Quantum Mechanics: SERP-CHEM
Final written test: 11/1/2013

Problem 1
A 1-dimensional harmonic oscillator with frequency w is, at the time ¢t = 0,

in the state
Yo

)+ )+

1 1 1
=—0)+—4=|1)+—=13 1
\/51 \/51 \/5\ ) (1)
where |n), with n = 0,1,2,... are the normalized energy eigenstates with
eigenvalues E, = hw (n + 3).

e a) What is the average value of the energy at the time ¢ > 07 (Points
5%)

e b) What is the average value of 2 on this state at ¢ > 0 ? (Points 25%)

e ¢) What is the probability that at the time ¢ > 0 the system is still in
the state 1?7 (Points 20%)

Problem 2

A free uni-dimensional particle of mass m is confined to the interval [0, L]
of the real line. The particle is, at the time ¢ = 0, in the state described by
the (non-normalized) wave function

2
Yo(z) = sin %a: + sin Zx (2)

e a) What is the average energy of this state at time ¢ > 07 (Points 5%)

e b) What is the probability that at the time ¢ > 0 the particle is in the
region 0 < z < £? (Points 15%)

e ¢) Compute the probability that at the time ¢ > 0 the particle be in
the state described by the wave function

T L 27

() = sin 7 —sin—p (3)

(Points 10%)



Problem 3

Find the normalized radial wave function of the bound state of the hy-
drogenoid with angular momentum [ = 1 and lowest possible energy, by
looking for solutions of the radial Schrodinger equation with [ = 1 of the form

x(p) = Cp*e 7 (4)

where

_Zr

p= (5)

ap
Z is the atomic number, ap the Bohr radius, r the radial coordinate, x(r) =
r R(r) with R(r) the radial wave function, A and C' are two numerical
constants to be determined.

e a) Determine A, C' and the eigenvalue E of the energy corresponding
to this eigenfunction. (Points 15%)

e b) Explain why the eigenvalue E is the lowest possible with the given
angular momentum. (Points 5%)



Final written test: 11/1/2013: Solution

Problem 1
The norm squared of vy is
1 1 1 6
=3 - =z 6
(Yo, o) +2+5 5 (6)
Let us consider the normalized state
NG| 1 1
Vo= —4(—72=0)+—=[1)+—=13)) =
VA A ARV AR RRvARY
= s By L 0
V12 V12 V6
The normalized state at time ¢ is
) Y 5 o
t :e*lft vV 0 _'_efzwt_ 1 +ef3zwt_ 3 8
The average of the energy is independent of time and is
~ A~ 1 5 3 5 7 1 17
<¢07H¢o>—hw<2 54—5 E+§X6>_Ehw 9)
# and p can be expressed in terms of a and a'
h h
> — 9 . | H — — T = -
t=iXa—ada") P 2)\(a—i—a) A= ST (10)
Therefore
- Y 5 5 52 .
i,wo(t) :i)\eilft (_ \/_ |1> + \/_ e—zwt|0> . \/_\/_e—zwt|2> +
V12 V12 V12
V3 i 1
4+ Y iwt |9 737,wt 4 11
7 2) — 7i° 14)) (11)
Therefore the average of 22 is
- o~ o~ 5) 5 5 V3 iwt]2
(tho(t), 2% Yo (t)) = (& tho, & 1) = A? (E t5ts 1 - %e it
4 3 5 3 23
=N[4+ = - 2wt
+6) {2—1-6(—1-5 \/gcos(w))}
17 V5
=\ [— — 2= cos(2uwt 12
5~ Y7 con(2wt)] (12)



The probability amplitude to be in the state 1y at the time ¢

~ ~ —iwt 5 5 —iw 1 _3iw
(o, dot)) = 75" [+ el 4 c o] (13)

The corresponding probability is

~ o~ 5 5 1
P(t) = | (o, to(®) " = | 75 + py e + 2

) ) 2
5+5efzwt+2€f3zwt _

T 122

=13 [54 + 50 cos(wt) 4+ 20 cos(2wt) + 20 COS<3wt)} =

= [27 + 25 cos(wt) 4+ 10 cos(2wt) 4 10 COS(3wt)] (14)

