�r�m�i�n�o�l�o�g�i�a� �i�n�t�r�o�d�o�t�t�a� �i�n� 13: �d�a� �q�u�e�s�t�a� �r�e�l�a�z�i�o�n�e �s�e�g�u�o�n�o
�t�u�t�t�e �l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�e�l �s�i�s�t�e�m�a�.

P�e�r� �c�a�l�c�o�l�a�r�e Ω(U), �u�s�u�a�l�m�e�n�t�e �c�h�i�a�m�a�t�o �d�e�n�s�i�t�à� �d�e�g�l�i�
�s�t�a�t�i�, �s�i� �p�u�ò �u�t�i�l�i�z�z�a�r�e �l��e�q�u�a�z�i�o�n�e (4.40),

Ω(U) =
dΣ(E)

dE

∣∣∣∣
E=U

, Σ(E) =
∫

{E (x)≤E}
dx
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E�s�s�e�n�d�o Σ(E) ∼ EN (�v�e�d�e�r�e �l��e�s�e�m�p�i�o �d�e�l �g�a�� �i�d�e�a�l�e �i�n� 135) �e
N � 1,

log Σ(U) ∼ log Ω(U).

N�e �s�e�g�u�e �c�h�e �l��e�n�t�r�o�p�i�a� �è �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e �d�a�t�a� �d�a�l�l�a� �f�o�r�m�u�-
�l�a�

S(U) = k log Σ(U). (6.3)

I�n�o�l�t�r�e, �s�e �è �l��e�n�e�r�g�i�a� �d�e�l �s�i�s�t�e�m�a� �n�o�n� �è �d�e�f�i�n�i�t�a� �e�s�a�t�t�a�-
�m�e�n�t�e, �m�a� �è �c�o�m�p�r�e�s�a� �i�n� �u�n� �i�n�t�e�r�v�a�l�l�o [U, U + δE], �d�o�v�e δE

�è �p�i�c�c�o�l�o �s�u� �s�c�a�l�a� �m�a�c�r�o�s�c�o�p�i�c�a�, �c�i�o�è δE � U, �m�a� �g�r�a�n�d�e �s�u�
�s�c�a�l�a� �m�i�c�r�o�s�c�o�p�i�c�a�, �l��e�n�t�r�o�p�i�a� �d�i� �u�n� �t�a�l�e �m�a�c�r�o�s�t�a�t�o ΓU,U+δE �è

S(U, U + δE) = k log |ΓU,U+δE| = k log [Σ(U + δE)− Σ(U)]

= k log [Ω(U)δE] = k log Ω(U) + k log δE

∼ S(U),

�i�l �c�h�e �c�i� �r�i�p�o�r�t�a�, �a�n�c�h�e �i�n� �q�u�e�s�t�o �c�a�s�o, �a�l�l�a� �f�o�r�m�u�l�a� (6.2).

§163 L�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o L�a� �f�o�r�m�u�l�a� (6.2) �è �i�n�t�e�s�a� �c�o�m�e
�f�o�r�m�u�l�a� �a�s�i�n�t�o�t�i�c�a� �p�e�r� N � 1 �e �n�e�l �l�i�m�i�t�e �d�i� �v�o�l�u�m�e �g�r�a�n�d�e
V, �m�a�n�t�e�n�e�n�d�o �c�o�s�t�a�n�t�e �l�a� �d�e�n�s�i�t�à� �d�i� �p�a�r�t�i�c�e�l�l�e ρ = N/V.
I �n�t�r�o�d�u�c�e�n�d�o �l��e�n�t�r�o�p�i�a� �p�e�r� �p�a�r�t�i�c�e�l�l�a� s �e �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a�
�p�e�r� �p�a�r�t�i�c�e�l�l�a� u, �c�o�s�i�c�c�h�é S = Ns �e U = Nu, �s�i� �p�e�r�v�i�e�n�e �a�l�l�a�
�f�o�r�m�u�l�a� �e�s�a�t�t�a�

s(u) = k lim
N→∞
V→∞

N/V=�c�o�s�t.

1
N

log Ω(Nu) (6.4)

Q�u�e�s�t�o �l�i�m�i�t�e �è �d�e�t�t�o �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o �e �r�i�c�h�i�e�d�e �q�u�a�l�c�h�e
�c�a�u�t�e�l�a� (�s�i� �v�e�d�a� �l�a� �s�e�z�i�o�n�e 6.5).
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§164 G�a�� �i�d�e�a�l�e �d�i� �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e D�a�l�l�a� �f�o�r�m�u�l�a� (4.42)
�s�i� �o�t�t�i�e�n�e

Ω(U) =
dΣ(E)

dE

∣∣∣∣
E=U

=
3N
2

c3N(2m)3N/2U(3N/2)−1 VN

N!
(6.5)

U�s�a�n�d�o �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i� S�t�i�r�l�i�n�g �d�e�l �f�a�t�t�o�r�i�a�l�e, �p�e�r�
N � 1 �s�i� �o�t�t�i�e�n�e

S(U, V, N) =
3
2

Nk log U + Nk log V − Nk(log N − 1), (6.6)

�c�h�e �è �p�r�o�p�r�i�o �l��e�n�t�r�o�p�i�a� �d�i� C�l�a�u�s�i�u�� �d�e�l �g�a�� �i�d�e�a�l�e.

§165 I�n�s�i�e�m�e �m�i�c�r�o�c�a�n�o�n�i�c�o I�n� �g�e�n�e�r�a�l�e, �i�l �v�a�l�o�r�e �d�i� �e�q�u�i�-
�l�i�b�r�i�o �d�i� �u�n�a� �q�u�a�n�t�i�t�à� �f�i�s�i�c�a� f (x) �s�i� �d�e�t�e�r�m�i�n�a� �c�a�l�c�o�l�a�n�d�o�n�e
�i�l �s�u�o �v�a�l�o�r� �m�e�d�i�o 〈 f 〉 �r�i�s�p�e�t�t�o �a�l�l�a� �m�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a�
(4.41):

〈 f 〉 =
∫

Γ
f (x)dσU(x) =

1
|ΓU |

∫

Γ
f (x)δ [U − E (x)]dx . (6.7)

S�e�g�u�e�n�d�o �l�a� �t�e�r�m�i�n�o�l�o�g�i�a� �o�r�i�g�i�n�a�r�i�a� �d�i� G�i�b�b��, �l�a� �m�i�s�u�r�a� �m�i�c�r�o-
�c�a�n�o�n�i�c�a� �è �a�n�c�h�e �c�h�i�a�m�a�t�a� �i�n�s�i�e�m�e (�o `̀ �e�n�s�e�m�b�l�e'') �m�i�c�r�o�c�a�n�o�n�i�-
�c�o.

6.2 F�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �e �i�n�s�i�e�m�e �c�a�n�o�n�i�c�o

§166 I�n� �g�e�n�e�r�a�l�e, �i�l �c�a�l�c�o�l�o �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e
�m�e�d�i�a�n�t�e �l��e�q�u�a�z�i�o�n�e (6.2) �n�o�n� �s�e�m�p�r�e �è �a�g�e�v�o�l�e �c�o�m�e �n�e�l �c�a�-
�s�o �d�e�l �g�a�� �p�e�r�f�e�t�t�o. I �n�o�l�t�r�e, �r�i�s�u�l�t�a� �p�i�ù� �f�a�c�i�l�e �d�a� �c�o�n�t�r�o�l�l�a�r�e
�n�o�n� �t�a�n�t�o �l��e�n�e�r�g�i�a� �d�e�l �s�i�s�t�e�m�a�, �m�a� �l�a� �s�u�a� �t�e�m�p�e�r�a�t�u�r�a�. P�e�r�
�v�e�n�i�r�e �i�n�c�o�n�t�r�o �a� �q�u�e�s�t�e �d�u�e �e�s�i�g�e�n�z�e, G�i�b�b�� �i�n�t�r�o�d�u�s�s�e �u�n�
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�a�r�t�i�f�i�c�i�o �c�h�e �p�e�r�m�e�t�t�e �u�n� �c�a�l�c�o�l�o �p�i�ù� �e�f�f�i�c�i�e�n�t�e �d�e�l�l�e �p�r�o�p�r�i�e�t�à�
�t�e�r�m�o�d�i�n�a�m�i�c�h�e.

S�u�p�p�o�n�i�a�m�o �c�h�e �i�l �s�i�s�t�e�m�a� �c�h�e �c�i� �i�n�t�e�r�e�s�s�a� �s�i�a� �i�n� �c�o�n�t�a�t-
�t�o �c�o�n� �u�n� �s�i�s�t�e�m�a� �m�o�l�t�o �p�i�ù� �g�r�a�n�d�e �c�h�e �c�h�i�a�m�e�r�e�m�o �s�e�r�b�a�-
�t�o�i�o �d�i� �c�a�l�o�r�e. I�l �s�i�s�t�e�m�a� �e �i�l �s�e�r�b�a�t�o�i�o �p�o�s�s�o�n�o �l�i�b�e�r�a�m�e�n�t�e
�s�c�a�m�b�i�a�r�e �e�n�e�r�g�i�a�. A�l�l��e�q�u�i�l�i�b�r�i�o, �a�v�r�a�n�n�o �l�a� �s�t�e�s�s�a� �t�e�m�p�e�r�a�-
�t�u�r�a�, �p�o�i�c�h�é �i�l �s�e�r�b�a�t�o�i�o �è �m�o�l�t�o �p�i�ù� �g�r�a�n�d�e �d�e�l �s�i�s�t�e�m�a�. S�i�
�p�u�ò �i�n�o�l�t�r�e �s�u�p�p�o�r�r�e �c�h�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�e�l �s�e�r�b�a�t�o�i�o �r�e�s�t�i�
�l�a� �s�t�e�s�s�a�, �i�n�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e �d�a�l�l�a� �q�u�a�n�t�i�t�à� �d�i� �e�n�e�r�g�i�a� �s�c�a�m�-
�b�i�a�t�a� �c�o�n� �i�l �s�i�s�t�e�m�a�. I �n� �q�u�e�s�t�o �m�o�d�o, �a�b�b�i�a�m�o �i�m�p�o�s�t�o �u�n�
�v�a�l�o�r�e �f�i�s�s�o �d�i� �t�e�m�p�e�r�a�t�u�r�a� �a�l �s�i�s�t�e�m�a�. T�u�t�t�a�v�i�a�, �l��e�n�e�r�g�i�a�
�d�e�l �s�i�s�t�e�m�a� �n�o�n� �s�a�r�à� �c�o�s�t�a�n�t�e, �m�a� �s�a�r�à� �s�o�g�g�e�t�t�a� �a� �p�i�c�c�o�l�e
�f�l�u�t�t�u�a�z�i�o�n�i� �i�n�t�o�r�n�o �a�l �s�u�o �v�a�l�o�r� �m�e�d�i�o.

I �n�d�i�c�h�i�a�m�o �c�o�n� �l�a� �c�o�p�p�i�a� (x, x0) �l�o �s�t�a�t�o �m�i�c�r�o�s�c�o�p�i�c�o
�d�e�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o `̀ �s�i�s�t�e�m�a� + �s�e�r�b�a�t�o�i�o �d�i� �c�a�l�o�r�e'', �d�o-
�v�e x �è �p�u�n�t�o �d�i� �f�a�s�e �r�a�p�p�r�e�s�e�n�t�a�t�i�v�o �d�e�l �s�i�s�t�e�m�a�, �e x0 �d�e�l
�s�e�r�b�a�t�o�i�o. S�i�a�

E tot(x, y) = E (x) + E 0(y0) +U (x, x0)

�l�H�a�m�i�l�t�o�n�i�a�n�a� �d�e�l �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o, �d�o�v�e E (x), E 0(x0) �s�o-
�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �l�e �e�n�e�r�g�i�e �d�e�l �s�i�s�t�e�m�a� �e �d�e�l �s�e�r�b�a�t�o�i�o;
U (x, x0) �è �l��e�n�e�r�g�i�a� �p�o�t�e�n�z�i�a�l�e �d�i� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �s�i�s�t�e�m�a� �e
�s�e�r�b�a�t�o�i�o. A�s�s�u�m�e�n�d�o �c�h�e �q�u�e�s�t'�u�l�t�i�m�a� �s�i�a� �t�r�a�s�c�u�r�a�b�i�l�e �r�i�-
�s�p�e�t�t�o �a�l�l�e �e�n�e�r�g�i�e �d�e�i� �s�i�n�g�o�l�i� �s�i�s�t�e�m�i�, �l��e�n�e�r�g�i�a� �t�o�t�a�l�e �s�a�r�à�
Etot = E + E0 �c�o�n� E� E0.

C�a�l�c�o�l�i�a�m�o �i�l �v�a�l�o�r� �m�e�d�i�o �d�i� �u�n�a� �q�u�a�l�u�n�q�u�e �q�u�a�n�t�i�t�à� �f�i�s�i�c�a�
f = f (x) �d�e�l �s�i�s�t�e�m�a� �u�s�a�n�d�o �l�a� �m�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �p�e�r� �i�l
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�s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o. A�p�p�l�i�c�a�n�d�o �l�a� (6.7), �o�t�t�e�n�i�a�m�o

〈 f 〉 = 1
|ΓEtot |

∫
f (x)δ

[
Etot − E (x)− E 0(0)

]
dxdx0

=
1
|ΓEtot |

∫
dx f (x)

∫
dx0 δ

[
Etot − E (x)− E 0(x0)

]

L'�i�n�t�e�g�r�a�l�e �i�n� dx0 �è �i�l �v�o�l�u�m�e �d�i� �f�a�s�e �a�c�c�e�s�s�i�b�i�l�e �a�l �s�e�r�-
�b�a�t�o�i�o �q�u�a�n�d�o �l�a� �s�u�a� �e�n�e�r�g�i�a� �a�s�s�u�m�e �i�l �v�a�l�o�r�e Etot − E (x).
U�t�i�l�i�z�z�a�n�d�o �l�a� �f�o�r�m�u�l�a� �d�e�l�l��e�n�t�r�o�p�i�a� (6.2), �e�s�s�o �d�i�v�e�n�t�a�

∫
dx0 δ

[
Etot − E (x)− E 0(0)

]
= exp

[
1
k

S0(Etot − E (x))
]

,

�d�o�v�e S0 �è �l�a� �f�u�n�z�i�o�n�e �e�n�t�r�o�p�i�a� �d�e�l �s�e�r�b�a�t�o�i�o. E�s�s�e�n�d�o �i�l �s�i�-
�s�t�e�m�a� �m�o�l�t�o �p�i�ù� �p�i�c�c�o�l�o �d�e�l �s�e�r�b�a�t�o�i�o, �p�o�s�s�i�a�m�o �s�v�i�l�u�p�p�a�r�e
�i�n� �s�e�r�i�e �d�i� T�a�y�l�o�r� �l��e�s�p�o�n�e�n�t�e,

exp
[

1
k

S0(Etot − E (x))
]
≈ exp

[
1
k

S0(Etot)

]
exp

[
−1

k
∂S0

∂E0

∣∣∣∣
Etot

E (x))
]

.

�e �r�i�c�o�n�o�s�c�e�r�e �c�h�e
∂S0

∂E0

∣∣∣∣
Etot

=
1
T

�d�o�v�e T �è �l�a� �t�e�m�p�e�r�a�t�u�r�a� �f�i�s�s�a�t�a� �d�e�l �s�e�r�b�a�t�o�i�o (�e �q�u�i�n�d�i� �d�e�l
�s�i�s�t�e�m�a� �i�n� �c�o�n�t�a�t�t�o �c�o�n� �i�l �s�e�r�b�a�t�o�i�o). O�t�t�e�n�i�a�m�o �c�o�s�ì�

〈 f 〉 =
1
Z
∫

f (x)e−βE (x)dx, β ≡ 1
kT

. (6.8)

L�a� �c�o�s�t�a�n�t�e Z �è �c�h�i�a�m�a�t�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�a�n�o�n�i�c�a�
�o �s�e�m�p�l�i�c�e�m�e�n�t�e �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e. E�s�s�a� �s�i� �c�a�l�c�o�l�a�
�p�o�n�e�n�d�o f (x) = 1 �n�e�l�l��i�n�t�e�g�r�a�l�e �s�o�p�r�a� (�d�o�v�e�n�d�o �e�s�s�e�r�e 〈1〉 =
1):

Z(β) =
∫

e−βE (x)dx (6.9)

V�e�d�i�a�m�o �c�h�e �o�r�a� �s�i�a�m�o �i�n� �g�r�a�d�o �d�i� �i�n�t�e�g�r�a�r�e �l�i�b�e�r�a�m�e�n�t�e
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�s�u� �t�u�t�t�o �l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �d�e�l �s�i�s�t�e�m�a�, �m�a� �c�h�e �l�e �d�i�v�e�r�s�e
�r�e�g�i�o�n�i� �d�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �v�e�n�g�o�n�o �p�e�s�a�t�e �p�r�o�p�o�r�z�i�o�n�a�l-
�m�e�n�t�e �a�l �f�a�t�t�o�r�e e−βE (x), �c�h�i�a�m�a�t�o �f�a�t�t�o�r�e �d�i� B�o�l�t�z�m�a�n�n� �c�h�e, �a�
�d�i�f�f�e�r�e�n�z�a� �d�e�l�l�a� �m�i�s�u�r�a� �d�i� L�i�o�u�v�i�l�l�e, �p�e�s�a� �i�n� �m�o�d�o �d�i�v�e�r�s�o �i�
�p�u�n�t�i� �n�e�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i�. L�a� �m�i�s�u�r�a� ρβ(x)dx, �c�o�n�

ρβ(x) =
1
Z e−βE (x) (6.10)

�s�i� �c�h�i�a�m�a� �m�i�s�u�r�a� �c�a�n�o�n�i�c�a� �o �m�i�s�u�r�a� �d�i� G�i�b�b��, �o �a�n�c�h�e �i�n�s�i�e-
�m�e �c�a�n�o�n�i�c�o; �l�a� �f�u�n�z�i�o�n�e ρβ �è �d�e�t�t�a� �d�e�n�s�i�t�à� �d�i� �p�r�o�b�a�b�i�l�i�t�à�
�c�a�n�o�n�i�c�a�.

§167 F�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �e�d� �e�n�e�r�g�i�a� �l�i�b�e�r�a� M�e�d�i�a�n�t�e �l�a�
�f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �s�i� �p�o�s�s�o�n�o �c�a�l�c�o�l�a�r�e �t�u�t�t�e �l�e �p�r�o�p�r�i�e-
�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �u�n� �s�i�s�t�e�m�a� �i�n� �u�n� �m�o�d�o �e�q�u�i�v�a�l�e�n�t�e �a�
�q�u�e�l�l�o �b�a�s�a�t�o �s�u�l �c�a�l�c�o�l�o �d�e�l�l�a� �d�e�n�s�i�t�à� �d�e�g�l�i� �s�t�a�t�i� �d�e�l �s�i�s�t�e�m�a�
�e �l��u�t�i�l�i�z�z�o �d�e�l�l�a� �f�o�r�m�u�l�a� (6.2). M�o�s�t�r�i�a�m�o �c�o�m�e.

I �n� �p�r�i�m�o �l�u�o�g�o, �o�t�t�e�n�i�a�m�o �u�n�a� �f�o�r�m�u�l�a� �e�q�u�i�v�a�l�e�n�t�e �p�e�r� �l�a�
�f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e. D�a�l�l�a� �d�e�f�i�n�i�z�i�o�n�e (6.9), �o�t�t�e�n�i�a�m�o

Z(β) =
∫

e−βE (x)dx

=
∫ [∫ ∞

0
δ(E (x)− E)e−βEdE

]
dx (�r�i�s�c�r�i�t�t�u�r�a� �d�e�l�l��i�n�t�e�g�r�a�l�e �u�s�a�n�d�o �l�a� �d�e�l�t�a� �d�i� D�i�r�a�c)

=
∫ ∞

0

[∫

Γ
δ(E (x)− E)dx

]
e−βEdE (�s�c�a�m�b�i�o �d�e�l�l��o�r�d�i�n�e �d�i� �i�n�t�e�g�r�a�z�i�o�n�e)

=
∫ ∞

0
Ω(E)e−βEdE (�u�s�a�t�a� �l�a� �f�o�r�m�u�l�a�

∫

Γ
δ(E (x)− E)dx = Ω(E))

V�e�d�i�a�m�o �q�u�i�n�d�i� �c�h�e �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �è �l�a� �t�r�a�s�f�o�r�-
�m�a�t�a� �d�i� L�a�p�l�a�c�e �d�e�l�l�a� �d�e�n�s�i�t�à� �d�e�g�l�i� �s�t�a�t�i�:

Z(β) =
∫ ∞

0
e−βEΩ(E)dE (6.11)

U�s�a�n�d�o �a�d�e�s�s�o �l�a� �f�o�r�m�u�l�a� (6.2) �p�e�r� U = E, �p�o�s�s�i�a�m�o
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�r�i�s�c�r�i�v�e�r�e �l��u�l�t�i�m�o �i�n�t�e�g�r�a�l�e �n�e�l �s�e�g�u�e�n�t�e �m�o�d�o

Z(β) =
∫ ∞

0
e−βEΩ(E)dE =

∫ ∞

0
e−βE+S(E)/kdE . (6.12)

E�s�s�e�n�d�o E = Ne �e S(E) = Ns(e), �d�o�v�e e �e�d� s �s�o�n�o �r�i�-
�s�p�e�t�t�i�v�a�m�e�n�t�e �l��e�n�e�r�g�i�a� �e �l��e�n�t�r�o�p�i�a� �p�e�r� �p�a�r�t�i�c�e�l�l�a�, �s�i� �h�a�

Z(β) = N
∫ ∞

0
e−N[βe−s(e)/k]de = N

∫ ∞

0
e−Nβ f (e)de . (6.13)

�d�o�v�e
f (e) = e− Ts(e) . (6.14)

S�t�u�d�i�a�m�o �a�d�e�s�s�o �l��a�n�d�a�m�e�n�t�o �a�s�i�n�t�o�t�i�c�o N � 1 �d�e�l�l��i�n�t�e�g�r�a�l�e
(6.13), �u�s�a�n�d�o �i�l �m�e�t�o�d�o �d�i� L�a�p�l�a�c�e �e�s�p�o�s�t�o �i�n� �a�p�p�e�n�d�i�c�e
(�p�e�r� `̀ �p�a�r�a�m�e�t�r�o �g�r�a�n�d�e'' λ = N). A�s�s�u�m�e�n�d�o �c�h�e f (e) �a�b�b�i�a�
�u�n� �s�o�l�o �p�u�n�t�o �s�t�a�z�i�o�n�a�r�i�o, �c�i�o�è �u�n� �s�o�l�o �v�a�l�o�r�e e = u �p�e�r� �c�u�i�
�l�a� �s�u�a� �d�e�r�i�v�a�t�a� �p�r�i�m�a� �s�i� �a�n�n�u�l�l�a�,

f ′(u) = −1 + T
ds
de

∣∣∣∣
e=u

= 0, ⇒ ds
de

∣∣∣∣
e=u

=
1
T

, (6.15)

P�e�r� �i�l �m�e�t�o�d�o �d�i� L�a�p�l�a�c�e, �i�l �c�o�n�t�r�i�b�u�t�o �p�r�i�n�c�i�p�a�l�e �a�l�l��i�n�t�e�g�r�a�l�e
�p�r�o�v�i�e�n�e �d�a�l�l�a� �r�e�g�i�o�n�e �i�n� �u�n� �p�i�c�c�o�l�o �i�n�t�o�r�n�o �d�i� e = u,

Z(β) ∼ e−Nβ f (u) .

L'�e�q�u�a�z�i�o�n�e (6.15) �d�e�f�i�n�i�s�c�e u �c�o�m�e �f�u�n�z�i�o�n�e �d�i� T �o, �e�q�u�i�v�a�-
�l�e�n�t�e�m�e�n�t�e �d�i� β, u = u(β), �p�e�r� �c�u�i�

f (u) = u(β)− Ts(u(β)) ≡ f (β)

�è �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �p�e�r� �p�a�r�t�i�c�e�l�l�a�. Q�u�i�n�d�i�

Z(β) ∼ e−Nβ f (β) = e−βF (6.16)
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�d�o�v�e F = U − TS �è �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�.
R�i�s�u�l�t�a� �c�o�s�ì� �s�t�a�b�i�l�i�t�a� �l��e�q�u�i�v�a�l�e�n�z�a� �d�e�l �m�e�t�o�d�o �b�a�s�a�t�o �s�u�l-

�l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �e �q�u�e�l�l�o �b�a�s�a�t�o �s�u�l�l�a� �d�e�n�s�i�t�à� �d�e�g�l�i�
�s�t�a�t�i�. S�e �s�i� �c�a�l�c�o�l�a� �l��e�n�t�r�o�p�i�a� S(U, V, N) �d�e�l �s�i�s�t�e�m�a� �c�o�n� �l��e��.
(6.2), �a�l�l�o�r�a� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� F(T, V, N) �o�t�t�e�n�u�t�a� �d�a� S �p�e�r� �t�r�a�-
�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e �c�o�i�n�c�i�d�e �c�o�n� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �c�a�l�c�o�l�a�t�a�
�c�o�n� �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e

F = −kT logZ(β) (6.17)

S�i� �o�s�s�e�r�v�i� �c�h�e �l��e�q�u�i�v�a�l�e�n�z�a� �d�e�i� �d�u�e �m�e�t�o�d�i� �è �a�n�c�h�e �e�v�i�d�e�n�-
�z�i�a�t�a� �d�a�l �f�a�t�t�o �c�h�e �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �è �l�a� �t�r�a�s�f�o�r�m�a�-
�t�a� �d�i� L�a�p�l�a�c�e �d�e�l�l�a� �d�e�n�s�i�t�à� �d�e�g�l�i� �s�t�a�t�i�. Q�u�e�s�t�e �d�u�e �f�u�n�z�i�o�n�i�
�f�o�r�n�i�s�c�o�n�o �d�u�n�q�u�e �d�u�e �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�i� �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e
�e�q�u�i�v�a�l�e�n�t�i� �d�e�l�l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �u�n� �s�i�s�t�e�m�a�. I �n�
�e�f�f�e�t�t�i�, �l��u�g�u�a�g�l�i�a�n�z�a� �a�s�i�n�t�o�t�i�c�a�

Z(β) =
∫ ∞

0
e−βEΩ(E)dE ∼ e−βF(β) (6.18)

�m�o�s�t�r�a� �c�h�e �l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�a�p�l�a�c�e �d�i� Ω(E) �è �d�a�t�a� �a�s�i�n�-
�t�o�t�i�c�a�m�e�n�t�e �d�a�l�l��e�s�p�o�n�e�n�z�i�a�l�e �d�e�l�l�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� L�e�g�e�n�d�r�e
�d�e�l �s�u�o �l�o�g�a�r�i�t�m�o S(E) = k log Ω(E), �c�h�e �è �p�r�o�p�r�i�o (�a� �m�e�n�o �d�e�l
�s�e�g�n�o �e �d�i� �u�n�a� �c�o�s�t�a�n�t�e �m�o�l�t�i�p�l�i�c�a�t�i�v�a�) �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�.

§168 L�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o L�a� �f�o�r�m�u�l�a� (6.17) �è �i�n�t�e�s�a�
�c�o�m�e �f�o�r�m�u�l�a� �a�s�i�n�t�o�t�i�c�a� �p�e�r� N � 1 �e �n�e�l �l�i�m�i�t�e �d�i� �v�o�l�u�m�e
�g�r�a�n�d�e V, �m�a�n�t�e�n�e�n�d�o �c�o�s�t�a�n�t�e �l�a� �d�e�n�s�i�t�à� �d�i� �p�a�r�t�i�c�e�l�l�e ρ =

N/V. L�a� �f�o�r�m�u�l�a� �e�s�a�t�t�a� �n�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o �è

β f (β) = lim
N→∞
V→∞

N/V=�c�o�s�t.

− 1
N

logZ(β) (6.19)
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(�p�e�r� �m�a�g�g�i�o�r�i� �d�e�t�t�a�g�l�i�, �s�i� �v�e�d�a� �l�a� �s�e�z�i�o�n�e 6.5).

§169 G�a�� �i�d�e�a�l�e �d�i� �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e C�o�m�e �e�s�e�r�c�i�z�i�o, �c�a�l�c�o-
�l�i�a�m�o �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �d�i� �u�n� �g�a�� �i�d�e�a�l�e �d�i� N �p�a�r�t�i�-
�c�e�l�l�e �i�d�e�n�t�i�c�h�e �d�i� �m�a�s�s�a� m, �a� �t�e�m�p�e�r�a�t�u�r�a� �i�n�v�e�r�s�a� β, �i�n� �u�n�
�r�e�c�i�p�i�e�n�t�e �d�i� �v�o�l�u�m�e V:

Z =
∫

Γ
e−βE (x)dx =

∫

Γ
e−β ∑i

p2
i

2m
d3Ndqd3N p

N!

=
VN

N!

(∫ ∞

−∞
e−βp2/(2m)dp

)3N
=

VN

N!

(
2πm

β

)3N/2
. (6.20)

U�s�a�n�d�o �l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i� S�t�i�r�l�i�n�g log N! ≈ N log N − N,
�p�e�r� N � 1, �o�t�t�e�n�i�a�m�o

logZ = N log V − N(log N − 1)− 3
2

N log β +
3
2

N log(2πm).

A�l�l�o�r�a�, �p�e�r� �l�a� (6.32),

U = −d logZ
dβ

= −
(
−3

2
N

1
β

)
=

3
2

NkT

�c�h�e, �c�o�m�e �e�r�a� �n�a�t�u�r�a�l�e �a�s�p�e�t�t�a�r�s�i�, �è �l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �d�i� �u�n�
�g�a�� �m�o�n�o�a�t�o�m�i�c�o. I �n�o�l�t�r�e, �p�e�r� �l�a� (6.17)

F = −kT logZ = −NkT log V + NkT(log N− 1)− 3
2

NkT log kT− 3
2

NkT log(2πm).

C�o�m�e �s�i� �p�u�ò �f�a�c�i�l�m�e�n�t�e �v�e�r�i�f�i�c�a�r�e, �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� F �c�o�s�ì�
�o�t�t�e�n�u�t�a� �c�o�i�n�c�i�d�e, �a� �m�e�n�o �d�i� �u�n�a� �c�o�s�t�a�n�t�e �d�i�p�e�n�d�e�n�t�e �d�a� T �e
N, �c�o�n� F = U − TS, �p�e�r� S �d�a�t�a� �d�a�l�l�a� (6.6). R�i�s�u�l�t�a� �q�u�i�n�d�i�
�v�e�r�i�f�i�c�a�t�o �c�h�e �l�a� �m�i�s�u�r�a� �m�i�c�r�o�c�a�n�o�n�i�c�a� �e �q�u�e�l�l�a� �c�a�m�o�n�i�c�a�
�f�o�r�n�i�s�c�o�n�o �l�a� �s�t�e�s�s�a� �d�e�s�c�r�i�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �p�e�r� �i�l �g�a��
�i�d�e�a�l�e.
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6.3 F�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�o�n�f�i�g�u�r�a�z�i�o�n�a�l�e

§170 C�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� �d�i� �p�a�r�t�i�c�e�l�l�e �c�o�n� �u�n�a�
�h�a�m�i�l�t�o�n�i�a�n�e �d�e�l �t�i�p�o

E = K (p) +U (q), (6.21)

�d�o�v�e
K (p) =

N

∑
i=1

p2
i

2m
(6.22)

�e
U (p) = ∑

1≤i<j≤N
φ
(∣∣ri − r j

∣∣) (6.23)

�s�o�n�o �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e �l��e�n�e�r�g�i�a� �c�i�n�e�t�i�c�a� �e �l��e�n�e�r�g�i�a� �p�o�t�e�n�z�i�a�l�e.
N�e�l�l��e�q�u�a�z�i�o�n�e �p�r�e�c�e�d�e�n�t�e φ(r) �è �i�l �p�o�t�e�n�z�i�a�l�e �d�i� �i�n�t�e�r�a�z�i�o-
�n�e �t�r�a� �c�o�p�p�i�e �d�i� �p�a�r�t�i�c�e�l�l�e. I �n� �q�u�e�s�t�o �c�a�s�o, �l�a� �f�u�n�z�i�o�n�e �d�i�
�p�a�r�t�i�z�i�o�n�e (6.9) �f�a�t�t�o�r�i�z�z�a�

Z =

(∫
e−βK (p)dp

)(∫
e−βU (q)dq

)

P�e�r� �u�n� �s�i�s�t�e�m�a� �d�i� N �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e, �c�o�n�v�i�e�n�e �a�s�s�o�r�-
�b�i�r�e N! �n�e�l �s�e�c�o�n�d�o �t�e�r�m�i�n�e �p�o�n�e�n�d�o dq = d3Nq/N!, �m�e�n�t�r�e �i�l
�p�r�i�m�o �t�e�r�m�i�n�e �è �l�o �s�t�e�s�s�o �d�e�l �g�a�� �i�d�e�a�l�e. A�l�l�o�r�a� �s�i� �h�a�

Z = ZKZC (6.24)

�d�o�v�e
ZK = (2πmkT)3N/2 (6.25)

�e
ZC =

∫
e−βU (q)dq (6.26)

�è �d�e�t�t�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�o�n�f�i�g�u�r�a�z�i�o�n�a�l�e.
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P�e�r� �i�l �g�a�� �i�d�e�a�l�e �i�n� �u�n� �r�e�c�i�p�i�e�n�t�e �d�i� �v�o�l�u�m�e V

ZC =
VN

N!
(�g�a�� �i�d�e�a�l�e) (6.27)

§171 E�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o D�a�l�l�a� �r�e�l�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a�

P = − ∂F
∂V

∣∣∣∣
T

(6.28)

�s�i� �o�t�t�i�e�n�e
βP =

∂ logZ
∂V

=
∂ logZC

∂V
. (6.29)

Q�u�e�s�t�a� �è �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �d�e�l �s�i�s�t�e�m�a�. P�e�r� �u�n� �g�a�� �i�d�e�a�l�e,
�r�i�o�t�t�e�n�i�a�m�o �l��e�q�u�a�z�i�o�n�e �u�s�u�a�l�e

βP = ρ , ρ =
N
V

. (6.30)

6.4 L�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �c�a�n�o�n�i�c�a�

§172 F�l�u�t�t�u�a�z�i�o�n�e �d�e�l�l��e�n�e�r�g�i�a� �n�e�l�l��i�n�s�i�e�m�e �c�a�n�o�n�i�c�o L�a�
�c�a�r�a�t�t�e�r�i�s�t�i�c�a� �p�i�ù� �i�m�p�o�r�t�a�n�t�e �d�e�l�l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �c�a�n�o�n�i�c�a�
(6.10) �è �c�h�e �e�s�s�a� �è �c�o�n�c�e�n�t�r�a�t�a� �n�e�l�l��i�n�t�o�r�n�o �d�e�l �v�a�l�o�r� �m�e�d�i�o
�d�i� �e�n�e�r�g�i�a�

U = 〈E 〉 = 1
Z
∫

E (x)e−βE (x)dx , (6.31)

�c�o�m�e �i�l�l�u�s�t�r�a�t�o �i�n� �f�i�g�u�r�a� 6.1. P�e�r� �m�o�s�t�r�a�r�e �q�u�e�s�t�o, �i�n�c�o�m�i�n�-
�c�i�a�m�o �c�o�n� �l��o�s�s�e�r�v�a�r�e �c�h�e �d�a�l�l�a� (6.9) �s�i� �o�t�t�i�e�n�e

EU

F�i�g�u�r�a� 6.1: G�r�a�f�i�c�o �d�e�l�l�a� �d�e�n�s�i�t�à�
�c�a�n�o�n�i�c�a� ρβ(E).

dZ
dβ

= −
∫

E (x)e−βE (x)dx = −Z 〈E 〉 ,

�d�a� �c�u�i�
〈E 〉 = −d logZ

dβ
. (6.32)
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S�e �d�e�r�i�v�i�a�m�o �a�n�c�o�r�a� �u�n�a� �v�o�l�t�a� �o�t�t�e�n�i�a�m�o

− d
dβ
〈E 〉 = − d

dβ

[
1
Z
∫

E (x)e−βE (x)dx
]

=
1
Z2

dZ
dβ
Z 〈E 〉 − 1

Z
(
−Z

〈
E 2
〉)

=
〈
E 2
〉
− 〈E 〉2 ≡

〈
(δE )2

〉
,

�c�h�e �è �l�a� �v�a�r�i�a�n�z�a� �d�e�l�l��e�n�e�r�g�i�a�. E�s�s�e�n�d�o 〈E 〉 = U, �l��e�n�e�r�g�i�a�
�i�n�t�e�r�n�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�, �i�l �c�a�l�c�o�l�o �d�e�l�l�a� �v�a�r�i�a�n�z�a� �d�e�l�l��e�n�e�r�g�i�a� �è
�r�i�c�o�n�d�o�t�t�o �a�l�l�a� �d�e�r�i�v�a�t�a� �d�e�l�l��e�n�e�r�g�i�a� �i�n�t�e�r�n�a� �r�i�s�p�e�t�t�o �a� β:

〈
(δE )2

〉
= − d

dβ
〈E 〉 = −∂U

∂β

= −∂U
∂T

dT
dβ

= −Cv
d

dβ

1
kβ

= Cv
1

kβ2 = kT2Cv.

R�i�a�s�s�u�m�e�n�d�o,

U = 〈E 〉 = −∂ logZ
∂β

〈
(δE )2

〉
= −∂U

∂β
=

∂2 logZ
∂β2 = kT2Cv

(6.33)

(6.34)

§173 L�a� �d�i�s�p�e�r�s�i�o�n�e (�f�l�u�t�t�u�a�z�i�o�n�e) �m�e�d�i�a� �d�e�l�l��e�n�e�r�g�i�a� �è

δE ≡
√
〈(δE )2〉 =

√
kT2Cv. (6.35)

�e�d� �è �d�u�n�q�u�e �d�i� �o�r�d�i�n�e N1/2. Q�u�i�n�d�i� �l�a� �d�i�s�p�e�r�s�i�o�n�e �r�e�l�a�t�i�v�a� �è

δE

〈E 〉 =
√

kT2Cv

U2 . (6.36)

A�d� �e�s�e�m�p�i�o, �p�e�r� �u�n� �g�a�� �p�e�r�f�e�t�t�o Cv ≈ Nk, U ≈ NkT �e �p�e�r�c�i�ò

δE

〈E 〉 =
√

kT2Nk
N2k2T2 =

1√
N

.



182 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

D�u�n�q�u�e �n�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o, �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�l�l��e�n�e�r�g�i�a�
�v�a�n�n�o �a� �z�e�r�o.

§174 C�o�n�c�e�n�t�r�a�z�i�o�n�e �a�s�i�n�t�o�t�i�c�a� �d�e�l�l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �c�a�n�o�n�i�-
�c�a� S�i� �p�u�ò �a�r�r�i�v�a�r�e �a�l�l�a� �c�o�n�c�l�u�s�i�o�n�e �a� �c�u�i� �s�i�a�m�o �g�i�u�n�t�i� �i�n�
�m�a�n�i�e�r�a� �p�i�ù� �r�i�g�o�r�o�s�a�, �s�t�u�d�i�a�n�d�o �e�s�p�l�i�c�i�t�a�m�e�n�t�e �l��a�n�d�a�m�e�n�-
�t�o �a�s�i�n�t�o�t�i�c�o �d�e�l�l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� �p�r�o�b�a�b�i�l�i�t�à� �c�a�n�o�n�i�c�a�. P�e�r�
�f�a�r�e �q�u�e�s�t�o, �c�o�n�s�i�d�e�r�i�a�m�o �i�l �v�a�l�o�r� �m�e�d�i�o �c�a�n�o�n�i�c�o

〈 f (E )〉 = 1
Z
∫

g(E (x))e−βE (x)dx

�d�i� �u�n�a� �q�u�a�l�u�n�q�u�e �f�u�n�z�i�o�n�e g(E ) �d�e�l�l��e�n�e�r�g�i�a� E .
M�e�d�i�a�n�t�e �g�l�i� �s�t�e�s�s�i� �p�a�s�s�a�g�g�i� �c�h�e �c�i� �h�a�n�n�o �p�o�r�t�a�t�o �a�l�l�a�

(6.11), �s�i� �o�t�t�i�e�n�e

〈 f (E )〉 = 1
Z
∫ ∞

0
g(E)e−βE−S(E)/kdE (6.37)

=
N
Z
∫ ∞

0
g(Ne)e−βN f (e)de, (6.38)

�c�o�n� f (e) �d�a�t�a� �d�a�l�l�a� (6.14). S�t�u�d�i�a�m�o �a�d�e�s�s�o �l��a�n�d�a�m�e�n�t�o �a�s�i�n�-
�t�o�t�i�c�o �d�i� �q�u�e�s�t�o �i�n�t�e�g�r�a�l�e �p�e�r� N � 1 �c�o�m�e �i�n� 167 �e �u�s�a�n�d�o
�l�e �s�t�e�s�s�e �n�o�t�a�z�i�o�n�i�.

I�l �c�o�n�t�r�i�b�u�t�o �p�r�i�n�c�i�p�a�l�e �a�l�l��i�n�t�e�g�r�a�l�e �p�r�o�v�i�e�n�e �d�a�l�l�a� �r�e-
�g�i�o�n�e �i�n� �u�n� �p�i�c�c�o�l�o �i�n�t�o�r�n�o u − ε ≤ e ≤ u + ε, �d�o�v�e u �è
�s�o�l�u�z�i�o�n�e �d�e�l�l�a� (6.15). D�u�n�q�u�e, �s�v�i�l�u�p�p�a�n�d�o �l��e�s�p�o�n�e�n�t�e �i�n�
�s�e�r�i�e �d�i� T�a�y�l�o�r� �e �t�r�a�s�c�u�r�a�n�d�o �t�e�r�m�i�n�i� �d�i� �o�r�d�i�n�e �s�u�p�e�r�i�o�r�e �a�l
�s�e�c�o�n�d�o, �s�i� �o�t�t�i�e�n�e

〈E 〉 ≈ N
Z
∫ u+ε

u−ε
e−βN[ f (u)+ 1

2 f ′′(u)(u−e)2]g(Ne)de

�d�o�v�e f (u) = f (u(T)) �è �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �p�e�r� �p�a�r�t�i�c�e�l�l�a�. P�o�s�s�i�a�-
�m�o �a�d�e�s�s�o �e�s�t�e�n�d�e�r�e �g�l�i� �e�s�t�r�e�m�i� �d�i� �i�n�t�e�g�r�a�z�i�o�n�e �d�a� −∞ �a� ∞
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�p�e�r� �v�a�l�u�t�a�r�e �g�l�i� �i�n�t�e�g�r�a�l�e, �p�e�r�c�h�é �q�u�e�s�t�o �i�n�t�r�o�d�u�c�e �s�o�l�t�a�n�t�o
�e�r�r�o�r�i� �e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �p�i�c�c�o�l�i�, �e �o�t�t�e�n�e�r�e �c�o�s�ì�

〈g(E )〉 ≈ CN

∫ ∞

−∞
e−βN f ′′(u)

2 (e−u)2
g(Ne)de

�a�v�e�n�d�o �a�s�s�o�r�b�i�t�o �l�e �c�o�s�t�a�n�t�i� �i�n� CN. A�d�e�s�s�o �o�s�s�e�r�v�i�a�m�o �c�h�e

f ′′(u) =
d
de

d
de

e− Ts(e)
∣∣∣∣
e=u

= − T
d2s
de2

∣∣∣∣
e=u

= − N
kTCv

,

�d�o�v�e �n�e�l�l��u�l�t�i�m�o �p�a�s�s�a�g�g�i�o �s�i� �è �u�s�a�t�a� �l��e��. (2.33). A�l�l�o�r�a�,
�r�i�p�r�i�s�t�i�n�a�n�d�o �l�e �v�a�r�i�a�b�i�l�i� �e�s�t�e�n�s�i�v�e, �o�t�t�e�n�i�a�m�o

〈g(E )〉 ≈ C′N
∫ ∞

−∞
e
−(E−U)2

2kT2Cv g(E)dE (6.39)

�a�v�e�n�d�o �a�s�s�o�r�b�i�t�o �l�e �c�o�s�t�a�n�t�i� �i�n� C′N.
L'�e��. (6.39) �m�o�s�t�r�a� �c�h�e �l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� �p�r�o�b�a�b�i�l�i�t�à� �c�a�-

�n�o�n�i�c�a� �p�e�r� N � 1 �è �a�s�i�n�t�o�t�i�c�a�m�e�n�t�e �u�n�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �g�a�u��-
�s�i�a�n�a� �c�o�n� �m�e�d�i�a� 〈E〉 = U �e �d�i�s�p�e�r�s�i�o�n�e 〈(δE )2〉 = kT2Cv,
�i�n� �a�c�c�o�r�d�o �c�o�n� �q�u�a�n�t�o �t�r�o�v�a�t�o �i�n� 172. N�e�l �l�i�m�i�t�e N → ∞

�s�i� �h�a� �d�u�n�q�u�e 〈g(E )〉 = g (〈E 〉). Q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �n�e�l �l�i�m�i�-
�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o �l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� �p�r�o�b�a�b�i�l�i�t�à� �c�a�n�o�n�i�c�a� �s�i�
�s�c�h�i�a�c�c�i�a� �n�e�l�l�a� �d�e�l�t�a� �d�i� D�i�r�a�c �c�e�n�t�r�a�t�a� �n�e�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o
�t�e�r�m�o�d�i�n�a�m�i�c�o �d�e�l�l��e�n�e�r�g�i�a�.

§175 L�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� M�a�x�w�e�l�l-B�o�l�t�z�m�a�n�n� M�e�d�i�a�n�t�e �l�a�
�d�i�s�t�r�i�b�u�z�i�o�n�e �c�a�n�o�n�i�c�a� �s�i� �p�o�s�s�o�n�o �c�a�l�c�o�l�a�r�e �i� �v�a�l�o�r�i� �m�e�d�i� �d�i�
�q�u�a�n�t�i�t�à� �f�i�s�i�c�h�e �a�r�b�i�t�r�a�r�i�e (�n�o�n� �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �f�u�n�z�i�o�n�i� �d�e�l-
�l��e�n�e�r�g�i�a�). U�n�a� �q�u�a�n�t�i�t�à� �m�o�l�t�o �i�m�p�o�r�t�a�n�t�e �è �l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e
�e�m�p�i�r�i�c�a� �d�e�l�l�e �v�e�l�o�c�i�t�à� �i�n� �u�n� �g�a��

Fv(v) =
N

∑
i=1

δ
(pi

m
− v

)
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P�e�r� �u�n� �g�a�� �i�d�e�a�l�e

〈Fv(v)〉 =
1
Z

N

∑
i=1

∫

Γ
δ
(pi

m
− v

)
e−β ∑i

p2
i

2m
d3Ndqd3N p

N!

= N
( m

2πkT

)3/2
exp

{
−mv2

2kT

}

6.5 L�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o

§176 F�i�n�o�r�a� �a�b�b�i�a�m�o �i�n�c�o�n�t�r�a�t�o �d�u�e �m�e�t�o�d�i� �e�q�u�i�v�a�l�e�n�t�i�
�p�e�r� �c�a�l�c�o�l�a�r�e �l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �u�n� �s�i�s�t�e�m�a�
�m�a�c�r�o�s�c�o�p�i�c�o �a� �p�a�r�t�i�r�e �d�a�l�l�a� �s�u�a� �d�e�s�c�r�i�z�i�o�n�e �m�i�c�r�o�s�c�o�p�i�c�a�:

(1) C�a�l�c�o�l�a�r�e �l�a� �d�e�n�s�i�t�à� �d�e�g�l�i� �s�t�a�t�i� Ω(Nu) �d�e�l �s�i�s�t�e�m�a�. A�l�l�o-
�r�a�

s(u) = k lim
N→∞
V→∞

N/V=�c�o�s�t.

1
N

log Ω(Nu) (6.4)

�f�o�r�n�i�s�c�e �l�a� �r�e�l�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �f�o�n�d�a�m�e�n�t�a�l�e �n�e�l�l�a�
�r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�t�r�o�p�i�a�.

(2) C�a�l�c�o�l�a�r�e �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e Z(β) �d�e�l �s�i�s�t�e�m�a�.
A�l�l�o�r�a�

β f (β) = lim
N→∞
V→∞

N/V=�c�o�s�t.

− 1
N

logZ(β) (6.19)

�f�o�r�n�i�s�c�e �l�a� �r�e�l�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �f�o�n�d�a�m�e�n�t�a�l�e �n�e�l�l�a�
�r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �e�n�e�r�g�i�a� �l�i�b�e�r�a�.

§177 A �q�u�e�s�t�o �p�u�n�t�o, �s�i� �p�o�n�g�o�n�o �u�n�a� �s�e�r�i�e �d�i� �d�o�m�a�n�-
�d�e. L�a� �p�r�i�m�a� �è: �i�n� �q�u�a�l�i� �c�i�r�c�o�s�t�a�n�z�e �p�o�s�s�i�a�m�o �a�s�p�e�t�t�a�r�c�i�
�c�h�e �i� �l�i�m�i�t�i� (6.4) �e (6.19) �e�s�i�s�t�o�n�o? L�a� �s�e�c�o�n�d�a� �è �l�e�g�a�t�a� �a�l
�s�i�g�n�i�f�i�c�a�t�o �d�e�l�l�a� �v�a�r�i�a�b�i�l�e �v�o�l�u�m�e.

N�e�l �c�a�l�c�o�l�o �d�e�l�l�a� �d�e�n�s�i�t�à� �d�e�g�l�i� �s�t�a�t�i� �o �d�e�l�l�a� �f�u�n�z�i�o�n�e �d�i�
�p�a�r�t�i�z�i�o�n�e, �d�o�b�b�i�a�m�o �s�p�e�c�i�f�i�c�a�r�e, �i�n� �l�i�n�e�a� �d�i� �p�r�i�n�c�i�p�i�o, �n�o�n�
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�s�o�l�o �i�l �v�a�l�o�r�e �d�e�l �v�o�l�u�m�e �d�e�l �n�o�s�t�r�o �s�i�s�t�e�m�a�, �m�a� �a�n�c�h�e �l�a�
�s�u�a� �f�o�r�m�a� �p�r�e�c�i�s�a� (�a�d� �e�s�e�m�p�i�o �u�n� �c�i�l�i�n�d�r�o, �u�n� �c�u�b�o, �u�n�a�
�s�f�e�r�a�), �i�n� �q�u�a�n�t�o �q�u�e�s�t�o �p�o�t�r�e�b�b�e �i�n�f�l�u�e�n�z�a�r�e �i�l �r�i�s�u�l�t�a�t�o.
D'�a�l�t�r�a� �p�a�r�t�e, �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �s�o�l�i�t�o �n�o�n� �s�i� �p�r�e�o�c�c�u�p�a�
�t�r�o�p�p�o �d�i� �t�a�l�i� �f�o�r�m�e. P�e�r�c�h�é �q�u�e�s�t�o �a�b�b�i�a� �s�e�n�s�o, �i� �l�i�m�i�t�i� (6.4)
�e (6.19) �n�o�n� �d�o�v�r�e�b�b�e�r�o �e�s�s�e�r�e �t�e�r�r�i�b�i�l�m�e�n�t�e �d�i�p�e�n�d�e�n�t�i� �d�a�l�l�a�
�f�o�r�m�a� �d�e�i� �v�o�l�u�m�i� �d�e�i� �s�i�s�t�e�m�i� �l�u�n�g�o �i� �q�u�a�l�i� �i�l �l�i�m�i�t�e �è �p�r�e�s�o.
I �n� �e�f�f�e�t�t�i� �p�e�r� �s�i�s�t�e�m�i� �c�o�n� �i�n�t�e�r�a�z�i�o�n�i� �a� �c�o�r�t�o �r�a�g�g�i�o, �s�i�
�p�u�ò �s�i� �p�u�ò �d�i�m�o�s�t�r�a�r�e �c�h�e �q�u�e�s�t�o �è �v�e�r�o �a� �c�o�n�d�i�z�i�o�n�e �c�h�e
�i� �v�o�l�u�m�i� �s�o�n�o �r�a�g�i�o�n�e�v�o�l�i�, �n�e�l �s�e�n�s�o �c�h�e �i�l �r�a�p�p�o�r�t�o �t�r�a�
�s�u�p�e�r�f�i�c�i�e �e �v�o�l�u�m�e �v�a�d�a� �a� �z�e�r�o.

