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Overview 
 
1.  Introduction to perturbative QCD 

2.  Fixed order calculations at the LHC 

3.  All order calculations and resummation 
 
4.  The menace of Coulomb gluons 

5.  Using QCD to probe new physics 
 





Asymptotic Freedom 

Free quarks and gluons do not exist. 
 
But we can use pQCD to describe their interactions at short 
distances. 
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Factorization allows us to make predictions 

d� =
X

i,j

Z
dx1dx2 fi(x1, µF )fj(x2, µF ) d�̂ij(Q,µR, µF )

Q = a large invariant mass.

Collins, Soper, Sterman

Nucl. Phys B308 (1988) 833. 

fi is a universal function



From Stefan Höche at the workshop










	
  	
  
Anastasiou, Duhr, Dulat, Herzog, Mistlberger: arXiv:1503.06056


QCD Higgs production at three loops 

3

FIG. 2: Scale variation of the gluon fusion cross-section at
all perturbative orders through N3LO.

pressions valid for all regions are known, is similarly sup-
prerssed. We therefore believe that the uncertainty of
our computation for the hadronic cross-section due to
the truncation of the threshold expansion is negligible
(less than 0.2%).

In Fig. 2 we present the hadronic gluon-fusion Higgs
production cross-section at N3LO as a function of a com-
mon renormalisation and factorisation scale µ = µr =
µf . We observe a significant reduction of the sensitiv-
ity of the cross-section to the scale µ. Inside a range

µ 2
⇥
mH

4 ,mH

⇤
the cross-section at N3LO varies in the

interval [�2.7%,+0.3%] with respect to the cross-section
value at the central scale µ = mH

2 . For comparison, we
note that the corresponding scale variation at NNLO is
about ±9% [2, 3]. This improvement in the precision of
the Higgs cross-section is a major accomplishment due to
our calculation and will have a strong impact on future
measurements of Higgs-boson properties. Furthermore,
even though for the scale choice µ = mH

2 the N3LO cor-
rections change the cross-section by about +2.2%, this
correction is captured by the scale variation estimate for
the missing higher order e↵ects of the NNLO result at
that scale. We illustrate this point in Fig. 3, where we
present the hadronic cross-section as a function of the
hadronic center-of-mass energy

p
S at the scale µ = mH

2 .
We observe that the N3LO scale uncertainty band is in-
cluded within the NNLO band, indicating that the per-
turbative expansion of the hadronic cross-section is con-
vergent. However, we note that for a larger scale choice,
e.g., µ = mH , the convergence of the perturbative series
is slower than for µ = mH

2 .

In table I we quote the gluon fusion cross section
in e↵ective theory at N3LO for di↵erent LHC energies.
The perturbative uncertainty is determined by varying
the common renormalisation and factorisation scale in
the interval

⇥
mH

4 ,mH

⇤
around mH

2 and in the interval⇥
mH

2 , 2mH

⇤
around mH .

�/pb 2 TeV 7 TeV 8 TeV 13 TeV 14 TeV

µ = mH
2 0.99+0.43%

�4.65% 15.31+0.31%
�3.08% 19.47+0.32%

�2.99% 44.31+0.31%
�2.64% 49.87+0.32%

�2.61%

µ = mH 0.94+4.87%
�7.35% 14.84+3.18%

�5.27% 18.90+3.08%
�5.02% 43.14+2.71%

�4.45% 48.57+2.68%
�4.24%

TABLE I: The gluon fusion cross-section in picobarn in the e↵ective theory for di↵erent collider energies in the interval
[mH

4 ,mH ] around µ = mH
2 and in the interval [mH

2 , 2mH ] around µ = mH .

Given the substantial reduction of the scale uncertainty
at N3LO, the question naturally arises whether other
sources of theoretical uncertainty may contribute at a
similar level. In the remainder of this Letter we briefly
comment on this issue, leaving a more detailed quantita-
tive study for future work.

First, we note that given the small size of the N3LO
corrections compared to NNLO, we expect that an esti-
mate for the higher-order corrections at N4LO and be-
yond can be obtained from the scale variation uncer-
tainty. Alternatively, partial N4LO results can be ob-
tained by means of factorisation theorems for thresh-
old resummation. However, we expect that the insight
from resummation on the N4LO soft contributions is only

qualitative given the importance of next-to-soft, next-to-
next-to-soft and purely virtual contributions observed at
N3LO, as seen in Fig. 1.

Electroweak corrections to Higgs production have been
calculated through two loops in ref. [32], and estimated
at three loops in ref. [33]. They furnish a correction of
less than +5% to the inclusive cross-section. Thus, they
are not negligible at the level of accuracy indicated by
the scale variation at N3LO and need to be combined
with our result in the future. Mixed QCD-electroweak
or purely electroweak corrections of even higher order
are expected to contribute at the sub-percent level and
should be negligible.

