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1 The Failure of Classical Physics

1.1 Atom stability

Exercise 1. Estimate the speed of the electron rotating around the nucleus
for the hydrogen atom, assuming that it orbitates alonga circular orbit of
radius ro = 1078 cm. Compare it to the speed of light.

Solution.
v = 4761'260 mlro ~ (L6)" > 1075 9.0 x 107 9.1 ><110—31 10110 872622 ~
~ (1.6)%0.99 x 10'? % (1.1)
Hence
g ~ % = 0.53 x 1072 (1.2)
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Exercise 2. Check that formula (1.7) of the lecture notes has the correct
dimensions.

Solution.
Recall that % has the dimension of a force. Therefore
[ e? aQ]_[MxL?’ L? T3}_[M><L2}_[E] (1.3)
dmey 31 T2 T4 L3 L T3 LT '

Exercise 3. Estimate the time that it takes an electron of the hydrogen
atom to fall onto the nucleus, assuming it starts from a circular orbit of radius
ro = 10" cm.

Solution.

(dmeg) A m? <47T€0m7“002>2 ro ¢ ro
T = 7, = _—
0

4 et

4e¢  vtdc

sec~ 1.1 x 107%sec  (1.4)

62
N 1 y 10710
T 0534 x 1078 7 4 x 3.0 x 108

1.2 Equipartion theorem

Exercise 3. Prove that a mass m which is constrained to move freely on a
circle on a plane by a rigid rod of radius R is described by an Hamiltonian of
the form

H(p,0) = 20 (1.5)

where pyg is the momentum conjugate to angle # which measures the position
of the particle on the circle, and I is called the momentum of inertia. Express
I in terms of m and R.
Solution.

The velocity of the particle is

do
=R— 1.6
v=R— (1.6)
Therefore its energy is
1 . 2 42
Hzimv zamRé’ (1.7)



The momentum conjugate to 6 is

po = m R*0 (1.8)
Thus
1 p}
H = — 1-
2 m R? (1.9)
Thus
I=mR? (1.10)

Exercise 4. Prove that a diatomic molecule schematized as two identical
masses 3 held at a fixed distance R by a rigid rod of negligible mass is
described by the Hamiltonian

- 2

p 1 2 Dy

H(p,q) = 2 —( —) 1.11
(p.4) m+21 p9+sin29 ( )

Compute the momentum of inertia I in terms of m and R.

Problem 2. Generalize the derivation of the equipartition theorem to the

Hamiltonian of the bi-atomic molecule (1.11).

1.3 The Photoelectric Effect

Problem 5. A lamp of 100 W emits light whose wave length is 5.890 10~ "m.
How many photons are emitted in 1 second?
Solution The energy of photons of such frequency is

12400 B 1
E, = <50 €V =210V =337 x 107%) (1.12)

Therefore the number % of photons emitted per unit of time is

dN 100W

— = =297 x 10" sec! 1.13
dt 33710197 X see (1.13)



1.4 Bohr’s quantum theory of atomic spectra.

Problem 6. Classical electromagnetism predicts that a charge rotating on a
circular orbit with angular orbital frequency w emits electromagnetic radiation
with the same frequency. Show that the frequency of the photon emitted by
an electron of the Bohr hydrogen atom which goes from the level Eﬁrl to the
level EX s, for n large, approximately equal to the frequency of the classical
circular motion corresponding to that energy.

Solution: The difference of energy of the levels E | and Ef for n >> 1 is

oA etm 1 N etm 1
(Ameg)?h? 2(n+1)2  (4dmey)?h? 2n?
etm 1
N — — 1.14
(47 ep)?h? nd (1.14)
The angular frequency of the corresponding emitted photon is
4
1
cm (1.15)

On the other hand, the angular frequency for a classical circular orbit of
radius r is

v
= _ 1.16
w=" (1.16)
Since
2
9 e 1
= - 1.17
v dmegm r ( )
we have
47 e€q
w=—; m v (1.18)

The velocity v, of the electron in the circular orbit of energy F, is given by

etm 1
E,=—muv}=— 1.19
o M (47 ep)? h? 2n? (1.19)
that is
1 e?
n = — 1.20
T (Admey) b (1.20)



The angular frequency of the circular orbit with this energy is therefore

4re 1 etm
3 0

W=, —— M= —F ————= 1.21
"oe? n3 (47 e)? h? (1.21)
which matches the frequency of the photon emitted in the transition n+1 — n
as predicted by Bohr theory.
Problem 9. Apply the Bohr-Sommerfeld quantization condition to an
unidimensional free particle moving in a potential well V' (z) defined by

(1.22)
0 forz<Oandz>1L

Vi) = {—Vofor0<x<L
where 1V > 0 is the depth of the well. Determine the discrete energy levels.
How many they are? What is the minimum value of V{, for which there exist
discrete levels?

Solution: The bound classical trajectories are those with £ < 0. The
momentum for these orbits is quantized according to

nh
= —— 1.23
Y (1.23)
The energy is therefore

2 272

D n°h
FE =" _ - — 1.24
" 2m Yo 8m L? Vo <0 ( )

Hence there are a finite number of closed trajectories, with n = 1,2, ... npaz
where n,,q. is the highest positive integer such that

Sm L2V,
n <22 70 (1.25)

max h2
The minimal value of Vj for which there are discrete levels is the minimal
value for which this equation admits an integer positive solution

8m L2 ‘/Omm

. B2
h2 =1 mezn _

- 1.2
8m L? (1.26)

Problem 10. Apply Bohr-Sommerfeld quantization condition to a satellite

of mass m = 1 kg rotating around the earth. Determine the allowed radiuses
in terms of the mass of the earth M and the universal constant of gravitation
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G. Suppose the satellite is on on circular orbit of radius near the radius of
the earth R = 6400 km, with a given Bohr integer number 7. How much does
the radius change if the satellite shifts to an orbit with n = n 4+ 17 Express

the answer in meters.

Solution: The classical equation of motion for a circular orbit of radius r is

GM v? s, GM
B :—(:}U =

T r

r

The momentum is therefore

|G M
p=muv=m
r

and the Bohr-Sommerfeld quantization condition is

]{pdT:27rrp:27rvaMr:nh

that is

n? h?

:GMm2

T'n

If n changes from n — n + An = n + 1 the radius changes

2nAnh*>  2Anr,  2r,

Ary =Tpy1 — T R = =
n T T G M m2 n n
We have
2 32 2 2 p3
n°h GMRm m- R
rp=———r~ R n’~ _J
G M m? h? h?
where g = GR¥ ~ 9.8 7% is the gravity acceleration. Thus

2 9.8x 1% x 6.4 x 10"

~ 38 ~ 44
o g S A 0% = a5 x 10

Then

Ar, X 6.4 x 10°m ~ 2.6 x 1073 m

~ 5% 10m

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)



Problem 12. Apply the Bohr-Sommerfeld quantization condition to compute
the energy levels and the orbits of a particle of mass m moving in circular
orbits of radius r in a potential V(r) = or.