P�e�r� �i�n�t�e�r�a�z�i�o�n�e �a� �c�o�r�t�o �r�a�g�g�i�o, �i�n�t�e�n�d�i�a�m�o �c�h�e �i�l �p�o�t�e�n�-
�z�i�a�l�e �m�i�c�r�o�s�c�o�p�i�c�o φ(r) �d�i� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �d�u�e �p�a�r�t�i�c�e�l�l�e �a�
�d�i�s�t�a�n�z�a� r �è �d�e�l�l�a� �f�o�r�m�a�

φ(r) = φhc (r) + φ0 (r) (6.40)

�d�o�v�e φhc (r) �è �i�l �p�o�t�e�n�z�i�a�l�e (`̀ �h�c'' �s�t�a� �p�e�r� `̀ �h�a�r�d� �c�o�r�e'')

φhc (r) =





0 �p�e�r� r > r0

∞ �p�e�r� r ≤ r0 ,
. (6.41)

L'`̀ �i�n�f�i�n�i�t�o'' �n�e�l�l��e�q�u�a�z�i�o�n�e �s�o�p�r�a� �s�i�g�n�i�f�i�c�a� �c�h�e �l�e �p�a�r�t�i�c�e�l�l�e
�n�o�n� �p�o�s�s�o�n�o �a�v�v�i�c�i�n�a�r�s�i� �t�r�a� �d�i� �l�o�r�o �a�d� �u�n�a� �d�i�s�t�a�n�z�a� �i�n�f�e-
�r�i�o�r�e �a� r0, �c�o�s�i�c�c�h�é �l�e �p�a�r�t�i�c�e�l�l�e �p�o�s�s�o�n�o �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�e
�c�o�m�e �s�f�e�r�e �r�i�g�i�d�e �d�i� �d�i�a�m�e�t�r�o r0. I�l �p�o�t�e�n�z�i�a�l�e φ0 �è �i�n�v�e�c�e
�u�n�a� �f�u�n�z�i�o�n�e �l�i�s�c�i�a� �a� �c�o�r�t�o �r�a�g�g�i�o (�p�e�r� �e�s�e�m�p�i�o, �u�g�u�a�l�e �a�
�z�e�r�o �p�e�r� �u�n� �v�a�l�o�r�e �d�i� r �g�r�a�n�d�e �m�a� �f�i�n�i�t�o �o �e�v�e�n�t�u�a�l�m�e�n�t�e
�t�e�n�d�e�n�t�e �e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �a� 0 �q�u�a�n�d�o r → ∞). P�e�r� �i�n�t�e�r�a�-
�z�i�o�n�i� �d�i� �q�u�e�s�t�o �t�i�p�o �e �c�o�n� �u�n�a� �o�p�p�o�r�t�u�n�a� �c�a�r�a�t�t�e�r�i�z�z�a�z�i�o�n�e
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�d�e�l �l�i�m�i�t�e �d�i� �v�o�l�u�m�e �i�n�f�i�n�i�t�o, �c�h�e �r�i�s�a�l�e �a� L�é�o�n� �v�a�n� H�o�v�e
(1950), �s�i� �d�i�m�o�s�t�r�a� �c�h�e �i� �l�i�m�i�t�i� (6.4) �e (6.19) �e�s�i�s�t�o�n�o; �l�a�
�d�i�m�o�s�t�r�a�z�i�o�n�e �c�o�m�p�l�e�t�a� �f�u� �d�a�t�a� �d�a� D�a�v�i�d� R�u�e�l�l�e (1963) �e
M�i�c�h�a�e�l F�i�s�h�e�r� (1964).1 1L'�e�s�i�s�t�e�n�z�a� �d�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�-

�n�a�m�i�c�o �p�e�r� �f�o�r�z�e �d�i� �i�n�t�e�r�a�z�i�o�n�e
C�o�u�l�o�m�b�i�a�n�e �è �s�t�a�t�o �r�i�s�o�l�t�o �i�n�
�t�e�m�p�i� �r�e�l�a�t�i�v�a�m�e�n�t�e �r�e�c�e�n�t�i� �d�a�
D�y�s�o�n�, L�e�n�a�r�d�, L�e�b�o�w�i�t�z �e L�i�e�b.

D�i�m�o�s�t�r�a�r�e �c�h�e �i�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o �e�s�i�s�t�e �n�o�n� �è �a�b�b�a�-
�s�t�a�n�z�a� �p�e�r� �g�a�r�a�n�t�i�r�e �c�h�e �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l
�s�i�s�t�e�m�a� �e�s�i�s�t�e. S�i� �d�e�v�e �a�n�c�h�e �d�i�m�o�s�t�r�a�r�e �c�h�e �l�a� �t�e�r�m�o�d�i�n�a�m�i�-
�c�a� �c�h�e �s�i� �o�t�t�i�e�n�e �n�e�l �l�i�m�i�t�e �è �s�t�a�b�i�l�e, �v�a�l�e �a� �d�i�r�e, �p�e�r� �e�s�e�m�-
�p�i�o, �c�h�e �l�a� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �e �l�a� �c�a�p�a�c�i�t�à� �t�e�r�m�i�c�a� �s�o�n�o �n�o�n�
�n�e�g�a�t�i�v�e, �e �p�i�ù� �i�n� �g�e�n�e�r�a�l�e �c�h�e �l��e�m�t�r�o�p�i�a� �e �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�
�s�o�n�o �f�u�n�z�i�o�n�i� �c�o�n�v�e�s�s�e. R�i�s�u�l�t�a� �c�h�e �p�e�r� �u�n� �p�o�t�e�n�z�i�a�l�e �d�i�
�i�n�t�e�r�a�z�i�o�n�e �d�e�l �t�i�p�o (6.40), �q�u�e�s�t�o �è �g�a�r�a�n�t�i�t�o �e�d� �è, �i�n� �e�f�f�e�t�t�i�,
�u�n� �s�o�t�t�o�p�r�o�d�o�t�t�o �d�e�l�l��e�s�i�s�t�e�n�z�a� �d�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o.

6.6 I�n�s�i�e�m�i� �g�e�n�e�r�a�l�i�z�z�a�t�i� �e �i�n�s�i�e�m�e �g�r�a�n� �c�a�n�o�n�i�c�o

§178 V�o�g�l�i�a�m�o �g�e�n�e�r�a�l�i�z�z�a�r�e �l��i�n�s�i�e�m�e �c�a�n�o�n�i�c�o: �s�u�p�p�o�n�i�a�-
�m�o �d�i� �v�o�l�e�r� �m�a�n�t�e�n�e�r�e �f�i�s�s�a�t�o, �n�o�n� �s�o�l�o �i�l �v�a�l�o�r�e �d�e�l�l�a� �t�e�m�-
�p�e�r�a�t�u�r�a� (�i�n�v�e�r�s�a�) β, �m�a� �a�n�c�h�e �i�l �v�a�l�o�r�e �d�i� �u�n�'�a�l�t�r�a� �v�a�r�i�a�b�i�l�e
�i�n�t�e�n�s�i�v�a� P (�s�i� �v�e�d�a� �l��e��. (2.18)). S�i�a� Y = Ny �l�a� �v�a�r�i�a�b�i�l�e
�t�e�r�m�o�n�i�d�a�m�i�c�a� �e�s�t�e�n�s�i�v�a� �c�o�n�i�u�g�a�t�a� �a� P �e �s�i�a� Y = Y (x) �l�a�
�f�u�n�z�i�o�n�e �s�u�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� �i�l �c�u�i� �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �è
Y.

P�e�r� �r�e�a�l�i�z�z�a�r�e �f�i�s�i�c�a�m�e�n�t�e �q�u�e�s�t�o �v�i�n�c�o�l�o, �p�o�s�s�i�a�m�o �s�e�g�u�i�-
�r�e �l�a� �p�r�o�c�e�d�u�r�a� �e�s�p�o�s�t�a� �i�n� 166. I �m�m�a�g�i�n�i�a�m�o �d�i� �m�e�t�t�e�r�e �i�l
�s�i�s�t�e�m�a� �i�n� �c�o�n�t�a�t�t�o �c�o�n� �u�n� �s�i�s�t�e�m�a� (�s�e�r�b�a�t�o�i�o), �c�h�e �è �m�o�l�t�o
�p�i�ù� �g�r�a�n�d�e, �c�o�n� �c�u�i� �p�u�ò �s�c�a�m�b�i�a�r�e �l�a� �q�u�a�n�t�i�t�à� Y, �e �c�h�e �s�i�
�c�a�r�a�t�t�e�r�i�z�z�a� �p�e�r� �i�l �v�a�l�o�r�e P �d�e�l�l�a� �v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a� �c�o�r�-
�r�i�s�p�o�n�d�e�n�t�e. T�e�n�e�n�d�o �p�r�e�s�e�n�t�e �c�h�e P �è �d�e�t�e�r�m�i�n�a�t�a� �d�a�l�l�a�
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�r�e�l�a�z�i�o�n�e (2.18) �p�e�r� �i�l �s�e�r�b�a�t�o�i�o,

∂S0

∂Y0

∣∣∣∣
E
=
P
T

,

�e �p�r�o�c�e�d�e�n�d�o �i�n� �m�a�n�i�e�r�a� �d�e�l �t�u�t�t�o �a�n�a�l�o�g�a� �a� �q�u�e�l�l�a� �s�e�g�u�i�t�a�
�i�n� 166, �s�i� �a�r�r�i�v�a� �a�l�l�a� �f�o�r�m�u�l�a� �p�e�r� �i�l �v�a�l�o�r� �m�e�d�i�o �d�i� �u�n�a�
�q�u�a�n�t�i�t�à� f �d�e�l �s�i�s�t�e�m�a�

〈 f 〉 =
1
Z
∫

f (x)e−β[E (x)+PY (x)]dx, β ≡ 1
kT

. (6.42)

A�n�a�l�o�g�a�m�e�n�t�e, �s�i� �o�t�t�i�e�n�e

Z =
∫

e−β[E (x)+PY (x)]dx ∼ exp
[
−U − TS + PY

kT

]
. (6.43)

�d�o�v�e Y �è �i�l �v�a�l�o�r�e �d�i� �e�q�u�i�l�i�b�r�i�o �d�i� Y , �c�i�o�è Y = 〈Y 〉.

§179 I�n�s�i�e�m�e P− T C�o�n�s�i�d�e�r�i�a�m�o �i�l �c�a�s�o �i�n� �c�u�i� P = P, �l�a�
�p�r�e�s�s�i�o�n�e, �c�o�n� �v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a� �i�l �v�o�l�u�m�e V (x). A�l�l�o�r�a�

ZG =
∫

e−β[E (x)+PV (x)]dx (6.44)

�e

logZG = −U − TS + PV
kT

= − G
kT

(6.45)

�d�o�v�e G = G(T, P, N) �è �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� G�i�b�b��.
P�o�s�s�i�a�m�o �f�a�c�i�l�m�e�n�t�e �o�t�t�e�n�e�r�e �l�e �r�e�l�a�z�i�o�n�i�

V = 〈V 〉 = −∂ log ZG
∂(βp)

(6.46)
〈
(δV )2

〉
≡
〈
V 2
〉
− 〈V 〉2 =

∂2 logZG
∂(βp)2 = kT2VκT , (6.47)
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�d�o�v�e
κT = − 1

V
∂V
∂p

�è �l�a� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �i�s�o�t�e�r�m�a�.

§180 I�n�s�i�e�m�e �g�r�a�n� �c�a�n�o�n�i�c�o C�o�n�s�i�d�e�r�i�a�m�o �i�l �c�a�s�o �i�n� �c�u�i�
P = −µ, �i�l �p�o�t�e�n�z�i�a�l�e �c�h�i�m�i�c�o, �c�o�n� �v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a� Y = N ,
�i�l �n�u�m�e�r�o (�v�a�r�i�a�b�i�l�e) �d�i� �p�a�r�t�i�c�e�l�l�e. A�l�l�o�r�a� �l��i�n�t�e�g�r�a�l�e �i�n� dx

�n�e�l�l�a� (6.43) �d�i�v�e�n�t�a�
∫

dx →
∞

∑
N=1

∫
dx,

�d�a� �c�u�i�,

ZGC =
∞

∑
N =1

∫
e−β[EN (x)−µN )dx =

∞

∑
K=1

eβµK
∫

e−βEK(x)dx (6.48)

(�d�o�v�e �a�b�b�i�a�m�o �m�e�s�s�o �i�n� �e�v�i�d�e�n�z�a� �l�a� �d�i�p�e�n�d�e�n�z�a� �d�e�l�l��e�n�e�r�-
�g�i�a� �d�a�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �e, �p�e�r� �c�o�m�o�d�i�t�à�, �c�a�m�b�i�a�t�o �n�o�m�e
�a�l�l��i�n�d�i�c�e �d�i� �s�o�m�m�a�). N�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o

logZGC = −β(U − TS− µN) = −βΩ , (6.49)

�d�o�v�e Ω = Ω(T, V, µ) �è �i�l �p�o�t�e�n�z�i�a�l�e �g�r�a�n�-�c�a�n�o�n�i�c�o �e

N = 〈N 〉 = ∂ logZGC
∂(βµ)

(6.50)

�è �i�l �n�u�m�e�r�o �m�e�d�i�o �d�i� �p�a�r�t�i�c�e�l�l�e. R�i�c�o�r�d�a�n�d�o �c�h�e Ω = −PV (�e��.
(2.42)), �l�a� (6.49) �p�u�ò �e�s�s�e�r�e �r�i�s�c�r�i�t�t�a� �c�o�m�e

βPV = logZGC. (6.51)
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I�n�o�l�t�r�e, �i�n�t�r�o�d�u�c�e�n�d�o �l�a� �f�u�g�a�c�i�t�à�

z = eβµ, (6.52)

�s�i� �h�a�

N = z
∂ logZGC

∂z
(6.53)

�p�e�r� �i�l �n�u�m�e�r�o �m�e�d�i�o �d�i� �p�a�r�t�i�c�e�l�l�e �e

ZGC =
∞

∑
K=1
ZKzK, (6.54)

�p�e�r� �i�l �p�o�t�e�n�z�i�a�l�e �g�r�a�n�-�c�a�n�o�n�i�c�o, �d�o�v�e ZK �è �l�a� �f�u�n�z�i�o�n�e �d�i�
�p�a�r�t�i�z�i�o�n�e �c�a�n�o�n�i�c�a� �p�e�r� K �p�a�r�t�i�c�e�l�l�e.

C�o�n� �l�a� �t�e�c�n�i�c�a� �g�i�à� �c�o�l�l�a�u�d�a�t�a� �p�e�r� �e�n�e�r�g�i�a� �e �v�o�l�u�m�e, �s�i�
�p�u�ò �v�e�r�i�f�i�c�a�r�e �f�a�c�i�l�m�e�n�t�e �c�h�e �l�a� �f�o�r�m�u�l�a� �p�e�r� �l�a� �f�l�u�t�t�u�a�z�i�o�n�e
�d�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �è

〈
(δN )2

〉
≡
〈
N 2

〉
− 〈N 〉2 =

∂ 〈N 〉
∂(βµ)

= kT
∂N
∂µ

∣∣∣∣
T

. (6.55)

S�i� �l�a�s�c�i�a� �c�o�m�e �e�s�e�r�c�i�z�i�o �m�o�s�t�r�a�r�e �c�h�e

〈
(δN )2

〉
=

N2

V
kTκT (6.56)

�d�o�v�e κT �è �l�a� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �i�s�o�t�e�r�m�a�.

§181 G�a�� �i�d�e�a�l�e C�o�m�e �e�s�e�r�c�i�z�i�o, �c�a�l�c�o�l�i�a�m�o �l�a� �f�u�n�z�i�o�n�e �d�i�
�p�a�r�t�i�z�i�o�n�e �g�r�a�n� �c�a�n�o�n�i�c�a� �d�e�l �g�a�� �i�d�e�a�l�e. P�e�r� �l�a� (6.20)

ZGC =
∞

∑
K=1
ZKzK =

∞

∑
K=1

VK

K!

[(
2πm

β

)3/2
]K

zK = exp

[(
2πm

β

)3/2
Vz

]
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P�r�e�n�d�e�n�d�o�n�e �i�l �l�o�g�a�r�i�t�m�o, �l�a� (6.49) �d�i�v�e�n�t�a�

logZGC =
pV
kT

=

(
2πm

β

)3/2
Vz

P�e�r� �p�o�t�e�r� �e�s�p�r�i�m�e�r�e �i�l �r�i�s�u�l�t�a�t�o �i�n� �t�e�r�m�i�n�i� �d�e�l�l�e �v�a�r�i�a�b�i�-
�l�i� �u�s�u�a�l�i�, �c�a�l�c�o�l�i�a�m�o �d�a�l�l�a� �i�l �v�a�l�o�r� �m�e�d�i�o �d�i� �p�a�r�t�i�c�e�l�l�e �c�o�m�e
�f�u�n�z�i�o�n�e �d�e�l�l�a� �f�u�g�a�c�i�t�à�:

N = z
∂ logZGC

∂z
= z

(
2πm

β

)3/2
V.

D�a� �q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e, �o�t�t�e�n�i�a�m�o z �c�o�m�e �f�u�n�z�i�o�n�e �d�i� N �e �l�a�
�s�o�s�t�i�t�u�i�a�m�o �n�e�l�l��e�q�u�a�z�i�o�n�e �p�r�e�c�e�d�e�n�t�e, �o�t�t�e�n�e�n�d�o �c�o�s�ì� �l��u�s�u�a�l�e
�e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �d�i� �u�n� �g�a�� �i�d�e�a�l�e

pV = NkT.

6.7 F�u�n�z�i�o�n�i� �d�i� �c�o�r�r�e�l�a�z�i�o�n�e

§182 V�a�l�o�r� �m�e�d�i�o �d�e�l�l�a� �d�e�n�s�i�t�à� �l�o�c�a�l�e �d�i� �p�a�r�t�i�c�e�l�l�e �i�n� �u�n�
�c�a�m�p�o �e�s�t�e�r�n�o C�o�n�s�i�d�e�r�i�a�m�o �u�n� �s�i�s�t�e�m�a� �d�i� N �p�a�r�t�i�c�e�l-
�l�e �i�m�m�e�r�s�o �i�n� �u�n� �c�a�m�p�o �d�i� �f�o�r�z�e �e�s�t�e�r�n�e �c�o�n� �e�n�e�r�g�i�a�
�p�o�t�e�n�z�i�a�l�e

U�e�x�t = −∑
i

φ(qi)

(�i�l �s�e�g�n�o �m�e�n�o �a� �s�e�c�o�n�d�o �m�e�m�b�r�o �è �s�c�e�l�t�o �s�o�l�o �p�e�r� �r�a�g�i�o�n�i�
�d�i� �c�o�n�v�e�n�i�e�n�z�a�). A�l�l�o�r�a� �l��e�n�e�r�g�i�a� �p�o�t�e�n�z�i�a�l�e U �d�e�l �s�i�s�t�e�m�a�
�d�e�v�e �e�s�s�e�r�e �a�u�m�e�n�t�a�t�a� �d�i� �q�u�e�s�t�o �t�e�r�m�i�n�e,

U → U +U�e�x�t
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�e �q�u�i�n�d�i� �l��h�a�m�i�l�t�o�n�i�a�n�a� �d�e�l �s�i�s�t�e�m�a� �r�i�s�u�l�t�a�

E = ∑
i

p2
i

2m
+U (q)−∑

i
φ(qi),

�d�o�v�e q = (q1, . . . , qN).
L�a� �d�e�n�s�i�t�à� �l�o�c�a�l�e �d�e�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �è �l�a� �v�a�r�i�a�b�i�l�e

N (r) =
N

∑
i=1

δ(r−Qi) . (6.57)

A�b�b�i�a�m�o �u�s�a�t�o �l�a� �l�e�t�t�e�r�a� �m�a�i�u�s�c�o�l�a� �p�e�r� �d�e�n�o�t�a�r�e �l�e �p�o�s�i�z�i�o-
�n�i� �d�e�l�l�e �p�a�r�t�i�c�e�l�l�e �p�e�r� �m�e�t�t�e�r� �i�n� �e�v�i�d�e�n�z�a� �c�h�e �e�s�s�e �s�o�n�o �i�
�l�o�r�o �v�a�l�o�r�i� `̀ �a�t�t�u�a�l�i�'' �p�e�r� �u�n� �d�a�t�o �s�t�a�t�o �m�i�c�r�o�s�c�o�p�i�c�o x ∈ Γ

�d�e�l �g�a�� � �s�o�n�o �c�i�o�è �f�u�n�z�i�o�n�i� �s�u�l�l�o �s�p�a�z�i�o �d�e�l�l�e �f�a�s�i� Γ. D�i�
�c�o�n�s�e�g�u�e�n�z�a�, �a�n�c�h�e N (r) �è �u�n�a� �f�u�n�z�i�o�n�e �d�e�l�l�o �s�t�a�t�o �m�i�c�r�o-
�s�c�o�p�i�c�o x. N�e�l �l�i�n�g�u�a�g�g�i�o �d�e�l�l�a� �t�e�o�r�i�a� �d�e�l�l�a� �p�r�o�b�a�b�i�l�i�t�à�, �q�u�e-
�s�t�o �s�i� �e�s�p�r�i�m�e �d�i�c�e�n�d�o �c�h�e Qi �e N (r) �s�o�n�o �v�a�r�i�a�b�i�l�i� �c�a�s�u�a�l�i�
�s�u� Γ. I �n� �p�a�r�t�i�c�o�l�a�r�e, �u�n�a� �f�u�n�z�i�o�n�e �c�o�m�e N (r) �è �c�h�i�a�m�a�t�a�
�d�i�s�t�r�i�b�u�z�i�o�n�e �e�m�p�i�r�i�c�a� �o �i�s�t�o�g�r�a�m�m�a�.

I�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e N∆ �i�n� �u�n�a� �q�u�a�l�u�n�q�u�e �r�e�g�i�o�n�e
�s�p�a�z�i�a�l�e ∆ �è �o�t�t�e�n�u�t�o �d�a�l�l�a� �d�e�n�s�i�t�à� �l�o�c�a�l�e �p�e�r� �i�n�t�e�g�r�a�z�i�o�n�e:

N∆ =
∫

∆
N (r)d3r = ∑

i
11∆(qi)

(�e�s�s�e�n�d�o 11∆(r) �l�a� �f�u�n�z�i�o�n�e �c�a�r�a�t�t�e�r�i�s�t�i�c�a� �d�e�l�l��i�n�s�i�e�m�e ∆, �c�i�o�è
�l�a� �f�u�n�z�i�o�n�e �c�h�e �v�a�l�e 1 �s�e r ∈ ∆ �e 0 �a�l�t�r�i�m�e�n�t�i�). I�l �v�a�l�o�r�
�m�e�d�i�o �d�i� �q�u�e�s�t�a� �v�a�r�i�a�b�i�l�e �n�e�l�l��i�n�s�i�e�m�e �c�a�n�o�n�i�c�o �è

ρ(r) = 〈N (r)〉 = 1
Z
∫

N (r)e−βE dx . (6.58)

V�o�g�l�i�a�m�o �t�r�o�v�a�r�e �u�n�a� �f�o�r�m�u�l�a� �c�h�e �p�e�r�m�e�t�t�a� �d�i� �c�a�l�c�o�l�a�-
�r�e ρ(r).
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I �n� �p�r�i�m�o �l�u�o�g�o, �r�i�s�c�r�i�v�i�a�m�o �l��e�n�e�r�g�i�a� �c�o�m�e

E = ∑
i

p2
i

2m
+U (q)−

∫
N (r′)φ(r)d3r′

�e �u�s�i�a�m�o �l�a� (6.24) �n�e�l�l�a� (6.58):

ρ(r) =
1

ZKZC
ZK

∫
N (r)e−β[U (q)−

∫
N (r′)φ(r′)d3r′]dq

=
1
ZC

∫
N (r)e−βU (q)e

∫
N (r′)u(r′)d3r′dq, (6.59)

�d�o�v�e �a�b�b�i�a�m�o �a�s�s�o�r�b�i�t�o �l�a� �c�o�s�t�a�n�t�e β �n�e�l �c�a�m�p�o u(r) (�c�i�o�è �a�b-
�b�i�a�m�o �d�e�f�i�n�i�t�o u(r) ≡ βφ(r)) �e ZC �è �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e
�c�o�n�f�i�g�u�r�a�z�i�o�n�a�l�e

ZC =
∫

e−βU (q)e
∫

N (r′)u(r′)d3r′dq (6.60)

A�d�e�s�s�o �m�o�s�t�r�i�a�m�o �c�h�e �l�a� �f�o�r�m�u�l�a� (6.59) �s�i� �p�u�ò �o�t�t�e�n�e�r�e
�p�e�r� �o�p�p�o�r�t�u�n�a� �d�e�r�i�v�a�z�i�o�n�e �d�e�l�l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e,
�g�e�n�e�r�a�l�i�z�z�a�n�d�o �u�n� �t�r�u�c�c�o �c�h�e �a�b�b�i�a�m�o �g�i�à� �u�s�a�t�o.

C�a�l�c�o�l�i�a�m�o �l�a� �d�e�r�i�v�a�t�a� �f�u�n�z�i�o�n�a�l�e �d�i� ZC �r�i�s�p�e�t�t�o �a� u(r):

δZC
δu(r)

=
∫

e−βU (q) δ

δu(r)
e
∫

N (r′)u(r′)d3r′dq

A�p�p�l�i�c�a�n�d�o �l�a� �r�e�g�o�l�a� �d�e�l�l�a� �d�e�r�i�v�a�t�a� �d�e�l�l�a� �f�u�n�z�i�o�n�e �c�o�m�p�o-
�s�t�a� �e �t�e�n�d�e�n�d�o �c�o�n�t�o �d�e�l�l�a� (�s�o�l�a�) �r�e�g�o�l�a� (�r�i�l�e�v�a�n�t�e) �d�e�l �c�a�l�c�o�l�o
�f�u�n�z�i�o�n�a�l�e,

δu(r′)
δu(r)

= δ(r− r′), (6.61)
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�o�t�t�e�n�i�a�m�o

δ

δu(r)
e
∫

N (r′)u(r′)d3r′ = e
∫

N (r′)u(r′)d3r′ δ

δu(r)

∫
N (r′)u(r′)d3r′

= e
∫

N (r)u(r)d3r
∫

N (r′)
δu(r′)
δu(r)

d3r′

= e
∫

N (r)u(r)d3rN (r)

D�u�n�q�u�e,

δZC
δu(r)

=
∫

N (r)e−βU (q)e
∫

N (r)u(r)d3rdq (6.62)

I�l �c�o�n�f�r�o�n�t�o �c�o�n� �l�a� (6.59) �f�o�r�n�i�s�c�e �l�a� �s�e�g�u�e�n�t�e �f�o�r�m�u�l�a� �p�e�r�
�i�l �v�a�l�o�r� �m�e�d�i�o �d�e�l�l�a� �d�e�n�s�i�t�à� �d�e�l �g�a��:

ρ(r) =
1
ZC

δZC
δu(r)

=
δ logZC

δu(r)
= −β

δF
δu(r)

. (6.63)

Q�u�e�s�t�o �è �p�r�o�p�r�i�o �q�u�e�l�l�o �c�h�e �c�e�r�c�a�v�a�m�o.

§183 F�o�r�m�u�l�a� �b�a�r�o�m�e�t�r�i�c�a� P�e�r� �u�n� �g�a�� �i�d�e�a�l�e ZC �p�u�ò
�e�s�s�e�r�e �f�a�c�i�l�m�e�n�t�e �c�a�l�c�o�l�a�t�a�:

ZC =
∫

e
∫

N (r)u(r)d3rdq =
1

N!

∫
e∑i u(qi)d3Nq =

1
N!

(∫
eu(r)d3r

)N
.

P�a�s�s�a�n�d�o �a�l �l�o�g�a�r�i�t�m�o

logZC = N log
(∫

eu(r)d3r
)
− log N!

�e �q�u�i�n�d�i� �a�l�l�a� �s�u�a� �d�e�r�i�v�a�t�a�

δ logZC
δu(r)

= N
βeu(r)

∫
eu(r)d3r

,

�o�t�t�e�n�i�a�m�o
〈N (r)〉 = ρ(r) =

Neu(r)
∫

eu(r)d3r
, (6.64)
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�c�h�e, �c�o�m�b�i�n�a�t�a� �c�o�n� �l�a� (6.30), �p�o�r�t�a� �a�l�l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o

βp = ρ(r) .

P�e�r� �e�s�e�m�p�i�o, �p�e�r� �u�n� �r�e�c�i�p�i�e�n�t�e �c�i�l�i�n�d�r�i�c�o �d�i� �a�r�e�a� A �e
�d�i� �a�l�t�e�z�z�a� �v�e�r�t�i�c�a�l�e �i�n�f�i�n�i�t�a� �i�n� �u�n� �c�a�m�p�o �g�r�a�v�i�t�a�z�i�o�n�a�l�e
�c�o�s�t�a�n�t�e �d�i�r�e�t�t�o �v�e�r�s�o �l��a�l�t�o �i�l �c�a�m�p�o u �è −βmgz. Q�u�i�n�d�i�,

∫
eu(r)d3r = A

∫ ∞

0
e−βmgzdz =

A
βmg

.

A�l�l�o�r�a�
ρ(z) = βmg

N
A

e−βmgz �e p = mg
N
A

e−βmgz .

Q�u�e�s�t�a� �è �l�a� �c�o�s�i�d�d�e�t�t�a� �f�o�r�m�u�l�a� �b�a�r�o�m�e�t�r�i�c�a�.
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�è �m�o�l�t�o �u�t�i�l�e �p�e�r� �d�e�t�e�r�m�i�n�a�r�e �l�e �c�a�r�a�t�t�e�r�i�s�t�i�c�h�e �s�t�a�t�i�s�t�i�c�h�e
�d�e�l�l�a� �v�a�r�i�a�b�i�l�e N (r) �a�n�c�h�e �i�n� �a�s�s�e�n�z�a� �d�i� �u�n� �c�a�m�p�o �e�s�t�e�r�n�o
�r�e�a�l�e. S�i� �i�n�t�r�o�d�u�c�e �u�n� �c�a�m�p�o �e�s�t�e�r�n�o u �c�o�m�e �u�n� �a�r�t�i�f�i�c�i�o
�p�e�r� �c�r�e�a�r�e �u�n�'�i�n�o�m�o�g�e�n�e�i�t�à� �n�e�l �s�i�s�t�e�m�a� �e �s�o�n�d�a�r�e �l�a� �s�u�a�
�r�i�s�p�o�s�t�a� �e �p�o�i� �l�o �s�i� �p�o�n�e �u�g�u�a�l�e �a� �z�e�r�o.

C�o�n� �q�u�e�s�t�o �t�r�u�c�c�o �p�o�s�s�i�a�m�o �c�a�l�c�o�l�a�r�e �l�a� �f�u�n�z�i�o�n�e �d�i�
�c�o�r�r�e�l�a�z�i�o�n�e �d�e�l�l�a� �d�e�n�s�i�t�à�

C(r, s) ≡ 〈N (r)N (s)〉 = 1
ZC

∫
N (r)N (s)e−βU (q)dq . (6.65)

B�a�s�t�a� �i�n�f�a�t�t�i� �c�o�n�s�i�d�e�r�a�r�e

1
ZC

δ2ZC[u]
δu(s)u(r)

=
1
ZC

δ

δu(s)

∫
N (r)e−βU (q)e

∫
N (r′)u(r′)d3r′dq

=
1
ZC

∫
N (r)N (s)e−βU (q)e

∫
N (r′)u(r′)d3r′dq
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V�e�d�i�a�m�o �a�l�l�o�r�a� �c�h�e

C(r, s) =
1
ZC

δ2ZC[u]
δu(s)δu(r)

∣∣∣∣
u=0

(6.66)

Q�u�i�n�d�i�, �s�e �s�a�p�p�i�a�m�o �c�a�l�c�o�l�a�r�e �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �i�n�
�c�a�m�p�o �e�s�t�e�r�n�o, �p�o�s�s�i�a�m�o �o�t�t�e�n�e�r�e �d�a� �e�s�s�a� �l�a� �f�u�n�z�i�o�n�e �d�i�
�c�o�r�r�e�l�a�z�i�o�n�e �d�e�l�l�a� �d�e�n�s�i�t�à�.

U�n� �a�l�t�r�o �e�s�t�i�m�a�t�o�r�e �d�e�l �g�r�a�d�o �d�i� �c�o�r�r�e�l�a�z�i�o�n�e �d�e�l�l�e �p�a�r�-
�t�i�c�e�l�l�e �è �l�a� �c�o�s�i�d�d�e�t�t�a� �f�u�n�z�i�o�n�e �d�i� �c�o�r�r�e�l�a�z�i�o�n�e `̀ �s�o�t�t�r�a�t�t�a�'' (�o
�c�o�n�n�e�s�s�a�)

S(r, s) ≡ 〈N (r)N (s)〉 − 〈N (r)〉 〈N (s)〉 (6.67)

P�o�i�c�h�é

〈N (r)N (s)〉 − 〈N (r)〉 〈N (s)〉 = 〈(N (r)− 〈N (r)〉) (N (s)− 〈N (s)〉)〉

≡ 〈δN (r)δN (s)〉 ,

S(r, s) �è �u�n� �e�s�t�i�m�a�t�o�r�e �d�e�l�l�e �c�o�r�r�e�l�a�z�i�o�n�i� �t�r�a� �l�e �f�l�u�t�t�u�a�z�i�o�n�i�
δN �d�e�l�l�a� �d�e�n�s�i�t�à� �i�n� �d�u�e �p�u�n�t�i� �d�e�l�l�o �s�p�a�z�i�o r �e s.

Q�u�e�s�t�a� �f�u�n�z�i�o�n�e �p�u�ò �e�s�s�e�r�e �d�e�t�e�r�m�i�n�a�t�a� �d�a�l�l�a� �f�u�n�z�i�o�n�e �d�i�
�c�o�r�r�e�l�a�z�i�o�n�e C(r, s) �e �d�a�l �v�a�l�o�r� �m�e�d�i�o �d�e�l�l�a� �d�e�n�s�i�t�à� (6.63) �a�
�c�a�m�p�o �n�u�l�l�o

〈N (r)〉 = ρ(r) =
δ logZC

δu(r)

∣∣∣∣
u=0

(6.68)

A �c�a�m�p�o �n�u�l�l�o, ρ(r) �n�o�n� �è �a�l�t�r�o �c�h�e �l�a� �d�e�n�s�i�t�à� �c�o�s�t�a�n�t�e �d�e�l
�g�a�� n = N/V, �c�o�m�e �s�i� �v�e�d�e �i�m�m�e�d�i�a�t�a�m�e�n�t�e �d�a�l�l�a� (6.64) �p�e�r�
�i�l �g�a�� �i�d�e�a�l�e

ρ(r) =
Neu(r)
∫

eu(r)d3r

∣∣∣∣∣
u=0

=
N
V

,

�e�s�s�e�n�d�o ∫ d3r = V.
U�n� �m�o�d�o �d�i�r�e�t�t�o �p�e�r� �l�a� �c�a�l�c�o�l�a�r�e �l�a� S(r, s) �e�m�e�r�g�e �d�a�l�l�a�
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�s�e�g�u�e�n�t�e �o�s�s�e�r�v�a�z�i�o�n�e. S�i� �c�o�n�s�i�d�e�r�i� �l�a� �d�e�r�i�v�a�t�a� �s�e�c�o�n�d�a�

δ2 logZC
δu(s)δu(r)

= − 1
Z2

C

δZC
δu(s)

δZC
δu(r)

+
1
ZC

δ2ZC
δu(s)δu(r)

(6.69)

I�l �p�r�i�m�o �t�e�r�m�i�n�e �è

− 1
Z2

C

δZC
δu(s)

δZC
δu(r)

= − 〈N (r)〉 〈N (s)〉

�m�e�n�t�r�e �p�e�r� �i�l �s�e�c�o�n�d�o �s�i� �h�a�

1
ZC

δ2ZC
δu(s)u(r)

=
1
ZC

δ

δu(s)

∫
N (r)e−βU (q)e

∫
N (r′)u(r′)d3r′dq

=
1
ZC

∫
N (r)N (s)e−βU (q)e

∫
N (r′)u(r′)d3r′dq

= 〈N (r)N (s)〉

A�l�l�o�r�a� (6.69) �è �p�r�o�p�r�i�o �l�a� �f�u�n�z�i�o�n�e �d�i� �c�o�r�r�e�l�a�z�i�o�n�e �s�o�t�t�r�a�t-
�t�a�. T�e�n�u�t�o �c�o�n�t�o �d�e�l�l�a� (6.63), �v�e�d�i�a�m�o �c�h�e S(r, s) �è �a�n�c�h�e �l�a�
�d�e�r�i�v�a�t�a� �d�e�l �v�a�l�o�r� �m�e�d�i�o �d�e�l�l�a� �d�e�n�s�i�t�à�. I �n� �c�o�n�c�l�u�s�i�o�n�e,

S(r, s) =
δ2 logZC[u]
δu(s)δu(r)

∣∣∣∣
u=0

=
δρ(r)[u]

δu(s)

∣∣∣∣
u=0

. (6.70)

C�o�m�e �e�s�e�r�c�i�z�i�o, �c�a�l�c�o�l�i�a�m�o �l�a� �f�u�n�z�i�o�n�e �d�i� �c�o�r�r�e�l�a�z�i�o�n�e
�s�o�t�t�r�a�t�t�a� �p�e�r� �i�l �g�a�� �i�d�e�a�l�e. A�b�b�i�a�m�o

δρ(r)[u]
δu(s)

=
δ

δu(s)
Neu(r)
∫

eu(r)d3r

=
Neu(r)
∫

eu(r)d3r
δ(r− s) + Neu(r)

[
− 1
(∫

eu(r)d3r
)2

]
δ

δu(s)

∫
eu(r)d3r

=
Neu(r)
∫

eu(r)d3r
δ(r− s) + Neu(r)

[
− 1
(∫

eu(r)d3r
)2

]
eu(s).

Q�u�i�n�d�i�

S(r, s) =
δρ(r)[u]

δu(s)

∣∣∣∣
u=0

=
N
V

δ(r− s)− N
V2 = nδ(r− s)− 1

N
n2 (6.71)



�m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �d�e�l�l��e�q�u�i�l�i�b�r�i�o 197

�e�s�s�e�n�d�o ρ = N/V �l�a� �d�e�n�s�i�t�à� �c�o�s�t�a�n�t�e �d�i� �e�q�u�i�l�i�b�r�i�o. N�e�l �l�i�m�i�t�e
�t�e�r�m�o�d�i�n�a�m�i�c�o N → ∞, n = N/V = cost.,

S(r, s) = nδ(r− s)

D�u�n�q�u�e, �i�n� �a�s�s�e�n�z�a� �d�i� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �l�e �p�a�r�t�i�c�e�l�l�e (�o �t�r�a�-
�s�c�u�r�a�b�i�l�e), �n�o�n� �c�i� �s�o�n�o �c�o�r�r�e�l�a�z�i�o�n�i� �t�r�a� �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�l
�g�a�� �i�n� �p�u�n�t�i� �d�i�v�e�r�s�i� �d�e�l�l�o �s�p�a�z�i�o. L'�i�n�t�e�r�a�z�i�o�n�e �t�r�a� �l�e �p�a�r�-
�t�i�c�e�l�l�e �c�o�m�p�o�r�t�a� �u�n� `̀ �a�l�l�a�r�g�a�m�e�n�t�o'' �d�e�l�l�a� �d�e�l�t�a� �d�i� D�i�r�a�c, �m�a�
�c�o�m�u�n�q�u�e �a�d� �u�n�a� �f�u�n�z�i�o�n�e �c�h�e �è �p�r�a�t�i�c�a�m�e�n�t�e �n�u�l�l�a� �a�l �d�i�
�f�u�o�r�i� �d�i� �u�n� �c�e�r�t�o �i�n�t�e�r�v�a�l�l�o �d�i� r− s.

§185 F�u�n�z�i�o�n�e �d�i� �d�i�s�t�r�i�b�u�z�i�o�n�e (�r�a�d�i�a�l�e) �d�i� �c�o�p�p�i�a� D�a�l �m�o-
�m�e�n�t�o �c�h�e �i�l �s�u�p�p�o�r�t�o �s�p�a�z�i�a�l�e �d�i� S(r, s) �è (�e�s�s�e�n�z�i�a�l�m�e�n�t�e)
�f�i�n�i�t�o, �l�a� �s�u�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� F�o�u�r�i�e�r�,

Ŝ(k) =
1
V

∫
e−ik•(r−s)S(r, s) d3rd3s (6.72)

�d�e�f�i�n�i�t�a� �c�o�m�e �i�n�t�e�g�r�a�l�e �d�o�p�p�i�o �s�u�l�l�o �s�p�a�z�i�o �m�o�l�t�i�p�l�i�c�a�t�o �u�n�a�
�p�o�t�e�n�z�a� �i�n�v�e�r�s�a� �d�e�l �v�o�l�u�m�e ∫ d3r = V, �è �u�n�a� �q�u�a�n�t�i�t�à� �i�n�-
�t�e�n�s�i�v�a� �c�h�e �d�i�v�e�n�t�a� �i�n�d�i�p�e�n�d�e�n�t�e �d�a� V �n�e�l �l�i�m�i�t�e �d�i� �v�o�l�u�m�e
�g�r�a�n�d�e. P�e�r� �u�n� �g�a�� �i�d�e�a�l�e

S(r, s) = ρδ(r− s)− 1
N

ρ2,

�d�a� �c�u�i�
Ŝ(k) = ρ + ρ2(2π)3δ(k).

(�n�e�l �l�i�m�i�t�e �d�i� V �m�o�l�t�o �g�r�a�n�d�e). P�e�r� �u�n� �f�l�u�i�d�o �i�s�o�t�r�o�p�o �e �o�m�o-
�g�e�n�e�o, S �d�i�p�e�n�d�e �s�o�l�o �d�a�l�l�a� �d�i�s�t�a�n�z�a� �t�r�a� �l�e �p�a�r�t�i�c�e�l�l�e, �c�i�o�è
S(r, s) = s(r − s). A�l�l�o�r�a� �l�a� �s�u�a� �t�r�a�s�f�o�r�m�a�t�a� �d�i� F�o�u�r�i�e�r�
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�d�i�v�e�n�t�a�
Ŝ(k) =

∫
e−ik•rs(r) d3r (6.73)

S�i� �d�e�f�i�n�i�s�c�e �l�a� �f�u�n�z�i�o�n�e �d�i� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� �c�o�p�p�i�a� g(r)

�c�o�m�e �q�u�e�l�l�a� �f�u�n�z�i�o�n�e �t�a�l�e �c�h�e

Ŝ(k) = ρ + ρ2
∫

e−ik•r g(r) d3r . (6.74)

P�e�r� �u�n� �g�a�� �i�d�e�a�l�e g(r) = 1. �p�e�r� �u�n� �f�l�u�i�d�o �i�s�o�t�r�o�p�o g �d�i�p�e�n�d�e
�s�o�l�o �d�a�l �m�o�d�u�l�o r = |r|. I �n� �q�u�e�s�t�o �c�a�s�o, g(r) �è �d�e�t�t�a� �f�u�n�z�i�o�n�e
�d�i� �d�i�s�t�r�i�b�u�z�i�o�n�e �r�a�d�i�a�l�e.

U�n�a� �d�e�f�i�n�i�z�i�o�n�e �e�q�u�i�v�a�l�e�n�t�e �d�i� g(r) �è �l�a� �s�e�g�u�e�n�t�e.

g(r) =
1
n

〈
∑
i 6=0

δ(r−Qi + Q0)

〉
(6.75)

�d�o�v�e Q0 �è �l�a� �p�o�s�i�z�i�o�n�e �d�i� �u�n�a� �q�u�a�l�u�n�q�u�e �p�a�r�t�i�c�e�l�l�a� �d�e�l �s�i�-
�s�t�e�m�a� (�p�a�r�t�i�c�e�l�l�a� `̀ i = 0''). S�i� �l�a�s�c�i�a� �c�o�m�e �e�s�e�r�c�i�z�i�o �m�o�s�t�r�a�r�e
�l��e�q�u�i�v�a�l�e�n�z�a� �d�e�l�l�e �d�u�e �d�e�f�i�n�i�z�i�o�n�i�.

F�i�g�u�r�a� 6.2: D�e�t�e�r�m�i�n�a�z�i�o�n�e �d�e�l�l�a�
�d�i�s�t�r�i�b�u�z�i�o�n�e �r�a�d�i�a�l�e.

U�n� �m�e�t�o�d�o �d�i�r�e�t�t�o �e �i�n�t�u�i�t�i�v�o �d�i� �d�e�t�e�r�m�i�n�a�r�e g(r) �s�e�g�u�e
�d�a�l�l�a� (6.75). S�i� �s�c�e�l�g�a� �u�n�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �d�i� �p�o�s�i�z�i�o�n�i� �d�e�l�l�e
�p�a�r�t�i�c�e�l�l�e (�c�o�m�e �r�a�p�p�r�e�s�e�n�t�a�t�a� �i�n� �f�i�g. 6.2) �n�e�l�l��i�n�s�i�e�m�e �d�e�l�l�e
�c�o�n�f�i�g�u�r�a�z�i�o�n�i� �p�o�s�s�i�b�i�l�i�, �e �s�i� �s�c�e�l�g�a� �u�n� �s�i�s�t�e�m�a� �d�i� �c�o�o�r�-
�d�i�n�a�t�e �i�n� �m�o�d�o �c�h�e �u�n�a� �p�a�r�t�i�c�e�l�l�a�, �c�h�e �e�t�i�c�h�e�t�t�i�a�m�o �c�o�n� 0, �è
�n�e�l�l��o�r�i�g�i�n�e. A�l�l�o�r�a� �l��i�n�t�e�g�r�a�l�e �d�i� ng(r) �s�u� �u�n� �e�l�e�m�e�n�t�o �d�i�
�v�o�l�u�m�e �d�i� �d�i�m�e�n�s�i�o�n�i� dr �i�n� r �è �s�e�m�p�l�i�c�e�m�e�n�t�e �i�l �n�u�m�e�r�o �d�i�
�p�a�r�t�i�c�e�l�l�e �i�n� �t�a�l�e �e�l�e�m�e�n�t�o �d�i� �v�o�l�u�m�e. Q�u�i�n�d�i� g(r) �p�u�ò �e�s�s�e�r�e
�d�e�t�e�r�m�i�n�a�t�a� �c�o�n�t�a�n�d�o �i�l �n�u�m�e�r�o �d�i� �p�a�r�t�i�c�e�l�l�e �i�n� �u�n� �p�i�c�c�o�l�o
�v�o�l�u�m�e dr �a� �d�i�s�t�a�n�z�a� r �d�a�l�l��o�r�i�g�i�n�e. L�a� �m�e�d�i�a� �d�i� �t�a�l�e �n�u�m�e-
�r�o �s�u� �t�u�t�t�e �l�e �r�e�a�l�i�z�z�a�z�i�o�n�i� �d�i� �p�a�r�t�i�c�e�l�l�e �p�o�s�t�e �n�e�l�l��o�r�i�g�i�n�e
�d�i�v�i�s�o �p�e�r� n × dr �è g(r). I �n� �u�n� �s�i�s�t�e�m�a� �n�o�n� �c�o�r�r�e�l�a�t�o, �c�o-
�m�e �a�d� �e�s�e�m�p�i�o �u�n� �g�a�� �i�d�e�a�l�e, �l�a� �p�r�o�b�a�b�i�l�i�t�à� �d�i� �t�r�o�v�a�r�e �u�n�a�
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F�i�g�u�r�a� 6.3: D�i�s�t�r�i�b�u�z�i�o�n�e �r�a�d�i�a�l�e
�p�e�r� �u�n� �p�o�t�e�n�z�i�a�l�e �d�i� L�e�n�n�a�r�d�-
J�o�n�e��.

�p�a�r�t�i�c�e�l�l�a� �i�n� �q�u�a�l�s�i�a�s�i� �p�o�s�i�z�i�o�n�e �è �u�n�i�f�o�r�m�e �e�d� �è �i�n�d�i�p�e�n�d�e�n�-
�t�e �d�a�l�l�e �p�o�s�i�z�i�o�n�i� �d�i� �a�l�t�r�e �p�a�r�t�i�c�e�l�l�e. Q�u�a�n�d�o �l�e �i�n�t�e�r�a�z�i�o�n�i�
�i�n�t�e�r�p�a�r�t�i�c�e�l�l�a�r�i� �n�o�n� �s�o�n�o �n�o�n� �p�i�ù� �t�r�a�s�c�u�r�a�b�i�l�i�, �s�i� �f�o�r�m�a�-
�n�o �c�o�r�r�e�l�a�z�i�o�n�i� �s�p�a�z�i�a�l�i� �c�h�e �p�o�r�t�a�n�o �a�d� �u�n�a� �s�t�r�u�t�t�u�r�a� �n�o�n�
�b�a�n�a�l�e �d�i� g(r).

I �n� �f�i�g�u�r�a� 6.3 �è �r�i�p�o�r�t�a�t�a� �l�a� �f�u�n�z�i�o�n�e �r�a�d�i�a�l�e �p�e�r� �u�n�
�p�o�t�e�n�z�i�a�l�e �i�n�t�e�r�p�a�r�t�i�c�e�l�l�a�r�e �d�i� �t�i�p�o L�e�n�n�a�r�d�-J�o�n�e��

φLJ(r) = 4ε

[(σ

r

)12
−
(σ

r

)6
]
= ε

[( rm

r

)12
− 2

( rm

r

)6
]

,

�d�o�v�e �d�o�v�e ε �è �l�a� �p�r�o�f�o�n�d�i�t�à� �d�e�l�l�a� �b�u�c�a� �d�i� �p�o�t�e�n�z�i�a�l�e, σ �è
�l�a� �d�i�s�t�a�n�z�a� �f�i�n�i�t�a� �i�n� �c�u�i� �i�l �p�o�t�e�n�z�i�a�l�e �f�r�a� �l�e �p�a�r�t�i�c�e�l�l�e �è
�z�e�r�o, r �è �l�a� �d�i�s�t�a�n�z�a� �t�r�a� �l�e �p�a�r�t�i�c�e�l�l�e, �e rm �è �l�a� �d�i�s�t�a�n�z�a�
�a�l�l�a� �q�u�a�l�e �i�l �p�o�t�e�n�z�i�a�l�e �r�a�g�g�i�u�n�g�e �i�l �s�u�o �m�i�n�i�m�o. A rm, �l�a�
�f�u�n�z�i�o�n�e �p�o�t�e�n�z�i�a�l�e �h�a� �i�l �v�a�l�o�r�e −ε (�s�i� �v�e�d�a� �l�a� �f�i�g. 6.4).
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F�i�g�u�r�a� 6.4: P�o�t�e�n�z�i�a�l�e �d�i�
L�e�n�n�a�r�d�-J�o�n�e��.

F�i�g�u�r�a� 6.5: M�o�d�e�l�l�o �d�i� I�s�i�n�g
�s�u� �u�n� �g�r�a�f�o �n�o�n� �o�r�i�e�n�t�a�t�o: �g�l�i�
�s�p�i�n� �s�o�n�o �n�e�i� �n�o�d�i� �e �g�l�i� �s�p�i�n�
�i�n�t�e�r�a�g�i�s�c�o�n�o �s�o�l�o �s�e �s�o�n�o �p�r�i�m�i�
�v�i�c�i�n�i�, �c�i�o�è �c�o�l�l�e�g�a�t�i� �d�a� �u�n� �a�r�c�o
(�e�d�g�e �o �l�i�n�k�) �d�e�l �g�r�a�f�o.

6.8 S�i�s�t�e�m�i� �m�a�g�n�e�t�i�c�i� �e �m�o�d�e�l�l�i� �r�e�t�i�c�o�l�a�r�i�

§186 M�o�d�e�l�l�i� �d�i� I�s�i�n�g U�n� �m�o�d�e�l�l�o �m�a�t�e�m�a�t�i�c�o �d�i� �s�i�s�t�e�m�a�
�m�a�g�n�e�t�i�c�o �è �t�i�p�i�c�a�m�e�n�t�e �b�a�s�a�t�o �s�u� �u�n� �i�n�s�i�e�m�e �d�i� N �s�p�i�n�
σi, i = 1, 2, . . . , N, �c�h�e �p�o�s�s�o�n�o �e�s�s�e�r�e �v�e�t�t�o�r�i�, �s�c�a�l�a�r�i�, �o, �n�e�l
�c�a�s�o �q�u�a�n�t�i�s�t�i�c�o, �o�p�e�r�a�t�o�r�i� �d�i� �s�p�i�n�. N�o�i� �c�o�n�s�i�d�e�r�e�r�e�m�o �i�l
�m�o�d�e�l�l�o �p�i�ù� �s�e�m�p�l�i�c�e �b�a�s�a�t�o �s�u� �s�p�i�n� �s�c�a�l�a�r�i� σi = +1 �o −1

�c�o�r�r�i�s�p�o�n�d�e�n�t�i� �a� �s�p�i�n� �s�u� �o �s�p�i�n� �g�i�ù� �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e.
P�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e, �c�o�n�s�i�d�e�r�i�a�m�o �u�n� �i�n�s�i�e�m�e Λ �d�i� �s�i�t�i� �r�e-

�t�i�c�o�l�a�r�i� �c�o�n� �u�n� �i�n�s�i�e�m�e �d�i� �s�i�t�i� �a�d�i�a�c�e�n�t�i� �c�h�e �f�o�r�m�a�n�o �u�n�
�r�e�t�i�c�o�l�o d-�d�i�m�e�n�s�i�o�n�a�l�e (�c�i�o�è �u�n� �g�r�a�f�o �n�o�n� �o�r�i�e�n�t�a�t�o). P�e�r� �o�g�n�i�
�s�i�t�o �r�e�t�i�c�o�l�a�r�e j ∈ Λ �e�s�i�s�t�e �u�n�a� �v�a�r�i�a�b�i�l�e �d�i�s�c�r�e�t�a� σj �t�a�l�e �c�h�e
σj �a�s�s�u�m�e �i� �v�a�l�o�r�i� +1 �o −1. U�n�a� `̀ �c�o�n�f�i�g�u�r�a�z�i�o�n�e �d�i� �s�p�i�n�''
σ = (σ1, σ2, . . .) �è �u�n�'�a�s�s�e�g�n�a�z�i�o�n�e �d�e�l �v�a�l�o�r�e �d�e�l�l�o �s�p�i�n� �i�n�
�o�g�n�i� �s�i�t�o �d�e�l �r�e�t�i�c�o�l�o.
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S�i� �a�s�s�u�m�e �c�h�e �l��e�n�e�r�g�i�a� �d�i� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �d�u�e �s�p�i�n� σi

�e σj �c�o�l�l�o�c�a�t�i� �n�e�i� �p�u�n�t�i� �f�i�s�s�a�t�i� ri �e rj �n�e�l�l�o �s�p�a�z�i�o (�p�e�r�
�e�s�e�m�p�i�o �n�e�i� �v�e�r�t�i�c�i� �d�i� �u�n� �r�e�t�i�c�o�l�o �r�e�g�o�l�a�r�e) �s�i�a� +Jij �s�e �g�l�i�
�s�p�i�n� �s�o�n�o �p�a�r�a�l�l�e�l�i� (σiσj = +1) �e −Jij �s�e �g�l�i� �s�p�i�n� �s�o�n�o
�a�n�t�i�-�p�a�r�a�l�l�e�l�i� (σiσj = −1).

