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1. Recap of infra-red behaviour of QCD and the way Coulomb/Glauber
exchanges disrupt collinear factorization and induce
“super-leading” logarithms.

2. What is the correct way to account for Coulomb exchanges to all
orders? An explicit calculation in fixed-order (2 real emissions at 1
loop) indicates a dipole kt ordering.



Catani, de Florian,
Rodrigo
arXiv:1112.4405

| M) ~ Sp(p1, ---7pm;f);pm+1---,pn)\w>

Corrections are ,/s;; suppressed.

All orders.
Even at one-loop it is not the case that
M) ~ Sp(p1, ..., Dm; P)’M>
But the factorization breaking terms can cancel in (M |M).

This “generalized factorization™ 1s consistent with the known factorization of
all infra-red poles in QCD amplitudes.



Divergent structure of QCD: Loops MDY = 7Oy 4 [ afWsn)
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Divergent structure of QCD: Real emission

doy) = —(M©|Sp@Tsp @M @) d({p;}) d(PS) i1

/ sp0tsp® a(PS);, = 1) + 1"

®({p;}) =1 — perfect cancellation = KLN/Bloch-Nordsieck

1+ 1 o a(n) = Gt [ et T@ T+ 2PE) (i)

For a general observable only the poles need to cancel (IRC safety).
Generally, the remnant of this cancellation 1s uncancelled logarithms.

Note: the imaginary part of the loops needs a different mechanism to cancel.



An example: dijet production with a veto

3 Veto in-gap real emission with k; > Qg
Y

Emitted “out of the gap”

@ a2 e s
W ifhe e ~ w [ g [ Swe)
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D g2 4
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Putting s;; ~ Q? > Q% for i and j on opposite sides of the gap.

Emitted “in the gap”

Adding to the loop correction gives

Q2
Q3

This is simply the loop correction integrated over the region of “phase-space” where the real emission is vetoed.

do\V) + dol)) = (MO|T, - TR|M©)Yd(PS), —Ylog



The singularities of the one-loop splitting matrix, defined b
: b ' One loop
Sp(l) _ Ig) Sp(o) 4 Sp(l)ﬁn. ’
OIEVieY — 70 @ (00 @ (D) 770
can be extracted using (M¥|MY) +he = <M(O)|Sp Sp |M(1)> +
1 ) + (M7|Sp T Sp M) +
I(C)Sp(o) _ I(l)Sp(O) _ SP(O)I ,

h.
h

which we write as i
W =ro_7v

After some colour algebra:

o _ oasl /1 1 (1 1 2 i [ =
IC = %5 (6—2CP+Z’YP —iz:l: 6—201+E’)/Z—ECZID|ZZ| —? CP—Cl—f—;Ci
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with
‘A (1 Qs
A = o {2 X =Ty - (Th — TP)}
1 S
Coulomb exchange in the initial state
breaks amplitude level factorization at

one-loop level. It trivially cancels at the m+ 1

cross-section level. Since 38) is anti-Hermitian




Two loops

(M(O) |P(2§ |M(0)>

The factorization breaking still cancels at the cross-section level in pure
QCD processes.

e[ (@) (M) (1, AZ]] =0

11, 58)] is hermitian and a colour basis exists in which it is anti-symmetric.

H = |M©) (M) is real and symmetric in the same basis. Seymour & Sjodahl
arXiv:0810.5756




Three loops: no escape!

A pe) ar'?)
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o (8 (3517 1 <[4 [80 21 s
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L

This gives a non-zero contribution to the cross-section in QCD.

It will cancel against real emission graphs for sufficiently inclusive observables,
1.e. cuts through the “eikonal” gluon (in black).

