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Reggeization
Follows from solving the RRG equation

OnOsOn̄

Each sector has a 
natural rapidity scale
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We have a choice to either run 
collinear ops from               to 

⌫ ⇠
p
s⌫ ⇠

p
�t or run the soft function.

As opposed to RG anom. dim. we are 
integrating out rapidity shells, depends 
upon IR regulator. this dependence will 
drop out when we calculate something 

physics (e.g. BFKL)
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2. Relations between Anomalous Dimensions

Having established notations for the anomalous dimensions, we next consider the constraints

imposed by the fact that there is no overall ⌫ or µ dependence for the scattering of soft and collinear

particles or the scattering of n-collinear and n̄-collinear particle, since there are no ⌫ or µ dependent

Wilson coe�cients in these Lagrangians. For simplicity we will work out these constraints at one-

loop order, which is the level needed for our analysis. First consider the scattering between two

neighboring rapidity sectors, n-soft scattering mediated by one or more Oij
ns operators. Here there

is no mixing of multiple insertions of LII(0)

G back into a single insertion. The only such diagram

involves the iteration Oik
nsO

kj
ns with a Glauber loop that has one soft and one collinear propagator,

and this loop diagram is identical to the box calculation in Sec. IID 1, and hence is finite. Therefore

we can look at the Oij
ns alone, giving

⌫
d

d⌫

X

ij=q,g

Oij
ns = ⌫

d

d⌫
(OqA

n +OgA
n )

1

P2

?
(OqnA

s +OgnA
s ) = 0 . (144)

This equation indicates that the one-loop rapidity divergences cancel between the soft and n-

collinear loop diagrams for this operator. The fact that there is no nontrivial Wilson coe�cient

between the quark and gluon operators in either the n-collinear or soft sectors also implies that

they must not mix into a di↵erent combination

⌫
d

d⌫
(OqA

n +OgA
n ) = �n⌫(OqA

n +OgA
n ) , ⌫

d

d⌫
(OqnA

s +OgnA
s ) = �s⌫(OqnA

s +OgnA
s ) . (145)

Eqs. (140) and (143) imply that these constants of proportionality are given by

�n⌫ ⌘ �qqn⌫ + �gqn⌫ = �ggn⌫ + �qgn⌫ , �sn⌫ ⌘ �qqsn⌫ + �gqsn⌫ = �ggsn⌫ + �qgsn⌫ . (146)

These results can also be derived starting only with Eq. (144) and setting to zero the linear

combinations of anomalous dimensions multiplying OiA
n (1/P2

?)OjnA
s for each choice of i and j.

The result in Eq. (146) constrains the sum of entries in the columns of �̂⌫On
to be equal. The fact

that only the combination (OqA
n + OgA

n ) appears also implies that �n⌫ is the only combination of

entries from �̂⌫On
that we need, with analogous results for the soft �̂⌫Osn

. The root of these results is

that the rapidity renormalization only depends on the presence of the octet color index A, and not

on the choice of fermion or gluon building blocks. Nevertheless we will see that mixing between

fermions and gluons operators still plays a crucial role in this universality.

Due to the connection between the rapidity cuto↵s in the neighbouring soft and n-collinear

sectors for Oij
ns as expressed by Eq. (144), we also have the additional relation

�qqn⌫ + �gqn⌫ = ��qqsn⌫ � �gqsn⌫ , or �n⌫ = ��sn⌫ . (147)

Thus the relevant rapidity anomalous dimensions in the n-collinear and soft sector are equal with

opposite signs. For the anomalous dimensions for operators appearing in Oij
n̄s analogous results to
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mixing leads to 
universality

There exists strong constraints on the 
rapidity anomalous dimensions due to 
the fact that there is no hard matching 

coefficient.
Consider running of single index operators
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is no mixing of multiple insertions of LII(0)
G back into a single insertion. The only such diagram

involves the iteration Oik
nsO

kj
ns with a Glauber loop that has one soft and one collinear propagator,

and this loop diagram is identical to the box calculation in Sec. VB1, and hence is finite. Therefore,

at this order we can look at the Oij
ns (defined in eq.(37)) alone.

The fact that the tree level matching is exact and that that quark and gluon operators have iden-

tical coe�cients, places strong constraints on the anomalous dimensions. Imposing the condition

that
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d
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s +OgnA
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i.e. the sum of the two operators must mix into itself.
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�qqn⌫ + �gqn⌫ = ��qqsn⌫ � �gqsn⌫ , or �n⌫ = ��sn⌫ . (144)

Thus the relevant rapidity anomalous dimensions in the n-collinear and soft sector are equal with

opposite signs. For the anomalous dimensions for operators appearing in Oij
n̄s analogous results to

Eqs. (143) and (144) also hold, simply replacing n ! n̄. Therefore we also define �n̄⌫ ⌘ �qqn̄⌫+�gqn̄⌫ =

�ggn̄⌫ + �qgn̄⌫ , and �sn̄⌫ ⌘ �qqsn̄⌫ + �gqsn̄⌫ = �ggsn̄⌫ + �qgsn̄⌫ .