Next, we have to comment on our assumption that the

“The total scale variation 
at N3LO is 3%, reducing 
the uncertainty due to 
missing higher order QCD 
corrections by a factor of 
three.”  
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From talk by Petriello at the workshop
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Figure 1: The separate cross sections for the regions T1 >
T cut
1 and T1 < T cut

1 , together with their sum, as a function
of T cut

1 , normalized to the NLO cross section. The lower
panel shows the relative correction also with respect to the
NLO cross section. The solid lines denote the result for the
central scale choice µ = mH , while the bands show the result
as the scale as varied in the range mH/2  µ  2mH . The
black dashed lines denote �/�NLO = 1 (upper panel) and
��/�NLO = 0 (lower panel).

We begin by studying the fiducial cross section for
Higgs+jet production, which we define by imposing the
following cuts on the final state jet: pjetT > 30 GeV,
|Y jet| < 2.5. Our results are shown in Table I. We
can compare these results against the calculation of
Ref. [13], which is based on the technique of sector-
improved residue subtraction [30, 31]. The result quoted
in Ref. [13] does not include a cut on |Y jet|, and also
does not include the quark-initiated partonic channels
qq, q̄q, and q̄q̄. Incorporating the |Y jet| cut in the sector-
improved subtraction calculation [32] and removing the
quark-initiated channels from our result, we find agree-
ment within numerical errors. We note that the quark-
initiated partonic channels reduce the NNLO result by
approximately 1.5% within the fiducial region studied
here, indicating that they have small phenomenological
impact.

pjetT > 30 GeV, |Y jet| < 2.5

Leading order: 3.1+1.3
�0.9 pb

Next-to-leading order: 4.8+1.1
�0.9 pb

Next-to-next-to-leading order: 5.5+0.3
�0.4 pb

Table I: Fiducial cross sections, defined by pjetT > 30 GeV,
|Y jet| < 2.5, using NNPDF PDFs at each order of pertur-
bation theory. The central scale choice is µ = mH . Results
for µ = mH/2 and µ = 2mH are shown as superscripts and
subscripts, respectively.

We next show several distributions in Higgs plus jet

production. We show in Fig. 2 the rapidity distribution
of the leading jet at each order in perturbation theory,
as well as the K-factors (defined as ratios of higher-order
cross section over the lower-order ones) in the lower inset.
The NLO corrections exhibit a slight shape dependence,
with the corrections approximately 10-20% larger in the
central region than near |Y jet| = 2.5. The NNLO correc-
tions are flatter as a function of rapidity, and the NNLO
distribution is entirely contained within the NLO scale
variation band. In Fig. 3 we show the transverse momen-
tum distribution of the leading jet. There is a shape de-
pendence to the corrections, with theK-factor decreasing
as pjetT is increased. This trend is visible when going from
LO to NLO in perturbation theory, and also when going
from NLO to NNLO. We note that the NNLO result is
entirely contained within the NLO scale-variation band.
The shape dependence and magnitude of the NNLO cor-
rections for the pjetT distribution are in agreement with
the results of Ref. [13].

Figure 2: The rapidity of the leading jet at LO, NLO, and
NNLO in the strong coupling constant. The lower inset shows
the ratios of NLO over LO cross sections, and NNLO over
NLO cross sections. Both shaded regions in the upper panel
and the lower inset indicate the scale-variation errors.

Finally, we show in Fig. 4 the transverse momentum
of the Higgs boson in the H+jet process. The NLO cor-
rections range from 40% to 120% near pHT = 60 GeV,
depending on the scale choice. The magnitude of this
correction decreases as the transverse momentum of the
Higgs increases. The NNLO corrections are more mild,
reaching only 20% at most for the central scale choice
µ = mH . They also decrease slightly as the transverse
momentum of the Higgs increases. The shape depen-
dence and magnitude of the NNLO corrections for the pHT
distribution are in agreement with the results of Ref. [13].
We note that we have combined the two bins closest to
the boundary pHT = 30 GeV to avoid the well-known Su-
dakov shoulder e↵ect [33].

Higgs + 1 jet 
 
NNLO 

Boughezal, Focke, Giele, Liu, Petriello

arXiv:1505.03893




Precision at the LHC 
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Many observables are (often by construction) sensitive 
to multiparticle production in the final state. 
 
The production of many particles is typically not 
rare: the rate is enhanced by large logarithmic terms 
in the perturbation series. 



A classic example: Drell-Yan 

d�

dpT
=

d

dpT

✓
�0 exp

✓
�↵sCF

2⇡
L2

◆◆

pT = transverse momentum of the Z particle

L = ln(Q2/p2T )

Z pT

0

d�

dp0T
dp0T = �0 exp

✓
�↵sCF

2⇡
L2

◆

= rate of producing Z particles with transverse momentum below pT

• Fixed order in ↵s fails if L � 1.