JRF, Seymour, Siodmok
arXiv:1206.6363




These factorization breaking terms induce double-logarithmic
corrections at fourth-order in “gaps between jets™:

osLL(Q, Qo) ~ o 10g5 (2) N2:2y
S Q C

o0 0

Kyrieleis, Seymour, JRF
arXiv:hep-ph/0604094




One collinear splitting contribution to gaps-between-jets
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Kyrieleis, Seymour, JRF
arXiv:0808.1269




Soft approximation:

1/1+ 22
. . . dz = < > — [ dy
Real collinear emission: / 2\ 1-2 /

OR,
d,
/ Y dydkr

Ymax

collinear

Y > Ymax

o implies
dovy
/ W Tk - o kr Ay
YA™RT | collinear 0~ — exp | Ymax — 5
Ymax Q 2

If Ap + Ay = 0 then the divergence would cancel leaving behind a regularized
splitting, which would correspond to the DGLAP evolution of the incoming
quark pdf.



The Coulomb gluons spoil this cancellation and we have

I~H
o2
| =
N
— |
||+

bo

2 1\
) (AR + Av) =1In (;) (Ar + Av) + subleading
2 ¢

( Ymax + —— Ay +111<Q>> (AR+-“1\)
kr

Hence
Q Q 1
/ dk—T/ dy — ﬁ(/ymaxdy—l—(—ymax+lng>=—In23
Qo kT Jout Qo kr kr 2 Qo

The final result for the “one emission out-of-gap” cross-sectionis

205 QY o, BN?—4)
UISLL — _(70 _ hl QO ..ay —18()

DGLAP evolution fails above the veto scale, whence the soft and collinear
evolution can no longer be factorized — this is generic whenever real emissionis
not summed over inclusively.




Banfi, Salam, Zanderighi arXiv:1001.4082

Is k; ordering correct?

ky ordering: ki1 > kio > kyg
/@ dkys /’f dkyo /1 dfy [ dkes /’f dkyy
ki1 kt2 Jemio 02 Joo, ki3 Jo, K
virtuality ordering: ki1 > to = ko6 > ki3
/Q dkey / i, / /f2 dkes (" dhkyy
ki1 V2/Q ks kea

energy ordering: ki1 > Fo = kyo /02 > ki3

044

=2_—=>L°

5!

SL5

/Q dk;q /’f dE, / by /E dk,s /’ﬂ dkea N
ktl kt3 0 kt4



Soft gluon evolution - recap:

cr:i/danFn

n=0
doo = (MO|V} ,Voo[M©®) aml
doy = <M(0) VllT:QDL‘V&QITVOJHTD’I‘V‘]IT,Q M(O)> dIlodII,
doy = <M(0) V;T,QDL‘V:S?raqerguVE,qzrVO,qzngV%T,Q1TD'L1‘V¢11T=Q M(O)> dIodII; dIT;
ete. (1.1)
205 [P dkr 1 dy d¢ o
Vap =exp |— -/ F;(—T, Tj)§ {/ —g Wij =T O(ij =11 or FF) ,
(1.2)
1 Pi - Pj
1 v wij = k% !
le‘ = T, — .~ ! 2 (Pi'k)(p"k)
z XJ: R ]
dll — 20 dgr; dyid; |
T qri 2m

Aim 1s to test the correctness of

VO,QlTDlllV‘IlT:Q and VO:‘I?TD;VQQT#IITDIIIVQIT,Q'
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.. 1T > 427
Double emission case 1 1

e Limit 1: Both emissions are at wide angle but one gluon is much softer than the other,
ie. (qf: ~ qT) > (q2:E ~ qor). Specifically, we take g — Ag2 and keep the leading

term for small A.

e Limit 2: One emission (g2) collinear with p; by virtue of its small transverse mo-
mentum and the other (q;) at a wide angle, i.e. g5 > qor and ¢ ~ qi7 > qor.
Specifically, we take g2 — (g3 ,A%q3r/(2g3 ), Aqar) and keep the leading term for
small A.

e Limit 3: One emission (g ) collinear with p; by virtue of its high energy and the other
(q2) at a wide angle, i.e. g > qir and 1T > gor ~ q5 . Specifically, we take®
q1 = (g /A Ag3r/(2¢7), qur) and g2 — Ao, and keep the leading term for small .