Solution: The classical equation of motion is

=0 (1.35)

r

The quantization condition on the angular momentum for a circular orbit of
radius r is therefore

L=mrv=mr| 2> = Vmor: =nh (1.36)
m

The orbits have therefore radiuses

n)3
Ty = (n )31 (1.37)
(mo)s
and the corresponding energies are
3 3 (nho)s
B, = 2or, =5 0ha)t (1.38)
2 2 m3

Problem 13. Apply the Bohr-Sommerfeld quantization condition to derive
energy levels and allowed orbit radiuses for a particle of mass m moving in
circular orbits of radius r attracted toward the center of the orbit by an elastic
force F'= —kr.

Solution: The classical equations of motion for circular orbits are

m—=kr (1.39)

k |k
vV=—r’=uv=4/—r=wr (1.40)
m m

where w = \/g is the angular frequency of the harmonic oscillations. The

Therefore

angular momentum of the circular orbit is therefore

L=muvr=muwr? (1.41)



and the Bohr quantization condition L, = n h gives for the radiuses of the
circular orbits

h
2= (1.42)
mw
The corresponding energy levels are therefore
1 1 1 1
E, = émvi—l— Emwzri = §mw27’i+ §mw2ri =
=mw’r2 =nhw (1.43)

Problem 14. Derive the numerical values for the Rydberg constants pre-
dicted by Bohr atomic model for the following hydrogenoids: hydrogen H,
deuteron D (whose nucleus has one proton and one neutron), He™, Li™* and,
for the same elements, the wave lengths of the spectral lines corresponding to
the transition between the first excited level and the fundamental level.
Solution:

Let us denote by R, the Rydberg constant for an infinitely massive
nucleus

e 21 m
)_e

—5 ~ 109737 em ™ (1.44)
C

R = (

47 e

The Rydberg constant R(M) for a nucleus of mass M and charge Z is related
to the energy levels by the formula

B, = -7 RU\TQ he (1.45)
a
R(M) = Ruc 5 +1";; ~ Ry (1— %) (1.46)
Recall that
T _ 1836.15 (1.47)
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Therefore
me

Ry = R(m,) = R (1 — —) = 109677 cm ™"

mp

Rp = R(2xmy) ~ Roe (1 = 5-=) = 109707 cm™!

mp

Ryer = R(my) ~ Rog (1= 7-) = 1097220

mp

Riiv = R(Tmy) ~ Roo (1= =) = 109728em™  (1.48)

mp

The wave lengths of the first spectral line corresponding to the transition
fromn =1ton =2 are

4 1
A = — — = 1215.69 A
=3 Ry
4 1
Ap = — — = 1215.36 A
D=3 Ry
4 1
Aot = — = 303.798 A
Het 3 4]%He+
Ape — 21 350134 (1.49)
Lz++_39RLi++ B ' .

1.5 Quantum theory of gas specific heat capacities

1.5.1 Einstein and Debye theories of specific heat capacities of
solids

Problem 16. Suppose that the density of states of phonons grows quadrati-
cally with the frequency
dn(w)

L, = Aw? + O0W?)  for w < Winas (1.50)
w

only for small frequencies w. n(w) is an otherwise generic function of w for
bigger w up to a certain given wy,,,, which defines a Debye temperature Tp.
Derive the predictions of the Debye model for the internal energy in the low
and high temperature limit.
Solution:

Let us start from

—Bhw

U :/ dwn'(w) hwe
0
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For T'>> T = Mmes
hw < hfwne <1 (1.52)

Therefore the high temperature limit of the internal energy coincides with
the classical result, as expected on general grounds

Wmazx Wmazx 3 NA
U%/ dwn/ / dwn'(w T>1Tp (1.53
; ) i~ 3 E p (159
On the other hand for low temperatures, when T' < Tp,
1

T+ a max 1.54
I <L w (1.54)

the integrand in (1.51) is significantly different than zero only if

1

S max 1.55
WS 1B <K w ( )

Therefore, in the region of frequencies when the integrand is significantly
different than zero we can approximate the density of state with (1.50) and

Wmaz hw3 e Bhw Ah & x3e™®
~ A d s d =
vma [y = g [

Artl

= - 1.56

B 15 B4 ( )
In the lecture notes we derived the expression of A in terms of the sound
speed in the solid and the volume

3L3
T (1.57)
Therefore
L3
N0 TP T« Tp (1.58)

Problem 17. Discuss the effect of quantization on the specific heat capacities
of bi-atomic gases, knowing that: a) the rotational degrees of freedom around
an axis orthogonal to the axis connecting the two atoms give rise to discrete
energy levels with separation AE ~ 107 — 1072 €V; b) vibrational degrees
of freedom have AE ~ 107! eV; ¢) rotational degrees of freedom around the
axis connecting the two atoms have AE ~ 10eV.

Solution. TO BE GIVEN
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2 The Principles of Quantum Mechanics

Problem 10. A system is described by a 2-dimensional space of states. Let
|1) and |2) be the normalized eigenstates of an observable O with eigenvalues
A =1 and A = 2 respectively. Let v = |1) +4+/3|2) be a state of the system.
a) What is the probability that the measure of O on v gives the result
=27
b) Write the 2 x 2 matrix which represents O in the basis {|1),[2)}.

c) Let O" be another observable, such that O'|1) = |2) and O'|2) = |1).
Write the 2 x 2 matrix which represents O’ in the basis {|1),]2)}.

d) What are the eigenvalues of 0’7

e) What is the average of O’ on the state v?
Solution:

A

e a) Let us compute the norm of v
wP?=1+iV3*=1+3=4 (2.1)
Thus the normalized vector

(11) +iv32)) (2.2)

1
v ==
2

describes the same physical state as v. From (2.2) we read the proba-
bilities

i3

2 1

23
Z_L P/\ZQ(U> = —

=2 (2.3)

1
Paile) = 3

e b) Since {|1),]2)} are the eigenstates of O, in this basis O is represented

by a diagonal matrix
10
o~ (1) o

e ¢) The matrix representing O’ in the basis {|1),|2)} is

o - (g’ (1)) (2.5)
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e d) The eigenvalues of O’ are obtained from the secular equation

RV
dm(:ﬁ ;&>:(XP—1:0¢¢X:1,4 (2.6)

e ¢) The average of O’ on v is
(%0%p4moéqn+m@m»:
)) =
(11) +4v3[2), = (12) +3V3|1))) =
(iv3-iv3) =0 (2.7)

:wéqm+n@1

=

~—

DN | —
DN | —

1
4
Problem 11. On a spin 1/2 system the following 3 observables are defined

{1 0 h(o 1 h(0 —i
‘i_ig 4) &_QGQ %_§<zo> (2:8)

a) Find the eigenvalues and the normalized eigenvectors of the 3 observables
{Se, Sy, S}
b) Suppose the system is in the state described by the vector

. (312.) (2.9)

Find the probabilities to obtain the various possible values of {S,,S,, S,} on
v. (You should in other words compute 6 probabilities, 2 for each of the 3
observables.)

c¢) Compute the 2x2 unitary matrix which connects the basis of eigenvectors
of S, with the basis of eigenvectors of S,

d) Find the eigenvalues and the normalized eigenvectors of the observable

Si =Ny Sy +ny Sy +n. S, (2.10)
where

= (ng,ny,n,) = (sinf cos ¢, sin O sin ¢, cos f) (2.11)