F�i�g�u�r�a� 6.6: M�o�d�e�l�l�o �d�i� I�s�i�n�g �i�n�
�u�n� �r�e�d�i�c�o�l�o Λ ⊂ Zd.

I�n� �a�l�t�r�e �p�a�r�o�l�e, �l��e�n�e�r�g�i�a� �t�o�t�a�l�e �d�i� �i�n�t�e�r�a�z�i�o�n�e �d�e�l �s�i�s�t�e�m�a�
�i�n� �u�n�a� �d�a�t�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e σ = (σ1, . . . , σN) �d�e�g�l�i� �s�p�i�n� �è

E = ∑
1≤i<j≤N

Jijσiσj − µ
N

∑
i=1

hiσi (6.76)

�d�o�v�e �i�l �p�r�i�m�o �t�e�r�m�i�n�e �p�r�o�v�i�e�n�e �d�a�l�l��i�n�t�e�r�a�z�i�o�n�e �t�r�a� �g�l�i� �s�p�i�n�
�e �i�l �s�e�c�o�n�d�o �t�e�r�m�i�n�e �d�a�l�l��i�n�t�e�r�a�z�i�o�n�e �d�i� �c�i�a�s�c�u�n� �s�p�i�n� �c�o�n� �u�n�
�c�a�m�p�o �m�a�g�n�e�t�i�c�o �e�s�t�e�r�n�o h. I�l �m�o�m�e�n�t�o �m�a�g�n�e�t�i�c�o �è �d�a�t�a� �d�a�
µ. S�i� �n�o�t�i� �c�h�e �i�l �s�e�g�n�o �n�e�l �s�e�c�o�n�d�o �t�e�r�m�i�n�e �d�e�l�l�a� �f�u�n�z�i�o�n�e
�e�n�e�r�g�i�a� �d�o�v�r�e�b�b�e �e�s�s�e�r�e �e�f�f�e�t�t�i�v�a�m�e�n�t�e �p�o�s�i�t�i�v�o �p�e�r�c�h�é �i�l �m�o-
�m�e�n�t�o �m�a�g�n�e�t�i�c�o �d�e�l�l��e�l�e�t�t�r�o�n�e �è �a�n�t�i�p�a�r�a�l�l�e�l�o �a�l�l�a� �s�u�o �s�p�i�n�,
�m�a� �i�l �t�e�r�m�i�n�e �n�e�g�a�t�i�v�o �è �u�s�a�t�o �c�o�n�v�e�n�z�i�o�n�a�l�m�e�n�t�e. F�u�n�z�i�o-
�n�i� �e�n�e�r�g�i�a� �d�e�l�l�a� �f�o�r�m�a� (6.76) �d�e�f�i�n�i�s�c�o�n�o �m�o�d�e�l�l�i� �s�u� �r�e�t�i�c�o�l�o
�g�e�n�e�r�i�c�a�m�e�n�t�e �d�e�t�t�i� �m�o�d�e�l�l�i� �d�i� I�s�i�n�g.
N.B. R�i�s�u�l�t�a� �c�o�m�o�d�o �a�s�s�o�r�b�i�r�e �l�a� �c�o�s�t�a�n�t�e µ �n�e�l �c�a�m�p�o
�m�a�g�n�e�t�i�c�o, �c�i�o�è �p�o�r�r�e µ = 1 �n�e�l�l�a� (6.76). N�e�l �s�e�g�u�i�t�o �u�s�e�r�e�m�o
�q�u�e�s�t�a� �c�o�n�v�e�n�z�i�o�n�e.

§187 M�o�d�e�l�l�o �d�i� I�s�i�n�g (�a� �p�r�i�m�i� �v�i�c�i�n�i�) I�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g
�v�e�r�o �e �p�r�o�p�r�i�o, �d�a�l �n�o�m�e �d�e�l �f�i�s�i�c�o E�r�n�s�t I�s�i�n�g, �è �s�t�a�t�o �i�n�-
�v�e�n�t�a�t�o �d�a�l �f�i�s�i�c�o W�i�l�h�e�l�m� L�e�n�z, �c�h�e �l�o �h�a� �d�a�t�o �c�o�m�e �p�r�o�b�l�e-
�m�a� �a�l �s�u�o �a�l�l�i�e�v�o E�r�n�s�t I�s�i�n�g. I �n� �q�u�e�s�t�o �m�o�d�e�l�l�o �s�i� �a�s�s�u�m�e
�c�h�e �o�g�n�i� �s�p�i�n� �p�o�s�s�a� �i�n�t�e�r�a�g�i�r�e �s�o�l�o �c�o�n� �i� �s�u�o�i� �v�i�c�i�n�i� �p�i�ù�
�p�r�o�s�s�i�m�i�: �p�e�r� �o�g�n�i� �c�o�p�p�i�a� �d�i� �s�i�t�i� �a�d�i�a�c�e�n�t�i� i, j ∈ Λ �s�i� �h�a�
�u�n�'�i�n�t�e�r�a�z�i�o�n�e Jij, �e �u�n� �s�i�t�o i ∈ Λ �h�a� �u�n� �c�a�m�p�o �m�a�g�n�e�t�i�c�o
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�e�s�t�e�r�n�o hi. L'�e�n�e�r�g�i�a� �d�i� �u�n�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e σ �è �d�a�t�a� �d�a�l�l�a�
�f�u�n�z�i�o�n�e �e�n�e�r�g�i�a�

E (σ) = − ∑
<i j>

Jijσiσj −∑
j

hjσj (6.77)

�d�o�v�e �l�a� �p�r�i�m�a� �s�o�m�m�a� �è �s�u�l�l�e �c�o�p�p�i�e �d�i� �s�p�i�n� �a�d�i�a�c�e�n�t�i� (�o�g�n�i�
�c�o�p�p�i�a� �v�i�e�n�e �c�o�n�t�e�g�g�i�a�t�o �u�n�a� �s�o�l�a� �v�o�l�t�a�). < i j > �i�n�d�i�c�a� �c�h�e �i�
�s�i�t�i� i �e j �s�o�n�o �i� �v�i�c�i�n�i� �p�i�ù� �p�r�o�s�s�i�m�i� (�p�r�i�m�i� �v�i�c�i�n�i�).

I�l �s�e�g�n�o �n�e�g�a�t�i�v�o �d�a�v�a�n�t�i� �a� �o�g�n�i� �t�e�r�m�i�n�e �d�e�l�l�a� �f�u�n�z�i�o�n�e
�e�n�e�r�g�i�a� E (σ) �è �c�o�n�v�e�n�z�i�o�n�a�l�e. U�t�i�l�i�z�z�a�n�d�o �q�u�e�s�t�a� �c�o�n�v�e�n�z�i�o-
�n�e �d�i� �s�e�g�n�o, �i� �m�o�d�e�l�l�i� �d�i� I�s�i�n�g �p�o�s�s�o�n�o �e�s�s�e�r�e �c�l�a�s�s�i�f�i�c�a�t�i� �i�n�
�b�a�s�e �a�l �s�e�g�n�o �d�e�l�l��i�n�t�e�r�a�z�i�o�n�e: �s�e, �p�e�r� �t�u�t�t�e �l�e �c�o�p�p�i�e i, j

• Jij > 0, �l��i�n�t�e�r�a�z�i�o�n�e �è �c�h�i�a�m�a�t�a� �f�e�r�r�o�m�a�g�n�e�t�i�c�a�

• Jij < 0, �l��i�n�t�e�r�a�z�i�o�n�e �è �c�h�i�a�m�a�t�o �a�n�t�i�f�e�r�r�o�m�a�g�n�e�t�i�c�a�

• Jij = 0 �g�l�i� �s�p�i�n� �s�o�n�o �n�o�n� �i�n�t�e�r�a�g�e�n�t�i�.

I �n� �u�n� �m�o�d�e�l�l�o �d�i� I�s�i�n�g �f�e�r�r�o�m�a�g�n�e�t�i�c�o, �g�l�i� �s�p�i�n� �t�e�n�d�o�n�o �a�d�
�e�s�s�e�r�e �a�l�l�i�n�e�a�t�i�: �l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �i�n� �c�u�i� �g�l�i� �s�p�i�n� �a�d�i�a�c�e�n�t�i�
�s�o�n�o �d�e�l�l�o �s�t�e�s�s�o �s�e�g�n�o �h�a�n�n�o �u�n�a� �m�a�g�g�i�o�r�e �p�r�o�b�a�b�i�l�i�t�à�. I �n�
�u�n� �m�o�d�e�l�l�o �a�n�t�i�f�e�r�r�o�m�a�g�n�e�t�i�c�o, �g�l�i� �s�p�i�n� �a�d�i�a�c�e�n�t�i� �t�e�n�d�o�n�o �a�d�
�a�v�e�r�e �s�e�g�n�i� �o�p�p�o�s�t�i�.

L�a� �c�o�n�v�e�n�z�i�o�n�e �d�i� �s�e�g�n�o �d�i� E (σ) �s�p�i�e�g�a� �a�n�c�h�e �c�o�m�e �u�n�o
�s�p�i�n� �n�e�l �s�i�t�o j �i�n�t�e�r�a�g�i�s�c�e �c�o�n� �i�l �c�a�m�p�o �e�s�t�e�r�n�o. V�a�l�e �a�
�d�i�r�e, �i�l �s�i�t�o �d�i� �s�p�i�n� �v�u�o�l�e �a�l�l�i�n�e�a�r�s�i� �c�o�n� �i�l �c�a�m�p�o �e�s�t�e�r�n�o.
S�e:

• hj > 0, �l�o �s�p�i�n� �n�e�l �s�i�t�o j �v�u�o�l�e �a�l�l�i�n�e�a�r�s�i� �n�e�l�l�a� �d�i�r�e�z�i�o�n�e
�p�o�s�i�t�i�v�a�,

• hj < 0, �l�o �s�p�i�n� �n�e�l �s�i�t�o j �v�u�o�l�e �a�l�l�i�n�e�a�r�s�i� �n�e�l�l�a� �d�i�r�e�z�i�o�n�e
�n�e�g�a�t�i�v�a�,
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• hj = 0, �n�o�n� �v�i� �è �a�l�c�u�n�a� �i�n�f�l�u�e�n�z�a� �e�s�t�e�r�n�a� �s�u�l �s�i�t�o �d�e�l�l�o
�s�p�i�n�.

I �m�o�d�e�l�l�i� �d�i� I�s�i�n�g �s�o�n�o �s�p�e�s�s�o �e�s�a�m�i�n�a�t�i� �c�o�n� �c�a�m�p�o
�e�s�t�e�r�n�o h �c�o�s�t�a�n�t�e,

E (σ) = − ∑
<i j>

Jijσiσj − h ∑
j

σj

�o �n�u�l�l�o, h = 0. U�n�'�a�l�t�r�a� �s�e�m�p�l�i�f�i�c�a�z�i�o�n�e �a�b�b�a�s�t�a�n�z�a� �c�o�m�u�n�e �è
�a�s�s�u�m�e�r�e �c�h�e �t�u�t�t�i� �i� �s�i�t�i� �p�i�ù� �v�i�c�i�n�i� < i j > �a�b�b�i�a�n�o �l�a� �s�t�e�s�s�a�
�i�n�t�e�n�s�i�t�à� �d�i� �a�c�c�o�p�p�i�a�m�e�n�t�o. A�l�l�o�r�a� Jij = J �e

E (σ) = −J ∑
<i j>

σiσj − h ∑
j

σj. (6.78)

Q�u�a�n�d�o �i�l �c�a�m�p�o �e�s�t�e�r�n�o �è �o�v�u�n�q�u�e �n�u�l�l�o, h = 0, �i�l �m�o-
�d�e�l�l�o �d�i� I�s�i�n�g �è �s�i�m�m�e�t�r�i�c�o �r�i�s�p�e�t�t�o �a�l�l��i�n�v�e�r�s�i�o�n�e �d�e�l�l�o
�s�p�i�n� �i�n� �t�u�t�t�i� �i� �s�i�t�i� �r�e�t�i�c�o�l�a�r�i�. P�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e, �s�e I �è
�l�a� �t�r�a�s�f�o�r�m�a�z�i�o�n�e

I : σ = (σ1, σ2, . . .)→ −σ = (−σ1,−σ2, . . .),

�a�l�l�o�r�a� �l�a� �f�u�n�z�i�o�n�e �e�n�e�r�g�i�a� (6.78) �è �i�n�v�a�r�i�a�n�t�e �r�i�s�p�e�t�t�o �a� I .
U�n� �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�o�n� �n�u�l�l�o �r�o�m�p�e �q�u�e�s�t�a� �s�i�m�m�e�t�r�i�a�.

L�e �d�o�m�a�n�d�e �i�n�t�e�r�e�s�s�a�n�t�i� �d�a� �p�o�r�s�i� �s�o�n�o �t�u�t�t�e �n�e�l �l�i�m�i�t�e �d�i�
�u�n� �g�r�a�n� �n�u�m�e�r�o �d�i� �s�p�i�n�, �a�d� �e�s�e�m�p�i�o:

• I�n� �u�n�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �t�i�p�i�c�a�, �l�a� �m�a�g�g�i�o�r� �p�a�r�t�e �d�e�g�l�i� �s�p�i�n�
�s�o�n�o 1 �o -1, �o �s�o�n�o �d�i�v�i�s�i� �e�q�u�a�m�e�n�t�e?

• S�e �u�n�o �s�p�i�n� �i�n� �u�n� �d�a�t�o �p�o�s�i�z�i�o�n�e i �è 1, �q�u�a�l �è �l�a� �p�r�o�b�a�-
�b�i�l�i�t�à� �c�h�e �l�o �s�p�i�n� �n�e�l�l�a� �p�o�s�i�z�i�o�n�e j �è 1?

• S�e β �c�a�m�b�i�a�, �v�i� �è �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e?
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I�l �c�a�s�o �p�i�ù� �s�t�u�d�i�a�t�o �è �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �s�u� �u�n� �r�e�t�i�c�o�l�o d-
�d�i�m�e�n�s�i�o�n�a�l�e Λ ⊂ Zd, �c�o�n� �c�a�m�p�o �e�s�t�e�r�n�o �n�u�l�l�o.

§188 P�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e P�e�r� �i�l �c�a�l�c�o�l�o �d�e�l�l�e �p�r�o�p�r�i�e-
�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �u�n� �s�i�s�t�e�m�o �m�a�g�n�e�t�i�c�o �è �c�o�n�v�e�n�i�e�n�t�e
�u�t�i�l�i�z�z�a�r�e �l�a� �m�i�s�u�r�a� �c�a�n�o�n�i�c�a� �s�e�c�o�n�d�o �c�u�i� �l�a� �p�r�o�b�a�b�i�l�i�t�à� �d�i�
�u�n�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �è �d�a�t�a� �d�a�l�l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i� B�o�l�t�z�m�a�n�n�
�c�o�n� �t�e�m�p�e�r�a�t�u�r�a� �i�n�v�e�r�s�a� β ≥ 0:

Pβ(σ) =
e−βE (σ)

Z .

L�a� �c�o�s�t�a�n�t�e �d�i� �n�o�r�m�a�l�i�z�z�a�z�i�o�n�e

Z = ∑
σ

e−βE (σ) (6.79)

�è �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e. S�i� �o�s�s�e�r�v�i� �c�h�e �s�o�m�m�a�r�e �s�u�
�t�u�t�t�e �l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �s�i� �s�p�i�n� σ �s�i�g�n�i�f�i�c�a� �s�o�m�m�a�r�e �s�u� �t�u�t�t�i�
�i� �v�a�l�o�r�i� ±1 �a�s�s�u�n�t�i� �d�a�g�l�i� �s�p�i�n�:

∑
σ

≡ ∑
σ1=±1,...,σN=±1

.

L�e �p�r�o�b�a�b�i�l�i�t�à� �c�o�n�f�i�g�u�r�a�z�i�o�n�a�l�i� Pβ(σ) �r�a�p�p�r�e�s�e�n�t�a�n�o �l�a�
�p�r�o�b�a�b�i�l�i�t�à� �c�h�e �a�l�l��e�q�u�i�l�i�b�r�i�o �s�i� �a�b�b�i�a� �u�n�o �s�t�a�t�o �d�i� �c�o�n�f�i�g�u�r�a�-
�z�i�o�n�e σ. P�e�r� �u�n�a� �f�u�n�z�i�o�n�e f �d�e�g�l�i� �s�p�i�n�, �i�l �s�u�o �v�a�l�o�r� �m�e�d�i�o
�è

〈 f 〉β = ∑
σ

f (σ)Pβ(σ) =
1
Z ∑

σ

f (σ)e−βE (σ) .

S�e �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e, �e �q�u�i�n�d�i� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�

F = − 1
β

logZ ,

�p�o�t�e�s�s�e�r�o �e�s�s�e�r�e �v�a�l�u�t�a�t�e �e�s�a�t�t�a�m�e�n�t�e, �t�u�t�t�e �l�e �p�r�o�p�r�i�e�t�à�
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�d�i� �e�q�u�i�l�i�b�r�i�o �d�e�l �s�i�s�t�e�m�a� �p�o�t�r�e�b�b�e�r�o �e�s�s�e�r�e �c�a�l�c�o�l�a�t�e, �p�e�r�
�e�s�e�m�p�i�o, �l��e�n�e�r�g�i�a� �m�e�d�i�a�,

〈E 〉 = 1
Z ∑

σ

E (σ)e−βE (σ) = − ∂ logZ
∂β

∣∣∣∣
h
= β

∂F
∂β

∣∣∣∣
h

,

�e �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �m�e�d�i�a�

〈M〉 = 1
Z∑

σ

[
∑

i
σi

]
e−βE (σ) =

1
Z ∑

σ

eβ ∑ Jijσiσj+βh ∑ σj

=
1
β

∂ logZ
∂h

∣∣∣∣
β

= − ∂F
∂h

∣∣∣∣
β

(6.80)

§189 G�a�� �r�e�t�i�c�o�l�a�r�i� L�a� �n�a�t�u�r�a� �b�i�n�a�r�i�a� �d�e�l�l�e �v�a�r�i�a�b�i�l�i� �d�i�
�s�p�i�n� �p�e�r�m�e�t�t�e �a�l�t�r�e �p�o�s�s�i�b�i�l�i� �i�n�t�e�r�p�r�e�t�a�z�i�o�n�i� �d�e�l �m�o�d�e�l�l�o �d�i�
I�s�i�n�g. P�o�s�s�i�a�m�o, �p�e�r� �e�s�e�m�p�i�o, �p�e�n�s�a�r�e �i�l �m�o�d�e�l�l�o �c�o�m�e �u�n�
`̀ �g�a�� �r�e�t�i�c�o�l�a�r�e'' �c�o�n� + �c�h�e �c�o�r�r�i�s�p�o�n�d�e �a�d� �u�n� �s�i�t�o �o�c�c�u�p�a�t�o
�e − �a�d� �u�n� �s�i�t�o �n�o�n� �o�c�c�u�p�a�t�o, �o �a�d� �u�n�a� �l�e�g�a� �b�i�n�a�r�i�a� �c�o�n�
+ �e − �c�h�e �c�o�r�r�i�s�p�o�n�d�o�n�o �a�d� �u�n� �s�i�t�o �d�e�l �r�e�t�i�c�o�l�o �o�c�c�u�p�a�t�o
�d�a�l�l��a�t�o�m�o A �o B, �r�i�s�p�e�t�t�i�v�a�m�e�n�t�e.

C�o�n�s�i�d�e�r�i�a�m�o �u�n� �r�e�t�i�c�o�l�o �d�i� V �s�i�t�i� (V �e�s�s�e�n�d�o �p�e�n�s�a�t�o
�c�o�m�e `̀ �v�o�l�u�m�e'') �e �a�d� �u�n�a� �c�o�l�l�e�z�i�o�n�e �d�i� N �p�a�r�t�i�c�e�l�l�e �c�h�e �p�o��-
�s�o�n�o �o�c�c�u�p�a�r�e �q�u�e�s�t�i� �s�i�t�i� �c�o�n� �l�a� �r�e�s�t�r�i�z�i�o�n�e �c�h�e �n�o�n� �p�i�ù�
�c�h�e �u�n�a� �p�a�r�t�i�c�e�l�l�a� �p�u�ò �o�c�c�u�p�a�r�e �u�n� �d�a�t�o �s�i�t�o. A�d� �o�g�n�i� �s�i�t�o
�a�s�s�o�c�i�a�m�o �l�a� �v�a�r�i�a�b�i�l�e qi �d�e�f�i�n�i�t�a� �d�a�

qi =





1 �s�e �i�l �s�i�t�o i �è �o�c�c�u�p�a�t�o
0 �s�e �i�l �s�i�t�o i �n�o�n� �è �o�c�c�u�p�a�t�o

(6.81)

P�o�i�c�h�é �i�l �n�u�m�e�r�o �t�o�t�a�l�e �d�i� �p�a�r�t�i�c�e�l�l�e �è N, �a�b�b�i�a�m�o �i�l �v�i�n�c�o�l�o

∑
i
qi = N. (6.82)
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P�o�s�s�i�a�m�o �a�s�s�u�m�e�r�e �c�h�e �l��e�n�e�r�g�i�a� �d�i� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �i� �s�i�-
�t�i� i �e j �è −φij �s�e �i� �s�i�t�i� i �e j �s�o�n�o �o�c�c�u�p�a�t�i� �e 0 �a�l�t�r�i�m�e�n�-
�t�i�. N�e �s�e�g�u�e �c�h�e �l��e�n�e�r�g�i�a� �t�o�t�a�l�e �d�i� �i�n�t�e�r�a�z�i�o�n�e �d�i� �u�n�a� �d�a�t�a�
�c�o�n�f�i�g�u�r�a�z�i�o�n�e q = (q1, q2, . . . , qV) �è

E (q) = − ∑
1≤i<j≤N

φijqiqj.

L�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�a�n�o�n�i�c�a� �è �d�a�t�a�

Z = ∑
q

∗e−βE (q), (6.83)

�d�o�v�e �l�a� �s�o�m�m�a� �a�s�t�e�r�i�s�c�a�t�a� �d�e�n�o�t�a� �l�a� �s�o�m�m�a� �s�u� �t�u�t�t�e �l�e
�c�o�n�f�i�g�u�r�a�z�i�o�n�i� �c�h�e �s�o�d�d�i�s�f�a�n�o �i�l �v�i�n�c�o�l�o (6.82). P�e�r� �r�i�m�u�o�v�e�r�e
�l�a� �r�e�s�t�r�i�z�i�o�n�e �s�u�l�l�a� �s�o�m�m�a�, �è �c�o�n�v�e�n�i�e�n�t�e �c�o�n�s�i�d�e�r�a�r�e �l�a�
�f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �g�r�a�n� �c�a�n�o�n�i�c�a� (6.54)

ZGC =
∞

∑
N=1
ZNzN

= ∑
q

e∑V
i qi log z+β ∑i<j φijqiqj , (6.84)

�d�o�v�e �l�a� �s�o�m�m�a� �s�u� q �è �a�d�e�s�s�o �s�u� �t�u�t�t�e �l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i�.
P�e�r� �s�t�a�b�i�l�i�r�e �u�n�a� �c�o�r�r�i�s�p�o�n�d�e�n�z�a� �p�r�e�c�i�s�a� �t�r�a� �i�l �g�a�� �r�e-

�t�i�c�o�l�a�r�e �e �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g, �d�e�f�i�n�i�a�m�o �l�a� �v�a�r�i�a�b�i�l�e �d�i� �s�p�i�n�

σi =
1
2
(1− qi) (6.85)

�c�h�e �a�s�s�u�m�e �i� �v�a�l�o�r�i� +1 �e −1 �q�u�a�n�d�o qi = 0 �o 1, �r�i�s�p�e�t�t�i�v�a�-
�m�e�n�t�e. S�o�s�t�i�t�u�e�n�d�o �l��e��. (6.85) �n�e�l�l��e��. (6.84), �d�o�p�o �u�n� �c�a�l�c�o�l�o
�e�l�e�m�e�n�t�a�r�e �s�i� �o�t�t�i�e�n�e

ZGC = eA ∑
σ

eβ ∑i<j Jijσiσj+β ∑i hiσi (6.86)
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�d�o�v�e

A =
V
2

log z + β
V

∑
i<j

Jij (6.87)

Jij =
1
4

φij (6.88)

βhi = −
1
2

log z− β

(
V

∑
j=i+1

Jij +
i−1

∑
j=1

Jji

)
(6.89)

A �p�a�r�t�e �i�l �f�a�t�t�o�r�e �m�o�l�t�i�p�l�i�c�a�t�i�v�o �b�a�n�a�l�e eA, ZGC �è �p�r�e�c�i�-
�s�a�m�e�n�t�e �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�a�n�o�n�i�c�a� �d�i� �u�n� �m�o�d�e�l�l�o �d�i�
I�s�i�n�g �c�o�n� V �s�i�t�i�e �c�o�n� �c�o�s�t�a�n�t�i� �d�i� �a�c�c�o�p�p�i�a�m�e�n�t�o Jij �t�r�a� �g�l�i�
�s�p�i�n� �n�e�i� �s�i�t�i� i �e j �e �c�o�n� �u�n� �c�a�m�p�o �e�s�t�e�r�n�o hi �a�p�p�l�i�c�a�t�o �n�e�l
�s�i�t�o i.

A�d�e�s�s�o �è �i�m�m�e�d�i�a�t�o �s�t�a�b�i�l�i�r�e �r�e�l�a�z�i�o�n�i� �t�r�a� �l�e �q�u�a�n�t�i�t�à�
�t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�i� �u�n� �g�a�� �r�e�t�i�c�o�l�a�r�e �e �l�e �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �p�e�r�
�u�n� �m�o�d�e�l�l�o �d�i� I�s�i�n�g. P�e�r� �e�s�e�m�p�i�o, �s�i� �p�u�ò �v�e�r�i�f�i�c�a�r�e �c�h�e �l�a�
�d�e�n�s�i�t�à�

ρ =
N
V

�d�a�t�a� �d�a�l�l�a� �e��. (6.53) �è �c�o�l�l�e�g�a�t�a� �a�l�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �p�e�r�
�s�p�i�n�

m =
1
V

〈
V

∑
i=1

σi

〉

�d�e�l �c�o�r�r�i�s�p�o�n�d�e�n�t�e �m�o�d�e�l�l�o �d�i� I�s�i�n�g �p�e�r�

ρ =
1
2
(1−m) .

6.9 M�o�d�e�l�l�i� �u�n�i�d�i�m�e�n�s�i�o�n�a�l�i�

F�i�g�u�r�a� 6.7: M�o�d�e�l�l�o �d�i� I�s�i�n�g
�u�n�i�d�i�m�e�n�s�i�o�n�e �s�u� �u�n� �c�e�r�c�h�i�o.

§190 C�a�t�e�n�a� �d�i� �s�p�i�n� C�o�n�s�i�d�e�r�i�a�m�o N �s�p�i�n� σi, i = 0, . . . , N,
�c�h�e �p�o�s�s�o�n�o �a�s�s�u�m�e�r�e �i� �v�a�l�o�r�i� σi = ±1. L'�e�n�e�r�g�i�a� �d�e�l �s�i�s�t�e-
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�m�a� �d�i� �s�p�i�n� �è
E = −J

N−1

∑
i=0

σiσi+1 − h ∑
i

σi, (6.90)

�d�o�v�e �a�b�b�i�a�m�o �p�o�s�t�o µ = 1 �p�e�r� �c�o�m�o�d�i�t�à�. L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �p�e�r�
�q�u�e�s�t�a� `̀ �c�a�t�e�n�a�'' �d�i� �s�p�i�n�,

−β f (β, h) = lim
N→∞

1
N
Z(β)

�p�u�ò �e�s�s�e�r�e �c�a�l�c�o�l�a�t�a� �e�s�a�t�t�a�m�e�n�t�e.
S�e h = 0, �è �m�o�l�t�o �f�a�c�i�l�e �o�t�t�e�n�e�r�e �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�, �n�e�l �c�a�s�o �d�i�

�c�o�n�d�i�z�i�o�n�e �l�i�b�e�r�a� �a�l �c�o�n�t�o�r�n�o, �c�i�o�è �q�u�a�n�d�o

h(σ) = −J(σ1σ2 + · · ·+ σN−1σN).

A�l�l�o�r�a� �i�l �m�o�d�e�l�l�o `̀ �f�a�t�t�o�r�i�z�z�a�'' �m�e�d�i�a�n�t�e �i�l `̀ �c�a�m�b�i�a�m�e�n�t�o �d�i�
�v�a�r�i�a�b�i�l�i�''

bj = σjσj−1 j ≥ 2.

Q�u�e�s�t�o �d�à�

Z(β) = ∑
σ1,...,σN

eβJσ1σ2 eβJσ2σ3 · · · eβJσN−1σN = 2
N

∏
j=2

∑
bj

eβJbj = 2
[
eβJ + e−βJ

]N−1
.

Q�u�i�n�d�i� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �è

f (β, 0) = − 1
β

ln
[
eβJ + e−βJ

]
. (6.91)

C�o�n� �l�o �s�t�e�s�s�o �c�a�m�b�i�a�m�e�n�t�o �d�i� �v�a�r�i�a�b�i�l�i�, �s�i� �o�t�t�i�e�n�e �l�a� �f�u�n�z�i�o-
�n�e �d�i� �c�o�r�r�e�l�a�z�i�o�n�e

C(j, j + L) = 〈σjσj+L〉 =
[

eβJ − e−βJ

eβJ + e−βJ

]L

(6.92)

C�o�m�e �s�i� �p�u�ò �v�e�d�e�r�e, �e�s�s�a� �d�e�c�a�d�e �e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �a�p�p�e-
�n�a� T 6= 0 (�m�a� �p�e�r� T = 0, �c�i�o�è �n�e�l �l�i�m�i�t�eβ → ∞ �n�o�n� �c'�è
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�d�e�c�a�d�i�m�e�n�t�o).
S�e h 6= 0, �s�i� �u�t�i�l�i�z�z�a� �i�l �m�e�t�o�d�o �d�e�t�t�o �d�e�l�l�a� �m�a�t�r�i�c�e �d�i� �t�r�a�s�f�e-

�r�i�m�e�n�t�o. P�e�r� �c�o�n�d�i�z�i�o�n�i� �a�l �c�o�n�t�o�r�n�o �i�l �p�e�r�i�o�d�i�c�h�e, �i�l �m�e�t�o�d�o �è
�i�l �s�e�g�u�e�n�t�e. S�i� �c�o�n�s�i�d�e�r�i� �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e

Z(β) = ∑
σ1,...,σN

eβhσ1 eβJσ1σ2 eβhσ2 eβJσ2σ3 · · · eβhσN eβJσN σ1

= ∑
σ1,...,σN

Vσ1,σ2 Vσ2,σ3 · · ·VσN ,σ1 .

S�i� �o�s�s�e�r�v�i� �c�h�e �i� �c�oe�f�f�i�c�i�e�n�t�i� Vσ,σ′ �p�o�s�s�o�n�o �e�s�s�e�r�e �v�i�s�t�i� �c�o�m�e
�g�l�i� �e�l�e�m�e�n�t�i� �d�i� �u�n�a� �m�a�t�r�i�c�e. E�s�i�s�t�o�n�o �d�i�v�e�r�s�e �p�o�s�s�i�b�i�l�i� �s�c�e�l�t�e:
�u�n�a� �c�o�m�o�d�a� (�p�e�r�c�h�é �l�a� �m�a�t�r�i�c�e �è �s�i�m�m�e�t�r�i�c�a�) �è

Vσ,σ′ = e
βh
2 σeβJσσ′ e

βh
2 σ′

�o
V =




eβ(h+J) e−βJ

e−βJ e−β(h−J)


 .

N�e�l �f�o�r�m�a�l�i�s�m�o �d�e�l�l�e �m�a�t�r�i�c�i�

Z(β) = TrVN = λN
1 + λN

2 = λN
1

[
1 +

(
λ2

λ1

)N
]

�d�o�v�e λ1 �è �l��a�u�t�o�v�a�l�o�r�e �p�i�ù� �g�r�a�n�d�e �d�i� V �m�e�n�t�r�e λ2 �è �l��a�l�t�r�o
�a�u�t�o�v�a�l�o�r�e:

λ1 = eβJ cosh βh +
√

e2βJ(sinh βh)2 + e−2βJ

�e |λ2| < λ1. A�l�l�o�r�a�

lim
N→∞

1
βN

lnZ(β) = log λ1 .
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Q�u�i�n�d�i� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�e�l�l�a� �c�a�t�e�n�a� �d�i� �s�p�i�n� �p�e�r� h 6= 0 �è

f (β, h) = − 1
β

ln
(

eβJ cosh βh +
√

e2βJ(sinh βh)2 + e−2βJ
)

, (6.93)

�c�h�e �s�i� �r�i�d�u�c�e �a�l�l�a� (6.91) �q�u�a�n�d�o h = 0.
S�i� �p�u�ò �i�n�o�l�t�r�e �d�i�m�o�s�t�r�a�r�e �c�h�e �l�a� �f�u�n�z�i�o�n�e �d�i� �c�o�r�r�e�l�a�z�i�o�n�e

(�s�o�t�t�r�a�t�t�a�) �s�p�i�n�-�s�p�i�n� �è

S(i, j) = 〈σiσj〉 − 〈σi〉〈σj〉 = C(β)e−c(β)|i−j|

�d�o�v�e C(β) �e c(β) �s�o�n�o �f�u�n�z�i�o�n�i� �p�o�s�i�t�i�v�e �p�e�r� T > 0.

§191 G�a�� �d�i� T�o�n�k�� U�n�o �d�e�i� �m�o�d�e�l�l�i� �p�i�ù� �s�e�m�p�l�i�c�i� �d�i� �f�l�u�i�d�o
�c�h�e �s�i� �p�u�ò �i�m�m�a�g�i�n�a�r�e �è �u�n� �g�a�� �d�i� �s�f�e�r�e �r�i�g�i�d�e �s�e�n�z�a� �i�n�t�e-
�r�a�z�i�o�n�e, �e�c�c�e�t�t�o �i�l �p�o�t�e�n�z�i�a�l�e `̀ �h�a�r�d�-�c�o�r�e'' (6.41). A�l�l�o�r�a�, �d�e�t�t�o
b �i�l �d�i�a�m�e�t�r�o �d�e�l�l�e �s�f�e�r�e �r�i�g�i�d�e, �i�l �s�i�s�t�e�m�a� �h�a� �u�n�a� �h�a�m�i�l�t�o�n�i�a�-
�n�a� (6.21) �c�o�n� φ(r) = φ�h�c (�p�e�r� r0 = b) �e �l��i�n�t�e�g�r�a�n�d�o �n�e�l�l��e��.
(6.26) �p�e�r� �l�a� �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�o�n�f�i�g�u�r�a�z�i�o�n�a�l�e �p�u�ò
�e�s�s�e�r�e �s�c�r�i�t�t�o �c�o�m�e

exp

[
−β ∑

1≤i<j≤N
φ
(∣∣ri − r j

∣∣)
]
= ∏

1≤i<j≤N
S(
∣∣ri − r j

∣∣) . (6.94)

�d�o�v�e

S(r) =





1 �p�e�r� r > b

0 �p�e�r� r ≤ b ,
(6.95)

L�a� �t�e�m�p�e�r�a�t�u�r�a�, �d�u�n�q�u�e, �n�o�n� �e�n�t�r�a� �c�o�m�e �u�n� �p�a�r�a�m�e�t�r�o �i�n�
�q�u�e�s�t�o �m�o�d�e�l�l�o ( �s�e �n�o�n� �n�e�l�l�a� �p�a�r�t�e �c�i�n�e�t�i�c�a�) �e �l�a� �f�u�n�z�i�o�n�e �d�i�
�p�a�r�t�i�z�i�o�n�e �è �e�s�s�e�n�z�i�a�l�m�e�n�t�e �i�l `̀ �c�o-�v�o�l�u�m�e'' �d�i� N �s�f�e�r�e �r�i�g�i�d�e
�i�n� �u�n�a� �r�e�g�i�o�n�e �d�i� �v�o�l�u�m�e V.

I �n� �u�n�a� �d�i�m�e�n�s�i�o�n�e, �i�l �m�o�d�e�l�l�o �c�o�r�r�i�s�p�o�n�d�e �a� �u�n� �g�a�� �d�i�
N `̀ �b�a�s�t�o�n�c�i�n�i� �r�i�g�i�d�i� '' �d�i� �l�u�n�g�h�e�z�z�a� b. Q�u�e�s�t�o �p�r�o�b�l�e�m�a� �f�u�
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�r�i�s�o�l�t�o �d�a� T�o�n�k�� �n�e�l 1936. I�l �m�o�d�e�l�l�o �i�n� �d�i�m�e�n�s�i�o�n�i� �m�a�g�g�i�o�r�i�
�è �a�n�c�o�r�a� �i�r�r�i�s�o�l�t�o �e�c�c�e�t�t�o �c�h�e �n�e�l �c�a�s�o �l�i�m�i�t�e �d�i� �d�i�m�e�n�s�i�o�n�e
�s�p�a�z�i�a�l�e �i�n�f�i�n�i�t�a� (F�r�i�s�c�h�, 1985).

L�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �p�e�r� N �b�a�s�t�o�n�c�i�n�i� �r�i�g�i�d�i� �n�e�l�l��i�n�-
�t�e�r�v�a�l�l�o 0 ≤ x ≤ L �è

Z(N, L, β) =
1

N!

∫ L

0
· · ·

∫ L

0
exp

[
−β ∑

1≤<j≤N
φ
(∣∣ri − r j

∣∣)
]

dx1 · · · dxN

(6.96)
L�a� �c�a�r�a�t�t�e�r�i�s�t�i�c�a� �s�e�m�p�l�i�f�i�c�a�n�t�e �d�e�l �c�a�s�o �u�n�i�-�d�i�m�e�n�s�i�o�n�a�l�e �è
�c�h�e �l�e �p�a�r�t�i�c�e�l�l�e �p�o�s�s�o�n�o �e�s�s�e�r�e �o�r�d�i�n�a�t�e �s�u�l�l�a� �r�e�t�t�a�. V�a�l�e �a�
�d�i�r�e, �p�e�r� �u�n� �a�r�b�i�t�r�a�r�i�o �p�o�t�e�n�z�i�a�l�e φ, �l��i�n�t�e�g�r�a�l�e �n�e�l�l��e��. (6.96)
�è N! �v�o�l�t�e �l��i�n�t�e�g�r�a�l�e �s�u�l�l�a� �r�e�g�i�o�n�e

R : 0 < x1 < x2 < · · · < xN

È �i�l �f�a�t�t�o �c�h�e �p�o�s�s�i�a�m�o �o�r�d�i�n�a�r�e �l�e �p�a�r�t�i�c�e�l�l�e �s�u�l�l�a� �r�e�t�t�a� �c�i�o�è
�c�h�e �r�e�n�d�e �p�o�s�s�i�b�i�l�e �o�t�t�e�n�e�r�e �u�n�a� �s�o�l�u�z�i�o�n�e �e�s�a�t�t�a�. S�f�o�r�t�u�n�a�-
�t�a�m�e�n�t�e, �n�o�n� �c'�è �u�n� �t�r�u�c�c�o �a�n�a�l�o�g�o �i�n� �d�i�m�e�n�s�i�o�n�e �m�a�g�g�i�o�r�e �d�i�
�u�n�o.

U�n�a� �v�o�l�t�a� �c�h�e �a�b�b�i�a�m�o �o�r�d�i�n�a�t�o �l�e �p�a�r�t�i�c�e�l�l�e, �è �c�h�i�a�r�o
�c�h�e �q�u�a�n�d�o xi+1 − xi > b, �a�l�l�o�r�a� xj − xi > a �p�e�r� �t�u�t�t�i� �i�
j = 1 + 1, i + 2, . . . N. S�e�g�u�e �a�l�l�o�r�a� �d�a�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e
(6.94) �d�e�l�l��i�n�t�e�g�r�a�n�d�o �e �d�a�l�l�e �e��. (6.95) �e (6.96) �c�h�e

Z(N, L, β) =
∫
· · ·

∫

R

N−1

∏
i=1

S(xi+1 − xi)dx1 · · · dxN

=
∫
· · ·

∫

R′

dx1 · · · dxN

�d�o�v�e R′ �è �l�a� �r�e�g�i�o�n�e

R′ = {(i− 1)b < xi < xi+1 − b|i = 1, 2, . . . , N}
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�e, �p�e�r� �d�e�f�i�n�i�z�i�o�n�e, xN+1 = L + b. C�o�n� �i�l �c�a�m�b�i�a�m�e�n�t�o �d�i�
�v�a�r�i�a�b�i�l�i�

yi = xi − (i− 1)b,

�s�i� �o�t�t�i�e�n�e

Z(N, L, β) =
∫ `

0
dyN

∫ yN

0
dyN−1 · · ·

∫ y3

0
dy2

∫ y2

0
dy1 =

`N

N!

�d�o�v�e
` = L− (N − 1)b .

U�s�a�n�d�o �l�a� �f�o�r�m�u�l�a� �d�i� S�t�i�r�l�i�n�g N! ∼ NNe−N �p�e�r� N → ∞,
�o�t�t�e�n�i�a�m�o �n�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�

−β f (β, v) = lim
N→∞,v=L/N �c�o�s�t.

1
N
Z(N, L, β) = 1 + log(v− b) (6.97)

S�i� �o�s�s�e�r�v�i� �c�h�e f (β, v) �è �d�e�f�i�n�i�t�a� �s�o�l�o �p�e�r� v > b. Q�u�a�n�d�o
v ≤ b, �s�i� �h�a� Nb > L, �c�o�s�i�c�c�h�é �d�u�e �b�a�s�t�o�n�c�i�n�i� �s�i� �s�o�v�r�a�p�-
�p�o�n�g�o�n�o. D�a�l�l�a� (6.96) �s�e�g�u�e �c�h�e �i�n� �q�u�e�s�t�o �c�a�s�o Z = 0. L�a�
�c�o�n�d�i�z�i�o�n�e v = b �c�o�r�r�i�s�p�o�n�d�e �a� �u�n� `̀ �c�o�m�p�l�e�t�o �i�m�p�a�c�c�h�e�t�t�a�-
�m�e�n�t�o''.

D�a�l�l�a� �e��. (6.28), �s�i� �o�t�t�i�e�n�e �l�a� �p�r�e�s�s�i�o�n�e �i�n� �f�u�n�z�i�o�n�e �d�i� v �e
T,

p = − ∂ f
∂v

∣∣∣∣
T
=

kT
v− b

,

�c�h�e �è �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �d�e�l �s�i�s�t�e�m�a�, �e �l�a� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�à�
�i�s�o�t�e�r�m�a�

κT = −1
v

∂v
∂p

=
(v− b)2

vkT
.

S�i� �o�s�s�e�r�v�i� �c�h�e �i�l �m�o�d�e�l�l�o �h�a� �l�e �c�o�r�r�e�t�t�e �p�r�o�p�r�i�e�t�à� �d�i� �s�t�a�b�i�-
�l�i�t�à�, �v�a�l�e �a� �d�i�r�e, �p�e�r� v > b, �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �è �u�n�a� �f�u�n�z�i�o�n�e
�c�o�n�v�e�s�s�a� �d�i� v, �l�a� �p�r�e�s�s�i�o�n�e �è �u�n�a� �f�u�n�z�i�o�n�e �d�e�c�r�e�s�c�e�n�t�e �d�i� v

�e �l�a� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �i�s�o�t�e�r�m�a� �è �n�o�n� �n�e�g�a�t�i�v�a�.
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§192 G�a�� �d�i� T�a�k�a�h�a�s�h�i� U�n�a� �s�e�m�p�l�i�c�e �g�e�n�e�r�a�l�i�z�z�a�z�i�o�n�e
�d�e�l �g�a�� �d�i� T�o�n�k��, �d�o�v�u�t�a� �a� T�a�k�a�h�a�s�h�i� (1942) �c�o�n�s�i�s�t�e �d�i� �u�n�
�g�a�� �u�n�i�d�i�m�e�n�s�i�o�n�a�l�e �d�i� �b�a�s�t�o�n�c�i�n�i� �r�i�g�i�d�i� (�d�i� �l�u�n�g�h�e�z�z�a� b) �c�o�n�
�i�n�t�e�r�a�z�i�o�n�e �s�o�l�o �t�r�a� �b�a�s�t�o�n�c�i�n�i� �p�r�i�m�i� �v�i�c�i�n�i�. A�l�l�o�r�a� �l�a� �f�u�n�-
�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �è �d�a�t�a� �d�a�l�l��e��. (6.96) �d�o�v�e �i�l �p�o�t�e�n�z�i�a�l�e
φ(r) �s�o�d�d�i�s�f�a� �l�a� �c�o�n�d�i�z�i�o�n�e

φ (r) =





0 �p�e�r� r > 2b

∞ �p�e�r� r ≤ b ,
. (6.98)

�e �è, �i�n� �p�r�i�n�c�i�p�i�o �a�r�b�i�t�r�a�r�i�o (�m�a� �l�i�m�i�t�a�t�o) �n�e�l�l��i�n�t�e�r�v�a�l�l�o b ≤

x ≤ 2a.
I�l �c�a�l�c�o�l�o �d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �n�o�n� �è �u�n� �e�s�e�r�c�i�z�i�o �d�i�f�f�i�c�i�l�e, �m�a�

�r�i�c�h�i�e�d�e �u�n� �p�o' �d�i� �a�b�i�l�i�t�à�. C�i� �l�i�m�i�t�i�a�m�o �a� �f�o�r�n�i�r�e �i�l �r�i�s�u�l�t�a�t�o:

−β f (β, v) = (v− b)λ0 + log F(λ0) (6.99)

�d�o�v�e
F(λ) =

∫ ∞

0
e−λx−β(x+b)dx (6.100)

�e λ0 �è �l�a� �s�o�l�u�z�i�o�n�e �d�e�l�l��e�q�u�a�z�i�o�n�e

F′(λ0)

F′(λ0)
= a− v (6.101)

(�s�i� �t�r�a�t�t�a� �d�e�l �p�u�n�t�o �s�e�l�l�a� �c�h�e �e�m�e�r�g�e �n�e�l�l�a� �v�a�l�u�t�a�z�i�o�n�e �c�o�n�
�m�e�t�o�d�o �d�i� L�a�p�l�a�c�e �d�e�l�l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �p�e�r� N → ∞).

S�e �s�i� �d�e�r�i�v�a� �l��e��. (6.99) �r�i�s�p�e�t�t�o �a� v, �s�i� �o�t�t�i�e�n�e

βp =
∂

∂v
(−β f ) = λ0
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�c�h�e, �r�i�m�e�s�s�a� �n�e�l�l�a� (6.99), �f�o�r�n�i�s�c�e �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o

v = a− F′(βp)
F′(βp)

(6.102)

F�i�n� �t�a�n�t�o �c�h�e �i�l �p�o�t�e�n�z�i�a�l�e φ �è �l�i�m�i�t�a�t�o, �s�i� �h�a� �c�h�e v �è �u�n�a�
�f�u�n�z�i�o�n�e �a�n�a�l�i�t�i�c�a� �d�i� p �e �v�i�c�e�v�e�r�s�a�.
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A�p�p�e�n�d�i�c�e

6.A N�o�z�i�o�n�i� �d�i� �a�n�a�l�i�s�i� �a�s�i�n�t�o�t�i�c�a�

§193 N�o�t�a�z�i�o�n�i� �s�t�a�n�d�a�r�d� �d�e�l�l��a�n�a�l�i�s�i� �a�s�i�n�t�o�t�i�c�a� I �s�i�m�b�o�l�i�
O, o �e ∼ �s�o�n�o �d�e�f�i�n�i�t�i� �n�e�l �m�o�d�o �s�e�g�u�e�n�t�e. S�u�p�p�o�n�i�a�m�o �c�h�e
f (z) �e g(z) �s�i�a�n�o �f�u�n�z�i�o�n�i� �c�o�m�p�l�e�s�s�e �d�e�f�i�n�i�t�e �i�n� �q�u�a�l�c�h�e �r�e-
�g�i�o�n�e R ⊂ C �d�e�l �p�i�a�n�o �c�o�m�p�l�e�s�s�o �e �c�h�e �a�b�b�i�a�n�o �u�n� �l�i�m�i�t�e
�q�u�a�n�d�o z → z0 �i�n� R. A�l�l�o�r�a� �s�i� �c�o�n�s�i�d�e�r�a�n�o �l�e �s�e�g�u�e�n�t�e �n�o-
�t�a�z�i�o�n�i� �a�b�b�r�e�v�i�a�t�e �p�e�r� �d�e�s�c�r�i�v�e�r�e �l�e �p�r�o�p�r�i�e�t�à� �r�e�l�a�t�i�v�e �d�i�
�q�u�e�s�t�e �f�u�n�z�i�o�n�i� �n�e�l �l�i�m�i�t�e z→ z0.

• A�s�i�n�t�o�t�i�c�a�m�e�n�t�e �l�i�m�i�t�a�t�a� S�e �i�l �r�a�p�p�o�r�t�o | f (z)/g(z)| �è �l�i�-
�m�i�t�a�t�o �q�u�a�n�d�o z → z0, �s�i� �d�i�c�e �c�h�e f (z) �è �a�s�i�n�t�o�t�i�c�a�m�e�n�t�e
�l�i�m�i�t�a�t�a� �d�a� g(z) �q�u�a�n�d�o z→ z0 �e �s�i� �s�c�r�i�v�e

f (z) = O(g(z)) �p�e�r� z→ z0

• A�s�i�n�t�o�t�i�c�a�m�e�n�t�e �p�i�ù� �p�i�c�c�o�l�a� S�e | f (z)/g(z)| → 0 �q�u�a�n�d�o
z → z0, �s�i� �d�i�c�e �c�h�e f (z) �è �a�s�i�n�t�o�t�i�c�a�m�e�n�t�e �p�i�ù� �p�i�c�c�o�l�a� �d�i�
g(z) �q�u�a�n�d�o z→ z0 �e �s�i� �s�c�r�i�v�e

f (z) = o(g(z)) �p�e�r� z→ z0

• A�s�i�n�t�o�t�i�c�a�m�e�n�t�e �u�g�u�a�l�e S�e f (z)
g(z) → 1 �p�e�r� z → z0 (�a�s�s�u�m�e�n�d�o

g(z) �n�o�n� �n�u�l�l�a� �i�n� �u�n� �i�n�t�o�r�n�o �d�i� z0 ), �s�i� �d�i�c�e �c�h�e f �e g

�s�o�n�o �a�s�i�n�t�o�t�i�c�a�m�e�n�t�e �u�g�u�a�l�i� �p�e�r� z→ z0 �e �s�i� �s�c�r�i�v�e

f (z) ∼ g(z) �p�e�r� z→ z0 .
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E�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e, �q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �p�e�r� z→ z0

f (z) = g(z) + o(g(z)) .

E�s�e�m�p�i�:

• f (t) = O(1) �q�u�a�n�d�o t → t0 �s�i�g�n�i�f�i�c�a� �c�h�e f (t) �è �l�i�m�i�t�a�-
�t�a� �q�u�a�n�d�o t → t0 (�s�i� �d�i�c�e �c�h�e f �è O(1) �q�u�a�n�d�o �è �l�i�m�i�t�a�t�a�
�o�v�u�n�q�u�e).

• S�e f (t) = 5t2 + t + 3, �a�l�l�o�r�a�, �p�e�r� t → ∞, f (t) = o(t3), f (t) =

O(t2) �e f (t) ∼ 5t2. P�e�r� t→ 0, f (t) ∼ 3.

• P�e�r� t→ ∞, t1000 = o(et).

O�s�s�e�r�v�a�z�i�o�n�i�:

• L�a� �f�u�n�z�i�o�n�e g(z) �n�e�l�l�e �d�e�f�i�n�i�z�i�o�n�i� �p�r�e�c�e�d�e�n�t�i� �è �u�s�u�a�l�m�e�n�t�e
�d�e�t�t�a� �f�u�n�z�i�o�n�e �d�i� �c�a�l�i�b�r�o, �i�n� �q�u�a�n�d�o �è �l�a� �f�u�n�z�i�o�n�e �r�i�s�p�e�t�t�o
�a� �c�u�i� �s�i� �c�a�l�i�b�r�a� �i�l �c�o�m�p�o�r�t�a�m�e�n�t�o �l�i�m�i�t�e �d�i� f (z).

• C�o�m�e �n�o�t�a�z�i�o�n�e �a�l�t�e�r�n�a�t�i�v�a� �a� f (z) = o(g(z)), �s�p�e�s�s�o
(�s�p�e�c�i�a�l�m�e�n�t�e �i�n� �f�i�s�i�c�a�) �s�i� �u�s�a�

f (z)� g(z) �p�e�r� z→ z0 .