There is also no overall µ dependence for the n-soft scattering operator

µ
d

dµ

X

ij=q,g

Oij
ns = µ

d

dµ
(OqA

n +OgA
n )

1

P2
?
(OqnA

s +OgnA
s ) = 0 . (145)
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A for the bare and renormalized operators. The same decomposition applies for the n̄-collinear

sector with n ! n̄ for all terms, which we write out just to be definite

~OBbare

n̄ = V̂On̄ · ~OB
n̄ (⌫, µ) , V̂On̄ =

0

B

@

1 + �V qq
n̄ �V qg

n̄

�V gq
n̄ 1 + �V gg

n̄

1

C

A

, ~OB
n̄ =

0

B

@

OqB
n̄

OgB
n̄

1

C

A

. (115)

The structure for the rapidity divergent soft sector is more complicated since we have operators

OqnA
s , OgnA

s , Oqn̄A
s , Ogn̄A

s , as well as OAB
s . Phrased in the language of mixing, the single color

index operators with Sn Wilson lines, OqnA
s and OgnA

s , will mix with themselves, but not with

Oqn̄A
s and Ogn̄A

s which have Sn̄ Wilson lines. This occurs because soft loops and emissions from a

soft operator alone do not generate Wilson lines. Thus for these single index operators we have

~OAbare

sn = V̂Osn
· ~OA

sn(⌫, µ) , V̂Osn
=

0

B

@

1 + �V qq
sn �V qg

sn

�V gq
sn 1 + �V gg

sn

1

C

A

, ~OA
sn =

0

B

@

OqnA
s

OgnA
s

1

C

A

, (116)

plus a direct analog for Oqn̄A
s and Ogn̄A

s obtained with n ! n̄. For the double index operator

OAB
s we have self renormalization as well as mixing from time-ordered products (T-products) with

the same color structure, such as TOgnA
s (x)Ogn̄B

s (0). Since in OAB
s the index A couples to an

n-collinear sector and the index B couples to a n̄-collinear sector, we must maintain this same

structure on the T-product terms. Since OAB
s has a no-gluon Feynman rule, to mix into it one

must have the fields in the T-product annihilate each other. At O(↵s) this can only occur through

either a soft quark or gluon loop, which allows only certain products of operators to appear. The

full form of the mixing equation is

~OABbare

s = V̂Os · ~OAB
s (⌫, µ) , (117)

V̂Os =

0

B

B

B

B

B

B

B

B

B

B

B

B

@

1 + �Vs 0 0 0 0

�V Tqq
s

V̂Osn
⌦ V̂Osn̄

�V Tgq
s

�V Tgg
s

�V Tqg
s

1

C

C

C

C

C

C

C

C

C

C

C

C

A

, ~OAB
s =

0

B

B

B

B

B

B

B

B

B

B

B

B

@

OAB
s

i
R

d4x T OqnA
s (x)Oqn̄B

s (0)

i
R

d4x T OgnA
s (x)Oqn̄B

s (0)

i
R

d4x T OgnA
s (x)Ogn̄B

s (0)

i
R

d4x T OgnA
s (x)Oqn̄B

s (0)

1

C

C

C

C

C

C

C

C

C

C

C

C

A

.

Here the lower right 4⇥4 block in V̂Os is determined by the renormalization factor in Eq. (118) and

its analog with n ! n̄, since these terms just involve the renormalization of individual operators

appearing in the T-products. For example, the (2, 4) entry of V̂Os is �V qg
sn �V

qg
sn̄ . The 1⇥ 1 entry is

the self renormalization of OAB
s , and the four entries below it are due to mixing of the T-products

into OAB
s . The entries with 0s indicate that the operator OAB

s does not mix into the T-products.

At one-loop the non-zero entries are �Vs (from the soft subgraph in Fig. 19e), �V Tqq
s (from the soft

23

full QCD graphs in Fig. 8a and expanding in � gives

i
h

ūn
n̄/

2
TBun

ih�1

~q 2

?

ih

8⇡↵sv̄s
n/

2
TBvs

i

, (34)

i
h

ifBA3A2gµ2µ3
? n̄ · p

2

ih�1

~q 2

?

ih

8⇡↵sv̄s
n/

2
TBvs

i

, i
h

ūn
n̄/

2
TBun

ih�1

~q 2

?

ih

8⇡↵sif
BA4A1gµ1µ4

? n · p
1

i

,

i
h

ifBA3A2gµ2µ3
? n̄ · p

2

ih�1

~q 2

?

ih

8⇡↵sif
BA4A1gµ1µ4

? n · p
1

i

.