Of course
P0) =1 (15)
This function is periodic with period T' = %” Therefore at the times

2mn
t, = —— 16
- (16)

the probability P(t) equals one
P(t,) =1 (17)

Problem 2
The eigenvalues of the energy of the system are
n? h? 72
E,=—— =12,... 18
omL2 (18)
Since 1g(x) is the sum of the two eigenfunctions with energies E; and Es the
average energy is
1 5 h? m?
H=—-(F Ey) = ——— 19
() =5 (Brt Bo) = s 19)
This is also the average energy at the time ¢, since the average of the energy
does not depend on time.



Let us compute the norm of the wave function

271':!3‘2
L)_

L
(1o, Yo) = /0 dz (sin % + sin

L
™ 2mx L L
/0 x (Sln I -+ sin —L ) 5 + 5 ( )
The normalized wave function at the time ¢ is
) 1 j Jin? 212 2
e = L[ T ]y

The probability P(t) that particle is in the interval [0, £] at the time ¢ > 0
is

L
L 2 3hr?t 2
P(t) = z/odx [sin2%+sin2%+2 cos —2m7TL2 sin% sin ZI} =

i 3hn’
= /c%y [sin2(7r y) +sin*(27y) + 2 cos 5 i
0

- sin(my) sin(27 y)] =

1 1 2 3hm?t
=———+\/_cos—7r (22)

1 (x) = ﬁ (Sin T~ sin T) (23)

The amplitude probability that at the time ¢ the particle is in the state
Yy is

A1(t) = (@ do(t) = 5 o — e T (24)

Problem 3



The Schrodinger equation for xg;(p) of angular momentum [ , written in
adimensional variables is

—X%,Z(P) + (—% + : (l; 1)) XEJ(p) =2 GXE,l(P) (26)

where € is an adimensional quantity proportional to the energy

E
ma2
B
For [ = 1 this is
7
2
@:——Jr—z—ze (28)
XE1 p P
Using
xealp) = CpPe? (29)
we obtain
2 4A 2 2
2 —2——:—— —2—26 (30)
p p PP
Therefore we arrive to the equations
4A=2  A*=-2¢ (31)
whose solution is
1 1
A=— = —— 32
2 T8 (32)
This value of € corresponds to the energy
Z2h? 1
E=— — 33
2ma% 22 (33)
which is indeed the Bohr level with n = 2.
The normalization factor C' is determined from
o Z
/ dp x3,(p) = — (34)
0 aBp



From the expression (29) we obtain

> 7
02/ dppte ™ =C*24 = — (35)
0

ap

Z 1
O:@m (36)

Since the wave function has no nodes for p > 0 it must correspond to the
lowest energy eigenvalue with the given [.

Hence



Quantum Mechanics: SERP-CHEM
Final written test: 28/1/2013

Problem 1

A quantum system is described by a 3-dimensional space of states. Let
{I1),]2),]3)} be an orthonormal base and let the Hamiltonian of the system
in this base be

H= (37)

I3/
S A 3
N3

where € and 7 are real parameters.

e a) Show that the operator represented in the given basis by the matrix

T = (38)

_ o O
O = O

1
0
0
commutes with the Hamiltonian H. Does T" correspond to an observable?
(Points 10%)

e b) Compute the eigenvectors and eigenvalues of T'. (Points 20%)

e ¢) Using (b), determine the eigenvectors and eigenvalues of H. (Points

25%)

e d) Suppose that at the time ¢ = 0 the system is in the state ¢y = |1).
What is the probability that the system is again in the same state |1)
after a time t? (Points 20%)

Problem 2
An harmonic oscillator of frequency w is, at time ¢t = 0, in the state

o = 2) +2[3) (39)
e a) Compute the average of & and &2 at the time ¢. (Points 15%)

e b) Write the normalized wave function of the state at the time ¢ in the
Schrodinger representation. (Points 10%)