13



0 and ¢ are polar coordinates: 0 < ¢ <27 and 0 <6 <.
e) Compute the 2x2 unitary matrix which connects the basis of eigenvectors
of S, with the basis of eigenvectors of Sj.
Solution:
a) The eigenvalues of any of {S,,S,,S,} are
h

Ao =£3 (2.12)

The eigenvectors of S, are obtained from
01 T+ T+
=+ 2.13
(1) (o) -=(2) 19

S, =+l = L (ill) (2.14)

that is

The eigenvectors of S, are obtained from

(o) G == () 215

S, = i%) _ % (iz) (2.16)

Finally, yhe eigenvectors of S, are obtained from

b 56 =+ (o) a1

that is

that is
h I /1 h L (0
=) = =)= —— 2.1
s.-5-25() 1s=-5-7() (2.18)
b) Let us consider the normalized vector
1 1
= (5:) (2.19)
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The transition amplitudes are given by the scalar products

h 1 .
(S: = glv) = \/—2—0(1+3Z)
h

1 1
<Sy:§|v):\/—2_0(1+3):\/—2_04
1

h
(S, = §|U> =70 (2:20)

The corresponding probabilities are therefore

h 2 1 9 1

= _ 1 S

2M| o0 11310 =3
h o 16 4

S:— = — = —

1

10

Hence the other probabilities are therefore

(3. = S|’ (2.21)

| =~ DN =
|
QU — DN =

—~
R
I
|
R
<
~

[N}
I
—_
|
I

T
o
I
|
o |
=
~—
[N}
I
[a—y
|
= o
o| =
I

(2.22)

h 1 1 1 h 7 h
50 = (L) =G5 - D -l e

—1

The unitary matrix is therefore

U— % (1 _1Z> (2.24)

d) The matrix

&:&:g< 1z %_mﬁ (2.25)



has eigenvalues
Ay = 15 (2.26)

The eigenvectors are obtained from
n, Ng — 17y Ti) _ 4 T4 (2.27)
ng +in,  —n, Y+ Y+ '

n, Ty + (ng —ing)ys = £y (2.28)

that is

Hence

h 1 Nz —1in 1 sinfe ¢
Spmaly o L N1
2 2(1 F TLZ) 1 —n, 2(1 F cos 6’) +1 — cosf

Therefore

n 0 —io Y
19 = 1y = (cos.2 ¢ > 1S = _7_i> _ <sm2e . ) (2.29)

2 sin 3 —COS 5

0 it Gin 0 it
U_ (cos.'2 ee sin § e . ) (2.30)
sin —cos

Problem 13. Show that

(@) = [ P 055 231
with
N 1 (5—7)?

VA f e — ¢~7 p = e_ 2 A2 232
p( ) (271’71)% poA(_) (W)%A% ( )

is a normalizable wave function of unit norm. Compute the average of ¥, p’
Ap? and Axz? on the state described by the packet (2.31). Make use of the
formula for gaussian integrals

S
/ dye @@ T8 —
—00

16

82
4

e
(@)

(2.33)



where a > 0 and [ is a generic complex number.
Solution: Let us compute the norm of this vector in the momentum represen-

tation
&Py e
v,0) = | &°F|ds, 2—/ —e A =
wo = [#rlonailf = [ 50
2 1 3 3
72 (A?)2 =1 (2.34)

_ /ﬂe _ 1
(7)2 A3 (7)2 A3

Let us compute the average of ¥ in the momentum representation
50)>

= in [ e O
= —1 h/ (7:;;213 e_i22 Aﬂ; =0 (2.35)
Let us compute the average of p'in the momentum representation
-/ (ngg & (54 ) = i (2.36)
Let us compute the average of 2 in the momentum representation
(v, 7 v) = — / (;Z:J—]dew K2 ﬁ%e*(ﬁgfgﬁ -
)2
d*p e_% o *ﬁ[(ﬁ;fo) e_(ﬁzZ%)T _

:+W/ .
(m)z A3
_w? 1 (F—p)® | 371
X[ A +F}_

= +ﬁ2/ “r e
(m)2 A3
—1—3—h2 — B v e_Ai; ﬁ
R 4
@ias” "~ A

17
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Integrals like those which appear in the r.h.s. can be computed in the following
way

3 3
2 2 2 3 w2
/ PEe P = g, / Pree® =0, =0 (239)
o2 o2
Hence
~ 3h* 3 R? 3 h?
<U,Q§'2 U> = —f-F — 5 F = 2A2 (239)
Therefore the uncertainty on 72 is
3 h?
AT = (v, 7% v) — (v, Fv)? = 5 A (2.40)
Let us compute the average of p_é
3y (7—7g)> (7—7g)>
) - 9 -
, P = 2 p-e 2A2 =
< > / (m)2 A3
dgﬁ _2 2
/ (it TR
3
= Py + 3 A? (2.41)
Therefore the uncertainty on the p? is
3
AF = (0,7 0) — (v, 70) = 5 A2 (242)
Note that
3
VAT?\/Ap? = 3 h (2.43)
Since the state is rotation invariant
AZ? = A(z® +y? + 2%) = 3 Aa2?
Ap® = A2 + p, +p2) = 3 Ap] (2.44)
Therefore
h
Az x Ap, = Ay x Ap, = Az x Ap, = B (2.45)
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The state considered is therefore a state of minimal uncertainty.
The same computation could be done in the Schrodinger representation.
Let us first compute the wave function in the Schrodinger representation

1 i o 1 (F—p0)>
2 35k P LA
Vgo.A(T) = d’pen T3 e 242 =

eh P0-T 5 1 (F—% a2x)2 A2z2
:<2h >§ dp()éAge 2AZ X e 2r2 —
)2 )1 A2
AN 2 e PoE 2 2
—(2) & 5w (2.46)
h ('/T)Z

(v, Pv) = (%)3i/d3feAi52 [2 AQf—I—ﬁo] =y (247)
m

The averages of & and p write

A\3 1 2 52 3 h?
(v, 7 v) = (—) —3/d3fe_Ah2 2=

h T2 2 A2
AN3 1 2 52 A* 72
o= (3)' % [ane ¥ - 5]
T2
:ﬁ3+3A2—§A2:ﬁ§+;A2 (2.48)

in agreements with the results obtained above in the momentum representa-
tion.