2
2 2 k,—-—":/

—

Limit 1 Limit 2 Limit 3
Relevant for SLL



“EKikonal” cuts

e.g. 1strow of graphs

Gy = — 2 /Q-ﬁ
(Q:.>_+Q1—) 0 T
G11+G13—/
0

2 —q1

2(qy +95 )%a5 /9y dk2
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gy +4q1

/7 d:g

k/:j,—-

Subleading in limits 1 & 2

Gis + Gig v ——2

In all 3 limits sum is

(a7 +92) Jozp Kt

qlT dLT

Only leading in
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“Soft gluon” cuts i i i i (.
+ + ¢
i i J T j J
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X % B P BL|E
J j J : J j J
Limit 2 : i i ! :
+ + -
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j j j j
j j j : j j j
- g - g + gl - g
j j j j

Only graphs Gs. and Goj, are leading.

G __m llpi'élpi'&‘z] /quﬁ
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Limit 3 q1 collinear with p;

The leading contributions to the second colour structure cancel.

The first colour structure receives leading contributions to the following two

Lorentz structures:
i {81_2’:‘;_ 28 52} %
872 gy 43 a1 43

Only graph G, contributes to the first and it gives

Graphs {G14, G1b, G1¢, G14, G1e, G1} contribute to the second.

T 2,
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e % B
G

oy
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The contributions of graphs G1,, G1p cancel whilst

3(q7)2 437 gy +2(g3)2] [U% Az 1 [relate) g2

Gre = — )2 2 5 73

4(ql T4 ) 0 lT 2 Pitq1 lT

3¢7 +2¢; (W Az rilate) g2

Giag = ——/—— ZT + lT’
2(Q1 + qs ) T Pi-qi1 T

o 7(]1_ + 6q2_ /qrq; dl% 1 /pz"(th-l-(Jz) dl% /pj'QI dl%

le — -, — _N DS -5 -5 .
4(q1 + q2 ) l% 2 Pi-q1 Z’% bj-q2 l%

The sum of these three contributions is

2 o + -
o 17 20 +47)? o 1%

Finally, the four-gluon vertex graph (G1; exactly cancels the second term of this
expression.




q, Amore physical derivation of the same result

Sum over physical polarizations

dd—QkT 1
i/»1 = - ZJ4MV ex, , €1/ ek o ilgUA :
/8q1 g2(2m)4=2/1 — 2k2./(q1 - g2) 1 le ! mlzzm 2y | (1577)

2 4
A\ k7<2q1°q2 o9 9. 241 - (2 % %
gl’a;p’l‘g?’)\;p’zB st k2 €1py " €1;py €275ph " €25py o
T
) d—2
M = ng:u ‘ d kT ARV ek e *

- 2 d—4 Vpspi ©2'wiply |E15p " Elipy €2%5p5 T €2;ps -

872 k3. (2m —

P1Po

Gluon 1: momentum and polarization unchanged by the Coulomb scattering.

2,,2¢ d—2
M= igsp d* 2k A Eors - EX.
_ / e/ .
{72 k’%(Zﬂ')d_‘l , lpspr “2'vspl 5y " 2o
Ps



k
Mo [ amwer x| 19K / K33k dg sin~2 gdd—d 1+ gt coso
Lpspr Z2vip2 | Q2 k2, (2m)d—4 425 cosg + 2"3%

927 (41) 927 (i1)

kTu = ]{JT Sin¢81#;J_ + kT COS¢€1N§||

In four dimensions,the ¢ integral yields an exact ©-function:

g2 (276D Jk 2q2 - -

t T 2 q2 - q1Pi - G2
M= | A"eT . €5, Js —. 92r(in) = -
Hip1 vip2 47T 0 kT q1 - Pi

The kr of the Coulomb gluon is exactly limited by the transverse momentum
of the softer of the two gluons it is exchanged between, as measured in the rest
frame of a dipole formed by the harder of the two gluons and one of the fast
partons in the hard process.