Final written test: 29/1/2013: Solution

Problem 1
a)
e n 010 n €N
HT =1n € n 0 0 1)=1|nn €
n on e 1 00 e n N
010 e n N n e n
TH=|(0 0 1 n e nl=1nn e
100 n mn e e NN

T is not hermitian, and thus it does not correspond to an observable.
b)

The eigenvalues of T" are given by the secular equation

-t 1 0
Pt)=det{ 0 —t 1 |=—-t(t)—-1(-1)=0
1 0 —t
Hence
th=e3i  t=2=t]' t3=£=1

The eigenvectors relative to g,

x
v =1y with £ = 1,2, 3,
z
satisfy the equations
Yy=1trx z:tky:tiz

Hence the normalized eigenvectors are

1
1
o =— ¢ with k = 1,2,3
k \/g t%

(41)

(42)

(43)



or, explicitly

c¢) Consider:
T v, =t v
Then
HTwv, =1t, Hu
Since H and T' commute, we obtain

T (H ’Uk) = tk (H Uk)

1 (46)

(47)

(48)

(49)

Therefore H vy is an eigenvector of T" with eigenvalue t,. Since ¢ is non-
degenerate and its only eigenvector is vy, H vp must be proportional to vy:

HUk:EkUk

(50)

Thus, v, are simultaneous eigenvectors of H and T'. We can compute the

eigenvalues Ej by acting on v, with H

Huv, = 6 Z ; L tl _ L tl (e+nlti+t7")  (51)
1 an\/gtfll YEAvE e
Thus
E1:€+7](t1+t11):€+27)0082§:6—77 (52)
Analogously
PPN A IS N D NS N e (c+n(t +1))  (53)
T ) ) T
from which
Ey=E =e¢—nq (54)



Finally

and
Es=¢€e+2n
d) Let us decompose the state |1) in the base {vq, v9, v3}:

1) = v (ui|1) + v (va1) + v3 (v3]1) =

:L(U1+U2+03)

V3

Hence the state at the time ¢ is

1 imge
w(t):ﬁe h (U1+Ug+e
1 impe _i3nt
=—e¢ & (n+vte & v

V3

The amplitude for this state to be into the state |1) is

_i(B3—Fy)t
h ’03) =

iEt
R

A = (p(0) = 5 (247

The corresponding probability

1
P(t)=|A{t)]? == (544 cos —)
9 I
Problem 2
a)
Let us write & in terms of a and af
h
5 )\ e )\ _ _n
T=1iA(a—a") Ty

(57)

(58)

(61)

The system is at the time ¢ in the state described by the normalized vector

b(t) = % (12) +2e77<]3))

11

(62)



Hence

Z(t) = A migut (V2[1) = V313) +2V3e7 ! [2) —4e7 '@t |4))  (63)

V5
Therefore
(W(t)|z|(t)) = % (2 V3 et —2/3elvt) = @ sinwt (64)
and
(N2 [9(0) = G o(e), 20(0) = % (243412 +16) =2 (63)
b) The state at the time ¢ is
1 —igwt e—iwt
U(t) = 7 (12) +2 13)) (66)

The normalized wave function of the ground state in the Schrodinger repre-
sentation is
1 P 1 y2 T

)= ———e 1 = ——— ¢ 1 = 67
ol = il 2mi At v o
Therefore the normalized wave function of the first excited state is
d 1 x d 1
Vi) = —i ( d——gﬁ)%()_—(@—gy)%—
1 1 .
= - (—5?/—59)%:29% (68)
and
1 ,d 1 1, 1 )
() \/§(dy 5 ¥) vt \/5( ¥ o + o) \/5( y?) Yo
—i . d 1
)= —(— — = 1 — o2 —
1/13( ) \/é(dy 29) (( y)%)
—1 —1
— (1 =2 —9 = [4*—=3 69
\/6[ (1—9%) ytho — 2y o] \/g[y y] o (69)
Therefore the normalized wave-function of the state at the time ¢ is
1 5 1 2je Wt
r,t)=—e 29 (—=(1—9y?) — ———(v*—3 =
Blat) = S B (G (1-0) - 2 (0 - 30
—i2wt s —twt
e '2 1 21e 2
= — (1 —9%) — #—3y))e 1 (70
V5 (27)3 A2 (\/i( V) NG (v"=3)) (70)
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Quantum Mechanics: SERP-CHEM
Final written test: 12/7/2013