§194 I�n�t�e�g�r�a�l�i� �d�i� L�a�p�l�a�c�e U�n� �i�n�t�e�g�r�a�l�e �è �d�e�t�t�o �d�i� L�a�p�l�a�c�e
�s�e �h�a� �l�a� �f�o�r�m�a�

F(λ) =
∫ b

a
eλϕ(x) f (x)dx (6.103)

�d�o�v�e �a�s�s�u�m�i�a�m�o �c�h�e λ > 0. T�i�p�i�c�a�m�e�n�t�e, λ �è �u�n� �p�a�r�a�m�e�t�r�o
�g�r�a�n�d�e �e �s�i�a�m�o �i�n�t�e�r�e�s�s�a�t�i� �n�e�l�l��a�n�d�a�m�e�n�t�o �a�s�i�n�t�o�t�i�c�o �d�e�l�l��i�n�t�e-
�g�r�a�l�e �q�u�a�n�d�o λ → ∞. O�s�s�e�r�v�i�a�m�o �c�h�e �p�o�s�s�i�a�m�o �s�c�r�i�v�e�r�e F(λ)

�n�e�l�l�a� �f�o�r�m�a�
F(λ) =

1
λ

∫ b

a

f (x)
ϕ′(x)

(
d

dx
eλϕ(x)

)
dx (6.104)
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I�n�t�e�g�r�a�n�d�o �p�e�r� �p�a�r�t�i�

F(λ) = eλϕ(x) f (x)
λϕ′(x)

∣∣∣∣
b

a︸ ︷︷ ︸
�t�e�r�m�i�n�e �d�i� �b�o�r�d�o

− 1
λ

∫ b

a

d
dx

(
f (x)

ϕ′(x)

)
eλϕ(x)dx

︸ ︷︷ ︸
�t�e�r�m�i�n�e �i�n�t�e�g�r�a�l�e

S�e �i�l �t�e�r�m�i�n�e �i�n�t�e�g�r�a�l�e �è �a�s�i�n�t�o�t�i�c�a�m�e�n�t�e �p�i�ù� �p�i�c�c�o�l�o �d�e�l
�t�e�r�m�i�n�e �d�i� �b�o�r�d�o, �c�i�o�è
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F�i�g�u�r�a� 6.8: G�r�a�f�i�c�i� �d�e�l�l�a� �f�u�n�z�i�o�n�e

ϕ(r) = eλ(ln r−r)

�p�e�r� �d�i�v�e�r�s�i� �v�a�l�o�r�i� �d�i� λ.

�t�e�r�m�i�n�e �i�n�t�e�g�r�a�l�e = o(�t�e�r�m�i�n�e �d�i� �b�o�r�d�o)

�q�u�a�n�d�o λ→ ∞, �a�l�l�o�r�a�

F(λ) ∼ eλϕ(x) f (x)
λϕ′(x)

∣∣∣∣
b

a︸ ︷︷ ︸
�t�e�r�m�i�n�e �d�i� �b�o�r�d�o

�e �a�b�b�i�a�m�o �c�o�s�ì� �u�n�'�u�t�i�l�e �a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�e�l�l��i�n�t�e�g�r�a�l�e �q�u�a�n�d�o
λ → ∞. I �n� �g�e�n�e�r�a�l�e, �t�u�t�t�a�v�i�a�, �q�u�e�s�t�o �m�e�t�o�d�o �n�o�n� �f�u�n�z�i�o�n�a�,
�p�e�r�c�h�é �l�a� �p�r�e�c�e�d�e�n�t�e �a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �v�a�l�e �s�o�l�o �s�e ϕ′(x)

�n�o�n� �s�i� �a�n�n�u�l�l�a�.
C�o�n�s�i�d�e�r�i�a�m�o �l�a� �s�e�g�u�e�n�t�e �s�i�t�u�a�z�i�o�n�e: ϕ(x) �h�a� �u�n� �m�a�s�s�i�m�o

�g�l�o�b�a�l�e �p�e�r� x = c, �c�o�n� a ≤ c ≤ b. A�l�l�o�r�a� �è �s�o�l�t�a�n�t�o �l��i�n�t�o�r�n�o
�d�i� c �c�h�e �f�o�r�n�i�s�c�e �i�l �c�o�n�t�r�i�b�u�t�o �d�o�m�i�n�a�n�t�e �a�l�l��i�n�t�e�g�r�a�l�e �q�u�a�n�d�o
λ → ∞. Q�u�e�s�t�o �f�e�n�o�m�e�n�o �p�u�ò �e�s�s�e�r�e �i�l�l�u�s�t�r�a�t�o �c�o�n�s�i�d�e�r�a�n�d�o
�l��i�n�t�e�g�r�a�l�e

∫ ∞

0
eλ(ln r−r)dr

�d�o�v�e ϕ(r) = (ln r − r) �h�a� �u�n� �m�a�s�s�i�m�o �p�e�r� r = 1. S�e �r�i�p�o�r�t�i�a�-
�m�o, �c�o�m�e �i�n� �l�a� �f�i�g�u�r�a� 6.8, �l�a� �f�u�n�z�i�o�n�e �i�n�t�e�g�r�a�n�d�a� �p�e�r� �v�a�l�o�r�i�
�c�e�r�s�c�e�n�t�i� �d�i� λ, �v�e�d�i�a�m�o �c�h�e �è �l�a� �r�e�g�i�o�n�e �i�n�t�o�r�n�o �a� r = 1 �c�h�e
�c�o�n�t�r�i�b�u�i�s�c�e �m�a�g�g�i�o�r�m�e�n�t�e �a�l�l��i�n�t�e�g�r�a�l�e.
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§195 M�e�t�o�d�o �d�i� L�a�p�l�a�c�e (1) P�o�s�s�i�a�m�o �a�p�p�r�o�s�s�i�m�a�r�e F(λ)

�c�o�n� F(λ; ε) �d�o�v�e

F(λ; ε) =





∫ c+ε

c−ε
eλϕ(x) f (x)dx, �s�e a < c < b

∫ a+ε

a
eλϕ(x) f (x)dx, �s�e c = a

∫ b

b−ε
eλϕ(x) f (x)dx, �s�e c = b

�d�o�v�e ε �è �a�r�b�i�t�r�a�r�i�o (�s�o�l�o �s�o�g�g�e�t�t�o �a�l �v�i�n�c�o�l�o �c�h�e �c�i�a�s�c�u�n�o
�d�e�i� �s�o�t�t�o-�i�n�t�e�r�v�a�l�l�i� �d�i� �i�n�t�e�g�r�a�z�i�o�n�e �s�i�a� �c�o�n�t�e�n�u�t�o �i�n� [a, b]).
Q�u�e�s�t�o �p�a�s�s�o �è �g�i�u�s�t�i�f�i�c�a�t�o �s�e �l��a�s�i�n�t�o�t�i�c�a� �d�i� F(λ; ε), �q�u�a�n�-
�d�o λ → ∞, �n�o�n� �d�i�p�e�n�d�e �d�a� ε �e�d� �è �i�d�e�n�t�i�c�a� �a�l�l��a�s�i�n�t�o�t�i�c�a� �d�i�
F(λ) �q�u�a�n�d�o λ → ∞. Q�u�e�s�t�e �d�u�e �c�o�n�d�i�z�i�o�n�i� �s�o�n�o �i�n� �e�f�f�e�t�t�i�
�v�e�r�i�f�i�c�a�t�e. C�o�n�s�i�d�e�r�i�a�m�o �p�e�r� �e�s�e�m�p�i�o �i�l �c�a�s�o a < c < b. I
�t�e�r�m�i�n�i� ∣∣∣∣

∫ c−ε

a
eλϕ(x) f (x)dx

∣∣∣∣+
∣∣∣∣
∫ b

c+ε
eλϕ(x) f (x)dx

∣∣∣∣

�s�o�n�o �d�o�m�i�n�a�t�i� �d�a� F(λ), �q�u�a�n�d�o λ → ∞, �p�e�r�c�h�é eλϕ(x) �è �e�s�p�o-
�n�e�n�z�i�a�l�m�e�n�t�e �p�i�c�c�o�l�o �q�u�a�n�d�o �è �c�o�n�f�r�o�n�t�a�t�o �c�o�n� eλϕ(c) �i�n�
a ≤ x ≤ c − ε �e c + ε ≤ x ≤ b. I �n� �a�l�t�r�e �p�a�r�o�l�e, �c�a�m�b�i�a�r�e �i�
�l�i�m�i�t�i� �d�i� �i�n�t�e�g�r�a�z�i�o�n�e �e �p�a�s�s�a�r�e �d�a� F(λ) �a� F(λ; ε) �i�n�t�r�o�d�u�c�e
�e�r�r�o�r�i� �e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �p�i�c�c�o�l�i�.

(2) C�o�n�s�i�d�e�r�i�a�m�o F(λ) ∼ F(λ; ε) �e �f�a�c�c�i�a�m�o �l�e �a�p�p�r�o�s�s�i�m�a�-
�z�i�o�n�i�:

• S�e ϕ′(c) = 0 �p�e�r� a ≤ c ≤ b �e ϕ′′(c) 6= 0 �a�l�l�o�r�a�

f (x) ≈ f (c)

ϕ(x) ≈ ϕ(c) +
1
2

ϕ′′(c)(x− c)2
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• S�e c = a �o c = b �e ϕ′(c) 6= 0, �f�a�c�c�i�a�m�o �l�e �a�p�p�r�o�s�s�i�m�a�z�i�o�n�i�

f (x) ≈ f (c) 6= 0

ϕ(x) ≈ ϕ(c) + ϕ′(c)(x− c)

(3) D�o�p�o �a�v�e�r� �f�a�t�t�o �l�e �a�p�p�r�o�s�s�i�m�a�z�i�o�n�i� �p�r�e�c�e�d�e�n�t�i�, �e�s�t�e�n�-
�d�i�a�m�o �g�l�i� �e�s�t�r�e�m�i� �d�i� �i�n�t�e�g�r�a�z�i�o�n�e �d�a� −∞ �a� ∞ �p�e�r� �v�a�l�u�t�a�r�e
�g�l�i� �i�n�t�e�g�r�a�l�i� (�q�u�e�s�t�a� �o�p�e�r�a�z�i�o�n�e �è �l�e�g�i�t�t�i�m�a� �p�e�r�c�h�é �i�n�t�r�o�d�u�c�e
�s�o�l�t�a�n�t�o �e�r�r�o�r�i� �e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �p�i�c�c�o�l�i�).

• S�e ϕ′(c) = 0 �p�e�r� a < c < b, �d�o�b�b�i�a�m�o �a�v�e�r�e ϕ′′(c) < 0 (x = c �è
�u�n� �m�a�s�s�i�m�o) �e �q�u�i�n�d�i�, �p�e�r� λ→ ∞,

F(λ) ≈
∫ c+ε

c−ε
eλ[ϕ(c)+ 1

2 ϕ′′(c)(x−c)2] f (c)dx ∼ f (c)eλϕ(c)
∫ ∞

−∞
eλ

ϕ′′(c)
2 (x−c)2

(6.105)

�d�a� �c�u�i�

F(λ) =
√

2 f (c)eλϕ(c)
√
−λϕ′′(c)

∫ ∞

−∞
e−u2

du. (6.106)

Q�u�i�n�d�i�, �p�o�i�c�h�é �l��i�n�t�e�g�r�a�l�e �è �u�g�u�a�l�e �a� √π, �p�e�r� λ→ ∞ �s�i� �h�a�

F(λ) ∼
√

2π f (c)eλϕ(c)
√
−λϕ′′(c)

(6.107)

S�e ϕ′(c) = 0 �e c = a �o c = b, �a�l�l�o�r�a� �l��a�n�d�a�m�e�n�t�o �a�s�i�n�t�o�t�i�c�o
�d�e�l�l��i�n�t�e�g�r�a�l�e �è �l�o �s�t�e�s�s�o �d�i� �q�u�e�l�l�o �i�n� (6.107), �a� �p�a�r�t�e �l�a�
�m�o�l�t�i�p�l�i�c�a�z�i�o�n�e �p�e�r� �u�n� �f�a�t�t�o�r�e 1/2.

• S�e c = a �e ϕ′(c) 6= 0, �d�o�b�b�i�a�m�o �a�v�e�r�e ϕ′(c) < 0, �e �q�u�a�n�d�o
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λ→ ∞ �s�i� �h�a�

F(λ) ≈
∫ a+ε

a
eλ[ϕ(a)+ϕ′′(a)(x−c)] f (a)dx

∼ f (a)eλϕ(a)
∫ ∞

0
eλϕ′(c)(x−c)dx

Q�u�i�n�d�i�
F(λ) ∼ − f (a)eλϕ(a)

λϕ′(a)

S�e c = b �e ϕ′(c) 6= 0, �d�o�b�b�i�a�m�o �a�v�e�r�e ϕ′(c) < 0, �e �u�n� �a�r�g�o-
�m�e�n�t�o �s�i�m�i�l�e �a�l �p�r�e�c�e�d�e�n�t�e �i�m�p�l�i�c�a� �c�h�e �q�u�a�n�d�o λ → ∞ �s�i�
�h�a�

F(λ) ∼ f (b)eλϕ(b)

λϕ′(b)

F�i�n�e �d�e�l�l�a� �d�e�s�c�r�i�z�i�o�n�e �d�e�l �m�e�t�o�d�o �d�i� L�a�p�l�a�c�e. A�d�e�s�s�o �d�u�e
�o�s�s�e�r�v�a�z�i�o�n�i�.

1. S�e ϕ(x) �r�a�g�g�i�u�n�g�e �i�l �s�u�o �m�a�s�s�i�m�o �g�l�o�b�a�l�e �i�n� �d�i�v�e�r�s�i� �p�u�n�t�i�
�i�n� [a, b], �a�l�l�o�r�a� �s�p�e�z�z�i�a�m�o �l��i�n�t�e�g�r�a�l�e �i�n� �i�n�t�e�r�v�a�l�l�i� �c�h�e
�c�o�n�t�e�n�g�o�n�o �s�o�l�o �u�n� �p�u�n�t�o, �l�i� �t�r�a�t�t�i�a�m�o �i�n�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e
�u�s�a�n�d�o �i�l �m�e�t�o�d�o �a�p�p�e�n�a� �d�e�s�c�r�i�t�t�o �e �p�o�i� �s�o�m�m�i�a�m�o �t�u�t�t�i� �i�
�c�o�n�t�r�i�b�u�t�i�.

2. S�e �i�l �m�a�s�s�i�m�o �g�l�o�b�a�l�e �è �t�a�l�e �c�h�e �t�u�t�t�e �l�e �d�e�r�i�v�a�t�e �d�i� ϕ �s�o�n�o
�n�u�l�l�e �f�i�n�o �a�l�l�a� �d�e�r�i�v�a�t�a� m-�e�s�i�m�a�, �c�h�e �è �n�o�n� �n�u�l�l�a�, �a�l�l�o�r�a� �l�o
�s�v�i�l�u�p�p�o �i�n� �s�e�r�i�e �s�a�r�à� ϕ(x) ≈ ϕ(c) + 1

m! ϕ(m)(c)(x− c)m.

E�s�e�m�p�i�o: �l�a� �fo�r�m�u�l�a� �d�i� S�t�i�r�l�i�n�g V�o�g�l�i�a�m�o �d�e�t�e�r�m�i�n�a�r�e
�l��a�n�d�a�m�e�n�t�o �a�s�i�n�t�o�t�i�c�o �d�e�l�l�a� �f�u�n�z�i�o�n�e G�a�m�m�a�

Γ(z + 1)
�d�e�f
=
∫ ∞

0
e−ttzdt ,

�q�u�a�n�d�o z → ∞. I �n� �p�r�i�m�o �l�u�o�g�o, �n�o�t�i�a�m�o �c�h�e �p�o�s�s�i�a�m�o �s�c�r�i�v�e-
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�r�e
Γ(z + 1) =

∫ ∞

0
e−t+z ln tdt .

I�n� �s�e�c�o�n�d�o �l�u�o�g�o, �c�i� �r�i�c�o�n�d�u�c�i�a�m�o �a�d� �u�n� �i�n�t�e�g�r�a�l�e �d�i� L�a�p�l�a�c�e
�s�t�a�n�d�a�r�d�, �f�a�c�e�n�d�o �l�a� �s�o�s�t�i�t�u�z�i�o�n�e t = zr (�q�u�e�s�t�o �h�a� �i�n� �e�f�f�e�t�t�i�
�l�o �s�c�o�p�o �d�i� �c�r�e�a�r�e �u�n� �m�a�s�s�i�m�o �g�l�o�b�a�l�e �p�e�r� ϕ),

Γ(z + 1) =
∫ ∞

0
e−zr+z ln z+z ln rzdr

= zz+1
∫ ∞

0
ez(−r+ln r)dr

Q�u�i�n�d�i� f (r) = 1 �e ϕ(r) = −r + ln r. S�i� �h�a� ϕ′(r) = −1 + 1
r �e

ϕ′′(r) = − 1
r2 , �p�e�r� r > 0. N�e �c�o�n�c�l�u�d�i�a�m�o �c�h�e ϕ �h�a� �u�n� �m�a�s�s�i�m�o

�g�l�o�b�a�l�e �p�e�r� r = 1 �e �c�h�e ϕ′′(1) = −1. A�p�p�l�i�c�h�i�a�m�o �l�a� (6.107):

Γ(z + 1) ∼ zz+1
√

2πe−z
√

z
=
√

2πz zze−z

P�o�i�c�h�é Γ(n + 1) = n! �p�e�r� n �i�n�t�e�r�o �p�o�s�i�t�i�v�o2, �l�a� �f�o�r�m�u�l�a� �p�r�e- 2 (1) D�a�l�l�a� �d�e�f�i�n�i�z�i�o�n�e �d�e�l�l�a� �f�u�n�-
�z�i�o�n�e G�a�m�m�a�, �m�e�d�i�a�n�t�e �i�n�t�e-
�g�r�a�z�i�o�n�e �p�e�r� �p�a�r�t�i�, �s�i� �d�i�m�o-
�s�t�r�a� �c�h�e Γ(z + 1) = zΓ(z); (2)
Γ(1) =

∫ ∞
0 e−tdt = 1. D�a� �q�u�e�s�t�e �d�u�e

�p�r�o�p�r�i�e�t�à� �s�e�g�u�e, �p�e�r� �i�n�d�u�z�i�o�n�e,
�c�h�e Γ(n + 1) = n!.

�c�e�d�e�n�t�e, �p�e�r� n �i�n�t�e�r�o �p�o�s�i�t�i�v�o, �d�i�v�e�n�t�a� �l��u�s�u�a�l�e �f�o�r�m�u�l�a� �d�i�
S�t�i�r�l�i�n�g �p�e�r� �i�l �f�a�t�t�o�r�i�a�l�e:

n! ∼
√

2πn nne−n
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campo magnetico

temperatura

primo ordine =
salto nella magnetizzazione a campo nullo

punto critico
salto = 0

vicino al punto critico

salto ∼ (Tc − T )β

m < 0

m > 0

F�i�g�u�r�a� 7.1: D�i�a�g�r�a�m�m�a� �d�i� �f�a�s�e
�p�e�r� �u�n� �f�e�r�r�o�m�a�g�n�e�t�e. I�l �c�a�s�o
�i�l�l�u�s�t�r�a�t�o �è �q�u�e�l�l�o �i�n� �c�u�i� �l�a� �m�a�-
�g�n�e�t�i�z�z�a�z�i�o�n�e �p�u�ò �p�u�n�t�a�r�e �i�n�
�u�n�a� �d�e�l�l�e �d�u�e �d�i�r�e�z�i�o�n�i� �p�o�s�s�i�b�i�l�i�,
�d�i�a�m�e�t�r�a�l�m�e�n�t�e �o�p�p�o�s�t�e �t�r�a� �l�o�r�o.
L'�a�s�c�i�s�s�a� �è �l�a� �t�e�m�p�e�r�a�t�u�r�a� �e
�l��o�r�d�i�n�a�t�a� �è �i�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o
�a�p�p�l�i�c�a�t�o �a�l �m�a�t�e�r�i�a�l�e �d�a�l�l��e�s�t�e�r�n�o.
I�l �s�e�g�m�e�n�t�o �d�i� �l�i�n�e�a� �s�p�e�s�s�a� (�i�n�
�r�o�s�s�o) �è �a� �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�u�l�l�o,
�e �c�o�m�p�r�e�n�d�e �l�e �t�e�m�p�e�r�a�t�u�r�e �i�n�f�e-
�r�i�o�r�i� �a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a� Tc.
L�u�n�g�o �q�u�e�s�t�o �s�e�g�m�e�n�t�o �d�i� �l�i�n�e�a�
�v�i� �è �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l
�p�r�i�m�o �o�r�d�i�n�e. L�a� �m�a�g�n�e�t�i�z�z�a�z�i�o-
�n�e �è �p�o�s�i�t�i�v�a� �s�o�p�r�a� �q�u�e�s�t�o �s�e�g-
�m�e�n�t�o �d�i� �l�i�n�e�a�, �e �n�e�g�a�t�i�v�a� �s�o�t�t�o.
C�o�m�e �i�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o �p�a�s�s�a�
�l�o �z�e�r�o �l�u�n�g�o �q�u�e�s�t�o �s�e�g�m�e�n�t�o,
�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �f�a� �u�n� �s�a�l�t�o
�c�a�m�b�i�a�n�d�o �s�e�g�n�o. Q�u�e�s�t�o �s�a�l�t�o �è
�l�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l �p�r�i�m�o
�o�r�d�i�n�e. I�l �p�u�n�t�o �g�r�o�s�s�o �a�l�l�a� �f�i�n�e
�d�e�l �s�e�g�m�e�n�t�o �i�n�d�i�c�a� �u�n�a� �t�r�a�n�-
�s�i�z�i�o�n�e �d�i� �f�a�s�e �c�o�n�t�i�n�u�a� (�o �d�e�l
�s�e�c�o�n�d�o �o�r�d�i�n�e). L�a� �p�o�s�i�z�i�o�n�e �d�i�
�t�a�l�e �t�r�a�n�s�i�z�i�o�n�e �è �c�h�i�a�m�a�t�o �p�u�n�t�o
�c�r�i�t�i�c�o. A �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�u�l�l�o
�e �t�e�m�p�e�r�a�t�u�r�e �s�u�p�e�r�i�o�r�i� �a� �q�u�e�s�t�o
�p�u�n�t�o �c�r�i�t�i�c�o, �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e
�è �r�i�g�o�r�o�s�a�m�e�n�t�e �z�e�r�o. I�l �s�a�l�t�o �è
�s�c�o�m�p�a�r�s�o. I �n� �q�u�e�s�t�o �p�u�n�t�o �v�i� �è
�u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �c�o�n�t�i�n�u�a�.
A�p�p�e�n�a� �s�o�t�t�o �q�u�e�s�t�o �p�u�n�t�o �i�l
�s�a�l�t�o �v�a� �c�o�m�e (Tc − T)β , �d�o�v�e β �è
�u�n� �e�s�p�o�n�e�n�t�e (�d�a� �n�o�n� �c�o�n�f�o�n�d�e�r�-
�s�i� �c�o�n� �l�a� �t�e�m�p�e�r�a�t�u�r�a� �i�n�v�e�r�s�a�)
�d�e�t�t�o �e�s�p�o�n�e�n�t�e �c�r�i�t�i�c�o.

�s�u�b�i�r�e �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e, �c�h�e �è �i�l �c�a�m�b�i�a�m�e�n�t�o �d�a� �u�n�o
�s�t�a�t�o �d�e�l�l�a� �m�a�t�e�r�i�a� �i�n� �u�n�'�a�l�t�r�a�. L�a� �f�i�g�u�r�a� (7.1) �m�o�s�t�r�a� �u�n�
�e�s�e�m�p�i�o �d�i� �u�n� �d�i�a�g�r�a�m�m�a� �d�i� �f�a�s�e, �u�n� �q�u�a�d�r�o �c�h�e �i�n�d�i�c�a� �d�o�v�e
�a�v�v�e�n�g�o�n�o �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �r�i�s�p�e�t�t�o �a�l�l�e �v�a�r�i�a�b�i�l�i� �c�h�e
�d�e�s�c�r�i�v�o�n�o �l��a�m�b�i�e�n�t�e �e�s�t�e�r�n�o �i�n� �c�u�i� �s�i� �t�r�o�v�a� �i�l �m�a�t�e�r�i�a�l�e.

L�a� �t�e�o�r�i�a� �d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �è �s�t�a�t�o �s�v�i�l�u�p�p�a�t�o
�d�a� J. W�i�l�l�a�r�d� G�i�b�b�� �v�e�r�s�o �l�a� �f�i�n�e �d�e�l�l�O�t�t�o�c�e�n�t�o. G�i�b�b�� �d�e�f�i�n�ì�
�u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �q�u�a�l�u�n�q�u�e �c�a�m�b�i�a�m�e�n�t�o �s�i�n�g�o�l�a�r�i�t�à�
�n�e�l�l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �d�e�l �s�i�s�t�e�m�a�, �q�u�a�n�t�o �i� �p�a�r�a�-
�m�e�t�r�i� �d�e�l�l��a�m�b�i�e�n�t�e �s�o�n�o �v�a�r�i�a�t�i�. I �n� �s�e�g�u�i�t�o �q�u�e�s�t�a� �c�a�r�a�t�t�e-
�r�i�z�z�a�z�i�o�n�e �m�a�t�e�m�a�t�i�c�a�, �i�n� �t�e�r�m�i�n�i� �d�i� �s�i�n�g�o�l�a�r�i�t�à�, �e�b�b�e �m�o�l�t�e
�i�m�p�l�i�c�a�z�i�o�n�i� �p�r�o�f�o�n�d�e �p�e�r� �l�a� �d�e�s�c�r�i�z�i�o�n�e �d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i�
�d�i� �f�a�s�e. U�n� �s�a�l�t�o �d�i�s�c�o�n�t�i�n�u�o �n�e�l�l�e �q�u�a�n�t�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�h�e
�f�o�n�d�a�m�e�n�t�a�l�i� �è �c�h�i�a�m�a�t�o �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e,
�m�e�n�t�r�e �u�n� �l�o�r�o �c�a�m�b�i�a�m�e�n�t�o �c�o�n�t�i�n�u�o �m�a� �n�o�n� �a�n�a�l�i�t�i�c�o �è �d�e-
�f�i�n�i�t�o �c�o�m�e �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �c�o�n�t�i�n�u�a� (�o �d�e�l �s�e�c�o�n�d�o
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�o�r�d�i�n�e).

§197 S�i�n�g�o�l�a�r�i�t�à� �n�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o L'�e�n�e�r�g�i�a� �l�i�b�e�r�a�
�p�e�r� �p�a�r�t�i�c�e�l�l�a� �è

−β f =
1
N

logZ ,

�d�o�v�e Z �è �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e. Q�u�i�n�d�i�, �d�a� �u�n� �p�u�n�t�o �d�i�
�v�i�s�t�a� �m�a�t�e�m�a�t�i�c�o, �l�o �s�t�u�d�i�o �d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �è �r�i�c�o�n�-
�d�o�t�t�o �a�l�l�a� �r�i�c�e�r�c�a� �d�e�l�l�e �s�i�n�g�o�l�a�r�i�t�à� �d�i� 1

N logZ �c�o�m�e �f�u�n�z�i�o�n�e
�d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a�.

N�e�l�l�a� �p�r�i�m�a� �p�a�r�t�e �d�e�l �v�e�n�t�e�s�i�m�o �s�e�c�o�l�o, �s�i� �r�i�t�e�n�e�v�a� �c�h�e
�q�u�e�s�t�a� �r�i�c�e�r�c�a� �f�o�s�s�e �v�a�n�a�, �s�u�l�l�a� �b�a�s�e �d�e�l �s�e�g�u�e�n�t�e �a�r�g�o�m�e�n�t�o:

1. L�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �è �u�n�a� �s�o�m�m�a� �d�i� e−βE �s�u� �t�u�t�t�e
�l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i�.

2. L�a� �f�u�n�z�i�o�n�e �e�s�p�o�n�e�n�z�i�a�l�e �è �o�v�u�n�q�u�e �a�n�a�l�i�t�i�c�a� �c�o�m�e
�f�u�n�z�i�o�n�e �d�i� β.

3. L�a� �s�o�m�m�a� �d�i� �f�u�n�z�i�o�n�i� �a�n�a�l�i�t�i�c�h�e �è �a�n�a�l�i�t�i�c�a�.

4. Q�u�i�n�d�i� �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �n�o�n� �p�o�s�s�o�n�o �e�s�s�e�r�e �c�a�r�a�t�t�e-
�r�i�z�z�a�t�e �c�o�m�e �s�i�n�g�o�l�a�r�i�t�à� �d�i� 1

N logZ .

Q�u�e�s�t�o �a�r�g�o�m�e�n�t�o �è �c�o�r�r�e�t�t�o �p�e�r� �u�n�a� �s�o�m�m�a� �f�i�n�i�t�a� �d�i�
�e�s�p�o�n�e�n�z�i�a�l�i�, �e �s�t�a�b�i�l�i�s�c�e �c�o�r�r�e�t�t�a�m�e�n�t�e �c�h�e �n�o�n� �e�s�i�s�t�o�n�o
�s�i�n�g�o�l�a�r�i�t�à� �d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� �u�n� �s�i�s�t�e�m�a� �f�i�n�i�t�o. T�u�t�t�a�-
�v�i�a�, �p�e�r� �s�i�s�t�e�m�i� �c�h�e �s�o�n�o �a�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o (�c�i�o�è �p�e�r�
�s�i�s�t�e�m�i� �i�n�f�i�n�i�t�i�) �l�a� �s�o�m�m�a� �i�n�f�i�n�i�t�a�

−β f = lim
N→∞

1
N

logZ

�p�u�ò �p�o�r�t�a�r�e �a� �s�i�n�g�o�l�a�r�i�t�à�. I �n� �e�f�f�e�t�t�i�, �l�a� �c�o�n�v�e�r�g�e�n�z�a� �a�l
�l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o �è �v�e�l�o�c�e, �i�n� �m�o�d�o �c�h�e �i�l �c�o�m�p�o�r�t�a�m�e�n�t�o
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�d�i� �f�a�s�e �è �e�v�i�d�e�n�t�e �g�i�à� �s�u� �u�n� �s�i�s�t�e�m�a� �r�e�l�a�t�i�v�a�m�e�n�t�e �p�i�c�c�o�l�o,
�a�n�c�h�e �s�e �i�n� �q�u�e�s�t�o �c�a�s�o �l�e �s�i�n�g�o�l�a�r�i�t�à� �r�i�s�u�l�t�a�n�o `̀ �s�m�u�s�s�a�t�e''
�p�e�r� �u�n�a� �d�i�m�e�n�s�i�o�n�e �f�i�n�i�t�a� �d�e�l �s�i�s�t�e�m�a�.

§198 A�s�s�e�n�z�a� �d�i� �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �n�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�-
�m�i�c�o D�i�r�e �c�h�e �l�a� �s�o�m�m�a� �i�n�f�i�n�i�t�a� �p�u�ò �p�o�r�t�a�r�e �a� �s�i�n�g�o�l�a�r�i�t�à�
�n�o�n� �v�u�o�l �d�i�r�e �c�h�e �e�s�s�e �i�n�e�v�i�t�a�b�i�l�m�e�n�t�e �c�o�m�p�a�i�a�n�o �n�e�l �l�i�m�i�-
�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o. I �n� �e�f�f�e�t�t�i�, �t�u�t�t�i� �e �t�r�e �i� �m�o�d�e�l�l�i� �u�n�i�d�i�m�e�n�-
�s�i�o�n�a�l�i� �c�o�n�s�i�d�e�r�a�t�i� �n�e�l�l�a� �s�e�z�i�o�n�e 7.6 (�l�a� �c�a�t�e�n�a� �d�i� I�s�i�n�g, �i�l
�g�a�� �d�i� T�o�n�k�� �e �i�l �g�a�� �d�i� T�a�k�a�h�a�s�h�i�) �h�a�n�n�o �u�n�'�e�n�e�r�g�i�a� �l�i�b�e�r�a�
�a�n�a�l�i�t�i�c�a� �e �d�i� �c�o�n�s�e�g�u�e�n�z�a� �n�o�n� �h�a�n�n�o �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e.

L�a� �d�i�m�e�n�s�i�oe �d�e�l�l�o �s�p�a�z�i�o �i�n� �c�u�i� �v�i�v�e �i�l �s�i�s�t�e�m�a� �s�e�m�b�r�a�
�d�u�n�q�u�e �u�n� �f�a�t�t�o�r�e �c�r�u�c�i�a�l�e �p�e�r� �l��e�s�i�s�t�e�n�z�a� �d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i�
�d�i� �f�a�s�e. A �q�u�e�s�t�o �p�r�o�p�o�s�i�t�o, �o�s�s�e�r�v�i�a�m�o �c�h�e �i�l �p�r�o�b�l�e�m�a� �d�e�l-
�l�a� �t�e�s�i� �d�i� �d�o�t�t�o�r�a�t�o �d�i� I�s�i�n�g �e�r�a� �d�i� �c�a�l�c�o�l�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a�
�c�r�i�t�i�c�a� �p�e�r� �i�l �s�i�s�t�e�m�a� �d�i� �s�p�i�n� �u�n�i�d�i�m�e�n�s�i�o�n�a�l�e �e �p�r�o�b�a�b�i�l-
�m�e�n�t�e �r�i�m�a�s�e �m�o�l�t�o �d�e�l�u�s�o �q�u�a�n�d�o �s�c�o�p�r�ì� �c�h�e �n�o�n� �c'�e�r�a� �t�r�a�n�-
�s�i�z�i�o�n�e �d�i� �f�a�s�e. T�u�t�t�a�v�i�a�, �o�t�t�e�n�n�e �i�l �s�u�o �d�o�t�t�o�r�a�t�o �d�i� �r�i�c�e�r�c�a�
�n�e�l 1924 �e �l�a�s�c�i�ò �l�a� �r�i�c�e�r�c�a� �p�e�r� �d�i�v�e�n�t�a�r�e �u�n� �a�g�e�n�t�e �a�l�l��u�f�f�i�-
�c�o �b�r�e�v�e�t�t�i� �e �p�o�i� �u�n� �m�a�e�s�t�r�o �d�i� �s�c�u�o�l�a�. I�l �n�o�m�e �d�i� �m�o�d�e�l�l�o �d�i�
I�s�i�n�g �è �s�t�a�t�o �c�o�n�i�a�t�o �d�a� R. P�e�i�e�r�l�� �i�n� �u�n� �a�r�t�i�c�o�l�o �s�c�r�i�t�t�o �n�e�l
1936 �d�o�v�e �s�i� �d�i�m�o�s�t�r�ò �c�h�e �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �b�i�d�i�m�e�n�s�i�o�n�a�l�e
�h�a� �u�n�a� �f�a�s�e �f�e�r�r�o�m�a�g�n�e�t�i�c�a�. I �n�t�o�r�n�o �a�l 1948 I�s�i�n�g �d�i�v�e�n�n�e
�p�r�o�f�e�s�s�o�r�e �d�i� �f�i�s�i�c�a� �a�l�l�a� B�r�a�d�l�e�y U�n�i�v�e�r�s�i�t�y �i�n� I�l�l�i�n�o�i�� �e
�s�c�o�p�r�ì� �c�h�e �e�r�a� �d�i�v�e�n�t�a�t�o �f�a�m�o�s�o.

7.2 T�e�o�r�i�a� �d�i� �v�a�n� �d�e�r� W�a�a�l�� �i�n� �f�o�r�m�a� �m�o�d�e�r�n�a�

§199 L�a� �t�e�o�r�i�a� �d�i� �v�a�n� �d�e�r� W�a�a�l�� (1873) �è �u�n�a� �d�e�l�l�e �a�p�-
�p�l�i�c�a�z�i�o�n�i� �p�i�ù� �a�n�t�i�c�h�e �e �s�e�m�p�l�i�c�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�
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�c�l�a�s�s�i�c�a�. V�a�n� �d�e�r� W�a�a�l�� �e�r�a� �i�n�t�e�r�e�s�s�a�t�o �a� �c�o�m�p�r�e�n�d�e�r�e �i�
�d�a�t�i� �d�i� A�n�d�r�e�w�� (1869), �c�h�e �m�o�s�t�r�a�v�a�n�o �u�n�a� �l�i�n�e�a� �d�i� �t�r�a�n�-
�s�i�z�i�o�n�e �d�i� �f�a�s�e �c�h�e �s�e�p�a�r�a� �l�e �f�a�s�i� �d�e�l �l�i�q�u�i�d�o �e �d�e�l �v�a�p�o�r�e �e
�c�h�e �p�o�i� �t�e�r�m�i�n�a� �i�n� �u�n� �p�u�n�t�o �c�r�i�t�i�c�o �i�n� �c�u�i� �l�e �d�u�e �d�i�v�e�n�t�a�n�o
�i�d�e�n�t�i�c�a�m�e�n�t�e �l�e �s�t�e�s�s�e.

I�l �p�u�n�t�o �d�i� �p�a�r�t�e�n�z�a� �d�i� �v�a�n� �d�e�r� W�a�a�l�� �f�u� �l�a� �l�e�g�g�e �d�e�i�
�g�a�� �p�e�r�f�e�t�t�i� pV = NkT, �c�h�e �o�v�v�i�a�m�e�n�t�e �n�o�n� �m�o�s�t�r�a� �a�l�c�u�n�a�
�t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e. V�a�n� �d�e�r� W�a�a�l�� �a�l�l�o�r�a� �i�n�t�r�o�d�u�s�s�e �d�u�e
�c�o�r�r�e�z�i�o�n�i� �p�e�r� �d�e�s�c�r�i�v�e�r�e �c�i�ò �c�h�e �a�v�e�v�a� �i�n�f�e�r�i�t�o �c�i�r�c�a� �i� �f�l�u�i�d�i�
�e �g�l�i� �a�t�o�m�i� �o �m�o�l�e�c�o�l�e �c�h�e �l�i� �f�o�r�m�a�n�o. I �n� �p�r�i�m�o �l�u�o�g�o, �e�g�l�i� �h�a�
�s�o�s�t�e�n�n�e �c�h�e �l�e �m�o�l�e�c�o�l�e �n�o�n� �p�o�t�e�v�a�n�o �a�v�v�i�c�i�n�a�r�s�i� �l��u�n� �l��a�l-
�t�r�a� �t�r�o�p�p�o �d� �v�i�c�i�n�o �a� �c�a�u�s�a� �d�i� �u�n�a� �i�n�t�e�r�a�z�i�o�n�e �r�e�p�u�l�s�i�v�a�
�a� �c�o�r�t�a� �d�i�s�t�a�n�z�a� �t�r�a� �l�e �m�o�l�e�c�o�l�e. P�r�o�b�a�b�i�l�m�e�n�t�e �b�a�s�ò �l�a� �s�u�a�
�c�o�m�p�r�e�n�s�i�o�n�e �d�i� �q�u�e�s�t�a� �r�e�p�u�l�s�i�o�n�e �s�u�l �f�a�t�t�o �c�h�e �è �m�o�l�t�o �d�i�f�f�i�-
�c�i�l�e �c�o�m�p�r�i�m�e�r�e �l�i�q�u�i�d�i� �c�o�m�e �l��a�c�q�u�a�. Q�u�e�s�t�o �e�f�f�e�t�t�o �r�e�p�u�l�s�i�v�o
�d�o�v�r�e�b�b�e �r�i�d�u�r�r�e �i�l �v�o�l�u�m�e �d�i�s�p�o�n�i�b�i�l�e �p�e�r� �l�e �m�o�l�e�c�o�l�e �d�i� �u�n�a�
�q�u�a�n�t�i�t�à� �p�r�o�p�o�r�z�i�o�n�a�l�e �a�l �n�u�m�e�r�o �d�i� �m�o�l�e�c�o�l�e �n�e�l �s�i�s�t�e�m�a�.
C�o�s�ì�, V �n�e�l�l�a� �l�e�g�g�e �d�e�l �g�a�� �p�e�r�f�e�t�t�o �d�o�v�r�e�b�b�e �e�s�s�e�r�e �s�o�s�t�i�t�u�i�t�o
�d�a�l �v�o�l�u�m�e �d�i�s�p�o�n�i�b�i�l�e �o �e�f�f�i�c�a�c�e, V − Nb, �d�o�v�e b �s�t�a� �p�e�r� �i�l
�v�o�l�u�m�e �e�s�c�l�u�s�o �a�t�t�o�r�n�o �a�d� �o�g�n�i� �m�o�l�e�c�o�l�a�.

I�l �s�e�c�o�n�d�o �e�f�f�e�t�t�o �è �p�i�ù� �s�o�t�t�i�l�e. L�a� �p�r�e�s�s�i�o�n�e, p �è �u�n�a�
�f�o�r�z�a� �p�e�r� �u�n�i�t�à� �d�i� �s�u�p�e�r�f�i�c�i�e �p�r�o�d�o�t�t�a� �d�a�l�l�e �m�o�l�e�c�o�l�e �c�h�e �c�o�l-
�p�i�s�c�o�n�o �l�e �p�a�r�e�t�i� �d�e�l �c�o�n�t�e�n�i�t�o�r�e. T�u�t�t�a�v�i�a�, �v�a�n� �d�e�r� W�a�a�l��
�i�p�o�t�i�z�z�ò �c�h�e �c�i� �f�o�s�s�e �u�n�a� �i�n�t�e�r�a�z�i�o�n�e �a�t�t�r�a�t�t�i�v�a� �c�h�e �t�i�r�a�
�o�g�n�i� �m�o�l�e�c�o�l�a� �v�e�r�s�o �l�e �s�u�e �m�o�l�e�c�o�l�e �v�i�c�i�n�e. Q�u�e�s�t�a� �è �l�a� �r�a�-
�g�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �p�e�r� �c�u�i� �u�n�a� �g�o�c�c�i�a� �d�i� �l�i�q�u�i�d�o �è �i�n� �g�r�a�d�o
�d�i� �s�t�a�r�e �i�n�s�i�e�m�e �e �d�i� �m�a�n�t�e�n�e�r�e �u�n�a� �f�o�r�m�a� �q�u�a�s�i� �s�f�e�r�i�c�a�.
N�e�l �m�e�n�t�r�e �l�e �m�o�l�e�c�o�l�e �s�i� �m�u�o�v�o�n�o �v�e�r�s�o �l�e �p�a�r�e�t�i�, �s�o�n�o �t�i�-
�r�a�t�e �i�n�d�i�e�t�r�o �d�a�l�l�e �m�o�l�e�c�o�l�e �c�h�e �h�a�n�n�o �l�a�s�c�i�a�t�o �d�i�e�t�r�o �d�i� �l�o�r�o, �e
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�l�a� �l�o�r�o �v�e�l�o�c�i�t�à� �s�i� �r�i�d�u�c�e. A �c�a�u�s�a� �d�i� �q�u�e�s�t�a� �v�e�l�o�c�i�t�à� �r�i�d�o�t-
�t�a�, �i� �l�o�r�o �i�m�p�a�t�t�i� �i�m�p�a�r�t�i�s�c�o�n�o �m�e�n�o �q�u�a�n�t�i�t�à� �d�i� �m�o�t�o �a�l�l�e
�p�a�r�e�t�i�. L'�e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �c�o�n�t�i�e�n�e �l�a� �p�r�e�s�s�i�o�n�e �m�i�s�u�r�a�t�a�
�a�l�l�a� �p�a�r�e�t�e p. Q�u�e�s�t�a� �p�r�e�s�s�i�o�n�e �è �q�u�e�l�l�a� �p�r�o�d�o�t�t�a� �d�a�l �m�o�t�o
�m�o�l�e�c�o�l�a�r�e �a�l�l��i�n�t�e�r�n�o �d�e�l �l�i�q�u�i�d�o, NkT/(V − Nb), �m�e�n�o �i�l �t�e�r�m�i�-
�n�e �d�i� �c�o�r�r�e�z�i�o�n�e �p�r�o�v�e�n�i�e�n�t�e �d�a�l�l��i�n�t�e�r�a�z�i�o�n�e �t�r�a� �l�e �m�o�l�e�c�o�l�e
�v�i�c�i�n�e �a�l�l�e �p�a�r�e�t�i�. Q�u�e�s�t�o �t�e�r�m�i�n�e �d�i� �c�o�r�r�e�z�i�o�n�e �è �p�r�o�p�o�r�-
�z�i�o�n�a�l�e �a�l�l�a� �d�e�n�s�i�t�à� �d�e�l�l�e �m�o�l�e�c�o�l�e �a�l �q�u�a�d�r�a�t�o. I �n� �s�i�m�b�o�l�i�, �l�a�
�c�o�r�r�e�z�i�o�n�e �è A(N/V)2, �d�o�v�e a �è �p�r�o�p�o�r�z�i�o�n�a�l�e �a�l�l�a� �f�o�r�z�a�
�d�e�l�l��i�n�t�e�r�a�z�i�o�n�e �t�r�a� �m�o�l�e�c�o�l�e. L'�e�s�p�r�e�s�s�i�o�n�e �c�o�r�r�e�t�t�a� �d�i� V�a�n�
�d�e�r� W�a�a�l�� �p�e�r� �l�a� �p�r�e�s�s�i�o�n�e �è �q�u�i�n�d�i�

P =
NkT

(V − Nb
)− A

N2

V2 (7.1)

Q�u�i�, A �e b �s�o�n�o �p�a�r�a�m�e�t�r�i� �c�h�e �s�o�n�o �d�i�v�e�r�s�i� �p�e�r� �f�l�u�i�d�i�
�d�i�f�f�e�r�e�n�t�i�.

§200 P�e�r� �q�u�a�n�t�o �i�l �l�a�v�o�r�o �d�i� �v�a�n� V�a�n� �d�e�r� W�a�a�l�� �s�i�a� �a�n�-
�t�e�r�i�o�r�e �a�l�l��i�n�t�r�o�d�u�z�i�o�n�e �d�e�i� �m�e�t�o�d�o �d�i� G�i�b�b��, �è �p�o�s�s�i�b�i�l�e �r�i�-
�f�o�r�m�u�l�a�r�l�o �u�s�a�n�d�o �t�a�l�i� �m�e�t�o�d�i�. Q�u�e�s�t�o �f�u� �f�a�t�t�o �p�e�r� �l�a� �p�r�i�-
�m�a� �v�o�l�t�a� �d�a� O�r�n�s�t�e�i�n� �n�e�l�l�a� �s�u�a� �t�e�s�i� �d�i� �d�o�t�t�o�r�a�t�o (1908)
�e�d� �è �b�a�s�a�t�o �s�u�l�l��i�p�o�t�e�s�i� �c�h�e �l�a� �p�a�r�t�e �a�t�t�r�a�t�t�i�v�a� �d�e�l�l��e�n�e�r�-
�g�i�a� �p�o�t�e�n�z�i�a�l�e �d�i� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �d�u�e �p�a�r�t�i�c�e�l�l�e �s�i�a� �a� �l�u�n�g�o
�r�a�g�g�i�o.

S�i� �c�o�n�s�i�d�e�r�i� �u�n� �g�a�� �r�e�a�l�e �c�o�n� N �p�a�r�t�i�c�e�l�l�e �i�d�e�n�t�i�c�h�e �d�i�
�m�a�s�s�a� m, �d�i� �f�o�r�m�a� �s�f�e�r�i�c�a� (�p�e�r� �s�e�m�p�l�i�c�i�t�à�), �c�o�n�t�e�n�u�t�e �i�n�
�u�n� �r�e�c�i�p�i�e�n�t�e �d�i� �v�o�l�u�m�e V, �e �s�i� �s�u�p�p�o�n�g�a� �c�h�e �i�l �p�o�t�e�n�-
�z�i�a�l�e �m�i�c�r�o�s�c�o�p�i�c�o φ(r) �d�i� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �d�u�e �p�a�r�t�i�c�e�l�l�e �a�
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�d�i�s�t�a�n�z�a� r �s�i�a� �d�e�l�l�a� �f�o�r�m�a�

φ(r) = φhc

(
r
r0

)
− ε3φ0

(
εr
r0

)

�d�o�v�e φhc (r/r0) �è �i�l �p�o�t�e�n�z�i�a�l�e �r�e�p�u�l�s�i�v�o `̀ �h�a�r�d� �c�o�r�e''

φhc

(
r
r0

)
=





0 �p�e�r� r > r0

∞ �p�e�r� r ≤ r0 ,

�m�e�n�t�r�e φ0 �è �u�n�a� �f�u�n�z�i�o�n�e �n�o�n� �n�e�g�a�t�i�v�a� �l�i�s�c�i�a� �a� �c�o�r�t�o �r�a�g�g�i�o
(�p�e�r� �e�s�e�m�p�i�o, �u�g�u�a�l�e �a� �z�e�r�o �p�e�r� �u�n� �v�a�l�o�r�e �d�i� r �g�r�a�n�d�e �m�a�
�f�i�n�i�t�o �o �e�v�e�n�t�u�a�l�m�e�n�t�e �t�e�n�d�e�n�t�e �e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �a� 0 �q�u�a�n�d�o
r → ∞). Q�u�i� ε �è �u�n� �p�a�r�a�m�e�t�r�o �a�d�i�m�e�n�s�i�o�n�a�l�e �c�h�e �v�i�e�n�e �e�f�f�e�t-
�t�i�v�a�m�e�n�t�e �u�t�i�l�i�z�z�a�t�o �p�e�r� �i�m�p�o�s�t�a�r�e �u�n� �v�a�l�o�r�e �v�a�r�i�a�b�i�l�e �d�e�l
�r�a�g�g�i�o �d�i� �i�n�t�e�r�a�z�i�o�n�e �a� ε−1r0.

I �n� �a�l�t�r�e �p�a�r�o�l�e �s�i� �a�s�s�u�m�e �c�h�e �l�e �p�a�r�t�i�c�e�l�l�e �s�i�a�n�o �s�f�e�r�e
�r�i�g�i�d�e �i�m�p�e�n�e�t�r�a�b�i�l�i� �d�i� �r�a�g�g�i�o r0 �c�h�e, �o�l�t�r�e �a�l �p�o�t�e�n�z�i�a�l�e `̀ �a�
�n�u�c�l�e�o �d�u�r�o'' �c�h�e �g�a�r�a�n�t�i�s�c�e �l��i�m�p�e�n�e�t�r�a�b�i�l�i�t�à� �d�e�l�l�e �s�f�e�r�e �r�i�g�i�-
�d�e, �i�n�t�e�r�a�g�i�s�c�a�n�o �t�r�a�m�i�t�e �u�n� �p�o�t�e�n�z�i�a�l�e �a�t�t�r�a�t�t�i�v�o �c�h�e �p�e�r�
ε → 0 �è �a� �r�a�g�g�i�o �m�o�l�t�o �l�u�n�g�o �e �a�l�l�o �s�t�e�s�s�o �t�e�m�p�o �m�o�l�t�o �d�e-
�b�o�l�e. Q�u�a�n�d�o ε �è �m�o�l�t�o �p�i�c�c�o�l�o �e �l�a� �d�e�n�s�i�t�à� �d�e�l �s�i�s�t�e�m�a� �è
�f�i�s�s�a�t�a� �a�l �v�a�l�o�r�e ρ = N/V, �e�s�s�e�n�d�o N �e V �m�o�l�t�o �g�r�a�n�d�i�,
�l��e�n�e�r�g�i�a� �d�i� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �u�n�a� �p�a�r�t�i�c�e�l�l�a� �e �l�e �a�l�t�r�e �s�a�r�à�
�e�s�s�e�n�z�i�a�l�m�e�n�t�e �i�n�t�e�r�a�m�e�n�t�e �d�o�v�u�t�a� �a�l�l�e �p�a�r�t�i�c�e�l�l�e �c�h�e �s�o�n�o
�m�o�l�t�o �d�i�s�t�a�n�t�i�: �q�u�e�l�l�e �v�i�c�i�n�i�, �e�s�s�e�n�d�o (�r�e�l�a�t�i�v�a�m�e�n�t�e) �p�o�c�h�e,
�c�o�n�t�r�i�b�u�i�r�a�n�n�o �p�o�c�o �a�l�l��e�n�e�r�g�i�a�, �p�e�r�c�h�é �l�a� �f�o�r�z�a� �d�e�l �p�o�t�e�n�-
�z�i�a�l�e �è �m�o�l�t�o �d�e�b�o�l�e, �e�s�s�e�n�d�o �p�r�o�p�o�r�z�i�o�n�a�l�e �a� ε3. L'�e�n�e�r�g�i�a� �d�i�
�u�n�a� �p�a�r�t�i�c�e�l�l�a� (�d�i�c�i�a�m�o �l�a� �p�a�r�t�i�c�e�l�l�a� �n�e�l �p�u�n�t�o ri) �n�e�l �c�a�m�p�o
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�d�i� �f�o�r�z�a� �d�e�l�l�e �a�l�t�r�e �è �i�n�f�a�t�t�i�

∑
j

ε3φ0

(
ε
∣∣ri − r j

∣∣
r0

)
≈ ρ

∫
ε3φ0

(
εr
r0

)
d3r ≡ φ0

�i�n� �m�o�d�o �c�h�e �l��e�n�e�r�g�i�a� �d�i� �u�n�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �i�n� �c�u�i� �l�e �p�a�r�-
�t�i�c�e�l�l�e �n�o�n� �s�i� �s�o�v�r�a�p�p�o�n�g�o�n�o �s�a�r�à� �e�s�s�e�n�z�i�a�l�m�e�n�t�e �d�a�t�a�,
�a�l�m�e�n�o �p�e�r� �p�i�c�c�o�l�i� �v�a�l�o�r�i� �d�i� ε, �d�a�

U = −1
2

Nρφ0 (7.2)

L�a� �q�u�a�n�t�i�t�à� ρφ0 �è �t�a�l�v�o�l�t�a� �c�h�i�a�m�a�t�a� �c�a�m�p�o �m�e�d�i�o �a� �d�e�n�s�i�-
�t�à� ρ.

Q�u�e�s�t'�u�l�t�i�m�a� �r�e�l�a�z�i�o�n�e �p�e�r�m�e�t�t�e �d�i� �c�a�l�c�o�l�a�r�e �i�m�m�e�d�i�a�t�a�-
�m�e�n�t�e �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�a�n�o�n�i�c�a�. S�i�a� V − Nb �i�l
�v�o�l�u�m�e �d�i�s�p�o�n�i�b�i�l�e �p�e�r� �o�g�n�i� �p�a�r�t�i�c�e�l�l�a�, �c�i�o�è �i�l �v�o�l�u�m�e �t�o�t�a�l�e
�m�e�n�o �i�l �v�o�l�u�m�e �o�c�c�u�p�a�t�o �d�a�l�l�e �p�a�r�t�i�c�e�l�l�e.A�l�l�o�r�a�, �s�e �l��e�n�e�r�g�i�a�
�d�i� �u�n�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �è �b�e�n� �a�p�p�r�o�s�s�i�m�a�t�a� �d�a�l�l�a� (7.2), �l�a�
�f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �c�a�n�o�n�i�c�a� �è �a�p�p�r�o�s�s�i�m�a�t�i�v�a�m�e�n�t�e

Z = ZKZC = (2πmkT)3N/2
∫

eβ 1
2 Nρφ0

d3Nq
N!

