
2.2

(1) Si dimostri che l’inversione geometrica z 7→ 1/z̄ è anti-conforme.
Aiuto: Prima qualche complemento sull’inversione in cerchi.
In geometria elementare si definisce l’inversione rispetto ad un cerchio arbi-

trario K di raggio r.

the Pythagorean theorem (pages 132-134 in the text). In Figure ??, b2 = b1c
where c is the hypotenuse and b1 the projection of leg b onto the hypotenuse.

Consequently, we have the following construction.
Construction: Construct a circle through O centered at the midpoint of OP .
Let A be one of the two points of intersection of this circle with C. Construct
the perpendicular to OP that passes through A. Then P ′ is the intersection
of this perpendicular with OP (see Figure ??).
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Figure 2: Construction of the inverse of a point P outside the circle C of inversion.

Proof. By construction, ∠AP ′O is a right angle, since AP ′ ⊥ OP . Also,
∠OAP is a right angle since it is the inscribed angle of a semicircle. Because
∠AOP = ∠AOP ′, the two triangles "AOP ′ and "POA are similar.

Consequently, the ratios of corresponding sides are equal. Therefore,
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OA
=

OA

OP ′ .

Letting OA = r, we have that OP · OP ′ = r2. So P ′ is the inverse of P .

We will now introduce some notation. If C is a circle, we will write the
inversion with respect to C as IC , so that if P ′ is the inverse of P , then
IC(P ) = P ′. Notice that IC(P ′) = P also, so that IC(IC(P )) = IC(P ′) =
P . Thus, I2

C = IC ◦ IC is the identity function on the plane. Recall that
reflection Ml in a line l also has the same property, that is M2

l is the identity
transformation.

In fact, inversion in a circle is related to reflection in a line in another
way. Let l be a line, with P ′ = Ml(P ) the reflection of P in l. Take circles

C1, C2, C3 . . . tangent to l with centers O1, O2, O3, . . . such that
←−→
O1P ⊥ l and

P between Oi and l for each i as in Figure ??. Construct the inverse of P
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OP : OA = OA : OP ′ , OP.OP ′ = r2

Si consideri il cerchio C che taglia il cerchio di inversion K ad angoli retti in a e
b

La tangente T a C in a passa per il centro q. Per inversione in K, a e b restano
fissati e T trasformata in se stessa. Perciò l’immagine di C per inversione deve
essere un cerchio che passa per a e b e che è ortogonale a K. C’è un solo cerchio
con queste proprietà: C stesso. Quindi: rispetto all’inversione in K, ogni cerchio
ortogonale a K è trasformato in sé stesso.
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Per dimostrare che l’inversione geometrica z 7→ 1/z̄ è anti-conforme è utile
considerare la consideri la figura

La figura mostra che per ogni punto z non in K c’è un solo cerchio ortogonale a
K che passa per z in ogni data direzione.

Quindi si ragioni sulla figura

(2) Si dimostri che le trasformazioni di Möbius formano un gruppo.