Problem 1
A quantum system is described by a 2-dimensional space of states. Let
{|1),|2)} be an orthonormal base and let the Hamiltonian of the system in

this base be
a b
(5 )) (™)

where a and b are complex numbers.

e a) What are the restriction on the numbers a and b for H to be hermitian?
(Points 10%)

e b) Compute the eigenvalues and the normalized eigenvectors of H, when
H is hermitian. (Points 20%)

e ¢) Suppose that the system be at the time ¢ = 0 in the state |1):

$(0) = [1) (72)

Compute the probability at the time ¢ that the system be in the state
12). (Points 25%)

Problem 2
An otherwise free one-dimensional particle of mass m is confined to a

box of size L. Let us denote by |E,) the eigenstates of the energy, with
n=123....

e a) What is the normalized wave function of the fundamental state in
the momentum representation? (Points 20%)

e b) What is the normalized distribution probability of the momentum
when the particle is in the fundamental state? (Points 10%)

e ¢) What is the average of p? in the fundamental state? (Points 10%)

e d) Suppose the particle is in the state (0) = |E}) + 314 |Es) at the time
t = 0. What is the smallest probability that the particle be in the state
¥(0) at any time ¢t > 0 7 (Points 15%)

13



Final written test: 12/7/2013: Solution
Problem 1

e a) The hermitian conjugate of H is

+ CL* b
i= (5 )
Therefore the condition for H to be hermitian is
a=a

i.e. a real.

e b) The eigenvalues are determined by the equation

0= det(H — ET) = det <“;E a_bE) _
=E*—2aE+d — [b]?
that is
E=FEy=a%|}
The corresponding eigenvectors

|Ey) = 24|1) + y+]2)

are determined by the equations
a — E:t b T\ 0
b* a — Ei Y+ o

(a—Ey)xy = —bys

that is

that is

b .
Flbloy = —bysr = o4 = im yr = +e' Py,

14

(75)

(76)

(77)

(78)

(79)

(80)



where 6, is the argument of b
b= |b|e'® (81)
Thus the normalized eigenvectors are

Bo) = —— (£ 1) + [2) (82)

V2

e ¢) Let us decompose |1) in the basis {|E,),|F_)}:

(0) = 1) = % (1E.) — |E2)) (83)

The state at the time ¢t is therefore
1 . . E L B_
U(t) = e (T B — e T EL) =
1

= Ee’wb e’i%t(e’i%t]EQ —eil%lt|E,>) (84)
The amplitude to be in the state |2) at the time ¢ is therefore
L g, —iaeg il
Ara(t) = 2[9(1) = 7° PeTtit (7 (2]Ey) +

—el R (2E)) =

1 . a ) .
_ 567191, efzﬁt (efz%t o ell%‘t) —
ity iot o |0
=je 'Pe'h sm%t (85)
and the probability
2 2 ’b‘
P1_>2(t) = ‘A1_>2(t)| = S1n Et (86)

Remark: By changing basis , and using [1’) = ¢'% [1) and |2/) = |2), we
can always change the matrix H to a real matrix

= ) 0

Therefore physical quantities cannot depend on the phase 6,.