Thus despite the di↵erences in the scaling of momenta, the results for the n-s scattering are

essentially the same as for the n-n̄ scattering given above in Eq. (27). The reason for this is

that the comparison of light-cone momenta in these two cases is the same, the n̄ · p momenta are

largest for the n-collinear particles, and the n · p momenta are larger for the n̄ or soft particles

than they are for the n-collinear particles. For the four SCET operators that are responsible for

forward scattering of soft with n-collinear particles we write operators with n-collinear and soft

components separated by a 1/P2

? factor

Oqq
ns = OqB

n

1

P2

?
OqnB

s , Oqg
ns = OqB

n

1

P2

?
OgnB

s , Ogq
ns = OgB

n

1

P2

?
OqnB

s , Ogg
ns = OgB

n

1

P2

?
OgnB

s . (35)

The structure of soft Wilson lines in OqnB
s and OgnB

s is determined by the direction of the collinear

fields, explaining why we add the additional subscript n to the quark and gluon superscripts: qn

and gn. The SCET operators which reproduce the result in Eq. (34) again involve OqB
n or OgB

n

from Eq. (29) for the n-collinear sector terms in the left-most square brackets, just as was the case

for reproducing Eq. (27). For the soft-collinear scattering there does not exist a set of fields that

are between these sectors in rapidity, hence here there is no analog of the soft operator with two

adjoint indices in Eq. (32), and the 1/P2

? gives the central terms in square brackets in Eq. (34).

The remaining right most terms in square brackets are reproduced by the soft quark and gluon

operators:

OqnB
s = 8⇡↵s

⇣

 ̄n
S TB n/

2
 n
S

⌘

,

OgnB
s = 8⇡↵s

⇣ i

2
fBCDBnC

S?µ n · (P+P†)BnDµ
S?

⌘

. (36)

Here the soft fields with n superscripts carry Sn Wilson lines and were defined in Eqs. (12) and (16)

above. The appearance of the adjoint Wilson line SnTBS†
n = SBC

n TC is necessary to preserve soft

gauge invariance, and we will see in Sec. III A that they arise from integrating out soft attachments

to the n collinear lines. By convention we group the gauge coupling with the soft component of

the operator. Due to our normalization conventions the total operators in Eq. (35) have Wilson

coe�cients that are 1 at tree level. To derive the scaling of the operators we note that OiB
n ⇠ �2,

and OiB
s ⇠ �3, so with the 1/P2

? ⇠ ��2 we have the total scaling Oij
ns ⇠ �3. This is the correct

scaling for a mixed n-s Glauber operator that contributes at leading power in the SCET Lagrangian

as shown below in Sec. II E.

58

A for the bare and renormalized operators. The same decomposition applies for the n̄-collinear

sector with n ! n̄ for all terms, which we write out just to be definite
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. (115)

The structure for the rapidity divergent soft sector is more complicated since we have operators

OqnA
s , OgnA

s , Oqn̄A
s , Ogn̄A

s , as well as OAB
s . Phrased in the language of mixing, the single color

index operators with Sn Wilson lines, OqnA
s and OgnA

s , will mix with themselves, but not with

Oqn̄A
s and Ogn̄A

s which have Sn̄ Wilson lines. This occurs because soft loops and emissions from a

soft operator alone do not generate Wilson lines. Thus for these single index operators we have

~OAbare

sn = V̂Osn
· ~OA

sn(⌫, µ) , V̂Osn
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1
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A

, (116)

plus a direct analog for Oqn̄A
s and Ogn̄A

s obtained with n ! n̄. For the double index operator

OAB
s we have self renormalization as well as mixing from time-ordered products (T-products) with

the same color structure, such as TOgnA
s (x)Ogn̄B

s (0). Since in OAB
s the index A couples to an

n-collinear sector and the index B couples to a n̄-collinear sector, we must maintain this same

structure on the T-product terms. Since OAB
s has a no-gluon Feynman rule, to mix into it one

must have the fields in the T-product annihilate each other. At O(↵s) this can only occur through

either a soft quark or gluon loop, which allows only certain products of operators to appear. The

full form of the mixing equation is

~OABbare

s = V̂Os · ~OAB
s (⌫, µ) , (117)
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.