3 Simple systems

Problem 3. Show that the exponential factor which controls the probability
of tunneling through the barrier

+oo ifx <O,

V(ieg)=<-Vy if0<z<L (3.1)
2 ifa> L

19



in the limit

7 e?
F 3.2
< 47T€0L ( )
is
T xX e 47r7'rZe;ﬁ V 2m = e 2eohv (33)
Solution:

Let us compute the integral

Ze2
Treg B 7 e? Ze ! dy
dx —F = V1—y 3.4
/L 471'60\/ Y (34)

dmegx 4freoLE

In the limit (3.2)

/j W=y [ iy [aaeimE-] 6y

7r€0 LE

Hence

-2 /27”2'1 z 2 s - 2m Ze2 _ZeZ 2
TO(e h 47r50\/E2 = e E 4dmegh =e 2€0h.7j (36)

Problem 5. Find the reflection and transmission coefficients R and 1" for
the rectangular potential barrier for £ < Vj, in the limit in which L — 0,
Vo — +o0 and Vo L =V constant. (This is the so-called “thin barrier” limit.)
Solution:

In this limit

V2 2
L—0 LK — §V¢E%o (KL — ;V (3.7)
Then
B 16 k2 |k'|2 B
[+ )2 e WIE — (k=[R2 ¥ 2
B 16 42 |/ |2
- 2
| (k2 = [R12) (712 = eWI1E) 2k ] (1% + ol¥1)|
16 k2 k|2 452
2~ /02 2
W2k L+2ik w2 IWEL+20k
/{32 h2 ]{Z2 2
S (3.8)

il EEsRR B
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Problem 6. Determine the discrete levels and the energy eigenfunctions of
an unidimensional particle moving in the potential well:

0 if|z] >3
ORS N (39)
Vo if |z| < 5.
for Vy < 0.
Solution: Discrete states exists only if
Vo< E<O (3.10)

Wave functions of discrete eigenstates are either even or odd under reflection
xr — —ux. Let us denote even (odd) energy eigenfunctions with ¢%(z) (v5(x)).

Ay cosk'x || < §

Uh@) = { Byet® o> (3.11)
By ethe T < —3
and
A_sink'z x| < §
Vi) = Boetr w> g (312)
—B_ethr g < -2
where

V2m|E >m (E —
k:% K = m(h %) (3.13)

Continuity of wave function and of its first derivative at x = % implies
k' a
Ay cos 2a =B, e '
4 a
—k" A, sin 2& — —kB,e T (3.14)
and
k' a
A_ Sin—a = B_e_k7
2
k' a
K A_ cos 2(1 — kB e 7 (3.15)

21



We get therefore the eigenvalue equation for E, for

/
k' tan % =k for of
/
k' cot % =—k for ¢Yg

Introducing the adimensional variables

_k:’a ka

n=-—-

§ 2 2

the equations (3.16) become

n=2¢& tané for {Ups
n=—§coté for (s

Moreover we have the relationship between & and n

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

2
2 2 __a'm Vol
and the Eq. (3.10) means that
a’m |Vo| a?m|Vy|
0<é< ——— 0< —_—
$< 5w TS TR
The eigenvalues E are determined therefore by the intersections of the two
curves
n=2¢ tané for
2
2 o, a”m|Vol +
CHnr=—r Ve
and
n=—¢& coté for
2
2 o, a”m|Vp| +
&+ = ECY Vg

which lie in the first quadrant of (£, 7n) plane.
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By drawing the graphs of the curves (3.21), we see that the solutions
{&1,&3,& ...} corresponding to the energy eigenvalues Ej, Es, Ej, ... of the
even wave functions satisfy

3 5
0<§1<g 7r<§3<77r 27r<§5<§7r (3.23)
Similarly, the solutions {&s,&4,&s ...} corresponding to the energy eigenvalues
Es, By, Eg, . .. of the even wave functions satisfy
3 5
g<§2<7r §7r<§4<27r 77T<§6<37r (3.24)

The number n of bound states is therefore the highest positive integer such
that

T a’m|Vy|
)<y 2 2
In particular we have always at leasts 1 bound state,
0<& < g (3.26)
for which
72 h?

E, — 2

0< Ey VO<2ma2 (3.27)

The un-normalized wave functions of such bound states are obtained by
replacing (3.14) and (3.15) into (3.11) and (3.12)

cosk'x 2] < §
Vh(x) = { coskreh(3=o) g > g (3.28)

cos g—aek(iﬂ) r< -5
and

sin k' x 2] < §
Yp(x) = 4 sin % ek (3—2) T > g (3.29)

. / a
—sm%ek(ﬁx) r< -9
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Problem 7. Determine the discrete levels of an unidimensional particle
moving in the potential well

+oo Hz<0
V(iz)=¢-Vy ifO<z<L, (3.30)
0 if x> L.

for Vy > 0. Find the value of Vj for which there is one single bound state.
Solution: Bound states are possibles only for -V < EF < 0. The eigenfunc-
tions have the form

(3.31)

Aei?’® 4 Be i?® if0<z<L
wE(m): / 1 xT / -1 xT 3
AlenP® + Ble wP® ifx > L

where

P=vV2m(E+Vy) p=+2m|E|=vV—2mE (3.32)

Since the particle is bound to be in the region x > 0, we have the boundary
condition of the wave function

Yr(0) =0 (3.33)

Moreover the wave function of a bound state must vanish for x — +o0.
Therefore

A [elﬁp'm — e_%plw] if0<z<L
= 3.34
V(@) {B'e—%w ifr> L (3:34)
The continuity conditions at x = L are
/
L »
27 A sin ph — B
' 'L p
2%]0@4 cosph = —B’%e’TL
(3.35)

Dividing the second equation by the first we obtain the necessary and sufficient
condition for this linear homogenous system to have a solution:
/

p=—p cot % (3.36)
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Energy eigenvalues are therefore determined by the intersections of the two

curves in the positive quadrant of the (p', p) plane

/

p L
h
p?+p*=2mV
p>0 P >0

p=—p cot

Introducing the adimensional variables

p' L pL 5 2mVy L?
T h = Y T T

the equations of the curves become

§

n=—&coté
52+772:a2
n >0 n >0

(3.37)

(3.38)

(3.39)

Drawing the graphs of the two curves we see that minimal « for which an

uy

intersection in the positive quadrant exists is for a = 7

= -_ p— :O
a=g 3 n

Thus the minimal value of Vj for which there is a bound state is

) h2 2
‘/E)mzn — ﬂ-
8m L2
When « increases and
T ca< 37
— a R
2 2

there is one single intersection in the positive quadrant. Thus for

h? 72 V< 9 h2 7
8m L? 0™ 8 L2

there is a single bound state with

2
hg—VO z<§<7r

0= oM L2 2
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(3.41)

(3.42)

(3.43)
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More generally when « reaches the values

m™ 3T om
Op = =, ——, ——, ... 3.45
227 2 ( )
new solutions with 1 = 0 appear, in correspondence with new bound states.
The new bound states starts at £ = 0 for a = «,, and, as « goes from a, to

i1, its energy becomes more negative and lies in the range

ao? h?
2m L2

o2 1P
2m L?

VW< E< -V (3.46)
When Vj — oo the numbers of bound states increases. The ground state

level Ejy tends to the limiting value

h* ¢ h? 72

:2mL2_VO—>QmL?_VO (3.47)

0

Problem 8. Determine the discrete levels of an unidimensional particle
moving in the potential well by using the expression obtained for the transfer
matrix for the potential barrier

1
T=-x

4
y <(k+k/)2 i (k=KL _ (k;i;,’)"’ oi (k4K L kt(klf’)Q et ()L _ o= (K L) )

/

k% —(k')? (ei (k—=K')L _ @i (k+k’)L) (k+k)? o—i (k=KL _ (k;k:)Q o—i (b+k') L

kK k k'

Solution:
We must put in this case

V2mE V2m|E 2m (E+ W
po Y2ZME _v2miEl L V2mEAR) g
h h h
Moreover we should impose
A=B"=0 A'=1 (3.49)

in the equation

(4) -7 () 630
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Hence the equation which determine the energy levels is

) 9 ) )
T = Mei(k—k’)L _ (2 |k’ — k,) ei(k+l<:’)L —0

kK k k'
from which
R4 K? s
(¢ [k = k')
Let us put
ikl + —|2||+ |e tan B=
Thus
G4 K oo,
(i |k = K)?
The equations for the eigenvalues becomes therefore
40p =2K'L+2n7 n=0,+£1,+£2, ...
le.
E'L nm || KL nm
Op = 5 T étan@E:?:tan(z —i-?)
For n even
k| k' L
? :tan( B )

and for n odd
Kl _ o F L

in agreement with (3.16).