= (2πmkT)3N/2 eβ 1
2 Nρφ0

(V − Nb)N

N!
(7.3)

�d�o�v�e �s�i� �è �f�a�t�t�a� �u�n�a� �a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �c�i�r�c�a� �l��i�n�t�e�g�r�a�z�i�o�n�e �s�u�
q (�i�n� �e�f�f�e�t�t�i�, �l��i�n�t�e�g�r�a�l�e �s�u�l�l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �d�i� N �p�a�r�t�i�c�e�l�l�e
�c�h�e �s�o�n�o �v�i�n�c�o�l�a�t�e �a� �r�i�m�a�n�e�r�e �a�d� �u�n�a� �d�i�s�t�a�n�z�a� r0 �t�r�a� �l�o�r�o
�è �u�n�a� �q�u�a�n�t�i�t�à� �n�o�n� �b�a�n�a�l�e, �m�a� �n�o�n� �e�n�t�r�e�r�e�m�o �n�e�i� �d�e�t�t�a�g�l�i� �d�i�
�u�n�a� �t�r�a�t�t�a�z�i�o�n�e �p�i�ù� �r�i�g�o�r�o�s�a�).

S�e �s�i� �a�c�c�e�t�t�a� �l��e��. (7.3), �a�l�l�o�r�a� �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �p�u�ò
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�e�s�s�e�r�e �c�a�l�c�o�l�a�t�a� �f�a�c�i�l�m�e�n�t�e. P�e�r� �l��e��. (6.29),

βp =
∂ logZ

∂V
=

∂ logZC
∂V

�e
logZC = β

N2

2V
φ0 + N log(V − Nb)− log N! .

�n�e �s�e�g�u�e �c�h�e

βp = − βN2φ0

2V2 +
N

V − Nb
= − βφ0

2v2 +
1

v− b

�d�o�v�e v = V/N �è �i�l �v�o�l�u�m�e �p�e�r� �p�a�r�t�i�c�e�l�l�a�. Q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e
�c�o�i�n�c�i�d�e �c�o�n� �l��u�s�u�a�l�e �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �d�i� �v�a�n� �d�e W�a�a�l��

(
p +

a
v2

)
(v− b) = kT (7.4)

�o �n�e�l�l�a� �f�o�r�m�a� (7.1) �p�e�r� a = φ0/2 �e A = aN2
A.Q�u�e�s�t�a� �d�e�r�i�-

�v�a�z�i�o�n�e �d�e�l�l��e�q�u�a�z�i�o�n�e �d�i� �v�a�n� �d�e W�a�a�l�� �g�i�u�s�t�i�f�i�c�a� �l�a� �q�u�a�-
�l�i�f�i�c�a�z�i�o�n�e, �c�h�e �d�i� �s�o�l�i�t�o �s�i� �d�à� �a�d� �e�s�s�a�, �d�i� �t�e�o�r�i�a� �d�i� �c�a�m�p�o
�m�e�d�i�o.

L�a� �d�i�s�c�u�s�s�i�o�n�e �s�o�p�r�a� �m�o�s�t�r�a� �c�h�e �l��e�q�u�a�z�i�o�n�e �d�i� �v�a�n� �d�e�r�
W�a�a�l�� �p�u�ò �e�s�s�e�r�e �e�s�a�t�t�a� �s�o�l�o �s�e �l��i�n�t�e�r�a�z�i�o�n�e �h�a� �r�a�g�g�i�o
�e�s�t�r�e�m�a�m�e�n�t�e �l�u�n�g�o �e �a�l�l�o �s�t�e�s�s�o �t�e�m�p�o �a�b�b�a�s�t�a�n�z�a� �d�e�b�o-
�l�e �p�e�r� �a�v�e�r�e �u�n� �i�n�t�e�g�r�a�l�e φ0 �d�i�v�e�r�s�o �d�a� �z�e�r�o �i�n� �m�o�d�o �c�h�e
�s�i�a� �c�o�r�r�i�s�p�o�n�d�e�n�t�e�m�e�n�t�e �c�o�s�ì� �p�i�c�c�o�l�o �c�h�e �q�u�a�l�s�i�a�s�i� �c�o�n�t�r�i�b�u�t�o
�i�n�d�i�v�i�d�u�a�l�e �d�i� �u�n�a� �p�a�r�t�i�c�e�l�l�a� �a�l�l��e�n�e�r�g�i�a� �p�o�t�e�n�z�i�a�l�e �d�i� �u�n�a�
�p�a�r�t�i�c�e�l�l�a� �d�a�t�a� �è �t�r�a�s�c�u�r�a�b�i�l�e, �a� �p�a�r�t�e, �n�a�t�u�r�a�l�m�e�n�t�e, �l��e�n�e�r�g�i�a�
�r�e�p�u�l�s�i�v�a� �a� �c�o�r�t�o �r�a�g�g�i�o.

§201 L'�e�q�u�a�z�i�o�n�e �d�i� �v�a�n� �d�e�r� W�a�a�l�� �p�e�r�m�e�t�t�e �d�i� �c�o�m�p�r�e�n�-
�d�e�r�e �b�e�n�e �i�l �p�r�o�c�e�s�s�o �d�i� �l�i�q�u�e�f�a�z�i�o�n�e �d�e�i� �g�a��. P�e�r� �o�g�n�i� �g�a��
�e�s�i�s�t�e �u�n�a� �t�e�m�p�e�r�a�t�u�r�a� Tc, �d�e�t�t�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a�, �c�h�e
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F�i�g�u�r�a� 7.2: E�s�e�m�p�i�o �d�e�l�l�a� �l�e�g�g�e
�d�i� �v�a�n� �d�e�r� W�a�a�l�� �a�p�p�l�i�c�a�t�a� �a�l�l�a�
�l�i�q�u�e�f�a�z�i�o�n�e �d�e�i� �g�a�� �a�t�t�r�a�v�e�r�s�o �l�e
�i�s�o�t�e�r�m�e �d�e�l �b�i�o�s�s�i�d�o �d�i� �c�a�r�b�o�n�i�o
(CO2) �a� �v�a�r�i�e �t�e�m�p�e�r�a�t�u�r�e. L�e-
�g�e�n�d�a�: P �p�r�e�s�s�i�o�n�e; V �v�o�l�u�m�e;
T �t�e�m�p�e�r�a�t�u�r�a�; PC, VC, TC
�v�a�l�o�r�i� �c�r�i�t�i�c�i�; �t�r�a�t�t�i� �d�i� �i�s�o�t�e�r�m�a�:
�c�o�n�t�i�n�u�o �g�a��; �t�r�a�t�t�e�g�g�i�a�t�o �l�i�q�u�i�d�o;
�p�u�n�t�e�g�g�i�a�t�o �p�r�e�v�i�s�i�o�n�e �t�e�o�r�i�c�a� �a�l
�p�u�n�t�o �d�i� �l�i�q�u�e�f�a�z�i�o�n�e; L �p�u�n�t�o
�d�i� �l�i�q�u�e�f�a�z�i�o�n�e

�r�a�p�p�r�e�s�e�n�t�a� �i�n� �u�n� �c�e�r�t�o �s�e�n�s�o �l�a� �f�r�o�n�t�i�e�r�a� �d�e�l �p�r�o�c�e�s�s�o
�d�i� �l�i�q�u�e�f�a�z�i�o�n�e: �s�e T > Tc �n�o�n� �è �p�o�s�s�i�b�i�l�e �l�i�q�u�e�f�a�r�e �i�l �g�a��,
�a�n�c�h�e �c�o�m�p�r�i�m�e�n�d�o�l�o �a� �p�r�e�s�s�i�o�n�i� �e�l�e�v�a�t�i�s�s�i�m�e; �s�e T < Tc �è
�p�o�s�s�i�b�i�l�e �l�i�q�u�e�f�a�r�e �i�l �g�a�� �s�e �l�o �s�i� �c�o�m�p�r�i�m�e �f�i�n�o �a� �u�n�a� �p�r�e��-
�s�i�o�n�e �o�p�p�o�r�t�u�n�a�, �c�h�e �è �t�a�n�t�o �p�i�ù� �b�a�s�s�a� �q�u�a�n�t�o �p�i�ù� �è �b�a�s�s�a�
�l�a� �t�e�m�p�e�r�a�t�u�r�a�. S�i� �v�e�d�a� �l�a� �f�i�g. 7.2.

P�e�r� �o�t�t�e�n�e�r�e �i�l �p�u�n�t�o �c�r�i�t�i�c�o (�c�i�o�è �i� �p�a�r�a�m�e�t�r�i� Tc, Vc �e pc),
�p�o�s�s�i�a�m�o �i�m�p�o�r�r�e �l�e �d�u�e �c�o�n�d�i�z�i�o�n�i�:

∂p
∂V

∣∣∣∣
Tcost

= 0,
∂2 p
∂V2

∣∣∣∣
Tcost

= 0

�o�t�t�e�n�e�n�d�o �c�o�s�ì� �u�n� �s�i�s�t�e�m�a� �d�i� �e�q�u�a�z�i�o�n�i� �d�a�l�l�e �q�u�a�l�i� �s�i� �r�i�c�a�v�a�-
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5.4 Binary Mixtures

Another system that exhibits an analogous behavior is a fluid mixture composed of two 
chemical species. One usually uses organic compounds whose names are difficult to pro-
nounce—one of the most convenient (also from a phonetic point of view) is aniline– 
cyclohexane, because its critical point is close to ambient temperature at atmospheric 
pressure. We will refer to one of the components as A and to the other as B. By fixing the 
pressure, it is possible to observe the coexistence of three phases within a certain tempera-
ture interval, and they are arrayed from the bottom up in a decreasing order of density: an 
a phase rich in A, a b phase rich in B, and a vapor phase. As the temperature varies, the 
composition (and therefore also the density) of the a and b phases move closer to each 
other until, for a particular temperature value Tc (as long as we have selected the correct 
composition of the sample) the two liquid phases are replaced by a homogeneous phase. 
The point at which this occurs is called the consolution point.
 The behavior of this system is fairly similar to that of the liquid–gas system. More par-
ticularly, it also exhibits critical opalescence in proximity of the consolution point. Let us 
note some differences:
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Figure 5.3. Coexistence curve t/tc as a function of T/Tc for eight fluids in the prox-
imity of the critical temperature. The continuous curve corresponds to tliq,vap tc  

T Tc
b, with b  1/3. From [Gugg45], with permission.

F�i�g�u�r�a� 7.3: C�u�r�v�a� �d�i� �c�oe�s�i�s�t�e�n�z�a�
�d�i� ρ/ρc �c�o�m�e �f�u�n�z�i�o�n�e �d�i� T/Tc

�p�e�r� �o�t�t�o �f�l�u�i�d�i� �i�n� �p�r�o�s�s�i�m�i�t�à�
�d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a�. L�a�
�c�u�r�v�a� �c�o�n�t�i�n�u�a� �c�o�r�r�i�s�p�o�n�d�e �a�
ρ�l�i��, �g�a�� − ρc , �c�o�n� β = 1/3.

�n�o:
Vc = 3nb, Tc =

8a
27Rb

, pc =
a

27b2 .

I�n�o�l�t�r�e, �s�i� �p�u�ò �s�c�e�g�l�i�e�r�e �d�i� �m�i�s�u�r�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a�, �l�a�
�p�r�e�s�s�i�o�n�e �e �i�l �v�o�l�u�m�e �i�n� �t�e�r�m�i�n�i� �d�e�i� �c�o�r�r�i�s�p�o�n�d�e�n�t�i� �v�a�l�o�r�i�
�c�r�i�t�i�c�i�, �i�n�t�r�o�d�u�c�e�n�d�o �i� �s�e�g�u�e�n�t�i� �r�a�p�p�o�r�t�i�:

T =
T
Tc

, V =
V
Vc

, P =
P
Pc

S�i� �o�t�t�i�e�n�e �c�o�s�ì� �u�n�'�e�q�u�a�z�i�o�n�e `̀ �u�n�i�v�e�r�s�a�l�e'', �i�n�d�i�p�e�n�d�e�n�t�e �d�a�l�l�a�
�n�a�t�u�r�a� �d�e�l �f�l�u�i�d�o �c�h�e �v�i�e�n�e �c�o�n�s�i�d�e�r�a�t�o:

(
P +

3
V2

)(
V − 1

3

)
=

8
3
T (7.5)

Q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �è �c�h�i�a�m�a�t�a� �l�l�e�g�g�e �d�e�g�l�i� �s�t�a�t�i� �c�o�r�r�i�s�p�o�n�-
�d�e�n�t�i�. D�à� �b�u�o�n�i� �r�i�s�u�l�t�a�t�i� �s�e �n�o�n� �s�i� �è �t�r�o�p�p�o �v�i�c�i�n�o �a�l�l�a�
�t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a�. P�i�ù� �i�n� �p�a�r�t�i�c�o�l�a�r�e, �r�i�s�u�l�t�a� �d�a�l�l��e�q�u�q�z�i�o�n�e
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�d�i� �v�a�n� �d�e�r� W�a�a�l�� �c�h�e �p�e�r� T �a�b�b�a�s�t�a�n�z�a� �v�i�c�i�n�o �a� Tc, �l�a� �d�i�f-
�f�e�r�e�n�z�a� �t�r�a� �i�l �v�o�l�u�m�e �s�p�e�c�i�f�i�c�o �d�e�l �g�a�� �e �i�l �v�o�l�u�m�e �s�p�e�c�i�f�i�c�o
�d�e�l �l�i�q�u�i�d�o �s�i� �a�n�n�u�l�l�a� �c�o�m�e �u�n�a� �p�o�t�e�n�z�a� �d�i� |T − Tc|:

v�g�a�� − v�l�i�� ∼ |T − Tc|β

(β �n�o�n� �è �l�a� �t�e�m�p�e�r�a�t�u�r�a� �i�n�v�e�r�s�a�). D�a�l�l��e�q�u�a�z�i�o�n�e �d�i� �v�a�n� �d�e�r�
W�a�a�l�� �r�i�s�u�l�t�a� �c�h�e β = 1/2 (�c�o�m�e �s�i� �p�u�ò �v�e�d�e�r�e �f�a�c�i�l�m�e�n�t�e).
S�p�e�r�i�m�e�n�t�a�l�m�e�n�t�e, �s�i� �p�u�ò �o�s�s�e�r�v�a�r�e �c�h�e �q�u�e�s�t�a� �g�r�a�n�d�e�z�z�a�
�e�f�f�e�t�t�i�v�a�m�e�n�t�e �s�i� �c�o�m�p�o�r�t�a� �c�o�m�e �u�n�a� �p�o�t�e�n�z�a� �d�i� |T − Tc|,
�m�a� �c�o�n� �u�n� �e�s�p�o�n�e�n�t�e β �p�i�ù� �v�i�c�i�n�o �a� 1/3 �c�h�e �a� 1/2. È �i�n�o�l-
�t�r�e �i�n�t�e�r�e�s�s�a�n�t�e �n�o�t�a�r�e �c�h�e �i�l �v�a�l�o�r�e �d�i� �q�u�e�s�t�o �e�s�p�o�n�e�n�t�e �è
�a�p�p�a�r�e�n�t�e�m�e�n�t�e �l�o �s�t�e�s�s�o (�e�n�t�r�o �g�l�i� �e�r�r�o�r�i� �s�p�e�r�i�m�e�n�t�a�l�i�)
�p�e�r� �l�i�q�u�i�d�i� �d�i�f�f�e�r�e�n�t�i� �e �c�h�e �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �h�a� �u�n�a� �f�o�r�m�a�
�a�p�p�a�r�e�n�t�e�m�e�n�t�e �u�n�i�v�e�r�s�a�l�e, �c�o�m�e �v�i�s�i�b�i�l�e �i�n� �f�i�g�u�r�a� 7.3

§202 R�e�g�o�l�a� �d�i� M�a�x�w�e�l�l L'�e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �d�i� �v�a�n� �d�e�r�
W�a�a�l�� �p�r�e�d�i�c�e �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e, �m�a� �a�n�c�h�e �i� �f�e�n�o�m�e�n�i� �d�i�
�c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �n�e�g�a�t�i�v�a� �e �m�e�t�a�s�t�a�b�i�l�i�t�à�. L�a� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�à�
�n�e�g�a�t�i�v�a� �p�u�ò �e�s�s�e�r�e �e�l�i�m�i�n�a�t�o �d�a�l�l�a� �c�o�s�t�r�u�z�i�o�n�e �d�i� M�a�x�w�e�l�l.

F�i�g�u�r�a� 7.4: C�o�s�t�r�u�z�i�o�n�e �d�i�
M�a�x�w�e�l�l.

I�n� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o, �c�o�n�d�i�z�i�o�n�e �n�e�c�e�s�s�a�r�i�a� �p�e�r� �l�a�
�s�t�a�b�i�l�i�t�à� �è �c�h�e �l�a� �p�r�e�s�s�i�o�n�e �n�o�n� �a�u�m�e�n�t�i� �c�o�n� �i�l �v�o�l�u�m�e, �m�a�
�q�u�e�s�t�o �r�e�q�u�i�s�i�t�o �è �v�i�o�l�a�t�o �d�a�l�l��e��. �d�i� �v�a�n� �d�e�r� W�a�a�l��. L�a� �c�o-
�s�t�r�u�z�i�o�n�e �d�i� M�a�x�w�e�l�l �è �u�n� �m�o�d�o �d�i� �c�o�l�m�a�r�e �q�u�e�s�t�a� �l�a�c�u�n�a�.
L�a� �r�i�d�u�z�i�o�n�e �i�n� �p�r�e�s�s�i�o�n�e �d�e�l�l�a� �p�a�r�t�e �d�e�s�t�r�a� �d�e�l�l�a� �c�u�r�v�a� �d�i�
�f�i�g. 7.4 �d�e�s�c�r�i�v�e �u�n� �g�a�� �d�i�l�u�i�t�o, �m�e�n�t�r�e �l�a� �s�u�a� �p�a�r�t�e �s�i�n�i�s�t�r�a�
�d�e�s�c�r�i�v�e �u�n� �l�i�q�u�i�d�o. L�a� �p�a�r�t�e �i�n�t�e�r�m�e�d�i�a� �d�e�l�l�a� �c�u�r�v�a� �d�i� �f�i�g.
7.4 �s�a�r�e�b�b�e �c�o�r�r�e�t�t�a�, �s�e �q�u�e�s�t�e �d�u�e �p�a�r�t�i� �s�i� �p�o�t�e�s�s�e�r�o �u�n�i�r�e
�i�n� �m�o�d�o �c�o�n�t�i�n�u�o, �c�i�o�è �s�e �i�l �s�i�s�t�e�m�a� �p�o�t�e�s�s�e �r�i�m�a�n�e�r�e �s�p�a�-
�z�i�a�l�m�e�n�t�e �u�n�i�f�o�r�m�e �a�n�c�h�e �i�n� �q�u�e�s�t�a� �r�e�g�i�o�n�e, �c�o�n� �u�n�a� �d�e�n�s�i�t�à�
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�b�e�n� �d�e�f�i�n�i�t�a�. M�a� �q�u�e�s�t�o �n�o�n� �è �c�i�ò �c�h�e �a�c�c�a�d�e. S�e �i�l �v�o�l�u�m�e
�d�i� �u�n� �r�e�c�i�p�i�e�n�t�e �c�o�n�t�e�n�e�n�t�e �u�n�a� �q�u�a�n�t�i�t�à� �f�i�s�s�a� �d�i� �l�i�q�u�i�d�o
�s�i� �e�s�p�a�n�d�e �a� �t�e�m�p�e�r�a�t�u�r�a� �c�o�s�t�a�n�t�e, �s�i� �a�r�r�i�v�a� �a� �u�n� �p�u�n�-
�t�o �i�n� �c�u�i� �p�a�r�t�e �d�e�l �l�i�q�u�i�d�o �b�o�l�l�e �e �i�l �s�i�s�t�e�m�a� �è �c�o�s�t�i�t�u�i�t�o �d�a�
�d�u�e �f�a�s�i� �b�e�n� �d�i�s�t�i�n�t�e (�t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �d�e�l �p�r�i�m�o �o�r�d�i�n�e).
M�e�n�t�r�e �q�u�e�s�t�a� �c�oe�s�i�s�t�e�n�z�a� �d�i� �d�u�e �f�a�s�i� �s�i� �m�a�n�t�i�e�n�e �m�a�n� �m�a�-
�n�o �c�h�e �i�l �v�o�l�u�m�e �c�o�n�t�i�n�u�a� �a�d� �a�u�m�e�n�t�a�r�e, �l�a� �p�r�e�s�s�i�o�n�e �r�i�m�a�n�e
�c�o�s�t�a�n�t�e. E�s�s�a� �s�i� �r�i�d�u�c�e �d�i� �n�u�o�v�o �d�o�p�o �c�h�e �t�u�t�t�o �i�l �l�i�q�u�i�d�o
�è �e�v�a�p�o�r�a�t�o �e �i�l �g�a�� �s�i� �e�s�p�a�n�d�e. C�o�s�ì� �l�a� �p�a�r�t�e �s�i�n�u�s�o�i�d�a�l�e
�d�e�l�l�a� �i�s�o�t�e�r�m�a� �è �s�o�s�t�i�t�u�i�t�a� �d�a� �u�n�a� �l�i�n�e�a� �o�r�i�z�z�o�n�t�a�l�e (�l�i�n�e�a�
�r�o�s�s�a� �i�n� �f�i�g. 7.4). S�e�c�o�n�d�o �l�a� �c�o�s�t�r�u�z�i�o�n�e M�a�x�w�e�l�l (�o `̀ �r�e�g�o-
�l�a� �d�i� �a�r�e�a� �u�g�u�a�l�e''), �l��a�l�t�e�z�z�a� �d�e�l�l�a� �l�i�n�e�a� �o�r�i�z�z�o�n�t�a�l�e �è �t�a�l�e
�c�h�e �l�e �d�u�e �a�r�e�e �v�e�r�d�i� �i�n� �f�i�g. 7.4 �s�o�n�o �u�g�u�a�l�i�. L�a� �c�o�s�t�r�u�z�i�o�n�e
�d�i� M�a�x�w�e�l�l �d�e�r�i�v�a� �d�a�l�l�a� �c�o�n�d�i�z�i�o�n�e �c�h�e �l�e �e�n�e�r�g�i�e �l�i�b�e�r�e �d�i�
G�i�b�b�� �d�e�l �g�a�� �e �d�e�l �l�i�q�u�i�d�o �d�e�v�o�n�o �e�s�s�e�r�e �u�g�u�a�l�i� �q�u�a�n�d�o �e�s�s�e
�c�oe�s�i�s�t�o�n�o.

N�o�n�o�s�t�a�n�t�e �l�a� �r�e�g�o�l�a� �d�i� M�a�x�w�e�l�l, �è �d�i�f�f�i�c�i�l�e �e�v�i�t�a�r�e �l�a�
�s�g�r�a�d�e�v�o�l�e �s�e�n�s�a�z�i�o�n�e �c�h�e �i�n� �q�u�a�l�c�h�e �m�o�d�o �s�i� �s�t�a� �f�a�c�e�n�d�o
�q�u�a�l�c�o�s�a� �d�i� �s�b�a�g�l�i�a�t�o. L�a� �s�i�t�u�a�z�i�o�n�e �p�u�ò �e�s�s�e�r�e �d�i�p�a�n�a�t�a� �s�e
�s�i� �p�r�e�s�t�a� �a�t�t�e�n�z�i�o�n�e �c�h�e �n�e�l�l�a� �d�e�r�i�v�a�z�i�o�n�e �d�e�l�l��e��. �d�i� �v�a�n�
�d�e�r� W�a�a�l�� �s�o�n�o �c�o�i�n�v�o�l�t�i� �d�u�e �l�i�m�i�t�i�: �i�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o
�e �i�l �l�i�m�i�t�e �d�i� �r�a�g�g�i�o �i�n�f�i�n�i�t�o �d�e�l �p�o�t�e�n�z�i�a�l�e ε → 0. L'�o�r�d�i�n�e
�d�e�i� �l�i�m�i�t�i� �è �i�m�p�o�r�t�a�n�t�e. S�e �t�r�a�t�t�a� �c�o�n� �p�i�ù� �c�u�r�a� �m�a�t�e�m�a�t�i�c�a�
�l��i�n�t�e�g�r�a�z�i�o�n�e �s�u� q �n�e�l�l�a� (7.3) �e �s�i� �p�r�e�n�d�o�n�o �i� �l�i�m�i�t�i� �n�e�l
�g�i�u�s�t�o �o�r�d�i�n�e ( �i�l �l�i�m�i�t�e ε → 0 �d�o�p�o �i�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o),
�s�i� �p�u�ò �d�i�m�o�s�t�r�a�r�e �c�h�e �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o �c�h�e �s�i� �o�t�t�i�e�n�e �h�a�
�l�e �d�e�s�i�d�e�r�a�t�e �p�r�o�p�r�i�e�t�à� �d�i� �s�t�a�b�i�l�i�t�à� �e �c�o�i�n�c�i�d�e �c�o�n� �l��e��. �d�i� �v�a�n�
�d�e�r� W�a�a�l�� `̀ �c�u�r�a�t�a�'' �d�a�l�l�a� �r�e�g�o�l�a� �d�i� M�a�x�w�e�l�l.
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7.3 T�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o �d�i� C�u�r�i�e-W�e�i�s��

N�e�l 1895, P�i�e�r�r�e C�u�r�i�e �n�o�t�ò �c�h�e �i�l �c�o�m�p�o�r�t�a�m�e�n�t�o �d�i� �u�n�
�f�e�r�r�o�m�a�g�n�e�t�e �h�a� �u�n�a� �s�t�r�e�t�t�a� �a�n�a�l�o�g�i�a� �a� �q�u�e�l�l�o �d�i� �u�n� �f�l�u�i�-
�d�o. P�i�ù� �t�a�r�d�i�, �n�e�l 1907, P�i�e�r�r�e W�e�i�s�� �t�r�a�s�f�o�r�m�ò �q�u�e�s�t�a�
�o�s�s�e�r�v�a�z�i�o�n�e �i�n� �u�n�a� �t�e�o�r�i�a�.

L�a� �t�e�o�r�i�a� �d�i� C�u�r�i�e-W�e�i�s�� �d�e�i� �s�i�s�t�e�m�i� �m�a�g�n�e�t�i�c�i� �s�i� �b�a�s�a�
�s�u� �u�n�'�a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i� �c�a�m�p�o �m�e�d�i�o �a�n�a�l�o�g�a� �a� �q�u�e�l�l�a�
�d�i� �v�a�n� �d�e�r� W�a�a�l��. P�i�ù� �p�r�e�c�i�s�a�m�e�n�t�e, �q�u�a�n�d�o �l��i�n�t�e�r�a�z�i�o�n�e
�n�e�l�l�a� (6.76) �è �a� �l�u�n�g�o �r�a�g�g�i�o, �c�i�o�è Jij �n�o�n� �d�e�c�a�d�e �r�a�p�i�d�a�m�e�n�t�e
�c�o�n� �l�a� �d�i�s�t�a�n�z�a� |i− j| �t�r�a� �g�l�i� �s�p�i�n�, �c�i�a�s�c�u�n� �s�p�i�n�, �i�n� �m�e�d�i�a�,
�i�n�t�e�r�a�g�i�s�c�e �c�o�n� �u�n� �c�a�m�p�o �m�e�d�i�o �p�r�o�d�o�t�t�o �d�a� �t�u�t�t�i� �g�l�i� �a�l�t�r�i�
�s�p�i�n�. N�e�l�l�a� �s�u�a� �f�o�r�m�a� �p�i�ù� �s�e�m�p�l�i�c�e, �l�a� �t�e�o�r�i�a� �d�i� C�u�r�i�e-
W�e�i�s��, �o �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o, �c�o�m�e �d�i� �s�o�l�i�t�o �è �c�h�i�a�m�a�t�a�,
�a�s�s�u�m�e �c�h�e �l�e �c�o�s�t�a�n�t�i� �d�i� �a�c�c�o�p�p�i�a�m�e�n�t�o �n�e�l�l�a� (6.76) �s�i�a�n�o
�i�n�d�i�p�e�p�e�n�d�e�n�t�i� �d�a� i �e j �e �q�u�i�n�d�i� �c�h�e �l��e�n�e�r�g�i�a� �d�i� �i�n�t�e�r�a�z�i�o�n�e
�a�b�b�i�a� �l�a� �f�o�r�m�a�

E = − J
N ∑

1≤<j≤N
σiσj − h

N

∑
i=1

σi, (7.6)

�d�o�v�e N−1 �n�e�l�l��e�q�u�a�z�i�o�n�e (7.6) �è �r�i�c�h�i�e�s�t�o �p�e�r� �l��e�s�i�s�t�e�n�z�a� �d�e�l
�l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o. I�l �m�o�d�e�l�l�o �c�o�n� �e�n�e�r�g�i�a� �d�i� �i�n�t�e�r�a�z�i�o�n�e
(7.6) �è �u�s�u�a�l�m�e�n�t�e �c�h�i�a�m�a�t�o �m�o�d�e�l�l�o �d�i� C�u�r�i�e-W�e�i�s��. P�e�r� �l�a�
�d�i�s�c�u�s�s�i�o�n�e �p�r�e�s�e�n�t�e �d�e�l �m�o�d�e�l�l�o �a�s�s�u�m�e�r�e�m�o �c�h�e J > 0, �c�i�o�è
�c�h�e �i�l �s�i�s�t�e�m�a� �s�i�a� �f�e�r�r�o�m�a�g�n�e�t�i�c�o.

§203 P�e�r� �v�a�l�u�t�a�r�e �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e, �p�e�r� �p�r�i�-
�m�a� �c�o�s�a� �r�i�s�c�r�i�v�i�a�m�o �l��e�n�e�r�g�i�a� �d�'�i�n�t�e�r�a�z�i�o�n�e �i�n� �u�n�a� �f�o�r�m�a�
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�s�i�m�m�e�t�r�i�c�a�:

E = − J
2N

(
N

∑
i=1

σi

)2

+
J
2
− h

N

∑
i=1

σi

Q�u�e�s�t�a� �f�o�r�m�u�l�a� �s�e�g�u�e �d�a� σ2
i = 1. A�d�e�s�s�s�o, �s�e�m�p�l�i�f�i�c�h�i�a�m�o �l�e

�n�o�t�a�z�i�o�n�i�: �p�o�n�i�a�m�o

M =
N

∑
i=1

σi (�m�a�g�n�e�t�i�z�z�a�z�i�o�n�e).

L'�e�n�e�r�g�i�a� �p�u�ò �q�u�i�n�d�i� �e�s�s�e�r�e �s�c�r�i�t�t�a� �n�e�l �s�e�g�u�e�n�t�e �m�o�d�o

E = − J
2N

M2 +
J
2
− hM

L�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e (6.79) �d�i�v�e�n�t�a�

Z = ∑
σ

e−βE = e−
K
2 ∑

σ

e[
K

2N M2+BM] (7.7)

�d�o�v�e �p�e�r� �c�o�m�o�d�i�t�à� �a�b�b�i�a�m�o �p�o�s�t�o

K = βJ �e B = βh.

S�e �n�o�n� �c�i� �f�o�s�s�e �t�e�r�m�i�n�e �q�u�a�d�r�a�t�i�c�o �i�n� M, �s�a�r�e�b�b�e �f�a�c�i�l�e
�e�s�e�g�u�i�r�e �l�a� �s�o�m�m�a�. I �n� �t�a�l �c�a�s�o �s�i� �a�v�r�e�b�b�e

∑
σ

eBM = ∑
σ

eB ∑N
i=1 σi

= ∑
σ1=±1,...,σN=±1

eBσ1 eBσ2 · · · eBσN

= (eB + e−B) · · · (eB + e−B)︸ ︷︷ ︸
N �v�o�l�t�e

= (eB + e−B)N

= (2 cosh B)N (7.8)
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I �n� �e�f�f�e�t�t�i�, �p�o�s�s�i�a�m�o �r�i�c�o�n�d�u�r�c�i� �a�d� �u�n� �t�e�r�m�i�n�e �l�i�n�e�a�r�e �c�o�n�
�u�n� �t�r�u�c�c�o �b�a�s�a�t�o �s�u� �i�n�t�e�g�r�a�l�i� �g�a�u�s�s�i�a�n�i�: �s�i� �c�o�n�s�i�d�e�r�i� �l��i�d�e�n�t�i�-
�t�à�

eA2/2 =
1√
2π

∫ ∞

−∞
e−x2/2+Axdx

�o�t�t�e�n�u�t�a� �c�o�m�p�l�e�t�a�n�d�o �i� �q�u�a�d�r�a�t�i�. S�e �p�o�n�i�a�m�o

A =

√
K
N

M

�n�e�l�l�a� �s�o�m�m�a� �a� �s�e�c�o�n�d�o �m�e�m�b�r�o �d�e�l�l�a� (7.7), �o�t�t�e�n�i�a�m�o

Z = e−
K
2 ∑

σ

1√
2π

∫ ∞

−∞
e−x2/2+

√
K
N Mxdx eBM

= e−
K
2

1√
2π

∑
σ

∫ ∞

−∞
e−x2/2+

√
K
N Mx+BMdx

= e−
K
2

1√
2π

∑
σ

∫ ∞

−∞
e
−x2/2+

[√
K
N x+B

]
M

dx

= e−
K
2

1√
2π

∫ ∞

−∞
e−x2/2



∑

σ

e

[√
K
N x+B

]
M



 dx

U�s�a�n�d�o �l�a� (7.8), �o�t�t�e�n�i�a�m�o

Z = e−
K
2

1√
2π

∫ ∞

−∞
e−x2/2

[
2 cosh

(√
K
N

x + B

)]N

dx

= e−
K
2

1√
2π

∫ ∞

−∞
e
−x2/2+N log

[
2 cosh

(√
K
N x+B

)]

dx

§204 C�o�n� �i�l �c�a�m�b�i�a�m�e�n�t�o �d�i� �v�a�r�i�a�b�i�l�i�

ξ =
x√
KN

�p�o�s�s�i�a�m�o �r�i�c�o�n�d�u�r�r�e Z �a�d� �u�n� �i�n�t�e�g�r�a�l�e �d�i� L�a�p�l�a�c�e �s�t�a�n�d�a�r�d�:

Z =

√
KN
2π

e−
K
2

∫ ∞

−∞
e−N[K/2]ξ2+N log{2 cosh[Kξ+B]}dξ
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K = .1

K = .4

K = 2

K = 3.5 F�i�g�u�r�a� 7.5: G�r�a�f�i�c�i� �d�e�l�l�a� �f�u�n�z�i�o�n�e

ϕ(ξ) = − 1
2
(βJ)ξ2 + log {2 cosh [Kξ + βh]}

�p�e�r� �d�i�v�e�r�s�i� �v�a�l�o�r�i� �d�i� K = βJ.
�l�e �c�u�r�v�e �p�e�r� K = 0.1 �e K = 0.4

�h�a�n�n�o �u�n� �s�o�l�o �m�a�s�s�i�m�o �p�e�r�
ξ = 0, �m�e�n�t�r�e �l�e �a�l�t�r�e �d�u�e �c�u�r�v�e,
�p�e�r� K = 2 �e �p�e�r� K = 3.5, �h�a�n�n�o
�d�u�e �m�a�s�s�i�m�i�, �u�n�o �n�e�g�a�t�i�v�o �e �u�n�o
�p�o�s�i�t�i�v�o, �m�a� �u�n� �s�o�l�o �m�a�s�s�i�m�o
�g�l�o�b�a�l�e �p�e�r� ξ = m0 �p�o�s�i�t�i�v�o.

A�b�b�i�a�m�o �c�i�o�è
Z =

√
KN
2π

e−
K
2 I(N)

�d�o�v�e
I(N) =

∫ ∞

−∞
eNϕ(ξ)dξ (7.9)

�e
ϕ(ξ) = −1

2
Kξ2 + log 2 + log [cosh (Kξ + B)] (7.10)

S�e�c�o�n�d�o �i�l �m�e�t�o�d�o �d�i� L�a�p�l�a�c�e �è �l��a�n�d�a�m�e�n�t�o �n�e�l�l��i�n�t�o�r�n�o
�d�e�l �m�a�s�s�i�m�o �g�l�o�b�a�l�e ξ = m �c�h�e �d�o�m�i�n�a� �l��i�n�t�e�g�r�a�l�e: �g�l�i� �a�l�t�r�i�
�m�a�s�s�i�m�i� �d�a�n�n�o �c�o�n�t�r�i�b�u�t�i� �e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �p�i�c�c�o�l�i� �n�e�l �l�i�m�i�t�e
N → ∞.

G�l�i� �z�e�r�i� �d�e�l�l�a� �d�e�r�i�v�a�t�a� �d�e�l�l�a� �f�u�n�z�i�o�n�e ϕ(m) �s�o�n�o �d�a�t�i�
�d�a�l�l��e�q�u�a�z�i�o�n�e

ϕ′(ξ) = −Kξ + K tanh (Kξ + B) = 0 .

D�u�n�q�u�e �i�l �p�u�n�t�o �d�i� �m�a�s�s�i�m�o �g�l�o�b�a�l�e ξ = m �è �u�n�a� �d�e�l�l�e
�s�o�l�u�z�i�o�n�i� �d�e�l�l��e�q�u�a�z�i�o�n�e

ξ = tanh (βξ + βh) , (7.11)
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F�i�g�u�r�a� 7.6: G�r�a�f�i�c�i� �d�e�l�l�e �f�u�n�z�i�o�n�i�
y = ξ �e y = tanh (βξ + βh); (h� 1).

�a�v�e�n�d�o �s�o�s�t�i�t�u�i�t�o K = βJ �e B = βh.
A�s�s�u�m�e�n�d�o �c�h�e �i�l �c�a�m�p�o h �s�i�a� �p�o�s�i�t�i�v�o �m�a� �d�i� �e�n�t�i�t�à� �t�r�a�-

�s�c�u�r�a�b�i�l�e, �r�i�s�o�l�v�i�a�m�o �q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �c�o�n� �m�e�t�o�d�o �g�r�a�f�i�c�o,
�s�t�u�d�i�a�n�d�o �l��i�n�t�e�r�s�e�z�i�o�n�e �d�e�l�l�e �c�u�r�v�e y = ξ �e y = tanh (βξ + βh).
L�a� �f�i�g�u�r�a� 7.6 �m�o�s�t�r�a� �c�h�e �s�e K < 1 �l�e �d�u�e �c�u�r�v�e y = ξ �e
y = tanh (Kξ + B) �s�i� �i�n�t�e�r�s�e�c�a�n�o �n�e�l�l�o 0 �e �c�h�e m = 0 �è �l�a�
�s�o�l�a� �s�o�l�u�z�i�o�n�e, �m�e�n�t�r�e �p�e�r� K > 1, �s�i� �h�a�n�n�o �t�r�e �s�o�l�u�z�i�o�n�i�.
N�o�n� �è �d�i�f�f�i�c�i�l�e �c�o�n�v�i�n�c�e�r�s�i� �c�h�e �i�l �m�a�s�s�i�m�o �a�s�s�o�l�u�t�o �è �p�e�r�
m = m0 > 0 (�l��a�l�t�r�a� �s�o�l�u�z�i�o�n�e �è −m0 �n�e�l �l�i�m�i�t�e �d�i� B �p�i�c�c�o�l�o).

A�p�p�l�i�c�h�i�a�m�o �a� I(N) �l�a� (6.107), �p�e�r� λ = N �e f (x) = 1:

I(N) ∼
√

2πeNϕ(m)

√
−Nϕ′′(m)

�d�a� �c�u�i�
Z ∼

√
K

−ϕ′′(m)
e−

K
2 eNϕ(m) , (7.12)

�d�o�v�e

ϕ(m) = −1
2

βJm2 + log 2 + log [cosh (βJm + βh)] , (7.13)

�a�v�e�n�d�o �s�o�s�t�i�t�u�i�t�o K = βJ �e B = βh �n�e�l�l�a� (7.10).



�t�r�a�n�s�i�z�i�o�n�i� �d�i� �fa�s�e 241

§205 E�n�e�r�g�i�a� �l�i�b�e�r�a� �m�a�g�n�e�t�i�c�a� D�a�l�l��a�n�d�a�m�e�n�t�o �a�s�i�n�t�o�t�i�c�o �d�e�l-
�l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e (7.12) �r�i�s�a�l�i�a�m�o �a�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a�
�m�a�g�n�e�t�i�c�a�

f = − 1
β

lim
N→∞

1
N

logZ = − 1
β

ϕ(m). (7.14)

L�e �v�a�r�i�a�b�i�l�i� �i�n�d�i�p�e�n�d�e�n�t�i� �d�e�l�l�a� �f�u�n�z�i�o�n�e f �s�o�n�o β (�o T ) �e �i�l
�c�a�m�p�o �m�a�g�n�e�t�i�c�o h, �v�a�l�e �a� �d�i�r�e

f = f (β, h) .

L�a� �v�a�r�i�a�b�i�l�e m �è �i�n�f�a�t�t�i�, �p�e�r� �d�e�f�i�n�i�z�i�o�n�e, �l�a� �s�o�l�u�z�i�o�n�e �n�o�n�
�n�e�g�a�t�i�v�a� �d�e�l�l��e�q�u�a�z�i�o�n�e (7.11), �v�a�l�e �a� �d�i�r�e, �e�s�s�a� �s�o�d�d�i�s�f�a�
�l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o

m = tanh (βJm + βh) , (7.15)

�c�h�e �q�u�i�n�d�i� �d�e�f�i�n�i�s�c�e �i�m�p�l�i�c�i�t�a�m�e�n�t�e m �c�o�m�e �f�u�n�z�i�o�n�e �d�i� β �e h,

m = m(β, h).

S�i� �o�s�s�e�r�v�i� �c�h�e �e�s�s�e�n�d�o β �e h �v�a�r�i�a�b�i�l�i� �i�n�t�e�n�s�i�v�e, �l��e�n�e�r�g�i�a�
�l�i�b�e�r�a� (7.14) �è �a�n�a�l�o�g�a� �a�l�l�a� �f�u�n�z�i�o�n�e �d�i� G�i�b�b�� �p�i�u�t�t�o�s�t�o �c�h�e
�a�l�l�a� �f�u�n�z�i�o�n�e �d�i� H�e�l�m�o�l�t�z.

U�s�i�a�m�o �a�d�e�s�s�o �l�a� (6.80) �p�e�r� �c�a�l�c�o�l�a�r�e �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e
�m�e�d�i�a� �p�e�r� �p�a�r�t�i�c�e�l�l�a�:

〈M〉 = − ∂F
∂h

∣∣∣∣
β

=
1
β

N
∂ϕ

∂h

∣∣∣∣
β

.

D�a�l�l�a� (7.13),
1
β

∂ϕ

∂h

∣∣∣∣
β

= tanh (βJm + βh)
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Q�u�i�n�d�i�, �p�e�r� �l�a� (7.27),
〈M〉 = Nm, (7.16)

�v�a�l�e �a� �d�i�r�e, m �è �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �m�e�d�i�a� �p�e�r� �p�a�r�t�i�c�e�l-
�l�a� �a�l�l��e�q�u�i�l�i�b�r�i�o. S�i� �v�e�d�e �c�o�s�ì� �c�h�e �i�l �m�a�s�s�i�m�o �g�l�o�b�a�l�e �p�e�r�
�l�a� �v�a�l�u�t�a�z�i�o�n�e �a�s�i�n�t�o�t�i�c�a� �d�e�l�l��i�n�t�e�g�r�a�l�e �c�o�n� �i�l �m�e�t�o�d�o �d�i� L�a�-
�p�l�a�c�e �c�o�r�r�i�s�p�o�n�d�e �p�r�o�p�r�i�o �a�l �v�a�l�o�r�e �d�e�l�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e
�a�l�l��e�q�u�i�l�i�b�r�i�o.

C�h�i�a�m�i�a�m�o ψ `̀ �e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i�
H�e�l�m�o�l�t�z'' �p�e�r�c�h�é �l�a� �m�a�g�n�e�t�i�z�z�a�-
�z�i�o�n�e �è �u�n�a� �v�a�r�i�a�b�i�l�e �e�s�t�e�n�s�i�v�a� �e
�q�u�i�n�d�i� ψ �è �i�n� �e�f�f�e�t�t�i� �a�n�a�l�o�g�a� �a�l�l��e-
�n�e�r�g�i�a� �l�i�b�e�r�a� f (T, v) �d�i� �u�n� �f�l�u�i�d�o
(�i�l �v�o�l�u�m�e �s�p�e�c�i�f�i�c�o v �è �a�n�a�l�o�g�o
�a�l�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m, �m�e�n�t�r�e �i�l
�c�a�m�p�o �m�a�g�n�e�t�i�c�o h �è �a�n�a�l�o�g�o �a�l�l�a�
�p�r�e�s�s�i�o�n�e P).

§206 E�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� H�e�l�m�o�l�t�z L'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� H�e�l-
�m�o�l�t�z ψ = ψ(β, m) �è �o�t�t�e�n�u�t�a� �d�a� f �p�e�r� �t�r�a�s�f�o�r�m�a�t�a� �d�i�
L�e�g�e�n�d�r�e �r�i�s�p�e�t�t�o �a�l�l�a� �v�a�r�i�a�b�i�l�e h:

ψ = f + hm . (7.17)

N�e�l�l�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e ψ �d�e�l�l�a� �r�e�l�a�z�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�-
�c�a� �f�o�n�d�a�m�e�n�t�a�l�e, �g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o �s�o�n�o
�c�a�r�a�t�t�e�r�i�z�z�a�t�i� �c�o�m�e �i� �m�i�n�i�m�i� �a�s�s�o�l�u�t�i� �d�i� ψ = ψ(β, m).

C�a�l�c�o�l�i�a�m�o �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� ψ. D�a�l�l�a� (7.27) �a�b�b�i�a�m�o

h(β, m) =
1
β

arctanh(m)− Jm. (7.18)

U�s�a�n�d�o �l�e (7.13), (7.14) �e (7.27), �o�t�t�e�n�i�a�m�o

ψ(β, m) = f [β, h(β, m)] + h(β, m)m

=
1
2

Jm2 − 1
β

log 2− 1
β

log [cosh (arctanh m)] +
1
β

m arctanh(m)− Jm2

= −1
2

Jm2 − 1
β

log 2− 1
β

log
[

1√
1−m2

]
+

1
β

m arctanh(m)

= −1
2

Jm2 − 1
β

log 2 +
1
β

log
[√

1−m2
]
+

1
β

m arctanh(m)
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C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �i�l �d�i�f�f�e�r�e�n�z�i�a�l�e �d�i� ψ(β, m):

dψ =
∂ψ

∂β
dβ +

∂ψ

∂m
dm .

D�a�l�l�a� �d�e�f�i�n�i�z�i�o�n�e �d�i� ψ, �s�i� �h�a� dψ = d f + hdm + mdh, �p�e�r� �c�u�i�

∂ψ

∂m
= h .

Q�u�i�n�d�i� �g�l�i� �e�s�t�r�e�m�i� �r�e�l�a�t�i�v�i� �s�o�n�o �d�a�t�i� �d�a�:

0 =
∂ψ(β, m)

∂m
= h(β, m) =

1
β

arctanh(m)− Jm .

�d�o�v�e �n�e�l�l��u�l�t�i�m�o �p�a�s�s�a�g�g�i�o �a�b�b�i�a�m�o �u�s�a�t�o �l�a� (7.18). Q�u�e�s�t�o
�r�i�s�u�l�t�a�t�o �m�o�s�t�r�a� �c�h�e �g�l�i� �e�s�t�r�e�m�i� �r�e�l�a�t�i�v�i� �d�i� ψ �c�o�i�n�c�i�d�o�n�o �c�o�n�
�l�e �s�o�l�u�z�i�o�n�i� �d�i� (7.27) �c�o�n� h = 0,

m = tanh(βJm) ,

�m�e�n�t�r�e �l�a� �l�o�r�o �s�t�a�b�i�l�i�t�à� �d�i�p�e�n�d�e �d�a�l �t�i�p�o �d�i� �e�s�t�r�e�m�o.

§207 E�n�e�r�g�i�a� �l�i�b�e�r�a� �e�f�f�i�c�a�c�e �d�i� L�a�n�d�a�u� N�e�l�l�a� �s�u�a� �t�e�o�r�i�a�
�d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e, L�a�n�d�a�u� �i�n�t�r�o�d�u�s�s�e �u�n�'�e�n�e�r�g�i�a�
�l�i�b�e�r�a� `̀ �e�f�f�i�c�a�c�e''

ψ
�e�f�f

(β, m, h) = ψ(β, m)−mh (7.19)

�d�o�v�e �a�d�e�s�s�o m �n�o�n� �è �n�e�c�e�s�s�a�r�i�a�m�e�n�t�e �i�l �v�a�l�o�r�e �d�e�l�l�a� �m�a�-
�g�n�e�t�i�z�z�a�z�i�o�n�e �a�l�l��e�q�u�i�l�i�b�r�i�o, �m�a� �è �c�o�n�s�i�d�e�r�a�t�a� �u�n�a� �v�a�r�i�a�b�i�l�e
�i�n�d�i�p�e�n�d�e�n�t�e �e �i�l �v�a�l�o�r�e �a�l�l��e�q�u�i�l�i�b�r�i�o �è �o�t�t�e�n�u�t�o �r�i�s�o�l�v�e�n�d�o �l��e-
�q�u�a�z�i�o�n�e ∂ψ

�e�f�f/∂m = 0. P�o�i�c�h�é �n�e�l�l�a� (7.19) �l�e �v�a�r�i�a�b�i�l�i� �s�o�n�o
�t�u�t�t�e �i�n�d�i�p�e�n�d�e�n�t�i�, �q�u�e�s�t'�u�l�t�i�m�a� �e�q�u�a�z�i�o�n�e �f�o�r�n�i�s�c�e

∂ψ(β, m)

∂m
− h = 0 ⇒ 1

β
arctanh(m)− Jm− h = 0.
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fL(β,m)

m1−1 0

T > Tc

Figura 3.3: Energia libera di Landau, che coincide con l’energia libera di Helmoltz, nel caso
h = 0 e T > Tc. Osserviamo l’esistenza di un solo minimo per m = 0.

fL(β,m)

m1−1 0

T < Tc

−m∗ +m∗

Figura 3.4: Energia libera di Landau, che coincide con l’energia libera di Helmoltz, nel caso
h = 0 e T < Tc. Osserviamo i due minimi per m = ±m∗ e un massimo per m = 0.

3.5.2 Esponenti critici
Se ragioniamo in termini fisici, ci accorgiamo che quando la temperatura aumenta anche
l’agitazione termica cresce, di conseguenza la magnetizzazione diminuisce. In prossimità
di Tc possiamo pertanto calcolare quest’ultimo parametro in modo aprossimato grazie agli
sviluppi di Taylor:

m = tanh(βJqm) ≈ βJqm− 1
3(βJqm)3 + . . .

⇒ m− βJqm ≈ −1
3(βJqm)3

⇔ m(βJq − 1) ≈ 1
3(βJqm)3

⇔ m ≈
√

3βJq − 1
(βJq)3

≈
√

3
βJq

√
1− 1

βJq
.
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Se ragioniamo in termini fisici, ci accorgiamo che quando la temperatura aumenta anche
l’agitazione termica cresce, di conseguenza la magnetizzazione diminuisce. In prossimità
di Tc possiamo pertanto calcolare quest’ultimo parametro in modo aprossimato grazie agli
sviluppi di Taylor:

m = tanh(βJqm) ≈ βJqm− 1
3(βJqm)3 + . . .

⇒ m− βJqm ≈ −1
3(βJqm)3

⇔ m(βJq − 1) ≈ 1
3(βJqm)3

⇔ m ≈
√

3βJq − 1
(βJq)3

≈
√

3
βJq

√
1− 1

βJq
.
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ψeff ψeff

m0−m0

F�i�g�u�r�a� 7.7: G�r�a�f�i�c�i� �d�e�l�l��e�n�e�r�g�i�a�
�l�i�b�e�r�a� �e�f�f�i�c�a�c�e ψ

�e�f�f. A �s�i�n�i�s�t�r�a�:
h = 0 �e T > Tc ; �o�s�s�e�r�v�i�a�m�o
�l��e�s�i�s�t�e�n�z�a� �d�i� �u�n� �s�o�l�o �m�i�n�i�m�o
�p�e�r� m = 0. A �d�e�s�t�r�a�: h = 0 �e
T < Tc ; �o�s�s�e�r�v�i�a�m�o �d�u�e �m�i�n�i�m�i�
�s�i�m�m�e�t�r�i�c�i� �e �u�n� �m�a�s�s�i�m�o �p�e�r�
m = 0.