Here the lower right 4⇥4 block in V̂Os is determined by the renormalization factor in Eq. (118) and

its analog with n ! n̄, since these terms just involve the renormalization of individual operators

appearing in the T-products. For example, the (2, 4) entry of V̂Os is �V qg
sn �V

qg
sn̄ . The 1⇥ 1 entry is

the self renormalization of OAB
s , and the four entries below it are due to mixing of the T-products

into OAB
s . The entries with 0s indicate that the operator OAB

s does not mix into the T-products.

At one-loop the non-zero entries are �Vs (from the soft subgraph in Fig. 19e), �V Tqq
s (from the soft

Collinear mixing:

19

while the first and second superscript determine whether we take a quark or gluon operator in the

n-collinear or n̄-collinear sectors. Without soft gluons we have OBC
s = �BCP2

?.

The n-collinear quark and gluon terms, which occur in the first square bracket in each of the

four terms in Eq. (27), are matrix elements of the n-collinear operators

OqB
n = �n,!T

B n̄/

2
�n,! , OgB

n =
i

2
fBCDBC

n?µ,�! n̄ · (P+P†)BDµ
n?,! . (29)

Here the ! momentum labels ensure that the operators only pick out the forward contribution

where the large momentum of the n-collinear fields is conserved within the n-collinear operators,

and for the gluon operator we will always take ! > 0 (which avoids the need to worry about the

symmetry factor obtained when the two Bn?s are swapped). The n̄-collinear quark and gluon

terms appear as the contributions in the last square brackets of the four terms Eq. (27), and are

matrix elements of the operators,

OqB
n̄ = �n̄,!0TB n/

2
�n̄,!0 , OgB

n̄ =
i

2
fBCDBC

n̄?µ,�!0 n · (P+P†)BDµ
n̄?,!0 , (30)

where for the gluon operator we take !0 > 0. From Eqs. (29) and (30) we see that the n-collinear

and n̄-collinear results are the same, just with n $ n̄. These collinear operators are bilinears of the

fundamental quark and gluon gauge invariant building block operators in SCET. Furthermore, both

of these operators are octet combinations of the building blocks. The special condition imposed by

forward scattering kinematics is that these bilinears have a conserved momentum in one component

(we leave this as implicit in our definitions in Eqs. (29) and (30) since further subscripts would

be needed to indicate it explicitly). The tree level matching that yields the proper Wilson line

structure in the operators in Eqs. (29) and (30) is actually non-trivial due to operator mixing, and

is described in detail in Sec. III A.

The middle terms in square brackets in Eq. (27), those involving ↵s, do not have objects like

polarization vectors or spinors that correspond to external lines. Nevertheless, they are actually

matrix elements of a soft operator which involves soft gluon fields as well as soft Wilson lines.

Accounting for the the 1/P2

? factors in Eq. (28) these operators must reduce to 8⇡↵sP2

? when all

soft fields are turned o↵. The full soft operators are derived in Sec. III B and we obtain

OBC
s = 8⇡↵s

⇢

Pµ
?ST

n Sn̄P?µ � P?
µ g eBnµ

S?ST
n Sn̄ � ST

n Sn̄g eBn̄µ
S?P?

µ � g eBnµ
S?ST

n Sn̄g eBn̄
S?µ

� nµn̄⌫

2
ST
n ig eG

µ⌫
s Sn̄

�BC

. (31)

Here the Sn and Sn̄ Wilson lines are in the adjoint representation as described near Eq. (14) and

the other field objects eBn
S?, eBn̄

S?, and eGs are matrices in the adjoint space as in Eq. (20). The

adjoint soft Wilson lines Sn and Sn̄ are generated from integrating out soft interactions with the n

and n̄ collinear fields which lead to momenta p2 ⇠ Q2� � Q2�2. They are necessary to maintain

soft gauge invariance. The operator in Eq. (31) is gauge invariant under soft gauge transformations
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soft operator alone do not generate Wilson lines. Thus for these single index operators we have

~OAbare
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sn(⌫, µ) , V̂Osn

=

0

B

@

1 + �V qq
sn �V qg

sn

�V gq
sn 1 + �V gg

sn

1

C

A

, ~OA
sn =

0

B

@

OqnA
s

OgnA
s

1
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A

, (135)

plus a direct analog for Oqn̄A
s and Ogn̄A

s obtained with n ! n̄. For the double index operator

OAB
s we have self renormalization as well as mixing from time-ordered products (T-products) with

the same color structure, such as TOgnA
s (x)Ogn̄B

s (0). Since in OAB
s the index A couples to an

n-collinear sector and the index B couples to a n̄-collinear sector, we must maintain this same

structure on the T-product terms. Since OAB
s has a no-gluon Feynman rule, to mix into it one

must have the fields in the T-product annihilate each other. At O(↵s) this can only occur through

either a soft quark or gluon loop, which allows only certain products of operators to appear, but

at higher orders other terms can also contribute. The full form of the mixing equation is