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

Problem 9. Determine the energy eigenfunctions for the potential barrier

if
V=10 el
Vo if|z] <

27

e e

Y

(3.59)



with Vo > 0 and 0 < E <V which are also eigenstates of the spatial inversion
operator [ : ¢(x) — ¥(—x). Derive the transmission matrix for this barrier.
Solution:

The even and odd energy eigenfunctions with 0 < E < V{ have the form:

e+ik:v+B+efikx T < _%
YE(z) =< AL coshk' o 2] < ¢ (3.60)
BJreik:L’ +e—ikx T > %

and
otike L B g-ike 4 —g
Vp(r) =< A_sinhk' z 2] < § (3.61)
—B_cikr —g7ike g8
where

V2mE . V2m|Vy — E|
L — k=
h h
Continuity of the wave-functions and of their first derivative at x = 45 gives

(3.62)

ha ka K
By et e = Ay cosh 2a
ko ka K’
ik (B+e’% - e_’%) = A, k' sinh a

/
- ka

B_e's +e'2 = —A_ sinh 2a

kol
1]
o

/

. ka k
—ik(B_¢'2 — e_z%) = A, K cos ¢ (3.63)
From this
B+—e_ika k! K a
——————— = —¢{— tanh
B++eilka Zk an 2
B — efika . k’/ k’a
m = —1 E COth 9 (364)
and
1+i%tanhk/7a —ika __ 2i0.(E) —ika
B+:1—i£tanhme —° ¢
k 2
- k! k' a
B — 1+ 7% coth 5 oiha _ (2i0-(E) —ika (3.65)

_ K k'a
1 choth2
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where

(3.66)

Hence
—ika
pike By + ek,
cosh Ta
—tka
+z’k—2‘1 B_ +e

. !/
sinh kT“

_ska 1+62i0+(E)

vt . =
Cosh%

_ska 1+62’L€7(E)

1 - 7

. !
sinh %

Al =e =e

A_=—e = —e (3.67)

The relation that defines the transfer matrix is

A\ _ (Tu T\ (A
<B>> = (T21 T22) <B< (3.68)
where {A~, B>} ({A<, B.}) are the coefficients of the right-moving and left-

moving plane waves to which the energy eigenfunction reduces for x — +oo (
x — —00). By comparing with (3.60) and (3.61) we deduce

()= 2y ()
(5) =0 1) (2) o
()= ) (52 5)

By +B_\ (Tu T 0
G ) R B

The reflection and transmission coefficients are therefore

and hence

1 2(0,.(F)—0_(E
_ LHcos (+; ) () = cos®(0(E) — 0_(E))
e
2 4
1 —0082(0+(E) —‘9—(E))

5 =sin*(04(E) — 0_(E)) (3.71)
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which shows that
R+T=1 (3.72)

We can also express the elements of the transfer matrix in terms of 0. (F)

2 - (k2 — (K')?
Toy = BB = efha (cosh(k’a) + % sinh(kh))
B, +B_ i(k*+ (K)? .
T12 = —T21 = B::__ — B_ = ( 2]{;]5;/ ) ) Slnh(k/a)
2B, B_
T, —
" B, —-B_
012 (12
— ¢ iha (cosh(k;’a) - % sinh(k:’a)) (3.73)
and the transmission coeflicient
S 1 B
T22|*  cosh?(k'a) + % sinh?(k’a)
1
= 3.74
cosh?(g /1 —€) + 4(116_(12?:) sinh?(g /1 — ¢) (3.74)
where
E 2ma? V,
€= VO g = _hz 0 (375)

in agreement with the result obtained in the main text. In the limit of “high”
barrier

Fa>1=gV1—2z>1 (3.76)
we obtain
s 4 k? (k;’)2 FE FE p
~ —2k'a _ —2k a
T~4de —(k:Z T )Pe = 16—0 <1 - —0> e (3.77)

When the energy tends to the threshold value £ — V|, the transmission
coefficient tends to the value

1
lim T=——— (3.78)

_ Vo L2
E—V, 1+ 505
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For E > V; we derive analogously

1

cos?(|k'|a) + % sin®(|k’|a )
1

= = 2 (3.79)
cos?(g /e — 1) + L2 sm 2(gve—1)

Problem 10.
A 1-dimensional particle moves on the half line x > 0 in the potential

+oo ifx <0,
0 if 0 <z < L.

V(z) = puse (3.80)
Vo if L<z<L+a.

0 HfL+a<azx.

with V4 > 0. Determine the energy eigenfunctions.
Solution:

The spectrum is continuous and not-degenerate for £ > 0. For 0 < £ <V}
the energy eigenfunctions have the form

sink x O<x< L
Yp(r)=C Ae¥* 4+ B'e** L<az<L+a (3.81)
Aetkr 4 Be~ikT 4> [ 4q

where

po Y2ME V2m(;/“_E> (3.82)

h

Continuity of the wave function and of its first derivative at x = L gives

sinkL =A el Be ¥l

k /
o cosk L= At _ple R (3.83)
From this we obtain
1 k
A = §e_k b(sink L+ o cosk L)
1 .
B = 3 e (sink L — % cosk L) (3.84)
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Continuity of the wave function and of its first derivative at x = L + a gives

Aeik(L+a) + Be—ik(LJra) — A ek' (L+a) + B/efk/ (Lta) _

1 k / 1 k /
= —(SinkL+— cosk:L)ek“—{—§(sink:L—— coskL)e ™™ =

2 K k'
k
= sin(k L) cosh(k'a) + o cos(k L) sinh(k a)
Aeik(L+a) o Be—ik(L+a) _ ﬁl (A/ ek:’ (L+a) B’ e—k’ (L+a)) _
1k
k/
= —i = sin(k L) sinh(k"a) — i cos(k L) cosh(k a) (3.85)
From this we obtain
1 )
A= 3 e "FF) [sin(k L) cosh(k a) + g cos(k L) sinh(k" a) +
/
—i cos(k L) cosh(k'a) — z% sin(k L) sinh(k" a)]
B= A (3.86)

Problem 11. Compute the averages of 2% and of p* on the ground state |0)
of the harmonic oscillator. (Hint: write & and p in terms of a and al.)
Solution:

h
i=1i\(a—a) ﬁ:ﬂ(a+cﬁ) (3.87)
Therefore
(0]2]0) =0 (0|p|0) =0 (3.88)
Moreover
2=\ (a,Jr2 +a’—ata-— aaT)
h2
9 2 2 T
P —4—)\2(CLT +a*+d' a+aad) (3.89)
Therefore
(0[2%[0) = =A*(0](a™ + @® — a’a — aal)|0) = A* (0] aa’[0) = \?
. h2 2
(0[p%[0) = YSY (O|(aJr2 +a®+da+ aaT)|0) =1 (0] aal |0) =
h2
= (3.90)