15



Problem 2

e a) The normalized wave function in the coordinate representation is

() = \/% SinL; (88)

if x is the coordinate in the interval [0, L]. The wave function in the
momentum representation is

dzx

_[e“ *%>L—1+eﬂ'<%+%> —1} -1
T—7 T4 2V hL
S S L e (59)
L-% Vrhl  EEop VL

e b) The probability distribution of the momentum is therefore

~ B }e’i%L+1}2 Th 0082(%[4) AR

2
[ (p)|” = (Br 22 L3 (Br _p2)2 3

(90)

e ¢) () is an eigenfunction of p?, therefore the average of p* on this
state is its eigenvalue

(Y1, 0" ¢n) = hZTQ (91)
e d) The normalized state at the time t is
Y(t) = \/Ll_oe—“if |Ey) +\/i1_0ie_“Eﬁ2 |Es) (92)
The amplitude to be in the same state ¢(0) at the time ¢ is
(G000 () = e+ e (95)



The corresponding probability is
82 18

P(t) = (= (0000 = 35+ 1o <o

82 n 18 3miht
=—+— cos ——
100~ 100 2m L?

Ey — By

t =
h

(94)

The smallest probability to be in the fundamental state is therefore

82 18 64

Pmin =~ T AAn T TAAN T TAn
100 100 100

17

(95)



Quantum Mechanics: SERP-CHEM
Final written test: 7/1/2014

Problem 1
An harmonic oscillator of frequency w and mass m is in the state

b =10) +14[1)

e a) Compute the normalized wave function of the state in the momentum
representation. (Points 20%)

e b) Compute the average value on this state of the operator O=2ip+pi.
(Points 20%)

e ¢) Compute the average of O at the time ¢. (Points 20%)

Problem 2

A quantum system is described by a 2-dimensional space of states. In the
base {|1),]2)} the Hamiltonian of the system corresponds to the following
matrix

where a and b are real numbers.

e a) What are the normalized energy eigenstates and energy eigenvalues
of the system? (Points 20%)

e b) Suppose that the system be at the time ¢t = 0 in the state ¢(0) = |1).
What is the probability P(t) that the system is in the ground state at
the time ¢ > 07 (Points 20%)

e ¢) Suppose that the system above is used to describe a molecule made up
of two different atoms (or sub-molecules) with two bonding electrons®.

What is the ground state energy of the molecule in the independent
electron approximation and its binding energy? (Points 30%)

! Reminder: In this schematization, when the two atoms are separated one of the
two valence electrons is attached to the first atom (state |1)) while the other electron
localized around the second atom (state |2)). When the two atoms get closer, b becomes
non-vanishing and the valence electrons can be shared by the two atoms (or sub-molecules).

18



Final written test: 7/1/2014: Solution
Problem 1
a) The normalized state is

/_i li
v'= 2510 i)

The ground state satisfies the equation
al0)y = (p—imwi)|0)=0
In the momentum representation this becomes

B0 i

where 1y(p) is the wave function of the ground state |0) in the momentum
representation. The solution of this differential equation is
~ 2

do(p) = C e~ zman

The normalization factor C' is fixed by
o ~ o p2
1= [ dpldup) = ICF [ dpeitn = O VA Vinw
We can therefore take

~ 1 p? Qi \/X _A2p?

- 2
1 e

Yo(p) = We_”’” = ) VE

where \ = ,/ﬁ. The first excited state is obtain from

A
1) = at|0) = 7 (p+imwi) |0)
Hence
- A d »2
wl(p)zcﬁ(p—mwhd—p)e Tmwh =
2 2 p2
:C%(p-f-p)e 2mwh = (' i)\e_meﬁ



In conclusion the normalized wave function of ¢ in the momentum represen-
tation is

~ C 2p Ay __»? 1V 2P A, _a%p?
— 1+7]— e 2mwh —= —_— 1+/L_ € h2
b) Let us write O in terms of a and al:
OA:i“ﬁ%-ﬁf:h—QL[(a+a*)(a—a*)+(a—aT)(a+a*)} =
402 mw
I

Then

(6, 00) = ih (W, [a> — (a")(]0) +i[1)) =
— i, (V2]2) +iV6]3) = 0

Hence the average of O on this state is zero.
c) At the time ¢, the state is

W(t) = e (j0) +ie ! |1))
Hence

(), 0p(t)) = e ih (1), [a* = (a))(|0) +ie 7" [1))) =
= —ihe™ (i, (V2]2) +iv6eT*" [3))) = 0

This means that the average of the operator vanishes for any time ¢.
Problem 2

a)

Energy eigenvalues F are given by the solutions of the equation

0 = det (“‘bE Bab—E) = E* —4aE+3ad> -

Thus
ELQ =2a =+ Va?+ b?