~OABbare
s = V̂Os · ~OAB

s (⌫, µ) , (136)
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Here the lower right 4⇥4 block in V̂Os is determined by the renormalization factor V̂Osn
in Eq. (135)

and its analog with n ! n̄, since these terms just involve the renormalization of individual operators

appearing in the T-products. For example, the (2, 4) entry of V̂Os is �V qg
sn �V

qg
sn̄ . The 1⇥ 1 entry is

the self renormalization of OAB
s , and the four entries below it are due to mixing of the T-products

into OAB
s . The entries with 0s indicate that the operator OAB

s does not mix into the T-products.

At one-loop the non-zero entries are �Vs (from the soft subgraph in Fig. 21e), �V Tqq
s (from the soft

part of Fig. 21d), �V Tgg
s (from the soft part of Fig. 21c), and the terms in the 4 ⇥ 4 submatrix

V̂Osn
⌦ V̂Osn̄

.

The independence of the bare collinear and bare soft operators to the rapidity renormalization

scale ⌫ and to the invariant mass renormalization scale µ, leads to renormalization group equations

in the standard fashion. Thus we have

⌫
@

@⌫
~OA
n (⌫, µ) = �̂⌫On

· ~OA
n (⌫, µ) , �̂⌫On
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0

B

@

�qqn⌫ �qgn⌫

�gqn⌫ �ggn⌫

1

C

A

, (137)
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A for the bare and renormalized operators. The same decomposition applies for the n̄-collinear

sector with n ! n̄ for all terms, which we write out just to be definite

~OBbare
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. (115)

The structure for the rapidity divergent soft sector is more complicated since we have operators

OqnA
s , OgnA

s , Oqn̄A
s , Ogn̄A

s , as well as OAB
s . Phrased in the language of mixing, the single color

index operators with Sn Wilson lines, OqnA
s and OgnA

s , will mix with themselves, but not with

Oqn̄A
s and Ogn̄A

s which have Sn̄ Wilson lines. This occurs because soft loops and emissions from a

soft operator alone do not generate Wilson lines. Thus for these single index operators we have
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, (116)

plus a direct analog for Oqn̄A
s and Ogn̄A

s obtained with n ! n̄. For the double index operator

OAB
s we have self renormalization as well as mixing from time-ordered products (T-products) with

the same color structure, such as TOgnA
s (x)Ogn̄B

s (0). Since in OAB
s the index A couples to an

n-collinear sector and the index B couples to a n̄-collinear sector, we must maintain this same

structure on the T-product terms. Since OAB
s has a no-gluon Feynman rule, to mix into it one

must have the fields in the T-product annihilate each other. At O(↵s) this can only occur through

either a soft quark or gluon loop, which allows only certain products of operators to appear. The

full form of the mixing equation is

~OABbare

s = V̂Os · ~OAB
s (⌫, µ) , (117)
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Here the lower right 4⇥4 block in V̂Os is determined by the renormalization factor in Eq. (118) and

its analog with n ! n̄, since these terms just involve the renormalization of individual operators

appearing in the T-products. For example, the (2, 4) entry of V̂Os is �V qg
sn �V

qg
sn̄ . The 1⇥ 1 entry is

the self renormalization of OAB
s , and the four entries below it are due to mixing of the T-products

into OAB
s . The entries with 0s indicate that the operator OAB

s does not mix into the T-products.

At one-loop the non-zero entries are �Vs (from the soft subgraph in Fig. 19e), �V Tqq
s (from the soft

OAB
s = 8⇡↵s

X

i

CiO
AB
iSoft mixing double index index:
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,

with analogous results for �̂⌫On̄
and �̂µOn̄

by taking n ! n̄. In particular we have the relation

�ijn̄ = �ijn

�

�

�

n!n̄
(138)

between n-collinear and n̄-collinear anomalous dimensions. The ⌫-anomalous dimension is entirely

determined by the 1/⌘ pole in V̂O\ , and the µ-anomalous dimension by the 1/✏ pole in V̂O\ .