32



In conclusion
Ax? = (0]3%0) = ((0]2]0))" = X2

AR = (0710) — ({01p[0) = T2

and thus
h
Ax Ap = B (3.92)

The ground state is therefore a state of minimal uncertainty.
Problem 12. Consider the state ¢/ of an harmonic oscillator of frequency w
and mass m which satisfies the equation

a) = ar) (3.93)

where « is a complex number.

a) Find the normalized wave function of ¢ in the Schrodinger representa-
tion.

b) Compute Az and Ap on the state ¢ and show it is a state of minimal
indeterminacy.

c) Consider the state

)= Z% ;‘% n) (3.94)

where |n) with n =0,1,2,... are the normalized eigenstates of the harmonic
oscillator Hamiltonian. Show that ¢ satisfies (3.93).

d) Compute the norm of 7).

e) Let 1@ be a normalized vector corresponding to ¢. By comparing the
wave function in the Schrodinger representation of ¢ with the normalized
wave-function computed in a), derive an explicit formula for the Hermite
polynomials for any n.

Solution:
a) The wave-function ¢ (x) satisfies the differential equation

—ihy'(z) —imwz(z) = hTaw(x) (3.95)
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that is

Y (x) _ia T

O(z) A 22 (3.96)
The solution is

Y(x) = Ce " ax (3.97)

The normalized wave-function is obtained by imposing

x

L= ()= |oF [ dedeiE — (o [ ayete vt -

a7d2
= [CPAV2Te T (3.98)
Hence
1 1 @a? 2
W(x) = (27r)i )\—%e T e xTaxz (3.99)

b) Let us compute Az by making use of the Schrédinger representation:

o0

) w22 oo ‘ ) 2
(,24) =|C|? / drze @Y% = IC|? )\2/ dyye @Dy —

0 (a—a)?
— PO NV L S
el Ta—a)°
a7&2
— i |OP V2T (0 —a)e " =i(a—a)A (3.100)
and
e - ~\ T 302 o0 . _ y2
(.d*0) = ICF [ deate@ 2 jop X [ gyttt
0? (a—a)2
— _1C12 )39 -
|C17A° V W@(a—dﬂe
_(a—a)?

= [CPNV2r (I-(a—a)®)e 2z =X(1-(a—a)®) (3.101)
Thus

A =N [1—(a—a)’+ (a—a)?] =N (3.102)



For Ap, let us show how to perform the computation by using raising and
lowering operators together with Eq. (3.93). As a matter of fact, this method
is simpler:

h h
Ha)) = — T - T —
h h
—_ — = — Y 1
o5 o+ {av,0) = 75 (a+a) (3.103)
And
2 h f t
(0, 7)) = =5 ((a+a)y, (a+a")y) =
4\
h2
= e [l + (a' . a" ¢) + o® + &°] =
h2
=1e o> +]a? +1+a®+a%] =
h2
=1 2]af + 14 o + &’ (3.104)
Hence
h? h?
Ap* = Y3V 2la+1+a”+a* —a®—a”—2]a]’] = By (3.105)
We verified that the state is indeed a state of minimal indeterminacy
h
Ax Ap = 3 (3.106)
c)
‘“;:i an \/ﬁ|n_1):iLﬂ‘/n+1|n>:
n=1 \/_ n=0 V ( + 1)‘
oo an B
:anz%mhw = (3.107)
d)
~ o~ > a” o > |Oé|2n |at]?
R = =e 3.108



e) From d) we deduce that the vector

n

b= =T Y (3.109)

n=0

has unit norm. The wave function of zﬂ in the Schrodinger representation is

@) =Sy e S )
P(z)=-e ;mwn(x)—e Zm@ﬂ)}»\ée (3.110)

n=0

Here the 1, (z) are the wave-functions of the energy eigenstates of the harmonic
oscillator and the polynomials H,(y) are defined according to

Un(x) = (2|n) = —F e i (3.111)

H,(y) are polynomial of degree n, of parity (—1)", which are (simply related
to) the so-called Hermite polynomials. In the following we will derive a closed
expression for H,(z) by comparing Eq. (3.110) with the result obtained in a).

Both 4(z) and (z) satisfy the equation (3.93) and they both have unit
norm: hence, they can differ at most by a z-independent factor of unit norm

~

Y(x) = D y(x) (3.112)

where ¢(a, @) is a real-valued function of o and @. It must therefore be that

1 o2 = " T, _ el #@d) a2 oo L2
e 2 —— H,(=)e 132 = —————¢ 1 " *371x2(3.113
PR DI Ul T (3119

or, dividing by the common factors,
i _Oén H ( ) i p(o, ) a2+&2 Loy (3 114>
- — ol P(a) G+ i )
n=0 m !

where y = {. The LHS of this equation depends only on «. This means that
the factor e'?(*® must cancel the dependence on @ of the RHS. In other
words the combination

&2

e o = F(a) (3.115)
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must depend on a but not on @. Since i ¢(a, @) is pure imaginary, we conclude
that

. _ &2 a2 .
i H(8) _ =S+ tic (3.116)

where ¢ is a real constant independent of both a and &. Then
S H () = e o (3.117)
n(y) =¢€"“er e .
n=0 m !

The value of the real constant c is determined by taking o — 0 in both sides
of this equation. In this limit the LHS reduces to Hy(y) = 1 and thus

c=0 (3.118)

We established therefore the identity

= an o2
— H,(y) =ez &' 3.119
nE_O = (v) (3.119)

By expanding the RHS in powers of «, and by equating terms with the same
power of a, we obtain the following formula for H,,(x)

Bl K
- n: <_1) n—2k
H,(y) =1 kg 2Kl (n—2k) Yy (3.120)
=0

4 Time evolution

Problem 1. Let £, and E_ the two energy eigenvalues of a 2-states system
and |4+) and |—) the two corresponding energy eigenstates. Suppose that at

!The polynomials H, (y) defined in (3.111) are related to the Hermite polynomials h,, (y)
by the formula

i) = Fi il 5)

The factors i stems from the fact that our definition for a' differs by a factor i from the

conventional one. The factor \/ﬁ is a factor which is included in the usual definition of

the harmonic oscillator energy eigenfunctions (3.111).
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the time ¢ = 0 the system is in the state 1(0) = \% (|+) +|=)). What is the
probability that at the time ¢ > 0 the system is in the state |+)7
Solution: The state 1(t) at the time ¢ is

60 = () = e (1) +1) =

1 o e—%tE, _
= 7 (e7n |+) + =) (4.121)

The probability that at the time ¢ the system is in the state |+) is

i
e_EE+t|2 1

= 1=3 (4.122)

2
Py(t) = | (+Ho ) = :
The probability that at the time ¢ the system is in the state (0) is:

) e—%Eth —iE t

Pyo)(t) = [ (0), ()] = |[—5— + ° ﬁ'z ? =
:i(1+1+2cos( +_hE)t):%(1+cos( +—hE>t):
o2 (B — B (4.123)

Problem 2
An harmonic oscillator of frequency w is, at time ¢t = 0, in the state

o = [0) + [1) + [2) (4.124)
e a) Compute the average of p and p* at the time ¢.

e b) Write the normalized wave function of the state at the time ¢ in the
Schrédinger representation.

e ¢) What is the probability that at the time ¢ > 0 the system is still in
the state 1/y?