R�i�t�r�o�v�i�a�m�o �c�o�s�ì� �l��e�q�u�a�z�i�o�n�e (7.11). D�u�n�q�u�e, �i�n� �c�o�m�p�l�e�t�a� �s�i�n�-
�t�o�n�i�a� �c�o�n� �i�l �m�e�t�o�d�o �d�i� L�a�p�l�a�c�e �p�e�r� �l�a� �v�a�l�u�t�a�z�i�o�n�e �a�s�i�n�t�o�t�i�c�a�
�d�e�l�l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e (7.12), �i�l �v�a�l�o�r�e ξ = m �d�o�v�e �l�a�
�f�u�n�z�i�o�n�e ϕ(ξ) �h�a� �u�n� �m�a�s�s�i�m�o �a�s�s�o�l�u�t�o �c�o�r�r�i�s�p�o�n�d�e �a�l �v�a�l�o�r�e
�d�e�l�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m �c�h�e �r�e�n�d�e �m�i�n�i�m�a� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a�
�e�f�f�i�c�a�c�e ψ

�e�f�f. I �n� �p�a�r�t�i�c�o�l�a�r�e,

• �i� �v�a�l�o�r�i� �d�i� m �p�e�r� �i� �q�u�a�l�i� ψ
�e�f�f

(β, m, h) �è �u�n� �m�i�n�i�m�o �r�e�l�a�t�i�v�o
�c�o�i�n�c�i�d�o�n�o �c�o�n� �u�n�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �s�t�a�b�i�l�e;

• �i� �v�a�l�o�r�i� �d�i� m �p�e�r� �i� �q�u�a�l�i� ψ
�e�f�f

(β, m, h) �è �u�n� �m�a�s�s�i�m�o �r�e�l�a�t�i�-
�v�o �c�o�i�n�c�i�d�o�n�o �c�o�n� �u�n�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �i�n�s�t�a�b�i�l�e.

I �n� �f�i�g�u�r�a� 7.7 �r�i�p�o�r�t�i�a�m�o �i� �g�r�a�f�i�c�i� �d�i� ψ
�e�f�f �p�e�r� h = 0 (�c�h�e �i�n�

�q�u�e�s�t�o �c�a�s�o �c�o�i�n�c�i�d�e �c�o�n� �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� H�e�l�m�o�l�t�z).

§208 T�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e R�i�p�r�e�n�d�i�a�m�o �i�l �g�r�a�f�i�c�o �d�e�l�l�a�
�f�i�g�u�r�a� 7.6: �s�e βJ < 1, m = 0 �è �l�a� �s�o�l�a� �s�o�l�u�z�i�o�n�e, �m�e�n�t�r�e
�p�e�r� βJ > 1, �i�l �m�a�s�s�i�m�o �a�s�s�o�l�u�t�o �è �p�e�r� m = m0 > 0. D�u�n�q�u�e
�p�e�r� βc J = 1 �s�i� �h�a� �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e: �p�e�r� βJ < 1

�l�o �s�t�a�t�o �d�i� �e�q�u�i�l�i�b�r�i�o �è �q�u�e�l�l�o �d�i� �u�n�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �m�e�d�i�a�
�n�u�l�l�a�, �m�e�n�t�r�e �p�e�r� �p�e�r� βJ > 1 �s�i� �h�a� �u�n�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e
�s�p�o�n�t�a�n�e�a� m = m0 �a�n�c�h�e �n�e�l �l�i�m�i�t�e �d�e�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o
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di simmetria, di suddividere le transizioni di fase nel modo seguente:

• transizioni di I ordine: quelle in cui il parametro d’ordine è discontinuo;

• transizioni continue: quelle in cui il parametro d’ordine varia in modo continuo alla
transizione.

Da segnalare che anche nel caso magnetico, oltre alla transizione di fase continua ferro-
paramagnetica già descritta, vi è pure una transizione di fase di I ordine al di sotto della
temperatura Tc, in modo analogo alla transizione liquido-gas per l’acqua sotto la tempera-
tura del punto critico. Il successo del modello di Ising a due dimensioni è proprio dovuto
al fatto che, nonostante la sua apparente semplicità, i risultati matematici conseguiti pos-
sono facilmente venir interpretati dal punto di vista fisico. Esso infatti, stabilisce in modo
rigoroso la transizione di fase ferromagnetica-paramagnetica che, presentando un esponen-
te critico universale, cioè che non dipende dalla struttura microscopica del materiale ma
unicamente dalle caratteristiche generali della transizione di fase, può essere ricondotto ad
altre situazioni. Inoltre, anche se in questo lavoro non tratteremo questo aspetto, il model-
lo di Ising può assumere le caratteristiche di un modello aleatorio, e venir di conseguenza
trattato con la matematica probabilistica.

1.3 Breve descrizione delle transizioni di fase
Nelle figure seguenti riportiamo il comportamento del parametro d’ordine, ovvero della
magnetizzazione m, dapprima in funzione della temperatura in assenza di campo magnetico
esterno (h = 0), poi in funzione di h. Infine rappresentiamo il digramma di fase nel piano
(T, h). Questi tre elementi ci permettono di illustrare il problema delle transizioni di fase
nel modello di Ising.

Nella figura 1.2, che mostra il comportamento della magentizzazione in funzione della
temperatura in assenza di un campo magnetico esterno, osserviamo che esiste un valore
della temperatura, T = Tc, a partire dal quale essa si annulla: è la temperatura di Curie o
temperatura critica.

Tc T

m(T )

Figura 1.2: Comportamento della magnetizzazione in funzione della temperatura per h = 0.

Nella figura 1.3, che rappresenta il comportamento della magentizzazione in funzione
del campo esterno h, osserviamo che per T < Tc la funzione presenta una discontinuità in
h = 0, mentre per T > Tc la funzione è continua e in h = 0 si annulla.

6

√
3

�
1 − T

Tc

�1/2

m

F�i�g�u�r�a� 7.8: C�o�m�p�o�r�t�a�m�e�n�t�o �d�e�l�l�a�
�m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m �i�n� �f�u�n�z�i�o�n�e
�d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� T �p�e�r� h =

0 �n�e�l�l�a� �t�e�o�r�i�a� �d�i� C�u�r�i�e-W�e�i�s��.
L'�a�n�d�a�m�e�n�t�o �n�e�l�l��i�n�t�o�r�n�o �s�i�n�i�s�t�r�o
�d�e�l �p�u�n�t�o �c�r�i�t�i�c�o �è �d�a�t�o �d�a�l�l�a�
�f�o�r�m�u�l�a� (7.23) �s�o�t�t�o.

�e�s�t�e�r�n�o �c�h�e �t�e�n�d�e �a� �z�e�r�o. L�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a�

Tc = J/k, (7.20)

�r�a�p�p�r�e�s�e�n�t�a� �i�l �c�o�s�i�d�d�e�t�t�o `̀ �p�u�n�t�o �d�i� C�u�r�i�e'' �e

m =





0 �q�u�a�n�d�o T > Tc

m0 �q�u�a�n�d�o T < Tc

(7.21)

�d�o�v�e m0 = m0(T) �è �l�a� �s�o�l�u�z�i�o�n�e �p�o�s�i�t�i�v�a� �d�e�l�l�a� (7.27) �p�e�r�
h = 0, �c�i�o�è �l�a� �s�o�l�u�z�i�o�n�e �d�e�l�l��e�q�u�a�z�i�o�n�e

m0 = tanh (βJm0) . (7.22)

L�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m �i�n� �f�u�n�z�i�o�n�e �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �è
�m�o�s�t�r�a�t�a� �n�e�l�l�a� �f�i�g�u�r�a� 7.8.

N�e�l�l�a� �f�i�g�u�r�a� 7.9, �c�h�e �r�a�p�p�r�e�s�e�n�t�a� �i�l �c�o�m�p�o�r�t�a�m�e�n�t�o �d�e�l-
�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �d�i� �e�q�u�i�l�i�b�r�i�o m �i�n� �f�u�n�z�i�o�n�e �d�e�l �c�a�m�p�o
�e�s�t�e�r�n�o h �o�s�s�e�r�v�i�a�m�o �c�h�e �p�e�r� T < Tc �l�a� �f�u�n�z�i�o�n�e �p�r�e�s�e�n�t�a�
�u�n�a� �d�i�s�c�o�n�t�i�n�u�i�t�à� �i�n� h = 0, �m�e�n�t�r�e �p�e�r� T > Tc �l�a� �f�u�n�z�i�o�n�e �è
�c�o�n�t�i�n�u�a� �e �i�n� h = 0 �s�i� �a�n�n�u�l�l�a�.
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hh

m(T, h) m(T, h)

T < TcT > Tc

Figura 1.3: Comportamento della magnetizzazione in funzione del campo esterno, nel caso
T > Tc (blu) e T < Tc (rosso).

Nella figura 1.4 sono rappresentate le diverse fasi in funzione dei parametri intensivi
(T, h). Quando h > 0 abbiamo m > 0, mentre quando h < 0 abbiamo m < 0. In entrambi
i casi abbiamo due fasi ferromagnetiche. Quando h = 0 constatiamo due comportamenti
differenti di m a dipendenza dalla temperatura: il passaggio da m < 0 a m > 0 avviene
o in modo continuo o in modo discontinuo. Per T < Tc abbiamo, infatti, una linea di
discontinuità di m che separa la regione rossa da quella blu, provocando un “salto” da
m < 0 a m > 0 (freccia verde). Questa discontinità coincide con una transizione di fase di I
ordine. Per T ≥ Tc invece, m si annulla (passa quindi in modo continuo dalla regione m > 0
a quella m < 0) determinando, quando T = Tc, la transizione di fase ferro-paramagnetica,
che, come detto, è una transizione di fase continua.

Tc T

h

m > 0

m < 0

Figura 1.4: Diagramma di fase per il modello di Ising.
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mm

h h

F�i�g�u�r�a� 7.9: C�o�m�p�o�r�t�a�m�e�n�t�o �d�e�l�l�a�
�m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m �i�n� �f�u�n�z�i�o�n�e
�d�e�l �c�a�m�p�o �e�s�t�e�r�n�o h, �n�e�l �c�a�s�o
T > Tc (�b�l�u�) �e T < Tc (�r�o�s�s�o).

§209 E�s�p�o�n�e�n�t�i� �c�r�i�t�i�c�i� N�e�l�l��i�n�t�o�r�n�o �d�e�l �p�u�n�t�o �c�r�i�t�i�c�o Tc =

J/k , �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m0 �è �p�i�c�c�o�l�a�, �c�o�s�ì� �p�o�s�s�i�a�m�o �e�s�p�a�n�-
�d�e�r�e �l�a� �t�a�n�g�e�n�t�e �i�p�e�r�b�o�l�i�c�a�1 �n�e�l�l�a� (7.22) �e �o�t�t�e�n�e�r�e 1R�i�c�o�r�d�i�a�m�o �c�h�e

tanh x = x− x3

3
+

2x5

15
− 17x7

315
+ · · · .

m0 = βJm0 −
(βJm0)

3

3
+ . . . �p�e�r� T → Tc−,

�c�i�o�è
1 ∼ Tc

T
− 1

3

(
Tc

T

)3
m2

0

�c�h�e �d�à�
m2

0 ∼ 3
(

T
Tc

)3 (Tc

T
− 1
)
= 3

T2

T3
c
(Tc − T) .

L'�a�n�d�a�m�e�n�t�o �d�e�l�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �n�e�l�l��i�n�t�o�r�n�o �s�i�n�i�s�t�r�o �d�e�l
�p�u�n�t�o �c�r�i�t�i�c�o �è �d�u�n�q�u�e

m0 ∼ (Tc − T)1/2 . (7.23)

I�l �c�o�m�p�o�r�t�a�m�e�n�t�o �d�e�l�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �v�i�c�i�n�o �a�l �p�u�n�t�o
�c�r�i�t�i�c�o �è �d�e�l �t�i�p�o

m0 ∼ (Tc − T)β (7.24)

�e �l��e�s�p�o�n�e�n�t�e β (�d�a� �n�o�n� �c�o�n�f�o�n�d�e�r�e �c�o�n� �l�a� �t�e�m�p�e�r�a�t�u�r�a�
�i�n�v�e�r�s�a�) �è �u�n� �n�u�m�e�r�o �f�r�a�z�i�o�n�a�r�i�o �d�e�t�t�o �e�s�p�o�n�e�n�t�e �c�r�i�t�i�-
�c�o. L'�e�q�u�a�z�i�o�n�e (7.23) �m�o�s�t�r�a� �c�h�e �l��e�s�p�o�n�e�n�t�e �c�r�i�t�i�c�o �d�e�l�l�a�
�m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �p�e�r� �l�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o �è β = 1/2.
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L�a� �s�u�s�c�e�t�t�i�v�i�t�à� �m�a�g�n�e�t�i�c�a� �i�s�o�t�e�r�m�a� �d�e�f�i�n�i�t�a� �d�a�

χ =
∂m
∂h

∣∣∣∣
T

(7.25)

�è �l��a�n�a�l�o�g�o �m�a�g�n�e�t�i�c�o �d�e�l�l�a� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�à� �i�s�o�t�e�r�m�a� �d�e�i� �f�l�u�i�d�i�.
D�a�l�l��e�q�u�a�z�i�o�n�e (7.11),

m = tanh (βJm + βh)

�o�t�t�e�n�i�a�m�o

dm
dh

=
[
1− tanh2 (βJm + βh)

] [
βJ

dm
dh

+ β

]
= (1−m2)

[
βJ

dm
dh

+ β

]
,

�d�a� �c�u�i�,
χ =

dm
dh

=
β(1−m2)

1− βJ(1−m2)
.

A �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�u�l�l�o �p�e�r� T > Tc, m = 0 �e �q�u�i�n�d�i�

χ|h=0 = lim
h→0+

χ =
β

1− βJ
=

1
k
(T − Tc)

−1 �p�e�r� T > Tc

A �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�u�l�l�o �p�e�r� T < Tc, �p�o�s�s�i�a�m�o �u�s�a�r�e �l�a�
(7.23) �e �o�t�t�e�n�e�r�e

χ|h=0 = lim
h→0+

χ =
1
2k

(Tc − T)−1 �p�e�r� T > Tc

D�e�d�u�c�i�a�m�o �a�l�l�o�r�a� �c�h�e �g�l�i� �e�s�p�o�n�e�n�t�i� �c�r�i�t�i�c�i� γ �e γ′ �p�e�r� �l�a�
�s�u�s�c�e�t�t�i�v�i�t�à� �m�a�g�n�e�t�i�c�a�,

χ|h=0 =





(T − Tc)
−γ �p�e�r� T > Tc

(Tc − T)−γ′ �p�e�r� T > Tc

(7.26)
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�s�o�n�o γ = γ′ = 1.

m = tanh (βJm + βh) , (7.27)

7.4 T�e�o�r�i�a� �d�i� L�a�n�d�a�u�

§210 L�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o �c�i� �p�e�r�m�e�t�t�e �d�i� �o�t�t�e�n�e�r�e
�u�n�a� �e�s�p�r�e�s�s�i�o�n�e �a�p�p�r�o�s�s�i�m�a�t�a� �p�e�r� �l�e �p�r�o�p�r�i�e�t�à� �t�e�r�m�o�d�i�n�a�-
�m�i�c�h�e �d�e�l �s�i�s�t�e�m�a� �c�o�n�s�i�d�e�r�a�t�o. S�e, �t�u�t�t�a�v�i�a�, �v�o�g�l�i�a�m�o �p�u�n�t�a�r�e
�a�l�l��o�b�i�e�t�t�i�v�o �p�i�ù� �l�i�m�i�t�a�t�o �d�i� �d�e�s�c�r�i�v�e�r�e �i�l �c�o�m�p�o�r�t�a�m�e�n�t�o �d�e�l
�s�i�s�t�e�m�a� �i�n� �p�r�o�s�s�i�m�i�t�à� �d�e�l �p�u�n�t�o �c�r�i�t�i�c�o, �p�o�s�s�i�a�m�o �r�i�c�o�r�r�e�r�e
�a�d� �u�n�a� �t�e�o�r�i�a� �c�h�e �è �f�o�r�m�a�l�m�e�n�t�e �s�e�m�p�l�i�c�e �e �p�i�ù� �f�a�c�i�l�m�e�n�t�e
�g�e�n�e�r�a�l�i�z�z�a�b�i�l�e: �l�a� �t�e�o�r�i�a� �d�i� L�a�n�d�a�u�.

N�e�l �s�u�o �l�a�v�o�r�o �d�e�l 1937, L�a�n�d�a�u� �g�e�n�e�r�a�l�i�z�z�ò �i�l �l�a�v�o-
�r�o �d�i� �v�a�n� �d�e�r� W�a�a�l��, C�u�r�i�e, W�e�i�s�� �e �a�l�t�r�i� �c�h�e �l�o �a�v�e�v�a�n�o
�p�r�e�c�e�d�u�t�o. C�o�m�e �i� �s�u�o�i� �p�r�e�d�e�c�e�s�s�o�r�i�, �a�n�c�h�e L�a�n�d�a�u� �f�u� �c�o�l-
�p�i�t�o �d�a�l�l�a� �p�r�o�f�o�n�d�a� �c�o�n�n�e�s�s�i�o�n�e �t�r�a� �i� �d�i�v�e�r�s�i� �p�r�o�b�l�e�m�i� �d�i�
�t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e. P�a�r�t�e�n�d�o �d�a�l �r�i�c�o�n�o�s�c�i�m�e�n�t�o �c�h�e �o�g�n�i�
�t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �è �u�n�a� �m�a�n�i�f�e�s�t�a�z�i�o�n�e �d�i� �u�n�a� �r�o�t�t�u�r�a�
�d�i� �s�i�m�m�e�t�r�i�a�, �u�s�ò �i�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e �p�e�r� �d�e�s�c�r�i�v�e�r�e �l�a�
�n�a�t�u�r�a� �e �l�a� �p�o�r�t�a�t�a� �d�e�l�l�a� �r�o�t�t�u�r�a� �d�e�l�l�a� �s�i�m�m�e�t�r�i�a�. L�a�n�d�a�u�
�s�c�r�i�s�s�e �u�n�'�e�s�p�r�e�s�s�i�o�n�e �p�e�r� �u�n� �q�u�a�n�t�i�t�à� �t�e�r�m�o�d�i�n�a�m�i�c�o, �l��e-
�n�e�r�g�i�a� �l�i�b�e�r�a�, �i�n� �f�u�n�z�i�o�n�e �d�e�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e. A�n�a�l�i�z�z�ò
�l�a� �s�i�t�u�a�z�i�o�n�e �v�i�c�i�n�o �a�l �p�u�n�t�o �c�r�i�t�i�c�o, �i�n� �m�o�d�o �d�a� �p�o�t�e�r� �s�e�m�-
�p�l�i�f�i�c�a�r�e �l�a� �t�e�o�r�i�a� �a�s�s�u�m�e�n�d�o �c�h�e �i�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e �f�o�s�s�e
�p�i�c�c�o�l�o. U�s�ò �p�o�i� �l�e �s�i�m�m�e�t�r�i�e �d�e�l �p�a�r�a�m�e�t�r�o �p�e�r� �l�i�m�i�t�a�r�e
�u�l�t�e�r�i�o�r�m�e�n�t�e �i� �p�o�s�s�i�b�i�l�i� �c�o�m�p�o�r�t�a�m�e�n�t�i� �d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a�.
N�e�l �c�a�s�o �p�i�ù� �s�e�m�p�l�i�c�e, �t�r�o�v�ò �c�h�e �i�l �r�i�s�u�l�t�a�t�o �d�i�p�e�n�d�e�v�a� �d�u�e
�p�a�r�a�m�e�t�r�i�. U�n� �p�a�r�a�m�e�t�r�o t = 1 − Tc/T �m�i�s�u�r�a� �l�a� �d�e�v�i�a�-
�z�i�o�n�e �d�a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a�, �m�e�n�t�r�e �l��a�l�t�r�o, h, �l��a�n�a�l�o�g�o
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�d�e�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o �e�s�t�e�r�n�o �p�e�r� �u�n� �f�e�r�r�o�m�a�g�n�e�t�e, �m�i�s�u�r�a�
�l��e�s�t�e�n�s�i�o�n�e �d�e�l�l�a� �r�o�t�t�u�r�a� �d�i� �s�i�m�m�e�t�r�i�a� �d�a� �p�a�r�t�e �d�e�i� �c�a�m�p�i�
�e�s�t�e�r�n�i�. L�a�n�d�a�u� �p�o�i� �c�a�l�c�o�l�ò �u�n�'�e�q�u�a�z�i�o�n�e �p�e�r� �i�l �p�a�r�a�m�e�t�r�o
�d�'�o�r�d�i�n�e �u�t�i�l�i�z�z�a�n�d�o �i�l �r�i�s�u�l�t�a�t�o �t�e�r�m�o�d�i�n�a�m�i�c�o �c�h�e �l��e�n�e�r�g�i�a�
�l�i�b�e�r�a� �è �m�i�n�i�m�a� �a�l�l��e�q�u�i�l�i�b�r�i�o �t�e�r�m�o�d�i�n�a�m�i�c�o. N�e�l �c�a�l�c�o�l�a�r�e �i�l
�v�a�l�o�r�e �d�e�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e �c�h�e �d�à� �l�u�o�g�o �a� �t�a�l�e �m�i�n�i�m�o,
�t�r�o�v�ò �u�n�a� �e�q�u�a�z�i�o�n�e �c�u�b�l�i�c�a� �p�e�r� �i�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e. Q�u�e-
�s�t�a� �e�q�u�a�z�i�o�n�e �p�u�ò �e�s�s�e�r�e �s�p�e�c�i�a�l�i�z�z�a�t�o �a�l �c�a�s�o �i�n� �c�u�i� �n�o�n�
�v�i� �è �a�l�c�u�n�a� �r�o�t�t�u�r�a� �d�i� �s�i�m�m�e�t�r�i�a� �e�s�t�e�r�n�a�. L�a� �s�u�a� �e�q�u�a�z�i�o�n�e
�p�r�e�v�e�d�e �u�n� �s�a�l�t�o �n�e�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e �c�o�m�e �n�e�l�l�e �t�e�o�r�i�e �d�i�
�c�a�m�p�o �m�e�d�i�o �d�e�i� �s�u�o�i� �p�r�e�d�e�c�e�s�s�o�r�i�.

§211 E�s�p�o�n�i�a�m�o �n�e�l �d�e�t�t�a�g�l�i�o �l�a� �t�e�o�r�i�a� �d�i� L�a�n�d�a�u�. L�a� �p�r�i�-
�m�a� �i�p�o�t�e�s�i� �è �l��e�s�i�s�t�e�n�z�a� �d�i� �u�n�'�e�n�e�r�g�i�a� �l�i�b�e�r�a� �e�f�f�i�c�a�c�e ψ

�e�f�f,
�f�u�n�z�i�o�n�e �d�e�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e (�p�e�r� �u�n� �s�i�s�t�e�m�a� �m�a�g�n�e�t�i�c�o,
�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e m), �c�o�m�e �n�e�l�l��e�q�u�a�z�i�o�n�e (7.19). A�t�t�r�i�-
�b�u�i�r�e�m�o �a�d�e�s�s�o �a�l�l�e �v�a�r�i�a�b�i�l�i� �c�h�e �c�o�m�p�a�i�o�n�o �n�e�l�l�a� (7.19) �u�n�
�c�a�r�a�t�t�e�r�e �g�e�n�e�r�a�l�e �e �s�c�r�i�v�e�r�e�m�o

ψ
�e�f�f

= ψ
�e�f�f

(T, h, η, N) = ψ(T, η, N)− ηh, (7.28)

�d�o�v�e η �d�e�n�o�t�a� �i�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e (�c�h�e �p�u�ò �e�s�s�e�r�e �l�a� �m�a�-
�g�n�e�t�i�z�z�a�z�i�o�n�e m �p�e�r� �u�n� �s�i�s�t�e�m�a� �m�a�g�n�e�t�i�c�o �o, �p�e�r� �u�n� �f�l�u�i�d�o,
�l�a� �d�i�f�f�e�r�e�n�z�a� �d�i� �d�e�n�s�i�t�à� �t�r�a� �l�a� �f�a�s�e �s�o�l�i�d�a� �e �q�u�e�l�l�a� �l�i�q�u�i�d�a�);
T �d�e�n�o�t�a� �l�e �v�a�r�i�a�b�i�l�i� �i�n�t�e�n�s�i�v�e: �l�a� �s�o�l�a� �t�e�m�p�e�r�a�t�u�r�a� �p�e�r� �u�n�
�s�i�s�t�e�m�a� �m�a�g�n�e�t�i�c�o �o �l�a� �c�o�p�p�i�a� �t�e�m�p�e�r�a�t�u�r�a� T �e �p�r�e�s�s�i�o�n�e
P �p�e�r� �u�n� �f�l�u�i�d�o; N �d�e�n�o�t�a� �i�l �n�u�m�e�r�o �d�i� �c�o�s�t�i�t�u�e�n�t�i� �o �p�i�ù� �i�n�
�g�e�n�e�r�a�l�e �i�l �v�e�t�t�o�r�e N = (N1, N2, . . . , Nr) �c�h�e �f�o�r�n�i�s�c�e �l�a� �c�o�m�p�o-
�s�i�z�i�o�n�e �c�h�i�m�i�c�a� �d�e�l �s�i�s�t�e�m�a�; h �d�e�n�o�t�a� �l�a� �v�a�r�i�a�b�i�l�e �c�o�n�i�u�g�a�t�a� �a�
η.
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L�a� �s�e�c�o�n�d�a� �i�p�o�t�e�s�i� �d�e�l�l�a� �t�e�o�r�i�a� �è �c�h�e ψ
�e�f�f �e �q�u�i�n�d�i� �l�a� �p�a�r�-

�t�e �i�n� �c�a�m�p�o �n�u�l�l�o ψ, �s�i�a� �s�v�i�l�u�p�p�a�b�i�l�e �i�n� �s�e�r�i�e �d�i� T�a�y�l�o�r� �i�n�
�f�u�n�z�i�o�n�e �d�e�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e m �n�e�l�l�e �i�m�m�e�d�i�a�t�e �v�i�c�i�n�a�n�z�e
�d�e�l �p�u�n�t�o �c�r�i�t�i�c�o,

ψ = ψ0 + ψ1η + ψ2η2 + ψ3η3 + . . . (7.29)

�d�o�v�e ψ0, ψ1, ψ2, ψ3, . . . �s�o�n�o �f�u�n�z�i�o�n�i� �d�i� T �e N.
L�a� �t�e�r�z�a� �i�p�o�t�e�s�i� �è �c�h�e �g�l�i� �e�s�t�r�e�m�i� �d�i� ψ

�e�f�f �c�o�r�r�i�s�p�o�n�d�a�n�o
�a�g�l�i� �s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o, �v�a�l�e �a� �d�i�r�e, �l��e�q�u�a�z�i�o�n�e

∂ψ
�e�f�f

∂η
= 0 (7.30)

�d�e�t�e�r�m�i�n�a� �i�l �v�a�l�o�r�e �d�i� η �a�l�l��e�q�u�i�l�i�b�r�i�o.
I �n�f�i�n�e, �l�a� �q�u�a�r�t�a� �i�p�o�t�e�s�i� �è �c�h�e �l�a� �p�a�r�t�e �i�n� �c�a�m�p�o �n�u�l�l�o

ψ(T, η, N) �d�e�v�e �r�i�f�l�e�t�t�e�r�e �l�e �s�i�m�m�e�t�r�i�e �d�e�l �s�i�s�t�e�m�a� �n�e�l�l�a� �f�a�s�e
�a�d� �a�l�t�a� �t�e�m�p�e�r�a�t�u�r�a�. N�e�l �c�a�s�o �m�a�g�n�e�t�i�c�o, �l�a� �s�i�m�m�e�t�r�i�a� η →

−η �è �u�n�a� �s�i�m�m�e�t�r�i�a� �d�e�l �p�r�o�b�l�e�m�a� �a�d� �a�l�t�a� �t�e�m�p�e�r�a�t�u�r�a�, �n�o�n�
�v�i� �è �i�n�f�a�t�t�i� �u�n�a� �d�i�r�e�z�i�o�n�e �p�r�i�v�i�l�e�g�i�a�t�a�). Q�u�i�n�d�i�, �l�o �s�v�i�l�u�p�p�o
�i�n� �s�e�r�i�e �p�u�ò �c�o�n�t�e�n�e�r�e �s�o�l�o �t�e�r�m�i�n�i� �i�n� η �d�i� �p�o�t�e�n�z�a� �p�a�r�i�:

ψ = ψ0 + ψ2η2 + ψ4η4 + . . . . (7.31)

L�a� �f�o�r�m�a� �d�i� f (T, η) �c�o�m�e �f�u�n�z�i�o�n�e �d�i� η, �p�e�r� �p�i�c�c�o�l�i� �v�a�-
�l�o�r�i� �d�i� η, �è �m�o�s�t�r�a�t�a� �i�n� �f�i�g�u�r�a� (7.10) �p�e�r� �l�e �q�u�a�t�t�r�o �p�o��-
�s�i�b�i�l�i� �c�o�m�b�i�n�a�z�i�o�n�i� �d�e�i� �s�e�g�n�i� �d�i� ψ2 �e ψ4. L�e �d�u�e �p�o�s�s�i�b�i�l�i�-
�t�à� �c�e�n�t�r�a�l�i� �v�a�n�n�o �e�s�c�l�u�s�e �p�e�r� �r�a�g�i�o�n�i� �d�i� �s�t�a�b�i�l�i�t�à�, �q�u�i�n�d�i�
ψ4 �è �p�o�s�i�t�i�v�o. L�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a� Tc �è �s�e�m�p�l�i�c�e�m�e�n�-
�t�e �c�a�r�a�t�t�e�r�i�z�z�a�t�a� �c�o�m�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �a� �c�u�i� ψ2 �c�a�m�b�i�a� �d�i�
�s�e�g�n�o.
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ψ2 > 0, fψ > 0 ψ2 > 0, ψ4 > 0 ψ2 < 0, ψ4 < 0 ψ2 < 0, ψ4 > 0

F�i�g�u�r�a� 7.10: L�e �q�u�a�t�t�r�o
�p�o�s�s�i�b�i�l�i�t�à� �p�e�r� ψ �a� �p�i�c�c�o�l�i� η.

I�l �c�a�m�b�i�a�m�e�n�t�o �d�e�l �s�e�g�n�o �d�i� ψ2 �a�l �p�u�n�t�o �c�r�i�t�i�c�o �i�m�p�l�i�c�a� �c�h�e
�u�n�o �s�v�i�l�u�p�p�o �i�n� �s�e�r�i�e �d�i� ψ2 �i�n� �p�o�t�e�n�z�e �d�i� (T − Tc) �h�a� �l�a�
�f�o�r�m�a�

ψ2 = (T − Tc)ψ20 + O
[
(T − Tc)

2
]

�c�o�n� f20 > 0. C�o�n�s�i�d�e�r�i�a�m�o �a�d�e�s�s�o �l��e�q�u�a�z�i�o�n�e (7.30) �p�e�r� �g�l�i�
�s�t�a�t�i� �d�i� �e�q�u�i�l�i�b�r�i�o �p�e�r� h = 0:

∂ψ

∂η
= 2(T − Tc) f20 η + 4 f4η3 + . . . = 0.

Q�u�e�s�t�a� �e�q�u�a�z�i�o�n�e �h�a� �s�o�l�u�z�i�o�n�i� �d�i�v�e�r�s�e �s�o�p�r�a� �e �s�o�t�t�o �i�l
�p�u�n�t�o �c�r�i�t�i�c�o. P�e�r� T > Tc, �l�a� �s�o�l�a� �s�o�l�u�z�i�o�n�e �r�e�a�l�e �è

η = 0 �p�e�r� T > Tc (7.32)

S�o�t�t�o Tc �l�a� �s�o�l�u�z�i�o�n�e η = 0 �c�o�r�r�i�s�p�o�n�d�e �a� �u�n� �m�a�s�s�i�m�o �i�n�-
�v�e�c�e �c�h�e �a� �u�n� �m�i�n�i�m�o �d�i� f , �m�a� �c�i� �s�o�n�o �d�u�e �s�o�l�u�z�i�o�n�i� �r�e�a�l�i�
�c�o�r�r�i�s�p�o�n�d�e�n�t�i� �a�i� �m�i�n�i�m�i�

η = ±
√

2ψ20

ψ4
(Tc − T)1/2 �p�e�r� T < Tc (7.33)

Q�u�e�s�t�a� �è �l�a� �c�o�n�c�l�u�s�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�o�r�i�a� �c�l�a�s�s�i�c�a�
�d�e�i� �p�u�n�t�i� �c�r�i�t�i�c�i�. I�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e �d�i�v�e�n�t�a� �s�p�o�n�t�a�n�e�a�-
�m�e�n�t�e �n�o�n� �n�u�l�l�o �e �c�r�e�s�c�e �c�o�m�e (Tc − T)1/2 �p�e�r� �t�e�m�p�e�r�a�t�u�r�e
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�s�o�t�t�o Tc. L'�e�s�p�o�n�e�n�t�e �c�r�i�t�i�c�o β [�s�i� �v�e�d�a� �l��e�q�u�a�z�i�o�n�e (7.24)],
�v�a�l�u�t�a�t�o �s�u�l�l�a� �b�a�s�e �d�e�l�l�a� �t�e�o�r�i�a� �c�l�a�s�s�i�c�a�, �h�a� �d�u�n�q�u�e �i�l �v�a�l�o-
�r�e 0.5. Q�u�e�s�t�a� �c�o�n�c�l�u�s�i�o�n�e �c�o�n�f�e�r�m�a� �q�u�a�n�t�o �a�b�b�i�a�m�o �g�i�à� �v�i�-
�s�t�o �p�e�r� �i� �s�i�s�t�e�m�i� �m�a�g�n�e�t�i�c�i� �n�e�l�l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i� �c�a�m�p�o
�m�e�d�i�o.

L�a� �t�e�o�r�i�a� �d�i� L�a�n�d�a�u� �p�e�r�m�e�t�t�e �i�n�o�l�t�r�e �d�i� �d�e�t�e�r�m�i�n�a�r�e �g�l�i�
�e�s�p�o�n�e�n�t�i� �c�r�i�t�i�c�i� γ �e γ′ �d�e�f�i�n�i�t�i� �d�a�l�l�a� (7.26), �c�o�n�f�e�r�m�a�n�d�o �i�l
�r�i�s�u�l�t�a�t�o γ = γ′ = 1 �o�t�t�e�n�u�t�o �c�o�n� �l�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o.

S�f�o�r�t�u�n�a�t�a�m�e�n�t�e, �i� �v�a�l�o�r�i� �d�i� β �s�p�e�r�i�m�e�n�t�a�l�m�e�n�t�e �m�i�s�u�r�a�t�i�
�p�e�r� �f�e�r�r�o�m�a�g�n�e�t�i� �e �f�l�u�i�d�i� �s�o�n�o �n�e�l�l��i�n�t�e�r�v�a�l�l�o �t�r�a� 0.3 �e 0.4.
A�n�c�h�e �i� �v�a�l�o�r�i� �s�p�e�r�i�m�e�n�t�a�l�i� �d�i� γ �e γ′ �d�i�f�f�e�r�i�s�c�o�n�o �d�a�i� �v�a�l�o�r�i�
�t�e�o�r�i�c�i�: γ �r�i�s�u�l�t�a� �c�o�m�p�r�e�s�o �t�r�a� 1.2 �e 1.4, �e γ′ �t�r�a� 1 �e 1.2.

Q�u�e�s�t�a� �d�i�s�c�r�e�p�a�n�z�a� �t�r�a� �v�a�l�o�r�i� �t�e�o�r�i�c�i� �p�r�e�d�e�t�t�i� �e �r�i�s�u�l�t�a�t�i�
�s�p�e�r�i�m�e�n�t�a�l�i� �è �s�o�r�p�r�e�n�d�e�n�t�e: �l�a� �t�e�o�r�i�a� �d�i� L�a�n�d�a�u� �s�e�m�b�r�a�
�b�a�s�a�t�a� �s�u� �i�p�o�t�e�s�i� �e�s�t�r�e�m�a�m�e�n�t�e �g�e�n�e�r�a�l�i� �e �p�l�a�u�s�i�b�i�l�i�. C�o�m�e
�è �p�o�s�s�i�b�i�l�e �c�h�e �c�i� �s�i�a� �u�n� �e�r�r�o�r�e? R�i�t�o�r�n�e�r�e�m�o �s�u� �q�u�e�s�t�a�
�d�o�m�a�n�d�a� �n�e�l�l��u�l�t�i�m�a� �s�e�z�i�o�n�e.

7.5 T�e�o�r�i�a� �d�i� O�r�n�s�t�e�i�n� �e Z�e�r�n�i�k�e �i�n� �f�o�r�m�a� �m�o�d�e�r�n�a�

§212 O�p�a�l�e�s�c�e�n�z�a� �c�r�i�t�i�c�a� �e �f�l�u�t�t�u�a�z�i�o�n�i� N�e�i� �p�r�i�m�i� �a�n�n�i�
�d�e�l XX �s�e�c�o�l�o �g�l�i� �s�p�e�r�i�m�e�n�t�a�l�i� �o�s�s�e�r�v�a�r�o�n�o �u�n� �f�e�n�o�m�e�n�o
�c�h�e �v�i�e�n�e �c�h�i�a�m�a�t�o �o�p�a�l�e�s�c�e�n�z�a� �c�r�i�t�i�c�a�. C�o�m�e �c�i� �s�i� �a�v�v�i�c�i�n�a�
�a�l �p�u�n�t�o �c�r�i�t�i�c�o, �u�n� �f�l�u�i�d�o �c�h�e �è �a�l�t�r�i�m�e�n�t�i� �c�h�i�a�r�o �e �t�r�a�s�p�a�-
�r�e�n�t�e �d�i�v�e�n�t�a� �l�a�t�t�i�g�i�n�o�s�o �e �r�i�f�l�e�t�t�e �l�a� �l�u�c�e. Q�u�e�s�t�o �f�e�n�o�m�e�n�o
�è �s�t�a�t�o �s�p�i�e�g�a�t�o �d�a� S�m�o�l�u�c�h�o�w�s�k�i� (1908) �e E�i�n�s�t�e�i�n� (1910).
E�i�n�s�t�e�i�n� �i�n� �p�a�r�t�i�c�o�l�a�r�e �h�a� �d�i�m�o�s�t�r�a�t�o �c�h�e �l�a� �d�i�s�p�e�r�s�i�o�n�e �è
�d�o�v�u�t�a� �a�l�l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�l�l�a� �d�e�n�s�i�t�à�, �e �h�a� �o�s�s�e�r�v�a�t�o �c�h�e
�q�u�e�s�t�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�i�v�e�r�g�o�n�o �a�l �p�u�n�t�o �c�r�i�t�i�c�o. P�o�c�o �d�o�p�o, �n�e�l
1916 �e �n�e�l 1914, O�r�n�s�t�e�i�n� �e Z�e�r�n�i�k�e �p�r�o�p�o�s�e�r�o �u�n�a� �t�e�o�r�i�a�
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�c�h�e �m�o�s�t�r�a� �c�h�e �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �p�r�o�v�e�n�g�o�n�o �d�a� �g�r�a�n�d�i� �r�e�g�i�o�n�i�
�d�i� �f�l�u�t�t�u�a�z�i�o�n�i� �c�o�r�r�e�l�a�t�e �e �d�e�r�i�v�a�r�o�n�o �u�n�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o
�m�e�d�i�o �d�e�l �f�e�n�o�m�e�n�o �q�u�a�l�i�t�a�t�i�v�a�m�e�n�t�e �c�o�r�r�e�t�t�a�. Q�u�e�s�t�o �s�v�i�l�u�p�-
�p�o �s�i� �s�a�r�e�b�b�e �r�i�v�e�l�a�t�o �p�a�r�t�i�c�o�l�a�r�m�e�n�t�e �i�m�p�o�r�t�a�n�t�e �i�n� �s�e�g�u�i�t�o
�i�n� �q�u�a�n�t�o �o�g�g�i� �s�a�p�p�i�a�m�o �c�h�e �l�a� �s�t�r�u�t�t�u�r�a� �s�p�a�z�i�a�l�e �d�e�l�l�e �c�o�r�-
�r�e�l�a�z�i�o�n�i� �è �l�a� �c�h�i�a�v�e �p�e�r� �c�a�p�i�r�e �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e. I �n�
�q�u�e�s�t�a� �s�e�z�i�o�n�e, �e�s�p�o�n�i�a�m�o �i�n� �f�o�r�m�a� �m�o�d�e�r�n�a� �l�a� �t�e�o�r�i�a� �d�i�
O�r�n�s�t�e�i�n� �e Z�e�r�n�i�k�e.

§213 R�i�v�i�s�i�t�a�z�i�o�n�e �d�e�l�l�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o C�i�ò �c�h�e
�r�e�n�d�e �l�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o �a�t�t�r�a�e�n�t�e �è �l�a� �s�u�a� �e�s�t�r�e�m�a�
�s�e�m�p�l�i�c�i�t�à� �l�o�g�i�c�a�. Q�u�e�s�t�a� �t�e�o�r�i�a� �s�i� �b�a�s�a� �s�o�s�t�a�n�z�i�a�l�m�e�n�t�e
�s�u� �u�n�a� �s�i�n�g�o�l�a� �e�q�u�a�z�i�o�n�e, �l��e�q�u�a�z�i�o�n�e �d�i� �s�t�a�t�o (7.27). P�e�r�
�q�u�a�n�t�o �o�t�t�e�n�u�t�a� �p�e�r� �i�l �m�o�d�e�l�l�o �b�a�s�a�t�o �s�u�l�l�a� �f�u�n�z�i�o�n�e �e�n�e�r�g�i�a�
(7.6), �l��e��. (7.27) �p�u�ò �e�s�s�e�r�e �u�t�i�l�i�z�z�a�t�a� �a�n�c�h�e �c�o�m�e �e�q�u�a�z�i�o-
�n�e �d�i� �s�t�a�t�o �a�p�p�r�o�s�s�i�m�a�t�a� �d�i� �u�n� �m�o�d�e�l�l�o �d�i� I�s�i�n�g. V�e�d�i�a�m�o
�c�o�m�e.

C�o�n�s�i�d�e�r�i�a�m�o �l��e�n�e�r�g�i�a� (6.78) (�c�a�m�b�i�a�t�a� �d�i� �s�e�g�n�o) �d�i� �u�n�
�s�i�s�t�e�m�a� �d�i� N �s�p�i�n� �c�o�n� �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �p�r�i�m�i� �v�i�c�i�n�i�

−E = J ∑
<r s>

σrσs + h ∑
r

σr

(�p�e�r� �r�a�g�i�o�n�i� �c�h�e �s�a�r�a�n�n�o �c�h�i�a�r�e �n�e�l �s�e�g�u�i�t�o, �d�e�n�o�t�i�a�m�o �i� �s�i�t�i�
�d�e�l �r�e�t�i�c�o�l�o �c�o�n� �l�a� �n�o�t�a�z�i�o�n�e �v�e�t�t�o�r�i�a�l�e �s�t�a�n�d�a�r�d�) �e �f�o�c�a�l�i�z-
�z�i�a�m�o �l�a� �n�o�s�t�r�a� �a�t�t�e�n�z�i�o�n�e �s�u� �u�n� �s�i�n�g�o�l�o �s�p�i�n� �n�e�l �p�u�n�t�o
r �c�h�e �s�e�n�t�e �i�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o �e�s�t�e�r�n�o �i�n� �q�u�e�s�t�o �p�u�n�t�o �e �i�l
�c�a�m�p�o �m�a�g�n�e�t�i�c�o �g�e�n�e�r�a�t�o �d�a�i� �s�u�o�i� �p�r�i�m�i� �v�i�c�i�n�i�. L'�e�n�e�r�g�i�a� �d�i�
�q�u�e�s�t�o �s�i�n�g�o�l�o �s�p�i�n� �è

−Er = σrh�e�f�f, h�e�f�f = h + J ∑
<r s>

σs,



254 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

�d�o�v�e h�e�f�f �è �i�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o �e�f�f�i�c�a�c�e �c�h�e �a�g�i�s�c�e �s�u�l�l�o �s�p�i�n�
�n�e�l�l�a� �p�o�s�i�z�i�o�n�e r �e �l�a� �s�o�m�m�a� �è �s�o�l�o �s�u�i� �p�r�i�m�i� �v�i�c�i�n�i� �d�i� σr ,
�c�h�e �s�o�n�o q = 2d, �i�n� d �d�i�m�e�n�s�i�o�n�i�.

O�r�a�, �l�a� �s�e�m�p�l�i�c�i�t�à� �l�o�g�i�c�a� �d�e�l�l��a�p�p�r�o�s�s�i�m�a�z�i�o�n�e �d�i� �c�a�m�p�o
�m�e�d�i�o �s�t�a� �i�n� �q�u�e�s�t�o: �s�e �n�o�n� �c�i� �f�o�s�s�e �i�n�t�e�r�a�z�i�o�n�e �t�r�a� �g�l�i�
�s�p�i�n�, �s�i� �a�v�r�e�b�b�e

〈σ〉 = (+1)eβh + (−1)e−βh

eβh + e−βh = tanh(βh) ,

�s�e �l��i�n�t�e�r�a�z�i�o�n�e �c'�e', �a�l�l�o�r�a� �l��e�q�u�a�z�i�o�n�e �è �l�a� �s�t�e�s�s�a� �d�e�l �s�i�n�g�o�l�o
�s�p�i�n�, �a� �p�a�t�t�o �d�i� �s�o�s�t�i�t�u�i�r�e h �c�o�n�
〈

h�e�f�f

〉
=

〈
h + J ∑

<r s>
σs

〉
= h + J ∑

<r s>
〈σs〉 = h + Jq 〈σ〉 , (7.34)

�v�a�l�e �a� �d�i�r�e,
〈σ〉 = tanh

(
β

〈
h�e�f�f

〉)
,

�c�h�e �è �p�r�o�p�r�i�o �l��e��. (7.27) �p�e�r� m = 〈σ〉 �e J → Jq.
A�d�e�s�s�o �v�o�g�l�i�a�m�o �c�o�n�s�i�d�e�r�a�r�e �i�l �c�a�s�o �i�n� �c�u�i� �i�l �c�a�m�p�o �m�a�-

�g�n�e�t�i�c�o �e�s�t�e�r�n�o �n�o�n� �è �u�n�i�f�o�r�m�e, �m�a� �è �u�n�a� �f�u�n�z�i�o�n�e h = h(r)

(�l�e�n�t�a�m�e�n�t�e) �v�a�r�i�a�b�i�l�e �n�e�l�l�o �s�p�a�z�i�o. S�i�a�m�o �i�n�t�e�r�e�s�s�a�t�i� �a� �q�u�e-
�s�t�o �c�a�s�o �p�e�r� �i�l �c�a�l�c�o�l�o �d�e�l�l�e �c�o�r�r�e�l�a�z�i�o�n�i� �t�r�a� �l�e �f�l�u�t�t�u�a�z�i�o�n�i�
�d�e�l �s�i�s�t�e�m�a� �a�l�l��e�q�u�i�l�i�b�r�i�o, �s�e�c�o�n�d�o �i�l �m�e�t�o�d�o �e�s�p�o�s�t�o �n�e�l�l�a� �s�e-
�z�i�o�n�e 6.7. S�e �i�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�o�n� �è �c�o�s�t�a�n�t�e, �n�o�n� �l�o �è
�n�e�a�n�c�h�e �i�l �v�a�l�o�r� �m�e�d�i�o �d�e�l�l�o �s�p�i�n� m(r) = 〈σr〉. Q�u�e�s�t�o �c�o�m�-
�p�o�r�t�a� �c�h�e �l��u�l�t�i�m�o �p�a�s�s�a�g�g�i�o �n�e�l�l��e��. (7.34) �n�o�n� �è �p�i�ù� �l�e�c�i�t�o.
A�d�e�s�s�o �s�i� �h�a� 〈

h�e�f�f

〉
= h(r) + J ∑

<r s>
m(s) (7.35)
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�e �l��e�q�u�a�z�i�o�n�e �d�i� �c�a�m�p�o �m�e�d�i�o �d�i�v�e�n�t�a�

m(r) = tanh
[

β

〈
h�e�f�f

〉]
, (7.36)

R�i�s�c�r�i�v�i�a�m�o �a�d�e�s�s�o �l�a� �s�o�m�m�a� �s�u�i� �p�r�i�m�i� �v�i�c�i�n�i� �n�e�l�l�a�
(7.35) �i�n� �u�n�a� �f�o�r�m�a� �p�i�ù� �c�o�m�o�d�a�, �a�g�g�i�u�n�g�e�n�d�o �e �t�o�g�l�i�e�n�d�o
qm(r) �a�l�l�a� �s�o�m�m�a� (q �è �i�l �n�u�m�e�r�o �d�i� �p�r�i�m�i� �v�i�c�i�n�i�):

∑
<r s>

m(s) = ∑
<r s>

m(s)− qm(r) + qm(r)

= a2

{
1
a2 ∑

<r s>
[m(s)−m(r)]

}
+ qm(r),

�d�o�v�e a �è �i�l �p�a�s�s�o �d�e�l �r�e�t�i�c�o�l�o. R�i�c�o�n�o�s�c�i�a�m�o �n�e�l �t�e�r�m�i�n�e �i�n�
�p�a�r�a�n�t�e�s�i� �g�r�a�f�f�e �i�l �l�a�p�l�a�c�i�a�n�o �d�i�s�c�r�e�t�i�z�z�a�t�o ∆m(r), �p�e�r� �c�u�i�
�l�a� (7.35) �p�u�ò �e�s�s�e�r�e �r�i�s�c�r�i�t�t�a� �c�o�m�e

〈
h�e�f�f

〉
= h(r) + Jqm(r) + Ja2∆m(r) . (7.37)

S�i� �o�s�s�e�r�v�i� �c�h�e �i�l �t�e�r�m�i�n�e �c�h�e �c�o�n�t�i�e�n�e �i�l �l�a�p�l�a�c�i�a�n�o �a�p�p�a�r�e
�c�o�m�e �u�n�a� �c�o�r�r�e�z�i�o�n�e �a�l �v�a�l�o�r�e �p�e�r� �i�l �c�a�m�p�o �c�o�s�t�a�n�t�e.

§214 T�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o �i�n� �p�r�o�s�s�i�m�i�t�à� �d�e�l �p�u�n�t�o �c�r�i�-
�t�i�c�o A�s�s�u�m�i�a�m�o �d�i� �e�s�s�e�r�e �i�n� �p�r�o�s�s�i�m�i�t�à� �d�e�l �p�u�n�t�o �c�r�i�t�i�c�o,
�c�h�e �i�l �c�a�m�p�o �e�s�t�e�r�n�o �s�i�a� �p�i�c�c�o�l�o �e �q�u�i�n�d�i� �a�n�c�h�e �l�a� �m�a�g�n�e-
�t�i�z�z�a�z�i�o�n�e. A�l�l�o�r�a� �p�o�s�s�i�a�m�o �e�s�p�a�n�d�e�r�e �i�l �s�e�c�o�n�d�o �m�e�m�b�r�o
�d�e�l�l��e�q�u�a�z�i�o�n�e (7.36) �i�n� �u�n�a� �s�e�r�i�e �d�i� �p�o�t�e�n�z�e �i�n� β

〈
h�e�f�f

〉
:

m(r) ≈ β

〈
h�e�f�f

〉
− 1

3

(
β

〈
h�e�f�f

〉)3
.
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A�s�s�u�m�i�a�m�o �c�h�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �s�i�a� �v�i�c�i�n�a� �a�l �v�a�l�o�r�e �c�r�i�t�i�c�o.
A�l�l��o�r�d�i�n�e �p�i�ù� �b�a�s�s�o, βh(r) = 0, �e �q�u�i�n�d�i�

β

〈
h�e�f�f

〉
= βh(r) + βJ ∑

<r s>
m(s) ≈ βJqm(r) ≈ m(r),

�c�h�e �f�i�s�s�a� �i�l �v�a�l�o�r�e �c�r�i�t�i�c�o βc = 1/(Jq).
I�l �r�i�s�u�l�t�a�t�o �d�i� �o�r�d�i�n�e �p�i�ù� �b�a�s�s�o �è �u�t�i�l�i�z�z�a�t�o �n�e�l �t�e�r�m�i�n�e

�c�u�b�i�c�o �e �i�l �r�e�s�t�o �v�i�e�n�e �v�a�l�u�t�a�t�o �c�o�m�e

m(r) = βh(r) + βJa2∆m(r) + βJqm(r)− 1
3

m(r)3 .

S�o�s�t�i�t�u�e�n�d�o �a�d�e�s�s�o �i�l �v�a�l�o�r�e �c�r�i�t�i�c�o βJ = βc J = 1/q �n�e�l �c�oe�f�f�i�-
�c�i�e�n�t�e �d�e�l �l�a�p�l�a�c�i�a�n�o (�e�s�s�e�n�d�o �q�u�e�s�t�o �t�e�r�m�i�n�e �u�n�a� �c�o�r�r�e�z�i�o�n�e)
�e �r�a�c�c�o�g�l�i�e�n�d�o m(r), �o�t�t�e�n�i�a�m�o

βh(r) +
a2

q
∆m(r) + (βJq− 1)m(r)− 1

3
m(r)3 = 0.

O�s�s�e�r�v�a�n�d�o �c�h�e

βJq− 1 =
β

βc
− 1 =

Tc

T
− 1 = −

(
1− Tc

T

)
≡ −t.

(t �è �l�a� �d�e�v�i�a�z�i�o�n�e �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�a�l �v�a�l�o�r�e �c�r�i�t�i�c�o) �e
�d�e�f�i�n�e�n�d�o �i�l �c�a�m�p�o u(r) = βh(r), �r�i�s�c�r�i�v�i�a�m�o �i�n�f�i�n�e �l��e�q�u�a�z�i�o�n�e
�n�e�l�l�a� �f�o�r�m�a�

u(r)− tm(r) +
a2

q
∆m(r)− 1

3
m(r)3 = 0. (7.38)

Q�u�e�s�t�a� �è �l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e-
�d�i�o �v�i�c�i�n�o �a�l �p�u�n�t�o �c�r�i�t�i�c�o �n�e�l �m�o�d�e�l�l�o �d�i� C�u�r�i�e-W�e�i�s�� �d�i� �u�n�
�f�e�r�r�o�m�a�g�n�e�t�e. S�e�n�z�a� �p�e�r�d�i�t�a� �d�i� �g�e�n�e�r�a�l�i�t�à�, �p�o�s�s�i�a�m�o �p�a�s�s�a�r�e
�a�l �l�i�m�i�t�e �c�o�n�t�i�n�u�o �e �i�n�t�e�r�p�r�e�t�a�r�e ∆ �c�o�m�e �l��o�p�e�r�a�t�o�r�e �l�a�p�l�a�c�i�a�-
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�n�o �n�e�l �c�o�n�t�i�n�u�o �e �q�u�i�n�d�i� �l��e��. (7.38) �c�o�m�e �u�n�'�e�q�u�a�z�i�o�n�e �a�l�l�e
�d�e�r�i�v�a�t�e �p�a�r�z�i�a�l�i�.