For the soft operators with one color index we have similar results
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and again obtain results for �̂⌫Osn̄
and �̂µOsn̄

by taking n ! n̄. Finally for the soft operators with

two-color indexes we have
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2. Relations between Virtual Anomalous Dimensions in SCETII

Having established notations for the anomalous dimensions, we next consider the constraints

imposed by the fact that there is no overall ⌫ or µ dependence for the scattering of soft and collinear

particles or the scattering of n-collinear and n̄-collinear particle, since there are no ⌫ or µ dependent

Wilson coe�cients in these Lagrangians. For simplicity we will work out these constraints at one-

loop order, which is the level needed for our analysis. First consider the scattering between two

neighboring rapidity sectors, n-soft scattering mediated by one or more Oij
ns operators. Here there
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and again obtain results for �̂⌫Osn̄
and �̂µOsn̄

by taking n ! n̄. Finally for the soft operators with
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2. Relations between Virtual Anomalous Dimensions in SCETII

Having established notations for the anomalous dimensions, we next consider the constraints

imposed by the fact that there is no overall ⌫ or µ dependence for the scattering of soft and collinear

particles or the scattering of n-collinear and n̄-collinear particle, since there are no ⌫ or µ dependent

Wilson coe�cients in these Lagrangians. For simplicity we will work out these constraints at one-

loop order, which is the level needed for our analysis. First consider the scattering between two

neighboring rapidity sectors, n-soft scattering mediated by one or more Oij
ns operators. Here there
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This relation is ensured by the fact that there is no µ dependence for the individual soft and

collinear sectors at this order,

µ
d

dµ
(OqA

n +OgA
n ) = 0 , µ

d

dµ
(OqnA

s +OgnA
s ) = 0 , (146)

which implies even simpler relations for the µ anomalous dimensions,

�nµ ⌘ �qqnµ + �gqnµ = �ggnµ + �qgnµ = 0 , �snµ ⌘ �qqsnµ + �gqsnµ = �ggsnµ + �qgsnµ = 0 . (147)

Again we have analogous results with n ! n̄.

Next we consider the consistency equations for the scattering of two rapidity sectors when there

is another rapidity sector in between, namely n-n̄ scattering. In this case multiple insertions of

LII(0)
G can mix back into a single insertion through the intermediate rapidity sector. At one-loop

the graph built from iterations of Glauber potentials, Oik
nsn̄O

kj
nsn̄ with one n-collinear and one n̄-

collinear propagator, are again finite. However we also have graphs with soft loops of gluons or

quarks from the T-product of two operators,
P

k=q,g O
ik
nsO

jk
n̄s, that mix back into a single Oij

nsn̄.

These T-products are precisely the graphs shown in Fig. 21c,d. Due to this mixing the consistency

equation for n-n̄ scattering takes place at the level of demanding that there is no ⌫ dependence
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Due to the previous result in Eq. (141) there is no contribution from the individual operators
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Given Eqs. (145) and (147) this implies that at one-loop
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At the Level of Single Glauber (1-loop)

76
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only contributions at one loop
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Again mixing plays a key role in obtaining this result. In particular, the graph that contributes

the ln(�t) in the anomalous dimension for OqA
n is initiated by gluons, and enters through �gqn⌫ .

Next we turn to the soft anomalous dimensions. For the operators OqnA
s and OgnA

s the con-

tributing diagrams are very similar to our analysis of the n-collinear operators above, but there is

not a one-to-one correspondence to the diagrams, and the soft calculation also has contributions

related to the running coupling that appears explicitly in OinA
s . Due to the similarities we do not

bother to give a detailed discussion of the various diagrams. The key di↵erence is that for the soft

graphs the rapidity regulator appears as |n̄ · k � n · k|�⌘ rather than |n̄ · k|�⌘, which reverses the

sign of the 1/⌘ poles. For this reason, the final rapidity anomalous dimension for the relevant com-

bination of single color index soft operators, (OqnA
s +OgnA

s ) has the opposite sign to the n-collinear

case,

�sn⌫ = �qqsn⌫ + �gqsn⌫ = �ggsn⌫ + �qgsn⌫ = �↵sCA

2⇡
ln

⇣�t

m2

⌘

. (164)

Together Eq. (163) and Eq. (170) satisfy the expected relation in Eq. (144), that �sn⌫ = ��n⌫ .

Just like for the collinear operators there is no overall µ anomalous dimension for (OqnA
s +OgnA

s ).