Solution: The state at the time t is

G(t) = e T [|0) + 1) + e 21wt |2)] (4.125)
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e a) Therefore

(). DV0) = 25 (D), (a+ ) (1)) =
= e ), et 0) +e e v +
1) e V2 [2) + e VB [3) ) =

)
_ _)\ [efzwt _|_efzwt \/§+ezwt + ezwt \/§:| _
(

VID*N’

1+V2) cos(wt) (4.126)

The average of p is therefore

a(t) = % — 3% (14 v/2) cos(wt) (4.127)

e b) Moreover

(W), 0" (1)) = (pe(t),pe(t)) =

h? 4 4
=z [0+ L+ V2T 1) +

. . 2
+e—zwt\/§|2> +e—2zwt\/§|3>‘ _
2
= e (
h2
=

h2
=ie (9+2 V2 cos(2wt)) (4.128)

L4+ [14+V2e 22424 3) =

6+ (3+2V2cos(2wt))) =

The average of p? is therefore

h2

= T3 (9 +2v2 cos(2w t)) (4.129)

e ¢) The probability that at the time ¢ > 0 the system is still in the state
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o 18
1 9 1
Pyosyo(t) = 9 | (W0, ()| = 9

|0>+e—iwt|1>+e—2iwt|2>>

(10} +11) + 2,
2 1 A 2
‘ — § ‘1 +e—zwt +e—22wt —

1
=3 (3+4 cos(wt) + 2 cos(2wt)) (4.130)
Problem 4. Determine the time evolution of the free wave packet
0= [ 2 (4.131)
vpA,(T) = —— pe 2% 4.131
g (m)} AZ V27 h

Solution: The wave function at the time ¢ is

_\2 3
o 1 _@=p)° aFPT—F g, t
) .t Ht — 243 S—
Vpa, (T3t) = e n up A (7) = dpe b =

(m)s A

Lpp— 1Lt AR P2 P
eh h2m /dpe—(lﬂtm)wgﬁnp(fﬁ—mt)

a2 (a—L )2

1= i D _ P m 7
5PT—% 5 A/ )
Ch h 2m 27TAp o 2ﬁ2(1+u%) _

1
()i V2T hA; \Ji%E g4

2 1 A (e=F 0)?
Aﬁ 2h2 (14it A—’2’)
e o (4.132)
iAZQ,
mh

St

t+1

Problem 5. Compute the uncertainties of & and p on the free wave packet
(4.131) for t > 0. (Hint: Use the Heisenberg picture of time evolution.)
Solution: Since the particle is free, the time dependent operators Z(t) and
p(t) in the Heisenberg picture are

B(t) =2+ % t o pt)=p(0) = p (4.133)
Therefore
2 2 ﬁ2 2 t
) =22+ 52+ — (2p+pa
(1) TSt — (2h+PE)
P(t) = p*(0) = p° (4.134)



Denote by |v) the state described by the wave function (4.131):

2 2
q/Ap _Apz ﬁx

U@AP(J?): T e 2r% ¢

St

Then
2

(0122 [0) = (0]#%10) + — WlPlo) + — (0l(E 5+ pE) o)

({0li(®)0))° = ({olilo) + - (ulle))* =
= (ol Gl + 2. i) Gl)

(Wlp*(t) [v) = (v]p"|v)

since

(vlplv) =p (v|Z|vy =0

The uncertainties on x and p at the time ¢ are therefore

t? 2t It

A?(t) = Aa® + — Ap* + — (vl plo) — =

m m m
Ap?(t) = Ap?

We are left with the computation of the matrix element
A A2 o2 A2
Olosto) =2 [doe ™ (@prin ) -
= 5y —iAg/dxe_Ar%fxzz 14, ﬁhgz
Vih R VT h2 2 A3

@
2

In conclusion

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)

(4.140)



Problem 6. Estimate the speed at which the following free wave packets, of
minimal indeterminacy at t = 0, spread for large t:

e An electron with Az ~ 10~ 8 em.
e An electron with Az ~ 1072 cm.

e A grain of sand of m = 107*2g, with Az = 10~%cm.

Solution: The speed at which the packets of minimal indeterminacy spread is,
according to the solution of the previous problem, is for large ¢

dAx(t) h
~ 4.141
dt 2m Ax ( )
Recall that the electron Compton wavelength is
h
Ae=—=0.387 x 107?m (4.142)
mc
Therefore for an electron
dAz(t) A
~ 4.14
dt Az (4.143)
For Az =108%cm = 10"m
dAx(t 1
;t( ) ~ 5 x 0387 x 1072 x 3 x 10%m/s = 0.580 x 10°m/s  (4.144)
For Az =10"2cm = 10"4m
dAx(t 1
d—i” ~ 5 X 0387 x 107% x 3 x 10°m/s = 0.580m /s (4.145)
For a grain of sand of mass
m=10""g = 10" kg = 1.10 x 10" meiectron (4.146)

and Az = 10"%cm = 107" m, we have
dA:E(t) 1 0.387 x 107° 8 _19

“Large” time t means

mAx  mAz? Ax
_ - (4.148)
Ap e Gk

>

that is

> Az (4.149)
m Az
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5 Symmetries

Problem 4. A spin 1 system is in the state with S, = +1. Find the
probabilities that the measurement of S, gives the values S, = —1,0, 1.
Solution.

Let {|S.),S. = —1,0,1} of eigenstates of S, be the states of eigenstates
of S,. Let us determine the matrix which represents S, in such a basis. We
have

T A A

P = Sy:2—z' (5.1)
and
Sy =0 S0y =v2[1)  §;[—-1)=+2]0)
Sy =+210) S j0)=v2]-1) S |-1)=0 (5.2
Therefore
A 1 A 1 A 1
5x|1>=—2|0> S””|O>:E(|1>+|_1>) Sx|_1>:ﬁ|0>

The matrix which represents S, in the {|1),]0),| — 1)} basis is therefore

1
S=lv Vv (5:3)
0 5% 0
The eigenvalues of this matrix are given by the equation
-m L 0
o 1. 1, m
— 1 — 1 _ 2 TN
O=det| 75 Me 5 | = "M (mg — 5) _ﬁ(_ﬁ) =

=m, (1 —m?) (5.4)
and are, as expected, m, = 1,0, —1. The eigenstate (x,y, z) corresponding to

the eigenvalue m, satisfies

—mwx—i—izo

V2

z
—myy+—==0

\/5
—myz=0 (5.5)



For m, = 1 this gives

S
x-z-\/§ (5.6)

Therefore the normalized eigenstate with m, =1 is

1
2
S:=1) = | (5.7)
2
When m, = 0 we have
y=0 x=-z (5.8)

rT=2z2=——"+ (5.10)

from which
19, =-1)=[ - (5.11)

These equations rewrite in a representation independent form as follows

1S.=1) = g1) + = [0) + 5|~ 1)

f'o

7|1>_E|_1>
1 1
D=5~ \/—’0> 5= (5.12)

|S:v:0> =
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The inverse relations are

1 1 1
= — = _ e — :_1
1) = 518 = 1)+ 7518. = 0) 4 518 = 1)

|0>=%|Sx=1>—%|sx=—1>
1) =518, =1) = =18, = 0) + 515, = -1 (5.13)

We conclude that the probabilities to obtain S, = —1,0, 1 on the state |1) are
1 1 1
P(S, =+1) = 1 P(S,=0)==  P(S,=+1)= I (5.14)
Problem 9. Find the basis H,,,(x), of harmonic polynomials of degree
n = 3 and n = 4 which are eigenfunctions of L3 with m.