20



The corresponding eigenvectors v o = <§1’2) are (for b # 0)
1,2
P10 =0C b =C b
12 7= ~1,.2 ELQ —a) 1.2 a=x \/m
The normalized eigenvectors are determined by the condition
1=|C12*2(a® +b* £ a Va2 + b?)

which means
1 1
2vVa2 + 02 vVal+ b2+ a

The ground state is 1, since Fy < F; for any value of a and b.
b) The state |1) writes in the basis {11, }

’1> - Cl bi/)l + CQ bwg

The state at the time ¢ is

C ) =

G(t) = e i h O by + et h Cybay

The probability that at the time ¢ the system is in the ground state s is
independent of ¢ and is
b? 1
2va? + b2 Va2 + b2 —a
c) The ground state of the molecule is the one in which both electrons

occupy the level Fsy, therefore the energy of the ground state of the molecule
is

P(t) = |G =

E=2F,=4a—-2Va®+?

The energy of the molecule when the electrons are each around its own atom
1s

Ey=3a+a=4a
The binding energy is therefore
Ebinding =F— EO =2v a? + b2

21



Quantum Mechanics: SERP-CHEM
Final written test: 27/1/2014

Problem 1
Consider the state ¢ of an harmonic oscillator of frequency w and mass
m which satisfies the equation

ath =) (96)

where « is a complex number.

a) Find the normalized wave function of ¥ in the Schrdinger representation.
(Points 20%)

b) Compute Az and Ap on the state 1) and show it is a state of minimal
indeterminacy. (Points 20%)

c¢) Consider the state

=3 S In) (97)

where |n) with n =0,1,2,... are the normalized eigenstates of the harmonic
oscillator Hamiltonian. Show that ¢ satisfies (96). (Points 20%)

d) Compute the norm of . (Points 20%)
Problem 2

Consider the homogenous polynomial of degree 3

P(z,y,z)=zyz

a) Show that P(x,y, z) harmonic. (Points 10%)
b) Decompose P(x,y, z) as linear combination of harmonic polynomials
Hj o (x,y, 2) of definite Ly eigenvalues. (Points 20%)

22



Final written test: 27/1/2014: Solution

Problem 1
Solution:
a) The wave-function ¢ (x) satisfies the differential equation
h
—ihy/ (@) —imwab(z) = = () (98)
that is
V() _ia  z (99)

The solution is
Y(z) =Ce' " a1x2 (100)
The normalized wave-function is obtained by imposing

x

0 . _ 22 oo ] ~ y2
1= (y,¢) =|C / dre'@ 3 22 = |C’|2>\/ dy e (==

a—a 2
= |OPAV2 e (101)
Hence
1 1 a—a 2 . x 12
b() = BRI (102)

T 1°¢
(2m)1 A2

b) Let us compute Az by making use of the Schrédinger representation:

w.sv)=IcP [

o0

. w2 oo ‘ ) 2
drze (i % = IC|? )\2/ dyye @Dy —

. 9, (a=q)? -
= 232 2 — e 2 =
i |C)1Z AV W@(a—d)e
— O V2T (0 —a)e T =i(a—a)A (103)

and

; = x (EQ o0 . —
(v, 32 ) = |C? / doa’e! @O RTE = [N / dyy et - Dvs =

—jopatvar Lt
B O(a —a)? B

= |C|2>\3\/ﬂ(1—(a—d)2)e 2 =N (1-(a—a)%)  (104)

[ee]

23



Thus
A =N [1—(a—a)’+ (a—a)?] =N\ (105)

For Ap, let us show how to perform the computation by using raising and
lowering operators together with Eq. (96). As a matter of fact, this method
is simpler:

= oy @+ (av,¥)) = o~ (e +a) (106)