§215 T�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o �p�e�r� �l�e �c�o�r�r�e�l�a�z�i�o�n�i� A�p�-
�p�l�i�c�h�i�a�m�o �a�d�e�s�s�o �i�l �m�e�t�o�d�o �e�s�p�o�s�t�o �n�e�l�l�a� �s�e�z�i�o�n�e 6.7. L�a�
�f�u�n�z�i�o�n�e �d�i� �c�o�r�r�e�l�a�z�i�o�n�e (�c�o�n�n�e�s�s�a�) �è �d�a�t�a� �d�a�l�l��a�d�a�t�t�a�m�e�n�t�o
�o�p�p�o�r�t�u�n�o �d�e�l�l��e��. (6.70)

S(r− s) =
δm(r)[u]

δu(s)

∣∣∣∣
u=0

. (7.39)

(�a�b�b�i�a�m�o �s�c�r�i�t�t�o S(r − s) �p�e�r�c�h�é �a� �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�u�l�l�o �i�l
�s�i�s�t�e�m�a� �è �o�m�o�g�e�n�e�o �e �i�s�o�t�r�o�p�o, �p�e�r� �c�u�i� �l�a� �f�u�n�z�i�o�n�e �d�i� �c�o�r�-
�r�e�l�a�z�i�o�n�e �d�i�p�e�n�d�e �d�a�l�l�a� �d�i�f�f�e�r�e�n�z�a� �s�o�l�o �d�e�i� �s�u�o�i� �a�r�g�o�m�e�n�t�i�).
P�r�e�n�d�i�a�m�o �a�l�l�o�r�a� �l��e�q�u�a�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e (7.38), �t�r�a�s�c�u�r�i�a�m�o
�i�l �t�e�r�m�i�n�e �c�u�b�i�c�o �e �d�e�r�i�v�i�a�m�o�l�a� �r�i�s�p�e�t�t�o �a� u(s). O�t�t�e�n�i�a�m�o

δ(r− s)− t
δm(r)
δu(s)

+
a2

q
∆

δm(r)
δu(s)

= 0

�v�a�l�e �a� �d�i�r�e,
−∆S +

qt
a2 S =

q
a2 δ(r− s) . (7.40)

Q�u�e�s�t�a� �è �l��e�q�u�a�z�i�o�n�e �p�e�r� �i�l �p�o�t�e�n�z�i�a�l�e �d�i� Y�u�k�a�w�a� �c�h�e �s�i�
�r�i�s�o�l�v�e �f�a�c�i�l�m�e�n�t�e �p�e�r� �t�r�a�s�f�o�r�m�a�t�a� �d�i� F�o�u�r�i�e�r� (�c�e�r�c�a�n�d�o�n�e
�u�n�a� �s�o�l�u�z�i�o�n�e �a� �s�i�m�m�e�t�r�i�a� �s�f�e�r�i�c�a�). L�a� �s�o�l�u�z�i�o�n�e �è

S(r− s) ∼ e−|r−s|/ξ

|r− s|d−2 (7.41)

�d�o�v�e d �è �l�a� �d�i�m�e�n�s�i�o�n�e �d�e�l�l�o �s�p�a�z�i�o �e

ξ =
a√
qt

(7.42)
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�è �l�a� �l�u�n�g�h�e�z�z�a� �d�i� �c�o�r�r�e�l�a�z�i�o�n�e. Q�u�e�s�t�o �r�i�s�u�l�t�a�t�o �è �i�m�p�o�r�-
�t�a�n�t�e. D�i�c�e �c�h�e �l�e �c�o�r�r�e�l�a�z�i�o�n�i� �n�e�l�l�o �s�p�a�z�i�o �s�i� �e�s�t�e�n�d�o�n�o �s�u�
�d�i�s�t�a�n�z�e �s�e�m�p�r�e �p�i�ù� �l�u�n�g�h�e, �m�a�n� �m�a�n�o �c�h�e �c�i� �s�i� �a�v�v�i�c�i�n�a�
�a�l �p�u�n�t�o �c�r�i�t�i�c�o. L�a� �c�o�r�r�e�l�a�z�i�o�n�e �c�h�e �s�i� �e�s�t�e�n�d�e �a�l�l��i�n�f�i�n�i�-
�t�o, �c�i�o�è �a�l�l�a� �s�c�a�l�a� �m�a�c�r�o�s�c�o�p�i�c�a�, �è �u�n� �f�a�t�t�o �c�r�u�c�i�a�l�e �p�e�r� �l�e
�t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e. L�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o �f�o�r�n�i�s�c�e �u�n�a�
�s�p�i�e�g�a�z�i�o�n�e �q�u�a�l�i�t�a�t�i�v�a�m�e�n�t�e �c�o�r�r�e�t�t�a� �d�i� �q�u�e�l�l�o �c�h�e �s�u�c�c�e�d�e �a�l
�p�u�n�t�o �c�r�i�t�i�c�o, �m�a� �n�o�n� �c�o�r�r�e�t�t�a� �q�u�a�n�t�i�t�a�t�i�v�a�m�e�n�t�e. G�l�i� �e�s�p�e�r�i�-
�m�e�n�t�i� �c�i� �d�i�c�o�n�o �c�h�e ξ ∼ a/tν, �m�a� ν = 1 �i�n� d = 2 �e ν ≈ 0.64 �i�n�
�t�r�e �d�i�m�e�n�s�i�o�n�i�.

N�o�t�i�a�m�o �c�h�e �e�s�a�t�t�a�m�e�n�t�e �a�l �p�u�n�t�o �c�r�i�t�i�c�o, �l��e��. (7.40) �d�i�v�e�n�-
�t�a� �l��e�q�u�a�z�i�o�n�e �p�e�r� �l�a� �s�o�l�u�z�i�o�n�e �f�o�n�d�a�m�e�n�t�a�l�e �d�e�l�l��e�q�u�a�z�i�o�n�e
�d�i� L�a�p�l�a�c�e �e �q�u�i�n�d�i� �l�a� �s�o�l�u�z�i�o�n�e �è

St=0(r− s) ∼





1

|r− s|d−2 , d 6= 2

log |r− s| , d = 2

(7.43)

Q�u�e�s�t�o �m�o�s�t�r�a� �c�h�e �l�e �c�o�r�r�e�l�a�z�i�o�n�i� �t�r�a� �f�l�u�t�t�u�a�z�i�o�n�i� �s�e�g�u�o�n�o
�u�n�a� �l�e�g�g�e �d�i� �p�o�t�e�n�z�a� �a�l �p�u�n�t�o �c�r�i�t�i�c�o (�p�e�r� d 6= 2); �s�o�n�o
�c�i�o�è �a� �l�u�n�g�o �r�a�g�g�i�o �e �i�n�v�a�r�i�a�n�t�i� �p�e�r� �t�r�a�s�f�o�r�m�a�z�i�o�n�i� �d�i� �s�c�a�-
�l�a�. A�n�c�h�e �q�u�e�s�t�o �è �q�u�a�l�i�t�a�t�i�v�a�m�e�n�t�e �c�o�r�r�e�t�t�o, �m�a� �n�o�n� �l�o �è
�q�u�a�n�t�i�t�a�t�i�v�a�m�e�n�t�e: �l�a� �l�e�g�g�e �d�i� �p�o�t�e�n�z�a� �è �i�n� �e�f�f�e�t�t�i� d− 2 + δ.

7.6 L'�a�r�g�o�m�e�n�t�o �d�i� P�e�i�e�r�l��

§216 L�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o, �n�o�n�o�s�t�a�n�t�e �l�a� �s�u�a� �b�e�l�l�e�z-
�z�a�, �h�a� �u�n� �d�i�f�e�t�t�o �a�b�b�a�s�t�a�n�z�a� �v�i�s�t�o�s�o. Q�u�e�s�t�a� �a�p�p�r�o�s�s�i�m�a�-
�z�i�o�n�e �p�r�e�v�e�d�e �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �n�e�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �a�
�t�e�m�p�e�r�a�t�u�r�a� �f�i�n�i�t�a� �p�e�r� �q�u�a�l�s�i�a�s�i� �d�i�m�e�n�s�i�o�n�e d, �i�l �c�h�e �è �c�h�i�a�-
�r�a�m�e�n�t�e �s�b�a�g�l�i�a�t�o �p�e�r� d = 1, �c�o�m�e �s�i� �s�a� �d�a�l �c�a�l�c�o�l�o �e�s�a�t�t�o �d�i�



�t�r�a�n�s�i�z�i�o�n�i� �d�i� �fa�s�e 259

25. LECTURE 25: WHY CRITICAL PHENOMENA ARE DIFFICULT; MEAN-FIELD THEORY297

spin islands grow as T is reduced (see Fig. 25.1; the figure is constructed using
http://www.pha.jhu.edu/~javalab/ising/ising.html; the following site is also
useful: http://physics.ucsc.edu/~peter/ising/ising.html).

The typical size ξ of the islands is called the correlation length.247 We see ξ grows
and actually it diverges at Tc as ξ ∼ |T − Tc|−ν , where ν is a positive universal
constant (one of critical indices). From the low temperature side, in the almost
completely ordered phase appear the opposite spins (flipped islands) like blinking
stars. They become bigger and bigger as T increases (i.e., ξ grows). Eventually,
these islands coalesce to make a supercontinent.

The patches (islands) of size ∼ ξ appear and disappear, so big fluctuations occur
near the critical point. This is the critical fluctuation. Since large scale change can-
not be completed very quickly, we see increasing space-time scale fluctuations when
T approaches Tc from its either side. That is, the dynamics becomes sluggish near
the critical point (called critical slowing down). These fluctuations are not only big
but also statistically highly correlated: the spins within ξ behave similarly, so as we
approach Tc spin fluctuations become increasingly statistically correlated. Thus, it
is not simply the macroscopic world governed by the law of large numbers.

Figure 25.1: Temperature dependence of magnetization fluctuations. The right-most figure cor-
responds to the critical point. The upper half is the disordered high temperature phase, and the
lower half is the ordered phase.

247�s(r)s(0)� ∼ e−|r|/ξ defines ξ.

F�i�g�u�r�a� 7.11: D�i�p�e�n�d�e�n�z�a� �d�a�l�l�a�
�t�e�m�p�e�r�a�t�u�r�a� �d�e�l�l�e �f�l�u�t�t�u�a�z�i�o�n�i�
�d�e�l�l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e. L�a� �f�i�g�u�r�a�
�p�i�ù� �a� �d�e�s�t�r�a� �c�o�r�r�i�s�p�o�n�d�e �a�l �p�u�n�-
�t�o �c�r�i�t�i�c�o. L�a� �m�e�t�à� �s�u�p�e�r�i�o�r�e �è �l�a�
�f�a�s�e �d�i�s�o�r�d�i�n�a�t�a� �a�d� �a�l�t�a� �t�e�m�p�e�r�a�-
�t�u�r�a�, �e �l�a� �m�e�t�à� �i�n�f�e�r�i�o�r�e �è �l�a� �f�a�s�e
�o�r�d�i�n�a�t�a� �a� �b�a�s�s�a� �t�e�m�p�e�r�a�t�u�r�a�.

I�s�i�n�g �c�h�e �a�b�b�i�a�m�o �t�r�a�t�t�a�t�o �i�n� �p�r�e�c�e�d�e�n�z�a�. S�i� �è �r�i�v�e�l�a�t�o �q�u�i�n�-
�d�i� �n�e�c�e�s�s�a�r�i�o, �p�e�r� �l�o �s�v�i�l�u�p�p�o �d�e�l�l�a� �t�e�o�r�i�a� �d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i�
�d�i� �f�a�s�e, �d�i�s�p�o�r�r�e �d�i� �a�l�t�r�i� �m�e�t�o�d�i� �c�h�e, �p�e�r�l�o�m�e�n�o, �p�e�r�m�e�t�t�e�s�s�e-
�r�o �d�i� �s�t�a�b�i�l�i�r�n�e �l��e�s�i�s�t�e�n�z�a�. N�e�l 1936, R�u�d�o�l�f P�e�i�e�r�l�� �s�c�r�i�s�s�e
�u�n� �a�r�t�i�c�o�l�o �i�n�t�i�t�o�l�a�t�o `̀ I�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �d�e�l �f�e�r�r�o�m�a�g�n�e�t�i�-
�s�m�o'' �i�n� �c�u�i� �d�i�e�d�e �u�n� �s�e�m�p�l�i�c�e �a�r�g�o�m�e�n�t�o �c�h�e �m�o�s�t�r�a� �c�h�e �a�
�t�e�m�p�e�r�a�t�u�r�a� �s�u�f�f�i�c�i�e�n�t�e�m�e�n�t�e �b�a�s�s�a�, �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �i�n�
2 �o 3 �d�i�m�e�n�s�i�o�n�i� �d�e�v�e �p�r�e�s�e�n�t�a�r�e �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �s�p�o�n�-
�t�a�n�e�a�. I �n� �q�u�e�s�t�a� �s�e�z�i�o�n�e �i�l�l�u�s�t�r�e�r�e�m�o �l��a�r�g�o�m�e�n�t�o �d�i� P�e�i�e�r�l��
�i�n� 2 �d�i�m�e�n�s�i�o�n�i�. P�r�i�m�a� �p�e�r�ò, �p�e�r� �f�a�r�e �p�r�a�t�i�c�a� �u�s�e�r�e�m�o �t�a�l�e
�a�r�g�o�m�e�n�t�o �p�e�r� �m�o�s�t�r�a�r�e, �i�n�d�i�p�e�n�d�e�n�t�e�m�e�n�t�e �d�a�l�l�a� �s�o�l�u�z�i�o�n�e
�e�s�a�t�t�a� �t�r�o�v�a�t�a� �i�n� �p�r�e�c�e�d�e�n�z�a�, �c�h�e �p�e�r� d = 1 �i�l �m�o�d�e�l�l�o �d�i�
I�s�i�n�g �n�o�n� �e�s�i�b�i�s�c�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e.

§217 M�o�d�e�l�l�o �d�i� I�s�i�n�g �i�n� �u�n�a� �d�i�m�e�n�s�i�o�n�e R�i�p�r�e�n�d�i�a�m�o
�q�u�e�s�t�o �m�o�d�e�l�l�o �d�i� �c�u�i� �a�b�b�i�a�m�o �o�t�t�e�n�u�t�o �l�a� �s�o�l�u�z�i�o�n�e �e�s�a�t�t�a� �n�e�l
�c�a�p�i�t�o�l�o �p�r�e�c�e�d�e�n�t�e. C�o�n�s�i�d�e�r�i�a�m�o N �s�p�i�n� σi, i = 0, . . . , N, �c�h�e
�p�o�s�s�o�n�o �a�s�s�u�m�e�r�e �i� �v�a�l�o�r�i� σi = ±1. L'�e�n�e�r�g�i�a� �d�e�l �s�i�s�t�e�m�a� �d�i�
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�s�p�i�n� �è
E = −J

N−1

∑
i=0

σiσi+1 − h ∑
i

σi, (6.90)

�d�o�v�e �a�b�b�i�a�m�o �p�o�s�t�o µ = 1 �p�e�r� �c�o�m�o�d�i�t�à�.
P�o�i�c�h�é �o�g�n�i� �s�p�i�n� �p�u�ò �a�s�s�u�m�e�r�e �d�u�e �d�i�v�e�r�s�i� �v�a�l�o�r�i� �i�n� �m�o-

�d�o �i�n�d�i�p�e�n�d�e�n�t�e, �l�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �o �s�t�a�t�i� �d�i�s�t�i�n�t�i� �d�e�l �s�i�s�t�e�m�a�
�s�o�n�o 2N. U�s�i�a�m�o �c�o�n�d�i�z�i�o�n�i� �p�e�r�i�o�d�i�c�h�e σi+N = σi, �c�h�e �t�e�n�d�o�n�o
�a� �m�i�n�i�m�i�z�z�a�r�e �g�l�i� �e�f�f�e�t�t�i� �d�i� �b�o�r�d�o �e �p�e�r�m�e�t�t�o�n�o �d�i� �s�i�m�u�l�a�r�e
�u�n� �s�i�s�t�e�m�a� �i�n�f�i�n�i�t�a�m�e�n�t�e �g�r�a�n�d�e. P�o�s�s�i�a�m�o �i�m�m�a�g�i�n�a�r�e �c�h�e
�g�l�i� �s�p�i�n� �s�i�a�n�o �d�i�s�p�o�s�t�i� �i�n� �u�n�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e �a�d� �a�n�e�l�l�o. C�i�
�s�o�n�o �e�s�a�t�t�a�m�e�n�t�e N �l�e�g�a�m�i� (�b�o�n�d�) �t�r�a� �s�p�i�n� �v�i�c�i�n�i� �n�e�l�l��a�n�e�l�l�o.

S�e J > 0 �i�l �s�i�s�t�e�m�a� �è �f�e�r�r�o�m�a�g�n�e�t�i�c�o: �l�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�e
�d�i� �e�n�e�r�g�i�a� �m�i�n�i�m�a� �i�n� �u�n� �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�u�l�l�o �è �q�u�e�l�l�a� �i�n�
�c�u�i� �g�l�i� �s�p�i�n� �p�u�n�t�a�n�o �v�e�r�s�o �l��a�l�t�o, σi = 1 �o �v�e�r�s�o �i�l �b�a�s�s�o,
σi = −1. C�i� �s�o�n�o �q�u�i�n�d�i� �q�u�i�n�d�i� �d�u�e �s�t�a�t�i� �d�i� �e�n�e�r�g�i�a� �m�i�n�i�m�a� �d�i�
�v�a�l�o�r�e E0 = −NJ.

§218 C�o�s�t�o �e�n�e�r�g�e�t�i�c�o �e �v�a�n�t�a�g�g�i�o �e�n�t�r�o�p�i�c�o L'�e�q�u�i�l�i�b�r�i�o
�t�e�r�m�i�c�o �è �i�l �r�i�s�u�l�t�a�t�o �d�i� �u�n�a� �c�o�m�p�e�t�i�z�i�o�n�e �t�r�a� �e�n�e�r�g�i�a� �e�d�
�e�n�t�r�o�p�i�a�. M�e�n�t�r�e �f�l�u�t�t�u�a�n�o �c�a�s�u�a�l�m�e�n�t�e �t�r�a� �i� �v�a�l�o�r�i� σ =

±1, �g�l�i� �s�p�i�n� �d�e�l �s�i�s�t�e�m�a� �c�e�r�c�a�n�o �d�i� �m�i�n�i�m�i�z�z�a�r�e �l�e �e�n�e�r�g�i�e
�d�i� �i�n�t�e�r�a�z�i�o�n�e �c�o�n� �i� �l�o�r�o �v�i�c�i�n�i�. L'�e�n�t�r�o�p�i�a� �i�n�v�e�c�e �t�e�n�d�e �a�
�f�a�v�o�r�i�r�e �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �c�h�e �s�o�n�o �p�i�ù� �p�r�o�b�a�b�i�l�i� �o �t�i�p�i�c�h�e.

Q�u�e�s�t�a� �c�o�m�p�e�t�i�z�i�o�n�e �p�u�ò �e�s�s�e�r�e �v�i�s�t�a� �n�e�l�l�a� �f�u�n�z�i�o�n�e
�d�i� �p�a�r�t�i�z�i�o�n�e �s�c�r�i�t�t�a� �c�o�m�e �s�o�m�m�a� �s�u�i� �p�o�s�s�i�b�i�l�i� �v�a�l�o�r�i� �d�i�
�e�n�e�r�g�i�a�:

Z = ∑
E

n(E)e−βE(σ) = ∑
E

eβ(Tk log n(E)−E) = ∑
E

eβ(TS−E) = ∑
E

e−βF

�d�o�v�e n(E) �è �i�l �n�u�m�e�r�o �d�i� �s�t�a�t�i� �o �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �c�h�e �h�a�n�n�o
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�e�n�e�r�g�i�a� E �e S = k log n �è �l��e�n�t�r�o�p�i�a� �d�i� B�o�l�t�z�m�a�n�n� �d�e�l�l�e �c�o�n�-
�f�i�g�u�r�a�z�i�o�n�i� �c�o�n� �e�n�e�r�g�i�a� E, �e F = E− TS �è �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i�
H�e�l�m�h�o�l�t�z.

N�o�n� �è �t�r�o�p�p�o �d�i�f�f�i�c�i�l�e �d�e�t�e�r�m�i�n�a�r�e n(E), �i�l �n�u�m�e�r�o �d�i� �s�t�a�t�i�
�c�o�n� �e�n�e�r�g�i�a� E. C�o�n�s�i�d�e�r�i�a�m�o �a�l�c�u�n�i� �s�t�a�t�i�, �s�u�p�p�o�n�e�n�d�o �c�h�e
h = 0 �e �a�s�s�u�m�e�n�d�o �c�o�n�d�i�z�i�o�n�i� �a�l �c�o�n�t�o�r�n�o �p�e�r�i�o�d�i�c�h�e:

• L�o �s�t�a�t�o E0 = −NJ �d�i� �m�i�n�i�m�a� �e�n�e�r�g�i�a� (�p�e�r� J > 0) �è
�d�o�p�p�i�a�m�e�n�t�e �d�e�g�e�n�e�r�e �e n(−NJ) = 2.

• I�l �p�r�o�s�s�i�m�o �s�t�a�t�o �i�n� �e�n�e�r�g�i�a� �p�u�ò �e�s�s�e�r�e �o�t�t�e�n�u�t�o �i�n�v�e�r�-
�t�e�n�d�o �u�n�o �s�p�i�n� �n�e�l�l�o �s�t�a�t�o �f�o�n�d�a�m�e�n�t�a�l�e. Q�u�e�s�t�a� �i�n�v�e�r�-
�s�i�o�n�e �c�o�s�t�a� �u�n�'�e�n�e�r�g�i�a� �p�a�r�i� �a� +4J �p�e�r�c�h�é �q�u�e�s�t�o �s�p�i�n� �h�a�
�o�r�a� �d�u�e �v�i�c�i�n�i� �c�h�e �p�u�n�t�a�n�o �n�e�l�l�a� �d�i�r�e�z�i�o�n�e �o�p�p�o�s�t�a�, �e �o�g�n�i�
�i�n�v�e�r�s�i�o�n�e �d�e�l �l�e�g�a�m�e �h�a� �u�n� �c�o�s�t�o �e�n�e�r�g�e�t�i�c�o �d�i� 2J.

• S�i� �p�o�t�r�e�b�b�e �p�e�n�s�a�r�e �c�h�e �q�u�e�s�t�o �i�m�p�l�i�c�a� n(−NJ + 4J) = 2N,
�p�e�r�c�h�é �c�i� �s�o�n�o N �s�p�i�n� �c�h�e �p�o�s�s�o�n�o �e�s�s�e�r�e �c�a�p�o�v�o�l�t�i� �e
�d�u�e �s�t�a�t�i� �d�i� �p�a�r�t�e�n�z�a� �d�i� �e�n�e�r�g�i�a� �m�i�n�i�m�a�. T�u�t�t�a�v�i�a�, �s�i�
�c�o�n�s�i�d�e�r�i� �l��i�n�v�e�r�s�i�o�n�e �d�i� �d�u�e �s�p�i�n� �a�d�i�a�c�e�n�t�i�: �a�n�c�h�e �q�u�e�s�t�a�
�c�o�n�f�i�g�u�r�a�z�i�o�n�e �r�i�c�h�i�e�d�e �d�u�e �i�n�v�e�r�s�i�o�n�i� �d�e�i� �l�e�g�a�m�i�. L�a� �c�h�i�a�-
�v�e �è �q�u�e�l�l�a� �d�i� �c�o�n�t�a�r�e �i�l �n�u�m�e�r�o �d�i� �i�n�v�e�r�s�i�o�n�i� �d�e�i� �l�e�g�a�m�i�:
�c�o�n� N �l�e�g�a�m�i� �c�i� �s�o�n�o N(N − 1)/2 �m�o�d�i� �d�i� �s�c�e�g�l�i�e�r�e �d�u�e �d�i�
�l�o�r�o �d�a� �i�n�v�e�r�t�i�r�e. Q�u�i�n�d�i� n(−NJ + 4J) = 2N(N − 1)/2.

• C�o�n� �c�o�n�d�i�z�i�o�n�i� �a�l �c�o�n�t�o�r�n�o �p�e�r�i�o�d�i�c�h�e, �è �f�a�c�i�l�e �v�e�d�e�r�e �c�h�e
�d�o�b�b�i�a�m�o �c�a�p�o�v�o�l�g�e�r�e �u�n� �n�u�m�e�r�o �p�a�r�i� �d�i� �l�e�g�a�m�i�. I�l �n�u�m�e�r�o
�d�i� �m�o�d�i� �d�i� �s�c�e�g�l�i�e�r�e 2k �l�e�g�a�m�i� �t�r�a� N �d�a� �i�n�v�e�r�t�i�r�e �è

N!
(2k)!(N − 2k)!

,
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�c�h�e �i�m�p�l�i�c�a�

n(−NJ + 4kJ) = 2
N!

(2k)!(N − 2k)!
, k = 0, 1, . . . , N/2,

�a�s�s�u�m�e�n�d�o �q�u�i� �c�h�e N �è �p�a�r�i�. L�a� �f�o�r�m�u�l�a� �s�o�p�r�a� �f�u�n�z�i�o�n�a�
�p�e�r� �l�o �s�t�a�t�o �d�i� �m�a�s�s�i�m�a� �e�n�e�r�g�i�a� �c�o�n� k = N/2:

n(−NJ + 4NJ) = n(NJ) = 2.

• Q�u�e�s�t�a� �f�o�r�m�u�l�a� �r�e�n�d�e �c�o�n�t�o �c�o�r�r�e�t�t�a�m�e�n�t�e �d�e�l �n�u�m�e�r�o
�t�o�t�a�l�e �d�i� �s�t�a�t�i�

2×
N/2

∑
k=0

N!
(2k)!(N − 2k)!

2× 2N−1 = 2N

I�l �s�i�s�t�e�m�a� �c�e�r�c�a� �d�i� �m�i�n�i�m�i�z�z�a�r�e �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� F = E =

TS: �i�l �c�o�s�t�o �e�n�e�r�g�e�t�i�c�o �f�a�v�o�r�i�s�c�e �g�l�i� �s�t�a�t�i� �d�i� �b�a�s�s�a� �e�n�e�r�g�i�a�,
�m�e�n�t�r�e �i�l �v�a�n�t�a�g�g�i�o �e�n�t�r�o�p�i�c�o �f�a�v�o�r�i�s�c�e �g�l�i� �s�t�a�t�i� �v�i�c�i�n�o �a�
k = N/2 �p�e�r� �i� �q�u�a�l�i�

n(0) = 2
N!

[(N/2)!]2
∼
√

2
π

2N
√

N
.

§219 A�r�g�o�m�e�n�t�o �d�e�l�l�a� �g�o�c�c�i�a� �d�i� P�e�i�e�r�l�� U�n�a� `̀ �g�o�c�c�i�a�'' �è �d�e�f�i�-
�n�i�t�a� �c�o�m�e �u�n� �i�n�s�i�e�m�e �c�o�n�t�i�g�u�o �d�i� �s�p�i�n� �o�r�i�e�n�t�a�t�i� �n�e�l�l�a� �s�t�e�s�s�a�
�d�i�r�e�z�i�o�n�e, �c�o�n� �t�u�t�t�i� �g�l�i� �a�l�t�r�i� �s�p�i�n� �n�e�l �s�i�s�t�e�m�a� �c�h�e �p�u�n�t�a�-
�n�o �n�e�l�l�a� �d�i�r�e�z�i�o�n�e �o�p�p�o�s�t�a�. S�i� �c�o�n�s�i�d�e�r�i� �u�n�a� `̀ �g�o�c�c�i�a�'' �d�i� L
�s�p�i�n� �a�d�i�a�c�e�n�t�i� �p�o�s�i�t�i�v�i� �i�n� �u�n� �m�a�r�e �d�i� �s�p�i�n� �n�e�g�a�t�i�v�i� (I�l �m�a�-
�r�e �d�i� �s�p�i�n� �n�e�g�a�t�i�v�i� �è �u�n�o �d�e�i� �d�u�e �s�t�a�t�i� �d�i� �e�n�e�r�g�i�a� �m�i�n�i�m�a�
�d�e�l �s�i�s�t�e�m�a�)

−−−−−−−−−− ++++++︸ ︷︷ ︸
�g�o�c�c�i�a� �c�o�n� L = 6

−−−−−−−−−−
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I�l �c�o�s�t�o �e�n�e�r�g�e�t�i�c�o �p�e�r� �c�r�e�a�r�e �l�a� �g�o�c�c�i�a� �d�i� �s�p�i�n� �p�o�s�i�t�i�v�i�
�n�e�l �m�a�r�e �d�i� �s�p�i�n� �n�e�g�a�t�i�v�i� �è

∆E = 4J

�i�n� �q�u�a�n�t�o �d�e�v�o�n�o �c�a�p�o�v�o�l�g�e�r�s�i� �d�u�e �l�e�g�a�m�i� (�e �o�g�n�i� �i�n�v�e�r�s�i�o�n�e
�d�i� �u�n� �l�e�g�a�m�e �c�o�s�t�a� 2J �d�i� �e�n�e�r�g�i�a�). C�o�m�e �p�o�s�s�i�a�m�o �v�a�l�u�t�a�r�-
�n�e �i�l �v�a�n�t�a�g�g�i�o �e�n�t�r�o�p�i�c�o? F�i�s�s�i�a�m�o �u�n� �q�u�a�l�s�i�a�s�i� �s�i�t�o �n�e�l
�r�e�t�i�c�o�l�o �d�i� �s�p�i�n�. I�l �n�u�m�e�r�o �d�i� �s�t�a�t�i� �p�e�r� �c�u�i� �q�u�e�s�t�o �s�i�t�o �è
�a�l�l��i�n�t�e�r�n�o �d�e�l�l�a� �g�o�c�c�i�a� �è L. C�o�s�ì� �l��e�n�t�r�o�p�i�a� �d�e�l�l�a� �g�o�c�c�i�a� (�c�h�e
�c�o�n�t�i�e�n�e �i�l �s�i�t�o �f�i�s�s�a�t�o) �è

S = k log L.

D�u�n�q�u�e �l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �a�s�s�o�c�i�a�t�a� �c�o�n� �l�a� �c�r�e�a�z�i�o�n�e �d�e�l�l�e
�g�o�c�c�i�a� �è

∆F = 4J − kT log L.

È �o�v�v�i�o �c�h�e �p�e�r� kT log L > 4J, �u�n�a� �g�o�c�c�i�a� �c�h�e �s�i� �f�o�r�m�a� �t�e�n�-
�d�e�r�à� �a�d� �e�s�p�a�n�d�e�r�s�i�, �p�e�r�c�h�é �q�u�e�s�t�o �c�o�m�p�o�r�t�a� �u�n�a� �d�i�m�i�n�u�z�i�o-
�n�e �d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a�. N�e�l �l�i�m�i�t�e �t�e�r�m�o�d�i�n�a�m�i�c�o, N, L→ ∞, �q�u�e-
�s�t�o �è �s�e�m�p�r�e �v�e�r�o. C�i�ò �d�i�m�o�s�t�r�a� �c�h�e �i�l �s�i�s�t�e�m�a� �n�o�n� �h�a� �u�n�a�
�f�a�s�e �f�e�r�r�o�m�a�g�n�e�t�i�c�a�, �o�s�s�i�a� �c�h�e �n�o�n� �s�i� �h�a� �a�l�c�u�n�a� �t�r�a�n�s�i�z�i�o�n�e
�d�i� �f�a�s�e �p�e�r� T > 0.

§220 I�l �p�i�ù� �s�e�m�p�l�i�c�e �r�e�t�i�c�o�l�o �b�i�d�i�m�e�n�s�i�o�n�a�l�e �è �u�n� �r�e�t�i�c�o�l�o
�q�u�a�d�r�a�t�o �c�o�n� N = Nx × Ny �s�p�i�n�

σi = ±1, i = (ix, iy), ix = 0, 1, ...Nx − 1, iy = 0, 1, ...Ny − 1.

L�a� �f�o�r�m�a� �p�i�ù� �s�e�m�p�l�i�c�e �d�i� �i�n�t�e�r�a�z�i�o�n�e �è �t�r�a� �p�r�i�m�i� �v�i�c�i�n�i�,
�d�o�v�e σi �i�n�t�e�r�a�g�i�s�c�e �c�o�n� �i� �s�u�o�i� 4 �s�p�i�n� �v�i�c�i�n�i� �a�l N�o�r�d�, S�u�d�,
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E�s�t �e O�v�e�s�t �c�o�n� �l�a� �s�t�e�s�s�a� �c�o�s�t�a�n�t�e �d�i� �a�c�c�o�p�p�i�a�m�e�n�t�o J,

E = −J ∑
<i j>

σiσj − h ∑
j

σj (7.44)

I�l �t�i�p�o �p�i�ù� �c�o�n�v�e�n�i�e�n�t�e �d�i� �c�o�n�d�i�z�i�o�n�e �a�l �c�o�n�t�o�r�n�o �è �p�e-
�r�i�o�d�i�c�o �s�e�p�a�r�a�t�a�m�e�n�t�e �i�n� �c�i�a�s�c�u�n�a� �d�e�l�l�e �d�u�e �d�i�m�e�n�s�i�o�n�i�,
s(ix+Nx ,iy+Ny) = s(ix ,iy), �i�l �c�h�e �p�o�r�t�a� �a� �u�n� �r�e�t�i�c�o�l�o �s�u�l �t�o�r�o.
C�o�n� �q�u�e�s�t�e �c�o�n�d�i�z�i�o�n�i� �a�l �c�o�n�t�o�r�n�o, �i�l �n�u�m�e�r�o �t�o�t�a�l�e �d�i� �l�e�g�a�m�i�
�è �e�s�a�t�t�a�m�e�n�t�e 2N. C�i� �s�o�n�o 4 �l�e�g�a�m�i� �c�o�l�l�e�g�a�t�i� �a� �o�g�n�i� �s�p�i�n�,
�m�a� �c�i�a�s�c�u�n�a� �l�e�g�a�m�e �è �c�o�n�d�i�v�i�s�o �d�a� �d�u�e �s�p�i�n�: �i�n� �t�a�l �m�o�d�o �i�l
�n�u�m�e�r�o �d�i� �l�e�g�a�m�i� �d�i�s�t�i�n�t�i� �è (4N)/2 = 2N.

F�i�g�u�r�a� 7.12: M�o�d�e�l�l�o �d�i� I�s�i�n�g
�b�i�d�i�m�e�n�s�i�o�n�e �s�u�l �t�o�r�o.

§221 L'�a�r�g�o�m�e�n�t�o �d�i� P�e�i�e�r�l�� �d�e�l�l�a� �g�o�c�c�i�a� �i�n� �d�u�e �d�i�m�e�n�s�i�o�n�i�
I�n� �d�u�e �d�i�m�e�n�s�i�o�n�i�, �u�n�a� `̀ �g�o�c�c�i�a�'' �è �d�e�f�i�n�i�t�a� �c�o�m�e �u�n� �g�r�u�p�-
�p�o �d�i� �s�p�i�n� �t�u�t�t�i� �o�r�i�e�n�t�a�t�i� �n�e�l�l�a� �s�t�e�s�s�a� �d�i�r�e�z�i�o�n�e. O�g�n�i� �d�u�e
�s�p�i�n� �d�e�l �c�l�u�s�t�e�r� �p�o�s�s�o�n�o �e�s�s�e�r�e �c�o�l�l�e�g�a�t�i� �d�a� �u�n� �p�e�r�c�o�r�s�o
�d�i� �l�e�g�a�m�i�, �c�i�a�s�c�u�n�o �d�i� �e�n�e�r�g�i�a� −J. L�a� `̀ �s�u�p�e�r�f�i�c�i�e'' �d�e�l�l�a� �g�o�c-
�c�i�a� �è �c�o�s�t�i�t�u�i�t�a� �d�a�i� �l�e�g�a�m�i�, �c�i�a�s�c�u�n�o �d�i� �e�n�e�r�g�i�a� +J, �s�u�l �s�u�o
�p�e�r�i�m�e�t�r�o.

C�o�n�s�i�d�e�r�i�a�m�o �u�n�a� �g�o�c�c�i�a� �d�i� �s�p�i�n� �n�e�g�a�t�i�v�i� �c�o�n� �p�e�r�i�m�e�t�r�o
�d�i� �l�u�n�g�h�e�z�z�a� L. I�l �c�o�s�t�o �e�n�e�r�g�e�t�i�c�o �p�e�r� �l�a� �c�r�e�a�z�i�o�n�e �d�i� �u�n�a�
�t�a�l�e �g�o�c�c�i�a� �d�a�l �m�a�r�e �d�i� �s�p�i�n� �p�o�s�i�t�i�v�i� �è

∆E = 2JL

�d�a�t�o �c�h�e �i�n�v�e�r�t�i�r�e �c�i�a�s�c�u�n�o �d�e�i� �l�e�g�a�m�i� �d�e�l �p�e�r�i�m�e�t�r�o �c�o�s�t�a�
2J �d�i� �e�n�e�r�g�i�a�. I �l�e�g�a�m�i� �i�n�t�e�r�n�i� �s�o�n�o �t�u�t�t�i� �l�e�g�a�m�i� −J , �q�u�i�n�d�i�
�n�o�n� �c'�è �a�l�c�u�n� �c�o�s�t�o �r�e�l�a�t�i�v�o �a�l�l��i�n�t�e�r�n�o �d�e�l�l�a� �g�o�c�c�i�a�.

D�e�t�e�r�m�i�n�a�r�e �i�l �v�a�n�t�a�g�g�i�o �e�n�t�r�o�p�i�c�o �è �p�i�ù� �c�o�m�p�l�i�c�a�t�o. S�e-
�g�u�e�n�d�o �l��a�r�g�o�m�e�n�t�o �i�n� �u�n�a� �d�i�m�e�n�s�i�o�n�e, �a�v�r�e�m�m�o �b�i�s�o�g�n�o
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F�i�g�u�r�a� 7.13: G�o�c�c�e �d�i� �s�p�i�n�
�n�e�g�a�t�i�v�i� �i�n� �u�n� �m�a�r�e �d�i� �s�p�i�n�
�p�o�s�i�t�i�v�i�.

�d�i� �t�r�o�v�a�r�e �i�l �n�u�m�e�r�o nL �d�i� �g�o�c�c�e �d�i�s�t�i�n�t�e �c�o�n� �p�e�r�i�m�e�t�r�o L

�c�h�e �i�n�c�l�u�d�o�n�o �u�n� �p�a�r�t�i�c�o�l�a�r�e �s�p�i�n�. Q�u�e�s�t�o �è �u�n� �p�r�o�b�l�e�m�a�
�d�i�f�f�i�c�i�l�e �p�e�r�c�h�é �l�e �g�o�c�c�e �p�o�s�s�o�n�o �a�v�e�r�e �f�o�r�m�e �a�r�b�i�t�r�a�r�i�e, �a�
�d�i�f�f�e�r�e�n�z�a� �d�e�l�l�e �g�o�c�c�e �u�n�i�d�i�m�e�n�s�i�o�n�a�l�i�.

S�e �l�e �g�o�c�c�e �f�o�s�s�e�r�o �d�i� �f�o�r�m�a� �q�u�a�d�r�a�t�a�, �a�l�l�o�r�a� �i�l �n�u�m�e�r�o
�d�i� �g�o�c�c�e �c�h�e �i�n�c�l�u�d�o�n�o �u�n�o �s�p�i�n� �p�a�r�t�i�c�o�l�a�r�e �s�a�r�e�b�b�e ∼ L2.
M�a� �q�u�e�s�t�o �è �u�n�a� �s�o�t�t�o�s�t�i�m�a� �i�n�a�d�e�g�u�a�t�a�. I �n� �e�f�f�e�t�t�i�, �i�l �n�u�m�e-
�r�o nL �d�i� �g�o�c�c�e �c�h�e �i�n�c�l�u�d�o�n�o �u�n�o �s�p�i�n� �p�a�r�t�i�c�o�l�a�r�e �a�u�m�e�n�t�a�
�e�s�p�o�n�e�n�z�i�a�l�m�e�n�t�e �c�o�n� �l�a� �l�u�n�g�h�e�z�z�a� L �d�e�l �p�e�r�i�m�e�t�r�o.

P�e�r� �v�e�d�e�r�e �q�u�e�s�t�o, �c�o�n�s�i�d�e�r�i�a�m�o �u�n� �p�r�o�b�l�e�m�a� �c�o�r�r�e�l�a�t�o:
�q�u�a�n�t�i� �c�a�m�m�i�n�i� �c�a�s�u�a�l�i� �d�i� �l�u�n�g�h�e�z�z�a� L �c�i� �s�o�n�o �s�u� �u�n� �r�e�t�i�-
�c�o�l�o �b�i�d�i�m�e�n�s�i�o�n�a�l�e? A�d� �o�g�n�i� �p�a�s�s�o, �i�l �c�a�m�m�i�n�a�t�o�r�e �c�a�s�u�a�l�e
�p�u�ò �s�c�e�g�l�i�e�r�e �n�o�r�d�, �s�u�d�, �e�s�t �o �o�v�e�s�t. C�o�s�ì� �i�l �t�o�t�a�l�e �n�u�m�e�r�o �d�i�
�c�a�m�m�i�n�i� �a�l�e�a�t�o�r�i� �è

4L = eL log 4 > nL.

Q�u�e�s�t�o �d�à� �u�n� �l�i�m�i�t�e �s�u�p�e�r�i�o�r�e �a�l �n�u�m�e�r�o �d�i� �g�o�c�c�e �p�e�r�c�h�é
�i�l �p�e�r�i�m�e�t�r�o �d�i� �u�n�a� �g�o�c�c�i�a� �p�u�ò �e�s�s�e�r�e �c�o�n�s�i�d�e�r�a�t�o �c�o�m�e �u�n�a�
�p�a�s�s�e�g�g�i�a�t�a� �c�o�n� �i�l �v�i�n�c�o�l�o �c�h�e �r�i�t�o�r�n�a� �a�l �p�u�n�t�o �i�n�i�z�i�a�l�e �d�o�p�o
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L �p�a�s�s�i�. A�n�c�h�e �i�l �n�u�m�e�r�o �d�i� �q�u�e�s�t�i� �c�a�m�m�i�n�i� �d�i�p�e�n�d�e �i�n�
�m�o�d�o �e�s�p�o�n�e�n�z�i�a�l�e �d�a� L. Q�u�i�n�d�i� �s�t�i�m�i�a�m�o

nL ∼ eL log C, �d�o�v�e 1 < C < 4.

Q�u�e�s�t�a� �s�t�i�m�a� �p�u�ò �e�s�s�e�r�e �r�a�f�f�i�n�a�t�a�. S�u�p�p�o�n�i�a�m�o �d�i� �c�o�n�s�i�-
�d�e�r�a�r�e �c�a�m�m�i�n�i� �c�h�e �n�o�n� �r�i�t�o�r�n�a�n�o �s�u�i� �p�r�o�p�r�i� �p�a�s�s�i�, �q�u�i�n�d�i�
�a�d� �o�g�n�i� �p�a�s�s�o, �d�o�p�o �i�l �p�r�i�m�o, �i�l �c�a�m�m�i�n�a�t�o�r�e �h�a� �s�o�l�o 3 �d�i�-
�r�e�z�i�o�n�i� �d�a� �s�c�e�g�l�i�e�r�e. I�l �c�a�m�m�i�n�o �d�o�v�r�e�b�b�e �e�s�s�e�r�e �a�n�c�h�e �n�o�n�
�i�n�t�e�r�s�e�c�a�n�t�e: �q�u�e�s�t�o �i�m�p�l�i�c�a� �c�h�e �i�n� �a�l�c�u�n�i� �p�u�n�t�i� �c�i� �s�a�r�a�n�n�o
�a�l �m�a�s�s�i�m�o 2 �d�i�r�e�z�i�o�n�i� �t�r�a� �c�u�i� �s�c�e�g�l�i�e�r�e. C�o�s�ì� 2 < C < 3.

I�l �v�a�n�t�a�g�g�i�o �e�n�t�r�o�p�i�c�o �o�t�t�e�n�u�t�o �c�r�e�a�n�d�o �u�n�a� �g�o�c�c�i�o�l�i�n�a� �d�i�
�p�e�r�i�m�e�t�r�o L �è �q�u�i�n�d�i�

∆S = k log nL = kL log C

�e �q�u�i�n�d�i� �l�a� �v�a�r�i�a�z�i�o�n�e �d�e�l�l�a� �e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i� H�e�l�m�h�o�l�t�z �è

∆F = ∆E− T∆S = L× (2J − kT log C) .

S�i� �n�o�t�i� �c�h�e, �a� �d�i�f�f�e�r�e�n�z�a� �i�n� �u�n�a� �d�i�m�e�n�s�i�o�n�e, �e�n�t�r�a�m�b�i� �i�
�t�e�r�m�i�n�i� �s�o�n�o �p�r�o�p�o�r�z�i�o�n�a�l�i� �a� L . Q�u�e�s�t�a� �è �u�n�a� �f�o�r�m�u�l�a�
�m�o�l�t�o �i�n�t�e�r�e�s�s�a�n�t�e:

� S�e
T >

2J
k log C

�a�l�l�o�r�a� ∆F < 0, �i�l �c�h�e �i�m�p�l�i�c�a� �c�h�e �g�o�c�c�e �d�i� �t�u�t�t�e �l�e �d�i�m�e�n�-
�s�i�o�n�i� L �s�a�r�a�n�n�o �c�r�e�a�t�e �f�u�o�r�i� �d�a�l �m�a�r�e, �e �d�i�s�t�r�u�g�g�e�r�a�n�n�o
�q�u�a�l�s�i�a�s�i� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e �s�p�o�n�t�a�n�e�a�. U�n�o �s�p�i�n� �i�n� �q�u�a�l-
�s�i�a�s�i� �l�u�o�g�o �f�i�s�s�o �f�l�u�t�t�u�e�r�à� �r�a�p�i�d�a�m�e�n�t�e �s�u� �e �g�i�ù�. Q�u�e�s�t�a� �è
�u�n�a� �f�a�s�e �p�a�r�a�m�a�g�n�e�t�i�c�a�.
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� S�e
T <

2J
k log C

�a�l�l�o�r�a� ∆F < 0, �i�l �c�h�e �i�m�p�l�i�c�a� �c�h�e �l�e �g�o�c�c�e �t�e�n�d�e�r�a�n�n�o �a�
�s�c�o�m�p�a�r�i�r�e �l�a�s�c�i�a�n�d�o �u�n� �m�a�r�e �c�a�l�m�o �d�i� �s�p�i�n�. Q�u�e�s�t�a� �è
�u�n�a� �f�a�s�e �f�e�r�r�o�m�a�g�n�e�t�i�c�a�.

� S�e
T = Tc =

2J
k log C

�a�l�l�o�r�a� ∆F = 0, �i�l �c�h�e �i�m�p�l�i�c�a� �c�h�e �n�o�n� �c�o�s�t�a� �e�n�e�r�g�i�a� �l�i�b�e-
�r�a� �p�e�r� �c�r�e�a�r�e �u�n�a� �g�o�c�c�i�a�. Q�u�e�s�t�o �è �u�n�o �s�t�a�t�o �c�r�i�t�i�c�o �i�n�
�c�u�i� �e�s�i�s�t�o�n�o �g�o�c�c�e �d�i� �t�u�t�t�e �l�e �d�i�m�e�n�s�i�o�n�i� �e �f�o�r�m�e. L�a� �m�a�-
�g�n�e�t�i�z�z�a�z�i�o�n�e �r�i�s�u�l�t�a�n�t�e �è �z�e�r�o. P�o�i�c�h�é �n�o�n� �v�i� �è �a�l�c�u�n�
�v�a�n�t�a�g�g�i�o �p�e�r� �l�a� �c�r�e�a�z�i�o�n�e �o �l�a� �d�i�s�t�r�u�z�i�o�n�e �d�i� �u�n�a� �g�o�c�c�i�a�,
�i�l �s�i�s�t�e�m�a� �r�a�l�l�e�n�t�a� �c�o�n� �i� �s�i�n�g�o�l�i� �s�p�i�n� �c�h�e �f�l�u�t�t�u�a�n�o �m�o�l�t�o
�l�e�n�t�a�m�e�n�t�e, �e �c�o�n� �c�o�r�r�e�l�a�z�i�o�n�i� �a� �l�u�n�g�o �r�a�g�g�i�o �t�r�a� �i� �d�i�v�e�r�s�i�
�s�p�i�n�.

S�u�l�l�a� �b�a�s�e �d�i� �q�u�e�s�t�o �r�a�g�i�o�n�a�m�e�n�t�o, P�e�i�e�r�l�� �p�r�e�d�i�s�s�e �n�e�l
1936 �c�h�e �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �b�i�d�i�m�e�n�s�i�o�n�a�l�e �h�a� �u�n�a� �f�a�s�e
�f�e�r�r�o�m�a�g�n�e�t�i�c�a� �p�e�r� T > 0.

7.7 L�a� �d�u�a�l�i�t�à� �d�i� K�r�a�m�e�r�� �e W�a�n�n�i�e�r�

§222 N�e�l 1941 K�r�a�m�e�r�� �e W�a�n�n�i�e�r� �s�c�o�p�r�i�r�o�n�o �u�n�a� �s�i�m�-
�m�e�t�r�i�a� �t�r�a� �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �b�i�d�i�m�e�n�s�i�o�n�a�l�e �a�d� �a�l�t�a� �t�e�m�p�e-
�r�a�t�u�r�a� �e �q�u�e�l�l�o �a� �b�a�s�s�a� �t�e�m�p�e�r�a�t�u�r�a� �i�n� �a�s�s�e�n�z�a� �d�i� �c�a�m�-
�p�o �m�a�g�n�e�t�i�c�o. S�f�r�u�t�t�a�n�d�o �q�u�e�s�t�a� �s�i�m�m�e�t�r�i�a�, �r�i�u�s�c�i�r�o�n�o �a�
�d�e�t�e�r�m�i�n�a�r�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a� Tc .

§223 R�a�p�p�r�e�s�e�n�t�a�z�i�o�n�i� �a�d� �a�l�t�a� �e �a� �b�a�s�s�a� �t�e�m�p�e�r�a�t�u�r�a�
I�n�i�z�i�a�m�o �c�o�n�s�i�d�e�r�a�n�d�o �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �b�i�d�i�m�e�n�s�i�o�n�a�l�e
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�i�s�o�t�r�o�p�o �s�u�l �r�e�t�i�c�o�l�o �q�u�a�d�r�a�t�o �a� �c�a�m�p�o �m�a�g�n�e�t�i�c�o �n�u�l�l�o. L�a�
�f�u�n�z�i�o�n�e �e�n�e�r�g�i�a� �è �d�a�t�a� �d�a�l�l�a� (7.44) �p�e�r� h = 0,

E = −J ∑
<ij>

σiσj .

�e �p�e�r� �c�o�m�o�d�i�t�à� �p�o�n�i�a�m�o K = βJ �n�e�l�l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e

Z = ∑
σ

eK ∑<ij> σiσj .

A T = 0, �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �è �s�o�l�o

Z = 2eKNb ,

�d�o�v�e Nb �è �i�l �n�u�m�e�r�o �d�i� �l�e�g�a�m�i� �d�e�l �r�e�t�i�c�o�l�o �e �i�l �f�a�t�t�o�r�e 2 �d�e-
�r�i�v�a� �d�a�l�l�a� �d�e�g�e�n�e�r�a�z�i�o�n�e �d�o�p�p�i�a� �d�e�l�l�o �s�t�a�t�o �f�o�n�d�a�m�e�n�t�a�l�e.
A �t�e�m�p�e�r�a�t�u�r�e �l�e�g�g�e�r�m�e�n�t�e �p�i�ù� �a�l�t�e, �c�i� �a�s�p�e�t�t�i�a�m�o �c�h�e �l�a�
�f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �s�a�r�à� �d�o�m�i�n�a�t�a� �d�a� �c�o�n�f�i�g�u�r�a�z�i�o�n�i� �i�n�
�c�u�i� �s�i� �f�o�r�m�a�n�o �g�o�c�c�e �d�i� �s�p�i�n� �d�i� �s�e�g�n�o �o�p�p�o�s�t�o. P�o�s�s�i�a�m�o
�d�e�s�c�r�i�v�e�r�e �u�n� �t�a�l�e �s�t�a�t�o �i�n� �t�e�r�m�i�n�i� �d�i� �c�a�m�m�i�n�i� �c�h�i�u�s�i� (�p�o��-
�s�i�b�i�l�m�e�n�t�e �d�i�s�c�o�n�e�s�s�i�) �c�h�e �s�e�p�a�r�a�n�o �g�l�i� �s�p�i�n� �d�e�l�l�o �s�f�o�n�d�o �d�a�
�q�u�e�l�l�i� �d�e�l�l�e �g�o�c�c�e, �c�o�m�e �i�n� �f�i�g�u�r�a� 7.13. S�e �u�n� �t�a�l�e �c�a�m�m�i�n�o
C �i�n�t�e�r�s�e�c�a� L(C) �l�e�g�a�m�i�, �a�l�l�o�r�a� �l��a�u�m�e�n�t�o �d�i� �e�n�e�r�g�i�a� �r�i�s�p�e�t�t�o
�a�l�l�o �s�t�a�t�o �f�o�n�d�a�m�e�n�t�a�l�e �è 2JL(C). L�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e
�p�u�ò �q�u�i�n�d�i� �e�s�s�e�r�e �s�c�r�i�t�t�a� �c�o�m�e

Z = 2eKNb ∑
C

e−2KL(C) (7.45)

S�i� �n�o�t�i� �c�h�e �q�u�e�s�t�i� �p�e�r�c�o�r�s�i� �n�o�n� �c�o�l�l�e�g�a�n�o �s�i�t�i� �d�e�l �r�e�t�i�c�o�l�o
�o�r�i�g�i�n�a�l�e, �m�a� �s�i�t�i� �d�e�l �r�e�t�i�c�o�l�o �d�u�a�l�e �f�o�r�m�a�t�o �m�e�t�t�e�n�d�o �u�n� �s�i�t�o
�a�l �c�e�n�t�r�o �d�i� �o�g�n�i� �q�u�a�d�r�a�t�o �d�a�l �r�e�t�i�c�o�l�o �o�r�i�g�i�n�a�l�e. (I�l �r�e�t�i�c�o�l�o
�q�u�a�d�r�a�t�o �è �u�n� �p�o' �s�p�e�c�i�a�l�e �i�n� �q�u�a�n�t�o �i�l �s�u�o �r�e�t�i�c�o�l�o �d�u�a�l�e �è
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Figura 5.7: Reticolo L con linee continue e punti pieni, e il suo reticolo duale LD, con linee
tratteggiate e croci.