The final operator to consider is the two index soft operator OAB
s . The results needed for the

renormalization of this operator at one-loop can all be read o↵ of those from Sec. VIIA. There are

two types of contribution, the mixing of OAB
s back into OAB

s , and contributions from products of

the single index soft operators, OknA
s Okn̄B

s mixing into OAB
s . Considering OAB

s we have the flower

graph and the counterterm from the ↵s prefactor
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where h(✏, µ2/m2) was defined in Eq. (118). To obtain Eq. (165) we have taken the result for

Fig. 21c, and stripped o↵ a prefactor of i(ūnTA n̄/
2un)(v̄n̄T̄

B n/
2 vn̄)/t

2. This prefactor includes terms

associated with the tree level matrix element of the non soft parts of the operator, namelyOA
n (1/P2

?)

on one side and (1/P2
?)O

B
n̄ on the other, as well as an overall i. From the remaining terms we

again show only the divergences in Eq. (165), since only the renormalization is being considered

here. This result determines
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The final contributions come from T-products of two soft operators OknA
s Okn̄B

s for k = g, q, which

occurred in our one-loop matching calculation in Fig. 21c,d.
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At one-loop order the soft rapidity anomalous dimension contributions are given by �Xs⌫ =

�(⌫d/d⌫)�V X
s . Di↵erentiating both the explicit ln ⌫ dependence and the ⌫ dependence in the

coupling w by using (⌫d/d⌫)w2 = �⌘w2 (then setting the renormalized w = 1), we have
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Thus for the relevant soft virtual contribution to the rapidity anomalous dimension, �s⌫ = �dirs⌫ +

�Tqq
s⌫ + �Tgg

s⌫ , we obtain
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. (170)

Utilizing Eq. (163), and noting that �n̄⌫ = �nµ, we see that �s⌫ = ��n⌫ � �n̄⌫ as expected.

For the µ anomalous dimensions at one-loop we have �Xsµ = �(µd/dµ)�V X
s . Noting that

the combinations ↵s(µ)g(✏, µ2/(�t)) and ↵s(µ)h(✏, µ2/m2) are µ-independent, and recalling that

(µd/dµ)↵s(µ) = �2✏↵s(µ) +O(↵2
s) we find
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Thus for the only relevant combination of µ-anomalous dimensions we find �sµ = �dirsµ +�Tqq
sµ +�Tgg

sµ =

0, so there is no µ-evolution for the SCETII soft operator as expected.
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Thus for the only relevant combination of µ-anomalous dimensions we find �sµ = �dirsµ +�Tqq
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0, so there is no µ-evolution for the SCETII soft operator as expected.
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Thus for the only relevant combination of µ-anomalous dimensions we find �sµ = �dirsµ +�Tqq
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0, so there is no µ-evolution for the SCETII soft operator as expected.
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Thus for the only relevant combination of µ-anomalous dimensions we find �sµ = �dirsµ +�Tqq
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0, so there is no µ-evolution for the SCETII soft operator as expected.
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We will see in the next section that if we consider the virtual ⌫-anomalous dimensions alone,

then they depend on a logarithm of the IR regulator, ln(m2). This dependence is canceled when

we consider the full anomalous dimensions obtained by the sum of divergences in virtual and real

radiation graphs. Because of this cancellation, the relations derived here in Eqs. (144) and (149)

also apply for the corresponding real radiation graphs.

3. One-Loop Virtual Anomalous Dimension Results

Here we consider the one-loop calculation of the various virtual contributiosn to anomalous

dimensions discussed in Sec. VIIB 1 with the goal of identifying the non-trivial terms and cross-

checking the various relations discussed in Sec. VIIB 2. With external quarks the results can

be determined from the SCETII diagrams given in Sec. VIIA, while results with external gluons

require additional calculations.

First consider the n-collinear sector with the bilinear quark and gluon operators OqA
n and

OgA
n . For OqA

n mixing back into OqA
n there are W Wilson line graphs and the vertex graph (plus

wavefunction renormalization), all of which can be read o↵ from the results in Sec. VIIA by

stripping o↵ the appropriate prefactor that is related to the other sectors. We have
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There is only one non-zero graph where the operator OgA
n mixes into OqA

n , namely the V-graph.

This result can be again found from the results in Sec. VIIA, and determines the �V gq
n counterterm,
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where the function g(✏, µ2/(�t)) is given in Eq. (114).
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where Sng = ifABCg��? n̄ · p"B�"C� is the tree level matrix element of OgA
n . Just like in the quark

calculation, the collinear gluon tadpole graphs give zero due to their soft zero-bin subtraction.
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The remaining contributions determine the �V gg
n counterterm to be
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It is interesting to note that that the CA/✏ terms cancel.