And

D)
= — [la]* + ("¢, a' ¢) + o® + &%] =
= —[laP+ o +14+*+a%] =

=7 2]al* +1+a” +a? (107)

Hence

12 n?
2 2 2, =2 2 -2 21 _

We verified that the state is indeed a state of minimal indeterminacy

AxAp:;z (109)
c)
w:;ﬁﬁm—n :;m\/mum =
:az\(;%\m:a"ng (110)



‘a|2n

AP A _ JlaP?
<¢,¢>—;mm—§% = (111)

Problem 2
P(z,y, z) is homogenous of degree 3 and harmonic
0? o? 0?
S t+75t+t55 =0 112
We have
HS,j:3 = ZEi H3,:|:2 = $i <
1 1
Hzy =xy zz—Zaﬁx_ Hy =1 2°— Z:UQ_ T4
3
Hsg = 2° — 5 T+T-2 (113)
Hence

P(x,y,z) = =2t Y (114)
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Quantum Mechanics: SERP-CHEM
Final written test: 8/1/2016

Problem 1

A particle of spin 1/2 is subject to a uniform magnetic field which has
components both along the y direction and the z direction: the interaction
with the magnetic field is described by

H=—uB,s,—uB.5,

with g > 0. Suppose that at the time ¢t = 0 the particle is in the state with
definite value +§ of s,.

e a) What is the probability that at the time ¢ = 0 the measurement of
$ gives the value +27?(Points 10%)

e b) What are the energy eigenvalues and the normalized energy eigen-
vectors in terms of the eigenvectors |+) of 5,7 (Points 40 %)

e ¢) What is the probability that at the time ¢ > 0 the particle be in the
lowest energy state? Suppose B, = V/3 B., give the numerical value for
this probability. (Points 20%)

e d) What is the probability that at the time ¢t > 0 the measurement of
§. gives the value +%7 (Points 40 %)

26



Final written test: 8/1/2016: Solution
Problem 1

e a) The state with s, = 2 is

1
|50 = +) = 7 (1) +1-))

The probability that at the time ¢ = 0 the measurement of s, gives the
value +§ is therefore

2 1
P(s, = ):‘<3x:+|+>} 25
e b) The energy eigenvalues are determined by the equation

h ) 2
—QﬂBz—E ZQ,UBy _ 2_h_ 2 (2 2\ _

h L 5
Ei=4+—pu\/B?+B2=+—pu|B

The corresponding eigenstates are

Vi =24 |+) +y+|-)

that is

where

. E =
lByy:I: = (ﬁ—i_Bz)x:t = (i|B|+Bz)x:|:
2

For normalized eigenvectors we must take

lz P+ ye> =1

yr = Ny (£|B| + B.) x4 = NyiB,

1 = — —
vz = (B-£1B)° + By = 2B (15 £ B.)
B| ¥ B,

2|B| B2

1Bl B, |B| + B.
T+ =1 E—e— yi::i: E—e—
2|B| 2|B|
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with N real. At the time ¢t = 0 the system is in the state |+), whose
decomposition in terms of energy eigenstates is

P(0) = [+) = s (Yi|+) + - (P-|+) =
=yl +p_al
At the time ¢ the system is in the state

BB BB
G(t) =g ahe T g gt T =
= (x4 [4) +yp |- ah e T

Hg‘t

- [F) Hy- ) ale 2 =

w|B| w|B - | B

= (lea2e™ 5 o P ) + (gat e
)1-)

e ¢) The probability that at the time ¢ > 0 the particle be in the lowest
energy state is

.| B

+y_xte 2

2 * _ZHIE‘ *
Py (1) = (W @)[* = 2% e PP = |t [P = N? B2 =
~lag By
2" 5]

For B, = V3 B, we have

Po()=5(+3) =]

e d) The probability amplitude that at the time ¢ the measurement of §,
gives the value —i—% is

w|B

; |
T () ate T =

() = (+Hpy) 2t e F

= o Pe o Pei
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The corresponding probability is

n|B|

”‘f‘t_i_mi’Qei%ﬁ‘t) (Josl2e 2t 4

Pi(t) = (lv+?e”

w|B|

+|x_|2e_i 5 t):