Solution.
(n = 3) We have

Hsis(x) =2  Hsuo =13 3 (5.15)

Moreover, the eigenfunctions of L, with eigenvalues m = 0 and m =1
must have the form

Hyy =z, 25 +aa’ o H3og =23+ Ba, v a3 (5.16)
The condition that Hj; be harmonic gives

0? 0o 0

V2 Hy, = (52 +45, 5] Har =22, +8az, (5.17)
3 + 0%
Hence
a= _411 (5.18)
and
o 1 o
Hsy =y a5 — 75+ (5.19)
Therefore
1
Hs =x_x5— 1 2 Ty (5.20)



Analogously

V2 Hsg = (6 +40) 3 (5.21)
Hence
3
= —— 5.22
f=— (522)
and
3 3
H370 = T3 — 5 Ty T T3 (523)
Problem 10.

Consider a 3-dimensional particle of mass m moving in a harmonic poten-
tial

V(r) = 1mwz r? (5.24)

Show that:
e a) The energy levels are given by E, = h(n+ 2) withn =0,1,2,.. ..

e b) The ground state is non-degenerate and has [ = 0. Find the normal-
ized radial wave function x g, o(r) with { = 0.

e ¢) The first excited level F; has degeneracy 3 and | = 1. Find the
normalized radial wave function x g, 1(r) with [ = 1.

(Hint: Since one can write the 3-dimensional hamiltonian H = Z?:l H;
A 2
where H; = 2- + 2 mw? 27 is the hamiltonian of the 1-dimensional harmonic

oscillator, the energy eigenfunctions of the 3-dimensional oscillator are

@Z)m,nmm (f) = 1/)711 (931) ¢n2 (IQ) 77Z)n3 ($3) (525)

where v, (z;) are the eigenfunctions of the 1-dimensional harmonic oscillators.)
Solution.
a) The energy levels corresponding to the wave functions

U nans (T) = Uy (1) Yy (€2) P (3) (5.26)
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are

3

1 3
By = Y hw (ni+ 5) = haw(n +3) (5.27)
=1

where
n=mny + ng + ns (5.28)
b) The ground state corresponds to
n=0=mn; =ny =ng (5.29)

It is non-degenerate and has wave function

3 1
¢070,0(f) = 1/10(331) 1/10(332) ¢0($3) = H(%) * e_?ff a} _
i=1
= (5p) e (5.30)

Since this level is non-degenerate, it necessarily has [ = 0 and m = 0:

10,0,0(Z) = Yo,0(0,0) Re,0(r) (5.31)

Therefore the radial wave function is

% mw .2 2 % m w
XEoo(r) =7 Rpyo(r) = Var (m—;;) re zn’ (%) re” 3 "(5.32)

2h = -
m ma h

c¢) The first excited level has n = 1 and therefore it corresponds to the
three degenerate normalized wave functions

. 2mw mw _mw,
Y1,0,0(7) = 7 131( ) e B

mh
- 2mw w % _mw .2
¢0,1,0(I) = 7 T2 s ) e 2n
. 2muw MW\1T _mw,o
Vo,01(7) = s ( 7 > e 2n " (5.33)



The wave function 1)y, can re-written as

3
7 (MW\1T _mow,
Yoo (& \/? )27”(%)46 0=

(5.34)

where

8 r /muw\i _muw 2
RElJ(r):\/;E(T) e 2h (535)

Hence this is a state with [ = 1 and m = 0 and the associated radial wave
function is

1 8 m w % mw .2
—rR = /=y (—> 2R " 5.36
XE1(r) =7 Rp 1(7) V3" \GR) o (5.36)

The following linear combinations of the ; ¢ o and v 1 o are the wave functions
of the states with [ =1 and m = +1

BN C(wyEiwg) fmwyi _me,2
\/—(1/1100( T) £ it10(7)) = = ( = ) e
8 % mw .2
_izlﬁil(e,gb)\/;ﬂ%(%) DR
=+iY1141(0,9) Rg, 1(1) (5.37)

Problem 11.
Show that the radial wave function of the ground state of the hydrogenoid

XEo(r) =2 (i)greg (5.38)

has norm one.
Solution.

= —/ dpp?e =1 (5.39)
0



Problem 12. Find the normalized radial wave function of the first excited
state with [ = 0 of the hydrogenoid atom by looking for solutions of

xeo(p) =p(bo+bip)e” >0 (5.40)
Solution. We have
Xiolp) = [bo +2b1p—cp (bo+ b p)} e =
= [bo +(2by —cby) p—chy pﬂ e ¢
Vholp) = [(2b1 = cbo) —2cbip—cby +
—c(2b; —chy) p+ by ,02} e =

= [(2 by —2chy) +(Pbg—4ch)p+ch pﬂ e " (5.41)

Therefore
X}/;’O(,O) . (2()1 — 2Cb0) + <C2b0 —4Cb1)p+02 b1 p2 o
XE0(p) p (bo + b1 p)
E 2
= — = 5.42
71BN (>42)
Equivalently
(2b; — 2¢by) + (Pbyg —4cby) p+ b p* =
E
=—(p—=———=+2) (bg+ 0 =
(pZQIE{{‘ + )(0+ 1/))
E E
=—2by— (2D bo =—=—)p—p* =—=—+b 5.43
o= Bt Zapgm) 0 g 649
From this we obtain the equations
2b1 —2(3[?0 = —2b0
9 E
—C b0+4Cbl :261 +bOWE1H|
E
2 _
Cc bl = —m b1 (544)
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From the third equation we obtain
E
2
=== 5.45
A >4
Replacing this in the second equation we conclude

(de—2)b =0 (5.46)

If ¢ # %, this would give b; = 0. Replacing this value in the first equation we
would obtain

(c—1)by=0 (5.47)

Since by # 0 (otherwise we would recover the trivial solution by = b; = 0),
then ¢ = 1. But this is the ground state solution o« e™”. The excited state
corresponds to choosing the solution with b; # 0, and therefore

1
== 5.48
= (5.43)
The first equation gives then
1
In conclusion there is a normalizable solution, whose energy eigenvalue is
Z°E
E, = ! (5.50)
4
and whose radial wave function is
1 )
XEs0(p) =bop (1 —5p)e > (5.51)

2

This is the |2,0,0) excited state of the hydrogenoid. The normalization factor
is determined by

[e’e) b 2 o] 1
1=2 i dp\xEQ,o(p)\Qz—aBm/o dpp* (1= 5p) e =

A A
2‘[)0’2 ap
= — 5.52
L (55
Therefore

A
bg = | — 5.53
0 s (5.53)
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