• Accounts for all terms ⇠ ↵n
sL

2n
.

• Simple interpretation as a non-emission probability.
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Beyond the simplest approximation: systematic resummation 
of the large logarithms is possible. 

O = 1 + ↵s(L
2 + L+ 1) + ↵2

s(L
4 + L3 + L2 + L+ 1) + · · ·

O = C(↵s) exp

"
LgLL(↵sL) + gNLL(↵sL) + ↵sgNNLL(↵sL) + · · ·

#
For many observables: 

Can match the resummed result with the fixed order result. 

C(↵s) = 1 + ↵s CNNLL + · · ·

Progress in automated resummation 
e+e- at  NLL: Banfi, Salam, Zanderighi hep-ph//0407286

e+e- at NNLL:  Banfi, McAslan, Monni, Zanderighi arXiv:1412.2126

Gerwick, Schumann, Höche, Marzani arXiv: 1411.7325




Banfi, Dasgupta, Marzani and Tomlinson, arXiv:1205.4760
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All orders (resummed) works well 



Catani, de Florian, Ferrera, Grazzini, arXiv:1507.06937 


NNLO + NNLL 



The large logarithms of infra-red origin are 
a result of: 
 
1.  Soft gluon emission 
 
2.  Collinear parton branching 



SOFT GLUONS 

•  Only have to consider soft gluons off the external legs of a hard 
subprocess. 

 
•  Colour factor is the “problem”. 



COLLINEAR EMISSIONS 

Colour structure is easier. It is as if 
emission is off the parton to which it is 
collinear. 

Simulation codes exploit the fact that in the “large Nc” approximation 
both wide-angle soft and collinear emissions can be included via a 
classical branching algorithm.  



Weighting the real emissions induces a miscancellation and a logarithm,  
e.g. 
 

Not all observables are affected by soft and/or collinear 
enhancements  
 
Intuitive: inclusive observables do not care that the outgoing partons may 
subsequently radiate additional soft and/or collinear particles. 

Bloch-Nordsieck Theorem 
 
Real & virtual graphs cancel 
exactly in soft approximation 
if the real emissions are  
integrated over without  
restriction. 

↵s

Z Q

0

dkT
kT

� ↵s

Z µ

0

dkT
kT

= ↵s ln
Q

µ

Virtual loop Real emission phase-space if

emissions forbidden above µ



COHERENCE 

! 

Marchesini, Webber 1988




COHERENCE 

Used to factorize collinear emissions from soft, wide 
angle, gluon emissions. 

The failure of the “coherence identity” for the imaginary part 
will be significant later. 



Soft gluon corrections will be important for observables that  
measure only small deviations from lowest order kinematics. 
 
In such cases real radiation is constrained to a small corner of  
phase space and BN miscancellation triggers large logarithms. 



JET VETOING: “Gaps between jets” 

Observable restricts emission only in the gap region therefore expect

↵n
s logn(Q/Q0)

i.e. do not expect collinear enhancement since we sum inclusively over the
collinear regions of the incoming and outgoing partons.



Real emissions are forbidden in the phase-space region 

“By Bloch-Nordsieck, all other real emissions cancel and we therefore only 
need to compute the virtual soft gluon corrections to the primary hard 
scattering.” 

The virtual gluon is 
integrated over “in gap” 
momenta, i.e. the 
region where real 
emissions are 
forbidden.  

⇤gap = ⇤0 exp
�
�CF

�s

⇥
Y ln

�
Q

Q0

⇥⇥

e+e� � qq̄ case is very simple:



Real emissions are forbidden in the phase-space region 
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The virtual gluon is 
integrated over “in gap” 
momenta, i.e. the 
region where real 
emissions are 
forbidden.	
  	
  

“By Bloch-Nordsieck, all other real emissions cancel and we therefore only 
need to compute the virtual soft gluon corrections to the primary hard 
scattering.” 

But this is over an oversimplication: we cannot get rid of the real emissions 
so easily…. 



This observable is non-global 

Real & virtual 
corrections cancel 
for 
“out of gap” gluons. 

But these do not if 
the gluon marked 
with a red blob is in 
the forbidden region: 
the 2nd cut is not 
allowed. 

The observable is sensitive to “out of gap” gluons. 
 
The real emissions no longer cancel once we start to evolve emissions 
(such as those denoted by the blue blob in the above) which lie outside 
of the gap region and which have kT > Q0.	
  
	
  	
  

Dasgupta & Salam 



•  The observable is sensitive to gluon emissions outside of the gap, even 
though it sums inclusively over that region.  