— o[ 4 o'+ 2 oy a2 cos i | Bl ¢ =

Blt
= B, (N{+ N +2N; N? MTl) =
1 — — —
= 5 ((|B| = B.)” + (|B] + B.)* + 2 B, cos u|B|t) =

1 — -
= ———(|B)* + B>+ B2 cos u|B| t) =
0 2 cos B 1)
B; . B, Bt
=1——2—(1—cosplB|t)=1— - sin2’u| |
2|BJ? |BI? 2
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Quantum Mechanics: SERP-CHEM
Final written test: 1/2/2016

Problem 1
An electron moves freely in a 1-dimensional box of length L = 10~ m.
At the time ¢t = 0 the particle is in the state described by the wave-function

mx V2. 4z
x) =sin — + —isin —
Yol@) L3 L
e a) What is the average energy in electronvolts of the particle at the
time t = 07 What is the average energy at the time ¢ > 07 (Points

20%)

e b) What is the average of Z at the time ¢ = 0?7 What is the average of
& at the time ¢ > 07 (Points 30 %)

e ¢) Compute the probability that at the time ¢ > 0 the system be in the
state ¢y(z) = sin Z% — sin 2% . (Points 20%)
Problem 2
The space of states for electron in a diatomic molecule is a 2-dimensional
vector space with the orthonormal basis {|1),|2)} where |1) (]2)) are the
states in which the electron is attached to the first (second) molecule. The
energy levels of the electron are described by the hamiltonian

. EO C
H = ( C El)
where c is a real parameter and £y — Fg = AE > 0. Suppose AE = 1leV and

c=0.67eV. (Points 40%)

e a) What is the probability that the electron in the ground state is
attached to the first molecule?
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Final written test: 1/2/2016: Solution
Problem 1

e a) What is the average energy of the particle at the time ¢t = 07 What
is the average energy at the time ¢t > 07

The normalized wave function at the time ¢t = 0 is

; 3 V2
g = T (¢1 + 3 i1y) (115)

where 1,, = \/% sin “Tare the normalized energy eigenfunctions. Hence

H2a? 9 2, a4
H = _— —_— = _—=
= ) =0
_ s ey Qb g4y (116)
= 11 .0e L2 = . e

which does not depend on time.

e b) At time t = 0:

(8 = (o, o) = 2 (br, 2 40) + o (b 4) +
Sﬁ?(wmmw—@mfmwz
9L 2L
TR TR
3V2i
11

+

(o, ) — (o, 00) = (117)

+

31



Putting AE = E, — Ey = 1257’22;22, we have at time ¢ > 0

(E0)) = (o) o(t)) = 75 {W1,0) + 1 (e ) +
3v2i

T (T @) — R () =
9 L+ 2 L
112 112
3v2i (=32)L , ,ap:  am
(e n —e' h ) =
11 22572
= £ — V2641 sin AEt (118)
2 825 72 h
e ()
The norm of 9 is
L L
and the normalized final state is
- 1
Tr) = — T) — T 120
V() 7 (1(z) — Yu(x)) (120)
The transition amplitude is
A 1 3 Byt 1 V2 Byt
() = —=—=e"Th — — ——ije 'h 121
and the probability amplitude is
9 1 6 AEt
SO =t T s
1 6 AEt
= - — sin 122
2 11v2 h (122)
Problem 2
° a)
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The energy levels of the electron are

AE+VAEZ 42
E. = E,+ > tac (123)

The corresponding eigenstates are
where

(Ei - Eo) Ty = CY+ (125)

The (not normalized) ground state is

AE —AE? +4¢2

2¢c

[E-) = 1) + 2) (126)

The probabilty for an electron in the ground state to be attached to the
first atom is

g B 1 )
(E_|E-) 4 (AE—\/fCE;Q-Mc?)?
2
- i (127)
4224+ (1 — 1+ 422)?
where
c
- 128
NG (128)
For

z = 0.67 (129)
P, =0.80 (130)
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