Grazie a questo sistema siamo in grado di considerare gli spins su L come delle superfici
di LD utilizzando una rappresentazione per contorni, il criterio seguente: se due spins
vicini sono diversi li separiamo tracciando la linea di LD tra loro, mentre se sono uguali
non facciamo nulla, vedi figura 5.8.
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Figura 5.8: Linee di LD separano gli spins di direzione opposta formando dei poligoni.

Queste linee generano così dei poligoni3 che dividono il piano in settori di spins orientati
verso l’alto e spins orientati verso il basso. Evidentemente, poiché ogni spin può assumere
solo due valori, per ogni divisione in poligoni ci sono soltanto due possibili configurazioni di
spins: una l’opposta dell’altra (ossia ottenuta cambiando l’orientamento di tutti gli spins).

Grazie a quest’ultime considerazioni e osservando che la somma di tutte le possibili
configurazioni di spins è data dalla somma di tutte le possibili divisioni in poligoni, possiamo
riscrivere l’espressione (5.8) come:

Z =
∑

σ

exp

K

M∑

〈i,j〉
σiσj + L

M∑

〈i,k〉
σiσk




= 2
∑

P∈LD

exp [K(M − 2s) + L(M − 2r)]

ossia
Z = 2 exp [M(K + L)]

∑

P∈LD

exp [−2Ks− 2Lr] (5.11)

3I poligoni non sono chiusi sui bordi, ma come abbiamo visto le condizioni al bordo non influenzano nel
limite termodinamico.
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F�i�g�u�r�a� 7.14: R�e�t�i�c�o�l�o �o�r�i�g�i�n�a�r�i�o Λ

�c�o�n� �l�i�n�e�e �c�o�n�t�i�n�u�e �e �p�u�n�t�i� �p�i�e�n�i�
�n�e�i� �c�u�i� �v�e�r�t�i�c�i� �s�o�n�o �c�o�l�l�o�c�a�t�i� �g�l�i�
�s�p�i�n�, �e �i�l �s�u�o �r�e�t�i�c�o�l�o �d�u�a�l�e Λ∗

�c�o�n� �l�i�n�e�e �t�r�a�t�t�e�g�g�i�a�t�e �e �c�r�o�c�i�.

F�i�g�u�r�a� 7.15: L�i�n�e�e �n�e�l �r�e�t�i�c�o�l�o
�d�u�a�l�e �c�h�e �s�e�p�a�r�a�n�o �s�p�i�n� �d�i� �d�i�-
�r�e�z�i�o�n�e �o�p�p�o�s�t�a� �e �f�o�r�m�a�n�o �d�e�i�
�c�a�m�m�i�n�i� �c�h�i�u�s�i� (�p�o�l�i�g�o�n�i�).

�a�n�c�o�r�a� �u�n� �r�e�t�i�c�o�l�o �q�u�a�d�r�a�t�o.) S�i� �v�e�d�a�n�o �l�e �f�i�g�u�r�e 7.14 �e 7.15.

L�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e (7.45) �d�e�l�l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e
�è �e�s�a�t�t�a� �p�e�r� �o�g�n�i� �t�e�m�p�e�r�a�t�u�r�a�, �m�a� �i�n� �p�a�r�t�i�c�o�l�a�r�e �è �a�d�a�t�t�a�
�p�e�r� �l�e �e�s�p�a�n�s�i�o�n�i� �a� �b�a�s�s�a� �t�e�m�p�e�r�a�t�u�r�a� �p�e�r�c�h�é K �è �m�o�l�t�o
�g�r�a�n�d�e �e �q�u�i�n�d�i� �i� �t�e�r�m�i�n�i� �n�e�l�l��e�s�p�o�n�e�n�z�i�a�l�i� �d�e�l�l�a� �s�o�m�m�a�
�s�o�n�o �t�r�a�s�c�u�r�a�b�i�l�i� �s�a�l�v�o �p�e�r� L(C) � 1. P�e�r� �q�u�e�s�t�o �m�o�t�i�v�o �è
�c�h�i�a�m�a�t�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �a� �b�a�s�s�a� �t�e�m�p�e�r�a�t�u�r�a�.

C�h�e �d�i�r�e �d�i� �a�l�t�e �t�e�m�p�e�r�a�t�u�r�e? I�n�c�o�m�i�n�c�i�a�m�o �c�o�n� �l�a� �s�e�g�u�e�n�-
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�t�e �u�g�u�a�g�l�i�a�n�z�a�
eKσiσj = cosh K + σiσj sinh K ,

�c�h�e �s�e�g�u�e �d�a� σiσj = ±1. A�l�l�o�r�a� �l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e
�d�i�v�e�n�t�a�

Z = ∑
σ

eK ∑<ij> σiσj = ∑
σ

∏
<ij>

(
cosh K + σiσj sinh K

)
.

O�r�a� �l�a� �r�i�s�c�r�i�v�i�a�m�o �c�o�m�e

Z = (cosh K)Nb ∑
σ

∏
<ij>

(
1 + σiσj tanh K

)

�e �i�m�m�a�g�i�n�i�a�m�o �d�i� �e�s�p�a�n�d�e�r�e �i�l �p�o�l�i�n�o�m�i�o �r�i�s�u�l�t�a�n�t�e �i�n� �p�o-
�t�e�n�z�e �d�i� tanh K.

O�r�a�, �s�e �u�n� �p�a�r�t�i�c�o�l�a�r�e �s�p�i�n�, �d�i�c�i�a�m�o σi, �c�o�m�p�a�r�e �u�n� �n�u�-
�m�e�r�o �d�i�s�p�a�r�i� �d�i� �v�o�l�t�e �i�n� �u�n� �t�e�r�m�i�n�e, �a�l�l�o�r�a� �q�u�e�l �t�e�r�m�i�n�e
�d�a�r�à� �c�o�n�t�r�i�b�u�t�o �n�u�l�l�o �q�u�a�n�d�o �s�i� �s�o�m�m�a� �s�u�i� �v�a�l�o�r�i� +1 �e −1

�d�i� σi, �i�n� �q�u�a�n�t�o
∑

σi=±1
σi = 0

Q�u�i�n�d�i� �i� �s�o�l�i� �t�e�r�m�i�n�i� �c�h�e �s�o�p�r�a�v�v�i�v�o�n�o �s�o�n�o �a�n�c�o�r�a� �c�a�m�m�i�-
�n�i� �c�h�i�u�s�i� (�p�o�s�s�i�b�i�l�m�e�n�t�e �s�c�o�n�n�e�s�s�i�) �i�n� �c�u�i� �o�g�n�i� �s�i�t�o �a�p�p�a�r�e
�u�n� �n�u�m�e�r�o �p�a�r�i� �d�i� �v�o�l�t�e (0, 2, �o 4). O�s�s�e�r�v�a�n�d�o �i�n�o�l�t�r�e �c�h�e

∑
σi=±1

σ2
i = 2,

�l�a� �f�u�n�z�i�o�n�e �d�i� �p�a�r�t�i�z�i�o�n�e �r�i�s�u�l�t�a� �q�u�i�n�d�i� �e�s�p�r�e�s�s�a� �c�o�m�e �u�n�a�
�s�o�m�m�a� �s�u� �c�a�m�m�i�n�i� �n�e�l �r�e�t�i�c�o�l�o �o�r�i�g�i�n�a�l�e �q�u�a�d�r�a�t�o (�n�o�n� �i�l
�d�u�a�l�e),

Z = 2Ns(cosh K)Nb ∑
C
(tanh K)L(C) (7.46)

�d�o�v�e �i�l �f�a�t�t�o�r�e 2Ns, �e�s�s�e�n�d�o Ns �i�l �n�u�m�e�r�o �t�o�t�a�l�e �d�i� �s�p�i�n�,
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�d�e�r�i�v�a� �d�a�l�l�a� �s�o�m�m�a� �s�u�g�l�i� �s�t�a�t�i�.

F�i�g�u�r�a� 7.16: S�o�l�o �g�r�a�f�o �a� 4
�l�e�g�a�m�i�.

F�i�g�u�r�a� 7.17: G�r�a�f�i� �a� 6 �l�e�g�a�m�i�.

F�i�g�u�r�a� 7.18: G�r�a�f�i� �c�o�n�n�e�s�s�i� �a� 8
�l�e�g�a�m�i�.

Q�u�e�s�t�a� �r�a�p�p�r�e�s�e�n�t�a�z�i�o�n�e �è �e�s�a�t�t�a� �p�e�r� �o�g�n�i� �t�e�m�p�e�r�a�t�u�-
�r�a�, �m�a� �i�n� �p�a�r�t�i�c�o�l�a�r�e �è �a�d�a�t�t�a� �p�e�r� �l�e �e�s�p�a�n�s�i�o�n�i� �a�d� �a�l�t�a�
�t�e�m�p�e�r�a�t�u�r�a� �p�e�r�c�h�é K �è �m�o�l�t�o �p�i�c�c�o�l�o �e �q�u�i�n�d�i� �i� �t�e�r�m�i�n�i� �c�h�e
�c�o�n�t�e�n�g�o�n�o �p�o�t�e�n�z�e �d�e�l�l�a� �t�a�n�g�e�n�t�e �i�p�e�r�b�o�l�i�c�a� �v�a�n�n�o �r�a�p�i�d�a�-
�m�e�n�t�e �a� �z�e�r�o. P�e�r� �q�u�e�s�t�o �m�o�t�i�v�o �è �c�h�i�a�m�a�t�a� �r�a�p�p�r�e�s�e�n�t�a�-
�z�i�o�n�e �a�d� �a�l�t�a� �t�e�m�p�e�r�a�t�u�r�a�. O�r�a� �s�i�a�m�o �i�n� �g�r�a�d�o �d�i� �c�o�n�f�r�o�n�-
�t�a�r�e �l�e �e�s�p�a�n�s�i�o�n�i� �a�d� �a�l�t�a� �t�e�m�p�e�r�a�t�u�r�a� (7.46) �e �a� �b�a�s�s�a�
�t�e�m�p�e�r�a�t�u�r�a�, (7.45),

Z = 2Ns(cosh K)Nb ∑
C
(tanh K)L(C) �e Z = 2eKNb ∑

C
e−2KL(C),

�e �n�o�t�a�r�e �u�n�a� �p�r�o�p�r�i�e�t�à� �i�n�t�e�r�e�s�s�a�n�t�e. E�n�t�r�a�m�b�e �l�e �e�s�p�a�n�-
�s�i�o�n�i�, �c�o�n�s�i�s�t�o�n�o �d�i� �u�n� �p�r�e�f�a�t�t�o�r�e �l�i�s�c�i�o �c�h�e �m�o�l�t�i�p�l�i�c�a� �u�n�a�
�s�o�m�m�a� �s�u�i� �c�a�m�m�i�n�i� �e �q�u�a�l�s�i�a�s�i� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �o �a�l�t�r�a�
�p�r�o�p�r�i�e�t�à� �s�i�n�g�o�l�a�r�e �d�e�v�e �r�i�s�u�l�t�a�r�e �d�a�l �c�o�m�p�o�r�t�a�m�e�n�t�o �d�e�l-
�l�a� �s�o�m�m�a�. O�s�s�e�r�v�i�a�m�o �c�h�e �l�e �s�o�m�m�e �s�u�i� �c�a�m�m�i�n�i� �s�o�n�o �i�n�
�e�f�f�e�t�t�i� �d�e�l�l�o �s�t�e�s�s�o �t�i�p�o �s�e �i�d�e�n�t�i�f�i�c�h�i�a�m�o

e−2K∗ = tanh K ⇒ K∗ = −1
2

log tanh K, (7.47)

�d�o�v�e K∗ �è �l��a�c�c�o�p�p�i�a�m�e�n�t�o �n�e�l�l��e�s�p�a�n�s�i�o�n�e �a� �b�a�s�s�a� �t�e�m�p�e�r�a�-
�t�u�r�a� �e K �q�u�e�l�l�o �a�d� �a�l�t�a� �t�e�m�p�e�r�a�t�u�r�a�. L�a� �r�e�l�a�z�i�o�n�e �t�r�a� K �e
K∗ �è �m�o�s�t�r�a�t�a� �n�e�l�l�a� �f�i�g�u�r�a� �s�o�t�t�o.

K∗

−1 1 2 3 4 5

K
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D�u�n�q�u�e,
Z ∼∑

C
e−2K∗L(C) �e Z ∼∑

C
e−2KL(C).

S�e�m�b�r�a� �e�s�s�e�r�c�i� �u�n�a� �c�o�n�n�e�s�s�i�o�n�e (�u�n�'�a�u�t�o-�d�u�a�l�i�t�à�) �t�r�a� �i�l �c�o�m�-
�p�o�r�t�a�m�e�n�t�o �a�d� �a�l�t�a� �t�e�m�p�e�r�a�t�u�r�a� �e �q�u�e�l�l�o �a� �b�a�s�s�a� �t�e�m�p�e�r�a�-
�t�u�r�a� �d�i� �q�u�e�s�t�o �m�o�d�e�l�l�o.

D�u�a�l�i�t�à� �c�o�m�e �q�u�e�s�t�a� �s�o�n�o �m�o�l�t�o �i�m�p�o�r�t�a�n�t�i� �n�e�l�l�a� �f�i�s�i�c�a�
�t�e�o�r�i�c�a� �m�o�d�e�r�n�a� �p�e�r�c�h�é �c�o�l�l�e�g�a�n�o �l��a�c�c�o�p�p�i�a�m�e�n�t�o �d�e�b�o�l�e �i�n�
�u�n� �p�r�o�b�l�e�m�a� �c�o�n� �l��a�c�c�o�p�p�i�a�m�e�n�t�o �f�o�r�t�e �i�n� �u�n� �a�l�t�r�o �p�r�o�b�l�e-
�m�a�; �a�l�l�o�r�a� �i� �m�e�t�o�d�i� �p�e�r�t�u�r�b�a�t�i�v�i� �p�e�r� �l��a�c�c�o�p�p�i�a�m�e�n�t�o �d�e�b�o�l�e
�i�n� �u�n� �p�r�o�b�l�e�m�a� �p�o�s�s�o�n�o �e�s�s�e�r�e �u�t�i�l�i�z�z�a�t�i� �p�e�r� �o�t�t�e�n�e�r�e �i�n�-
�f�o�r�m�a�z�i�o�n�i� �s�u�l�l��a�c�c�o�p�p�i�a�m�e�n�t�o �f�o�r�t�e �i�n� �u�n� �a�l�t�r�o �p�r�o�b�l�e�m�a�.
U�n�'�a�u�t�o-�d�u�a�l�i�t�à� �è �u�n�a� �d�u�a�l�i�t�à� �t�r�a� �d�i�v�e�r�s�i� �r�e�g�i�m�i� �d�e�l�l�o �s�t�e�s�s�o
�m�o�d�e�l�l�o.

N�e�l �c�a�s�o �i�n� �e�s�a�m�e, �q�u�e�s�t�o �s�i�g�n�i�f�i�c�a� �c�h�e �s�e �i�l �m�o�d�e�l�l�o �e�s�i�-
�b�i�s�c�e �u�n�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �p�e�r� �i�l �v�a�l�o�r�e K = Kc, �e�s�s�o
�n�e �e�s�i�b�i�s�c�e �u�n�'�a�l�t�r�a� �p�e�r� K = K∗c �l�e�g�a�t�o �a� Kc �d�a�l�l�a� (7.47).
I�m�p�o�n�e�n�d�o, �c�o�m�e �s�u�g�g�e�r�i�s�c�e �l�a� �t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o, �c�h�e
�i�l �m�o�d�e�l�l�o �e�s�i�b�i�s�c�a� �u�n�'�u�n�i�c�a� �t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e, �s�i� �o�t�t�i�e�n�e
�l��e�q�u�a�z�i�o�n�e

e−2Kc = tanh Kc.

O�s�s�e�r�v�a�n�d�o �c�h�e

tanh K =
eKc − e−Kc

eKc + e−K =
1

e2Kc

e2Kc − 1
e2Kc + 1

,

�s�i� �p�e�r�v�i�e�n�e �a�l�l��e�q�u�a�z�i�o�n�e

sinh 2Kc = 1.
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P�o�i�c�h�é sinh−1(1) = log(1 +
√

2), �q�u�e�s�t�o �p�o�r�t�a� �a�

Kc =
1
2

log(1 +
√

2).

R�i�c�o�r�d�a�n�d�o �c�h�e K = βJ = J/kT, �l��a�r�g�o�m�e�n�t�o �d�i� �d�u�a�l�i�t�à� �p�r�e-
�d�i�c�e �p�e�r� �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �b�i�-�d�i�m�e�n�s�i�o�n�a�l�e �c�h�e �c�i� �s�i�a� �u�n�a�
�t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e �p�e�r� �i�l �v�a�l�o�r�e �c�r�i�t�i�c�o �d�i� �t�e�m�p�e�r�a�t�u�r�a�

Tc =
2J

k log(1 +
√

2)
≈ 2.269J. (7.48)

�e �f�o�r�n�i�s�c�e �d�u�n�q�u�e �i�l �v�a�l�o�r�e �e�s�a�t�t�o �d�e�l�l�a� �c�o�s�t�a�n�t�e C �c�h�e �i�n�t�e�r�-
�v�i�e�n�e �n�e�l�l��a�r�g�o�m�e�n�t�o �d�i� P�e�i�e�r�l��:

C = (1 +
√

2) = 2.414 . . . .

7.8 L�a� �s�o�l�u�z�i�o�n�e �d�i� O�n�s�a�g�e�r�

§224 L�a� �s�o�l�u�z�i�o�n�e �e�s�a�t�t�a� �d�e�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �b�i�d�i�m�e�n�s�i�o-
�n�a�l�e �o�t�t�e�n�u�t�a� �d�a� L�a�r�� O�n�s�a�g�e�r� �n�e�l 1944, �r�a�p�p�r�e�s�e�n�t�a� �u�n�o
�d�e�i� �p�u�n�t�i� �d�i� �r�i�f�e�r�i�m�e�n�t�o �p�i�ù� �i�m�p�o�r�t�a�n�t�i� �d�e�l�l�a� �f�i�s�i�c�a� �t�e�o�r�i�c�a�.
P�e�r� �c�o�m�p�r�e�n�d�e�r�n�e �i�l �m�o�t�i�v�o, �v�a�l�e �l�a� �p�e�n�a� �r�i�c�o�r�d�a�r�e �c�h�e �p�e�r�
�l�u�n�g�o �t�e�m�p�o �è �r�i�m�a�s�t�o �i�l �p�r�i�m�o �e �u�n�i�c�o �m�o�d�e�l�l�o �e�s�a�t�t�a�m�e�n�t�e
�r�i�s�o�l�u�b�i�l�e (�i�n� �m�o�d�o �m�a�t�e�m�a�t�i�c�a�m�e�n�t�e �r�i�g�o�r�o�s�o) �c�h�e �e�s�i�b�i�s�c�e �u�n�a�
�t�r�a�n�s�i�z�i�o�n�e �d�i� �f�a�s�e. L�a� �s�u�a� �s�c�o�p�e�r�t�a� �h�a� �c�a�m�b�i�a�t�o �c�o�m�p�l�e-
�t�a�m�e�n�t�e �i�l �c�o�r�s�o �d�e�g�l�i� �s�v�i�l�u�p�p�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �e
�a�n�c�h�e �d�i� �a�l�t�r�e �a�r�e�e �d�e�l�l�a� �f�i�s�i�c�a�.

P�r�i�m�a� �d�e�l�l�a� �s�o�l�u�z�i�o�n�e �e�s�a�t�t�a� �d�i� O�n�s�a�g�e�r� �n�o�n� �e�r�a� �c�h�i�a�-
�r�o �s�e �i�l �f�o�r�m�a�l�i�s�m�o �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �i�n� �g�r�a�d�o �d�i�
�t�r�a�t�t�a�r�e �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e. L�a� �s�o�l�u�z�i�o�n�e �h�a� �s�t�a�b�i�l�i�t�o
�s�e�n�z�a� �o�m�b�r�a� �d�i� �d�u�b�b�i�o �c�h�e �l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �a�p�p�a�i�o�n�o
�c�o�m�e �s�i�n�g�o�l�a�r�i�t�à� �n�e�l�l�e �f�u�n�z�i�o�n�i� �t�e�r�m�o�d�i�n�a�m�i�c�h�e �e �c�h�e �q�u�e�s�t�e



274 �a�p�p�u�n�t�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�

�f�u�n�z�i�o�n�i� �n�o�n� �h�a�n�n�o �b�i�s�o�g�n�o �d�i� �d�i�s�c�o�n�t�i�n�u�i�t�à� �s�e�m�p�l�i�c�i� �c�o-
�m�e �a�v�e�v�a� �i�p�o�t�i�z�z�a�t�o �d�a� E�h�r�e�n�f�e�s�t �p�r�i�m�a�. I �n�o�l�t�r�e, �d�i� �t�u�t�t�i�
�i� �s�i�s�t�e�m�i� �d�i� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �s�u� �c�u�i� �s�o�n�o �s�t�a�t�i� �e�f�f�e�t-
�t�u�a�t�i� �i� �c�a�l�c�o�l�i� �e�s�a�t�t�i�, �i�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g �b�i�d�i�m�e�n�s�i�o�n�a�l�e �n�o�n�
�è �s�o�l�o �q�u�e�l�l�o �p�i�ù� �a�c�c�u�r�a�t�a�m�e�n�t�e �i�n�d�a�g�a�t�o, �m�a� �è �a�n�c�h�e �i�l �p�i�ù�
�p�r�o�f�o�n�d�o. L�a� �s�u�a� �i�m�p�o�r�t�a�n�z�a� �è �s�t�a�t�a� �i�m�m�e�d�i�a�t�a�m�e�n�t�e �r�i�-
�c�o�n�o�s�c�i�u�t�a�. A �q�u�e�s�t�o �p�r�o�p�o�s�i�t�o, �r�i�c�o�r�d�i�a�m�o �l�a� �l�e�t�t�e�r�a� �s�c�r�i�t�t�a�
�d�a� P�a�u�l�i� �a� C�a�s�i�m�i�r� �s�u�b�i�t�o �d�o�p�o �l�a� �s�e�c�o�n�d�a� �g�u�e�r�r�a� �m�o�n�d�i�a�l�e.
C�a�s�i�m�i�r� �n�e�l�l�a� �s�u�a� �l�e�t�t�e�r�a� �a�v�e�v�a� �e�s�p�r�e�s�s�o �l�a� �s�u�a� �p�r�e�o�c-
�c�u�p�a�z�i�o�n�e �p�e�r� �e�s�s�e�r�e �s�t�a�t�o �t�a�g�l�i�a�t�o �f�u�o�r�i� �p�e�r� �c�o�s�ì� �t�a�n�t�o
�t�e�m�p�o �d�a�l�l�a� �f�i�s�i�c�a� �t�e�o�r�i�c�a� �d�e�i� �p�a�e�s�i� �a�l�l�e�a�t�i�. P�a�u�l�i� �n�e�l�l�a� �s�u�a�
�r�i�s�p�o�s�t�a� �d�i�s�s�e: `̀ �n�i�e�n�t�e �d�i� �i�n�t�e�r�e�s�s�a�n�t�e �è �a�c�c�a�d�u�t�o �t�r�a�n�n�e
�c�h�e �p�e�r� �l�a� �s�o�l�u�z�i�o�n�e �e�s�a�t�t�a� �d�i� O�n�s�a�g�e�r� �d�e�l �m�o�d�e�l�l�o �d�i� I�s�i�n�g
�b�i�d�i�m�e�n�s�i�o�n�a�l�e''.

§225 N�o�n� �e�n�t�r�i�a�m�o �n�e�l �m�e�r�i�t�o �d�e�l �c�a�l�c�o�l�o (�m�o�l�t�o �l�a�b�o�r�i�o�s�o �e
�a�s�t�u�t�o) �d�i� O�n�s�a�g�e�r�, �m�a� �c�i� �l�i�m�i�t�i�a�m�o �a� �f�o�r�n�i�r�e �l��e�s�p�r�e�s�s�i�o�n�e
�a�n�a�l�i�t�i�c�a� �p�e�r� �l�a� �m�a�g�n�e�t�i�z�z�a�z�i�o�n�e

m = lim
N→∞

〈M〉
N

=





(
1−

[
sinh

(
log(1 +

√
2)

Tc

T

)]−4
) 1

8

, �p�e�r� T ≤ Tc

0, �p�e�r� T > Tc

(7.49)

�d�o�v�e �i�l �v�a�l�o�r�e �d�e�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a� Tc �c�o�i�n�c�i�d�e �c�o�n� �i�l �v�a�-
�l�o�r�e (7.48) �o�t�t�e�n�u�t�o �d�a� K�r�a�m�e�r�� �e W�a�n�n�i�e�r� �c�o�n� �l��a�r�g�o�m�e�n�t�o
�b�a�s�a�t�o �s�u�l�l�a� �d�u�a�l�i�t�à� �t�r�a� �c�o�m�p�o�r�t�a�m�e�n�t�o �a� �b�a�s�s�e �t�e�m�p�e�r�a�t�u�r�e
�e �c�o�m�p�o�r�t�a�m�e�n�t�o �a�d� �a�l�t�e �t�e�m�p�e�r�a�t�u�r�e.
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C�o�m�e T �s�i� �a�v�v�i�c�i�n�a� �a� Tc �d�a�l �b�a�s�s�o �n�e�l�l�a� �f�a�s�e �f�e�r�r�o�m�a�g�n�e-
�t�i�c�a�,

m(T) ∼ [Tc − T]1/8.

I�n�o�l�t�r�e, �s�i� �p�u�ò �d�i�m�o�s�t�r�a�r�e �c�h�e �l�a� �s�u�s�c�e�t�t�i�b�i�l�i�t�à� �m�a�g�n�e�t�i�c�a�
�i�s�o�t�e�r�m�i�c�a� �a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�i� �t�r�a�n�s�i�z�i�o�n�e �d�i�v�e�r�g�e �c�o�m�e

χm ∼
1

|Tc − T|1/8

L'�i�m�p�o�r�t�a�n�z�a� �d�i� �q�u�e�s�t�i� �r�i�s�u�l�t�a�t�i� �è �n�o�t�e�v�o�l�e. P�e�r� �l�a� �p�r�i�m�a�
�v�o�l�t�a� �s�i� �d�i�m�o�s�t�r�ò �c�h�e �l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �è �i�n� �g�r�a�d�o �d�i�
�p�r�e�d�i�r�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �c�o�n� �e�s�p�o�n�e�n�t�i� �c�r�i�t�i�c�i� �d�i�v�e�r�s�i� �d�a�
�q�u�e�l�l�i� �d�e�l�l�e �t�e�o�r�i�e �d�i� �c�a�m�p�o �m�e�d�i�o. P�e�r� �e�s�e�m�p�i�o, �l��e�s�p�o�n�e�n�t�e
�c�r�i�t�i�c�o β �è 1/8 �e �d�u�n�q�u�e �d�i�v�e�r�s�o �d�a� �q�u�e�l�l�o �p�r�e�d�e�t�t�o �d�a�l�l�a�
�t�e�o�r�i�a� �d�i� �c�a�m�p�o �m�e�d�i�o (1/2).

U�n�'�a�n�a�l�i�s�i� �m�a�t�e�m�a�t�i�c�a� �a�c�c�u�r�a�t�a� �d�e�l �r�i�s�u�l�t�a�t�o �d�i� O�n�s�a�g�e�r�
�p�e�r�m�e�t�t�e �d�i� �r�e�n�d�e�r�s�i� �c�o�n�t�o �c�h�e �l�a� �n�a�t�u�r�a� �d�e�l�l�a� �s�i�n�g�o�l�a�r�i�t�à�
�è �p�i�u�t�t�o�s�t�o �s�o�t�t�i�l�e. Q�u�e�s�t�o, �a� �s�u�a� �v�o�l�t�a�, �p�e�r�m�e�t�t�e �d�i� �c�o�m�-
�p�r�e�n�d�e�r�e �u�n� �p�u�n�t�o �i�m�p�o�r�t�a�n�t�e: �l�a� �s�i�n�g�o�l�a�r�i�t�à� �è �d�o�v�u�t�a� �a�
�c�i�r�c�o�s�t�a�n�z�e �p�a�r�t�i�c�o�l�a�r�i� �c�h�e �v�e�n�g�o�n�o �u�c�c�i�s�e �d�a�l�l�e �a�p�p�r�o�s�s�i�m�a�-
�z�i�o�n�i�. S�o�l�t�a�n�t�o �m�o�l�t�i� �a�n�n�i� �d�o�p�o �l�a� �s�c�o�p�e�r�t�a� �d�i� O�n�s�a�g�e�r� �s�i�
�c�o�m�p�r�e�s�e �c�h�e �l�e �l�e �c�i�r�c�o�s�t�a�n�z�e �p�a�r�t�i�c�o�l�a�r�i� �c�h�e �d�e�t�e�r�m�i�n�a�n�o �l�a�
�s�i�n�g�o�l�a�r�i�t�à� �s�o�n�o �l��e�f�f�e�t�t�o �d�e�l�l�e �f�l�u�t�t�u�a�z�i�o�n�i� �a�l �p�u�n�t�o �c�r�i�t�i�c�o
�e �c�h�e �l��u�n�i�v�e�r�s�a�l�i�t�à� �d�e�l�l�e �v�a�r�i�e �t�r�a�n�s�i�z�i�o�n�i� �d�i� �f�a�s�e �p�r�o�v�i�e�n�e
�p�r�o�p�r�i�o �d�a�l�l�a� �n�a�t�u�r�a� �d�i� �q�u�e�s�t�e �f�l�u�t�t�u�a�z�i�o�n�i�.

7.9 L�e �o�r�i�g�i�n�i� �d�e�l �p�r�o�b�l�e�m�a� �d�e�l �p�u�n�t�o �c�r�i�t�i�c�o

§226 R�i�t�o�r�n�i�a�m�o �a�l�l��u�l�t�i�m�a� �o�s�s�e�r�v�a�z�i�o�n�e �d�e�l�l�a� �s�e�z�i�o�n�e 7.4:
�l�a� �t�e�o�r�i�a� �d�i� L�a�n�d�a�u� �s�e�m�b�r�a� �b�a�s�a�t�a� �s�u� �i�p�o�t�e�s�i� �e�s�t�r�e�m�a�m�e�n�t�e
�g�e�n�e�r�a�l�i� �e �p�l�a�u�s�i�b�i�l�i�, �c�o�m�e �è �p�o�s�s�i�b�i�l�e �c�h�e �c�i� �s�i�a� �u�n� �e�r�r�o�r�e?
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R�i�s�p�o�n�d�e�r�e�m�o �a� �q�u�e�s�t�a� �d�o�m�a�n�d�a� �s�e�g�u�e�n�d�o �l�a� �t�r�a�t�t�a�z�i�o�n�e �c�h�e
C�a�l�l�e�n� �d�à� �n�e�l �s�u�o �l�i�b�r�o �d�i� �t�e�r�m�o�d�i�n�a�m�i�c�a�.

§227 C�h�e �c�i� �s�i�a� �u�n� �e�r�r�o�r�e �è �i�n�d�u�b�b�i�o: �i� �f�a�t�t�i� �s�p�e�r�i�m�e�n�t�a�l�i�
�e �l�a� �s�o�l�u�z�i�o�n�e �e�s�a�t�t�a� �d�i� O�n�s�a�g�e�r� �i�n�d�i�c�a�n�o �p�r�o�p�r�i�o �q�u�e�s�t�o.
I�l �p�r�o�b�l�e�m�a� �p�u�ò �a�l�l�o�r�a� �e�s�s�e�r�e �p�o�s�t�o �c�o�m�e �d�i�l�e�m�m�a�: �l��e�r�r�o�r�e
�è �n�e�l�l��a�r�g�o�m�e�n�t�o �d�i� L�a�n�d�a�u�, �o �s�i� �t�r�o�v�a� �p�i�ù� �i�n� �p�r�o�f�o�n�d�i�t�à�,
�n�e�i�i� �f�o�n�d�a�m�e�n�t�i� �s�t�e�s�s�i� �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a? Q�u�e�s�t�o �è �s�t�a�-
�t�o �m�o�t�i�v�o �d�i� �p�e�r�p�l�e�s�s�i�t�à� �p�e�r� �m�o�l�t�i� �f�i�s�i�c�i�, �p�e�r� �a�l�m�e�n�o �t�r�e
�d�e�c�e�n�n�i�. A�n�c�h�e �s�e �n�o�n� �p�o�s�s�i�a�m�o �o�c�c�u�p�a�r�c�i� �q�u�i� �d�e�l�l�a� �t�e�o�r�i�a�
�d�e�l�l�a� �r�i�n�o�r�m�a�l�i�z�z�a�z�i�o�n�e, �u�n�a� �t�e�o�r�i�a� �c�h�e �h�a� �r�i�s�o�l�t�o �i�l �p�r�o-
�b�l�e�m�a� �q�u�a�s�i� �i�n� �m�a�n�i�e�r�a� �d�e�f�i�n�i�t�i�v�a�, �p�u�ò �a�l�m�e�n�o �e�s�s�e�r�e �u�t�i�l�e
�i�d�e�n�t�i�f�i�c�a�r�e �l��o�r�i�g�i�n�e �d�e�l�l�a� �d�i�f�f�i�c�o�l�t�à�. P�e�r� �f�a�r�l�o, �t�o�r�n�i�a�m�o �a�l �p�o-
�s�t�u�l�a�t�o �p�i�ù� �c�e�n�t�r�a�l�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a�, �i�l �p�o�s�t�u�l�a�t�o �d�i� �m�a��-
�s�i�m�a� �e�n�t�r�o�p�i�a� �o �e�q�u�i�v�a�l�e�n�t�e�m�e�n�t�e, �i�l �p�r�i�n�c�i�p�i�o�o �d�i� �m�i�n�i�m�a�
�e�n�e�r�g�i�a� �l�i�b�e�r�a�. Q�u�e�s�t�o �p�o�s�t�u�l�a�t�o �è �i�n�f�a�t�t�i� �u�n�a� �t�r�a�s�c�r�i�z�i�o�n�e
�m�o�l�t�o �s�e�m�p�l�i�f�i�c�a�t�a� �d�e�i� �t�e�o�r�e�m�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a�. L�a�
�s�e�m�p�l�i�f�i�c�a�z�i�o�n�e �e�c�c�e�s�s�i�v�a� �h�a� �c�o�n�s�e�g�u�e�n�z�e �s�i�g�n�i�f�i�c�a�t�i�v�e �s�o�l�o
�q�u�a�n�d�o �l�e �f�l�u�t�t�u�a�z�i�o�n�i� �d�i�v�e�n�t�a�n�o �d�o�m�i�n�a�n�t�i�, �c�i�o�è �n�e�l�l�a� �r�e�g�i�o�n�e
�c�r�i�t�i�c�a�.

I �t�e�o�r�e�m�i� �f�o�n�d�a�m�e�n�t�a�l�i� �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �v�a�l�u�t�a�n�o
�l�a� �p�r�o�b�a�b�i�l�i�t�à� �d�i� �f�l�u�t�t�u�a�z�i�o�n�i� �d�e�i� �s�i�s�t�e�m�i� �c�o�m�p�o�s�t�i� �c�h�i�u�s�i� �o
�d�i� �s�i�s�t�e�m�i� �a� �c�o�n�t�a�t�t�o �c�o�n� �a�p�p�r�o�p�r�i�a�t�i� �s�e�r�b�a�t�o�i�). I �n� �p�a�r�t�i�-
�c�o�l�a�r�e, �p�e�r� �u�n� �s�i�s�t�e�m�a� �c�o�m�p�o�s�t�o �c�h�i�u�s�o �l��e�n�e�r�g�i�a� �d�i� �u�n�o �d�e�i�
�s�o�t�t�o�s�i�s�t�e�m�i� �f�l�u�t�t�u�a�, �e �l�a� �p�r�o�b�a�b�i�l�i�t�à� �c�h�e �a�d� �o�g�n�i� �d�a�t�o �i�s�t�a�n�t�e
�e�s�s�a� �a�b�b�i�a� �u�n� �v�a�l�o�r�e E �è

P�r�o�b (E = E) ∼ e−βEΩ(E) = e−β[E−TS(E)],

�d�o�v�e S �è �l��e�n�t�r�o�p�i�a� �d�e�l �s�i�s�t�e�m�a�. L�a� �m�e�d�i�a� �d�e�l�l��e�n�e�r�g�i�a� 〈E 〉 �è
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�o�t�t�e�n�u�t�i� �d�a� �q�u�e�s�t�a� �d�e�n�s�i�t�à� �d�i� �p�r�o�b�a�b�i�l�i�t�à� �m�e�d�i�a�n�t�e �i�l �p�r�o�c�e��-
�s�o �u�s�u�a�l�e �d�i� �m�e�d�i�a�. I �n� �g�e�n�e�r�a�l�e �l�a� �d�e�n�s�i�t�à� �d�i� �p�r�o�b�a�b�i�l�i�t�à� �è
�m�o�l�t�o `̀ �c�o�n�c�e�n�t�r�a�t�a�'' �o �s�t�r�e�t�t�a�. L'�e�n�e�r�g�i�a� �m�e�d�i�a� �è �a�l�l�o�r�a� �q�u�a�s�i�
�u�g�u�a�l�e �a�l�l��e�n�e�r�g�i�a� �p�i�ù� �p�r�o�b�a�b�i�l�e. Q�u�e�s�t�o �è �e�s�a�t�t�a�m�e�n�t�e �q�u�e�l-
�l�o �c�h�e �a�b�b�i�a�m�o �f�a�t�t�o �i�n� 174: �a�b�b�i�a�m�o �m�o�s�t�r�a�t�o �c�h�e �i�l �v�a�l�o�r�e
�p�i�ù� �p�r�o�b�a�b�i�l�e �d�i� �e�n�e�r�g�i�a�, �c�i�o�è �i�l �v�a�l�o�r�e �c�h�e �m�i�n�i�m�i�z�z�a� �l��e�n�e�r�-
�g�i�a� �l�i�b�e�r�a� E − TS �c�o�i�n�c�i�d�e �c�o�n� �i�l �v�a�l�o�r� �m�e�d�i�o. Q�u�e�s�t�o �f�a�t�t�o �è
�e�s�p�r�e�s�s�o �d�a�l�l�a� �f�i�g�u�r�a� 6.1.

§228 I�l �p�o�s�t�u�l�a�t�o �d�i� �b�a�s�e �d�e�l�l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �i�d�e�n�t�i�f�i�c�a�
�i�l �v�a�l�o�r�e �p�i�ù� �p�r�o�b�a�b�i�l�e �d�i� �e�n�e�r�g�i�a� �c�o�n� �i�l �v�a�l�o�r�e �m�e�d�i�o, �m�a�
�n�o�n� �è �d�e�t�t�o �c�h�e �q�u�e�s�t�o �s�i�a� �s�e�m�p�r�e �v�e�r�i�f�i�c�a�t�o. F�o�r�t�u�n�a�t�a�m�e�n�t�e
�l�a� �d�e�n�s�i�t�à� �d�i� �p�r�o�b�a�b�i�l�i�t�à� �d�e�i� �s�i�s�t�e�m�i� �m�a�c�r�o�s�c�o�p�i�c�i� �è �q�u�a�s�i�
�s�e�m�p�r�e �e�s�t�r�e�m�a�m�e�n�t�e �m�o�l�t�o �c�o�n�c�e�n�t�r�a�t�a�. P�e�r� �u�n�a� �d�e�n�s�i�t�à�
�d�i� �p�r�o�b�a�b�i�l�i�t�à� �m�o�l�t�o �c�o�n�c�e�n�t�r�a�t�a�, �i�l �v�a�l�o�r�e �m�e�d�i�o �e �i�l �v�a�l�o�r�e
�p�i�ù� �p�r�o�b�a�b�i�l�e �c�o�i�n�c�i�d�o�n�o, �e �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�l�a�s�s�i�c�a� �a�l�l�o�r�a�
�è �u�n�a� �t�e�o�r�i�a� �v�a�l�i�d�a�. T�u�t�t�a�v�i�a�, �n�e�l�l�a� �r�e�g�i�o�n�e �c�r�i�t�i�c�a� �i�l �m�i�n�i�m�o
�d�e�l�l��e�n�e�r�g�i�a� �l�i�b�e�r�a� �d�i�v�e�n�t�a� �n�o�n� �p�r�o�f�o�n�d�o, �l�a� �d�i�s�t�r�i�b�u�z�i�o�n�e �d�i�
�p�r�o�b�a�b�i�l�i�t�à� �d�i�v�e�n�t�a� �m�o�l�t�o �l�a�r�g�a�, �e �l�a� �d�i�s�t�i�n�z�i�o�n�e �t�r�a� �m�e�d�i�a� �e
�s�t�a�t�o �p�i�ù� �p�r�o�b�a�b�i�l�e �p�u�ò �d�i�v�e�n�t�a�r�e �s�i�g�n�i�f�i�c�a�t�i�v�a�.

§229 P�e�r� �i�l�l�u�s�t�r�a�r�e �l�a� �c�o�n�s�e�g�u�e�n�z�a� �d�i� �q�u�e�s�t�a� �d�i�s�t�i�n�z�i�o�n�e
�v�i�c�i�n�o �a�l �p�u�n�t�o �c�r�i�t�i�c�o, �l�a� �f�i�g�u�r�a� 7.19 �m�o�s�t�r�a� �i�l �p�o�t�e�n�z�i�a�l�e �d�i�
G�i�b�b�� �s�c�h�e�m�a�t�i�c�a�m�e�n�t�e �c�o�m�e �f�u�n�z�i�o�n�e �d�e�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e
φ �p�e�r� �d�u�e �t�e�m�p�e�r�a�t�u�r�e �l�e�g�g�e�r�m�e�n�t�e �i�n�f�e�r�i�o�r�i� �a� Tc (�c�o�n� �i�l �p�a�-
�r�a�m�e�t�r�o �i�n�t�e�n�s�i�v�o, �a�d� �e�s�e�m�p�i�o �i�l �c�a�m�p�o �m�a�g�n�e�t�i�c�o h �p�a�r�i� �a�
�z�e�r�o). S�o�l�o �i�l �r�a�m�o �p�o�s�i�t�i�v�o �d�i� φ �è �i�n�d�i�c�a�t�o, �a�n�c�h�e �s�e �v�i� �è �u�n�
�r�a�m�o �s�i�m�i�l�e �p�e�r� φ �n�e�g�a�t�i�v�o (�s�u�p�p�o�n�i�a�m�o �c�h�e �i�l �s�i�s�t�e�m�a� �s�i�a�
�n�e�l �m�i�n�i�m�o �c�o�n� φ > 0 ). P�e�r� T1 �i�l �p�o�t�e�n�z�i�a�l�e �è �p�o�c�o �p�r�o�f�o�n�d�o
�e �a�s�i�m�m�e�t�r�i�c�o, �e �l�a� �d�e�n�s�i�t�à� �d�i� �p�r�o�b�a�b�i�l�i�t�à� �p�e�r� �i�l �p�a�r�a�m�e�t�r�o
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F�i�g�u�r�a� 7.19: D�i�s�t�r�i�b�u�z�i�o�n�i� �d�i�
�p�r�o�b�a�b�i�l�i�t�à�, �m�e�d�i�a�, �e �v�a�l�o�r�i� �p�i�ù�
�p�r�o�b�a�b�i�l�i� �d�e�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e
�f�l�u�t�t�u�a�n�t�e. L�e �t�e�m�p�e�r�a�t�u�r�e �s�o�n�o
T2 < T1 < Tc L�e �d�i�s�t�r�i�b�u�z�i�o�n�i�
�d�i� �p�r�o�b�a�b�i�l�i�t�à� �s�o�n�o �m�o�s�t�r�a�t�e
�c�o�m�e �c�u�r�v�e �t�r�a�t�t�e�g�g�i�a�t�e. I �v�a�l�o�r�i�
�c�l�a�s�s�i�c�i� �o �p�i�ù� �p�r�o�b�a�b�i�l�i� �s�o�n�o φ

mp
2

�e φ1emp , �e �q�u�e�s�t�i� �c�o�i�n�c�i�d�o�n�o �c�o�n� �i�
�m�i�n�i�m�i� �d�i� G. I �v�a�l�o�r�i� �m�e�d�i� �s�o�n�o
φa

2 �e φa
1. I�l �t�a�s�s�o �d�i� �v�a�r�i�a�z�i�o�n�e �d�e�i�

�v�a�l�o�r�i� �m�e�d�i� �è �p�i�ù� �r�a�p�i�d�o �d�i� �q�u�e�l�l�o
�d�e�i� �v�a�l�o�r�i� �p�i�ù� �p�r�o�b�a�b�i�l�i� �a� �c�a�u�s�a�
�d�e�l�l�a� �a�s�i�m�m�e�t�r�i�a� �d�e�l�l�e �c�u�r�v�e �p�e�r�
T = T1. Q�u�e�s�t�o �è �p�i�ù� �c�o�n�s�i�s�t�e�n�t�e
�c�o�n� �u�n� �i�n�d�i�c�e �c�r�i�t�i�c�o β ∼ 1/3
�a�n�z�i�c�h�é 1/2, �c�o�m�e �m�o�s�t�r�a�t�o �n�e�l�l�a�
�f�i�g�u�r�a� �p�i�c�c�o�l�a�.

�d�e�l�l��o�r�d�i�n�e �f�l�u�t�t�u�a�n�t�e (�m�o�s�t�r�a�t�a� �t�r�a�t�t�e�g�g�i�a�t�a�) �è �c�o�r�r�i�s�p�o�n�d�e�n�t�e-
�m�e�n�t�e �a�m�p�i�a� �e �a�s�i�m�m�e�t�r�i�c�a�. I�l �v�a�l�o�r�e �m�e�d�i�o φa

1 �è �s�p�o�s�t�a�t�o �a�
�s�i�n�i�s�t�r�a� �d�e�l �v�a�l�o�r�e �p�i�ù� �p�r�o�b�a�b�i�l�e φ

mp
1 . P�e�r� �u�n�a� �t�e�m�p�e�r�a�t�u�r�a�

T2 �p�i�ù� �l�o�n�t�a�n�a� �d�a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�t�i�c�a�, �l�a� �b�u�c�a� �d�i� �p�o�t�e�n�-
�z�i�a�l�e �è �q�u�a�s�i� �s�i�m�m�e�t�r�i�c�a� �a�t�t�o�r�n�o �a�l �s�u�o �m�i�n�i�m�o, �e �p�u�r�e �l�a�
�d�e�n�s�i�t�à� �d�i� �p�r�o�b�a�b�i�l�i�t�à� �è �q�u�a�s�i� �s�i�m�m�e�t�r�i�c�a�. I�l �v�a�l�o�r�e �m�e�d�i�o 'φa

2

�e �i�l �v�a�l�o�r�e �p�i�ù� �p�r�o�b�a�b�i�l�e φ
mp
2 �s�o�n�o �a�l�l�o�r�a� �q�u�a�s�i� �i�d�e�n�t�i�c�i�. C�o�m�e

�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�a�m�b�i�a� �d�a� T1 �a� T2 �i�l �c�a�m�b�i�a�m�e�n�t�o �p�r�e�v�i�s�t�o
�c�l�a�s�s�i�c�a�m�e�n�t�e �n�e�l �p�a�r�a�m�e�t�r�o �d�'�o�r�d�i�n�e �è φ

mp
2 − φ

mp
1 , �m�e�n�t�r�e �l�a�

�p�r�e�v�i�s�i�o�n�e �d�e�l�l�a� �m�e�c�c�a�n�i�c�a� �s�t�a�t�i�s�t�i�c�a� �è φa
2 − φa

1. C�o�s�ì� �v�e�d�i�a�-
�m�o �c�h�e �l�a� �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�l�a�s�s�i�c�a� �p�r�e�d�i�c�e �i�n�c�o�r�r�e�t�t�a�m�e�n�t�e
�l�a� �d�i�p�e�n�d�e�n�z�a� �d�a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �d�e�l �p�a�r�a�m�e�t�r�o �o�r�d�i�n�e �m�a�n�
�m�a�n�o �c�h�e �l�a� �t�e�m�p�e�r�a�t�u�r�a� �s�i� �a�v�v�i�c�i�n�a� �a�l�l�a� �t�e�m�p�e�r�a�t�u�r�a� �c�r�i�-
�t�i�c�a�, �e �c�h�e �q�u�e�s�t�o �i�n�s�u�c�c�e�s�s�o �è �c�o�n�n�e�s�s�o �c�o�n� �l�a� �n�a�t�u�r�a� �d�e�l
�m�i�n�i�m�o �d�e�l �p�o�t�e�n�z�i�a�l�e �p�o�c�o �p�r�o�f�o�n�d�o �e �a�s�i�m�m�e�t�r�i�c�o.

P�e�r� �e�s�t�e�n�d�e�r�e �u�n� �p�o �d�i� �p�i�ù� �i�l �r�a�g�i�o�n�a�m�e�n�t�o, �s�i� �o�s�s�e�r�v�i�
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�c�h�e φ
mp
2 − φ

mp
1 �è �p�i�ù� �p�i�c�c�o�l�o �d�i� φa

2 − φa
1 (�s�i� �v�e�d�a� �l�a� �f�i�g�u�r�a�).

C�i�o�è, �l�a� �p�r�e�v�i�s�i�o�n�e �t�e�r�m�o�d�i�n�a�m�i�c�a� �c�l�a�s�s�i�c�a� �d�e�l�l�o �s�p�o�s�t�a�m�e�n�t�o
�i�n� φ (�p�e�r� �u�n�a� �d�a�t�a� �v�a�r�i�a�z�i�o�n�e �d�i� �t�e�m�p�e�r�a�t�u�r�a�) �è �m�i�n�o�r�e �d�e�l
�v�e�r�o �s�p�o�s�t�a�m�e�n�t�o (�c�i�o�è, �c�h�e �l�o �s�p�o�s�t�a�m�e�n�t�o �d�e�l �v�a�l�o�r�e �m�e�d�i�o
�d�i� φ). Q�u�e�s�t�o �è �c�oe�r�e�n�t�e �c�o�n� �l�a� �p�r�e�v�i�s�i�o�n�e �c�l�a�s�s�i�c�a� β = 1/2

�p�i�u�t�t�o�s�t�o �c�h�e �i�l �v�a�l�o�r�e �v�e�r�o β ∼ 1/3, �c�o�m�e �i�n�d�i�c�a�t�o �i�n� �f�i�g�u�r�a�.

§230 Q�u�e�s�t�a� �d�i�s�c�u�s�s�i�o�n�e �f�o�r�n�i�s�c�e, �n�e�l�l�a� �m�i�g�l�i�o�r�e �d�e�l�l�e �i�p�o-
�t�e�s�i�, �u�n�'�i�m�m�a�g�i�n�e �q�u�a�l�i�t�a�t�i�v�a� �d�e�l�l��o�r�i�g�i�n�e �d�e�l�l��i�n�s�u�c�c�e�s�s�o �d�e�l�l�a�
�t�e�o�r�i�a� �c�l�a�s�s�i�c�a� �d�i� L�a�n�d�a�u�, �m�a� �n�o�n� �d�à� �n�e�s�s�u�n�a� �i�d�e�a� �d�e�l�l�a�
�p�r�o�f�o�n�d�i�t�à� �e �b�e�l�l�e�z�z�a� �d�e�l�l�a� `̀ �t�e�o�r�i�a� �d�e�l �g�r�u�p�p�o �d�i� �r�i�n�o�r�m�a�-
�l�i�z�z�a�z�i�o�n�e �c�h�e �s�i� �è �s�v�i�l�u�p�p�a�t�a� �a� �p�a�r�t�i�r�e �d�a�g�l�i� �a�n�n�i� 70 �d�e�l
�s�e�c�o�l�o �s�c�o�r�s�o �e �c�h�e �è �l�a� �m�i�g�l�i�o�r�e �t�e�o�r�i�a� �d�e�l�l�e �t�r�a�n�s�i�z�i�o�n�i� �d�i�
�f�a�s�e �c�o�n�t�i�n�u�e �d�i� �c�u�i� �o�g�g�i� �d�i�s�p�o�n�i�a�m�o.
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