•  Not a surprise: emissions outside of the gap can radiate back into the 
gap. 

• Must include any number of emissions outside of the gap and their 
subsequent evolution. 

•  Colour structure now becomes much more complicated. 



The amplitude can be projected onto a colour basis, e.g. for  
quark scattering: 

i.e. and  

Iterating the insertion of soft virtual gluons builds up the resummed 
amplitude:  

where the evolution matrix is  

Oderda & Sterman




Further real emissions introduce new ingredients 

1) How to add a real gluon to the four-quark amplitude 

2) How to evolve the resulting 5-parton amplitude 



Kyrieleis & Seymour: hep-ph/0510089 




Has been extended to all five parton amplitudes: 
 
e.g. gg à ggg  
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Sjödahl

arXiv:0807.0555  


And then we need to allow for a second (and third etc.) real emission. 
 
Very soon we need to keep track of very large matrices. 



The general algorithm 

Ángeles-Martínez, JRF, Seymour:  arXiv:1510.07998




Coulomb gluons a.k.a. Glauber gluons 

• The real-virtual cancellation of soft gluons occurs point-by-point in phase-

space only between the real parts of the virtual corrections and the real

emissions.

• Below Q0, the imaginary parts exponentiate to produce a pure phase in

the amplitude and no physical e↵ect.

• Above Q0, the imaginary parts mix with the real parts in non-abelian

QCD and contribute.





One loop 



Two loops 



Three loops 

Only cancels if we integrate over the full green (“eikonal”) gluon phase-space, i.e. no breakdown 
of the factorization theorems as originally proven. 

JRF, Kyrieleis, Seymour, arXiv:08081269

JRF, Seymour, Siodmok, arXiv: 1206.6363

Catani, de Florian, Rodrigo: arXiv: 1112.4405




The impact on “gaps between jets” 

�1 ⇠ ↵4
s log
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✓
Q

Q0

◆
⇡2Y

JRF, Kyrieleis, Seymour hep-ph/0604094	
  



Jet vetoing as a tool 

Measurement of electroweak production of Z + two jets 

ATLAS Collaboration: 1401.7610v2


The signal: 



The background: 

The QCD process is much more likely to radiate extra gluons…..so 
 
Divide the event sample into two, according to whether or not there is a 
3rd jet in between the two highest transverse momentum jets 
 
Signal sample = no 3rd jet 
 
Control sample = a 3rd jet 





Impressively high significance of observation because  
of the use of the jet veto. 
 
A precursor to similar studies in Higgs production. 
 
 

Since the background is extracted from the data, many of the experimenal 
and theoretical uncertainties associated with it are reduced, e.g. 
 
•  Theoretical modelling of background is 7.5% (i.e. from using different 

Monte Carlo generators to provide the template). The theory itself is known 
far less accurately than this. 

•  Uncertainty on the energy scale callibration of the jets is down to 5.6% (since it 
only really affects the shape of the signal). This would otherwise be > 20%. 

�EW = 54.7± 4.6 (stat)+9.8
�10.4 (syst)± 1.5 (lumi) fb

Theory predicts ⇡ 46± 1 fb



ATLAS collaboration arXiv: 1504.05833v2 
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Absolute and fractional cross sections in bins of jet 
multiplicity for inclusive Higgs boson production at 
8 TeV measured by combining the H→γγ and H → 
ZZ *→ 4ℓ analyses using 20.3 fb-1 of pp collisions.  

Just starting 
to study jets in  
Higgs production. 
 
One of the exciting 
areas for Run 2. 



Jet substructure: a way to detected boosted heavy particles 

Butterworth, Davison, Rubin, Salam  arXiv:0802.2470

Seymour, Z. Phys. C 62, 127 (1994)

Butterworth, Cox and JRF, hep-ph/0201098


Not used to date (8 TeV) in Higgs decay to b quarks but expected to be important 
in 14 TeV analyses and the eventual detection. Butterworth, Ochoa, Scanlon arXiv: 1506.04973


Major progress on analytic understanding of jet substructure:

Dasgupta, Fregoso, Marzani, Salam  arXiv:1307.0007 

Dasgupta, Fregoso, Marzani, Powling  arXiv:1307.0013 

 
 

e.g. 



A 3.4� bump!?

CMS arXiv: 1405.1994

ATLAS arXiv: 1506.00962




Conclusions 
 

•   Accounting for soft gluons is hampered by the 
complications of colour.  

•   Partial resummations, based on parton shower Monte 
Carlos, are subject to potentially large corrections, 
especially from sub-leading colour and Coulomb gluons. 

•   Features of QCD radiation can be used to isolate and  
study non-QCD physics. This will be a feature of LHC  
Run 2 analyses. 

 
 
 