Finally, we consider the mixing of OqA
n into OgA

n . The relevant diagrams are
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where we have summed over all possible nf light flavors that can appear in the OqA
n operator.

after zero-bin 
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Again the collinear quark loop tadpole graph is exactly cancelled by the soft zero-bin subtraction,
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Thus, the result in Eq. (158) yields the counterterm for OqA
n mixing into OgA
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At one-loop order the n-collinear rapidity anomalous dimension contributions are given by
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Note that these results satisfy the necessary condition for the paths in ⌫ and µ space to be in-

dependent [31], (⌫d/d⌫)�ijnµ = (µd/dµ)�ijn⌫ . From these results we can immediately check that
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combination of operators, (OqA
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n ), as anticipated. It is interesting to note that this occurs
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4. Solving the RRG equation: Reggeization

As we have seen in the matching calculation, the result for the one loop scattering amplitude

for anti-collinear particles, involves logs of the ration s/(�t). To resum these logs we utilize the

RRG to ensure that all of the individual factorized pieces of the operator are evaluated at the

appropriate rapidity scales. This Greens function is not physical, so we should expect it to depend

upon the IR regulator, but it is still of formal interest.

If we consider the operator Oij
nsn̄, the soft piece of the factorized matrix will be void of large logs

if we choose ⌫ = �t, and the large logs will reside in the two collinear functions. Due to the form

of the anomalous dimension equation, we see that the collinear operators (summed over quark and

gluon) obey a standard RG evolution equation

d

d log ⌫
(OqA

n +OgA
n ) = �n⌫(OqA

n +OgA
n ) (172)

whose solution is given by

(OqA
n +OgA

n )(⌫ =
p�t) =

⇣ s

�t

⌘��n⌫/2
(OqA

n +OgA
n )(⌫ =

p
s) . (173)

Combining this with the analogous result for OjA
n̄ we find the standard Reggeization result for the

leading logs in the amplitude, TODO:

Check this

(TODO)

(OqA
n +OgA

n )(⌫ =
p�t)

1

P2
?
OAB

s (⌫ =
p�t)

1

P2
?
(OqB

n̄ +OgB
n̄ )(⌫ =

p�t)

=
⇣ s

�t

⌘��n⌫

(OqA
n +OgA

n )(⌫ =
p
s)

1

P2
?
OAB

s (⌫ =
p�t)

1

P2
?
(OqB

n̄ +OgB
n̄ )(⌫ =

p
s) , (174)

where ↵ = ��n⌫ is the Regge exponent. For the renormalized operators on the RHS there are no

large logarithms in their matrix elements, since they are evaluated at the scales ⌫ which minimize

their respective rapidity logarithms. If we had instead started the evolution at ⌫ =
p
s then there

would be no evolution for the collinear operators, and the soft operators evolution would generate

this same leading logarithmic Regge resummation factor.

C. One Loop Matching in SCETI

In this section we repeat the matching calculation carried out in Sec. VIIA, but in the theory

SCETI. Although our focus in the majority of this paper is on SCETII, we mentioned in Sec. VA

that the Glauber Lagrangian for SCETI is identical (needs modifiction)in form to that for

SCETII, and only di↵ers in the form of its 0-bin subtractions. This section will serve to check that

we have the proper form of the Glauber Lagrangian for SCETI at one-loop, and highlight some

di↵erences between the results in various sectors between SCETII and SCETI. The main distinction

for SCETI is the presence of ultrasoft modes, which live at a scale parametrically smaller than the
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Summing Logs in IR safe quantities
Consider observables for which the soft radiation is not 

measured. For this class the RRG equation will reduce to the 
BKFL equation

Consider the total cross section for hadron scattering try to 
capture s dependence
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Of course we can not count perturbative Glauber exchange to give the correct result when

t < ⇤, however we should be able to capture all of the large logs at any given order by running in

rapidity down to a scale of order a few GeV.

Schematically we may write the total proton-proton scattering cross section as

�pp =

Z

d�

dt
dt ⇠

Z

dt
X

Xs,Xn,Xn̄

hpnp̄n | Xs, Xn, Xn̄iO(t(Pn
?,P n̄

?))hXs, Xn, Xn̄ | pnp̄ni, (176)

with the operators Pn
?,P n̄

? only acting on the collinear part of the Hilbert space and

t =
X

i

| ~p i
n? | (177)

sums the transverse momenta of the n-collinear particles. Note that t is not physical in the sense

it is not measureable quantity for the reasons discussed above. It is simply there to facilitate the

resummation of the logs. Given that we are measuring the total cross section these logs are of the

form Log(s/⇤) whereas by running the collinear operators in the Glauber exchange operator from

⌫ = s to ⌫ = t
0

, the rapidity renormalization group will sum logs of the form Log(s/t
0

) where t
0

is some scale near ⇤ but still large enough to trust perturbation theory. This is also the scale are

which we must evaluate the low energy no-perturbative matrix element.

A. BFKL Equation for the Soft Function

In evaluating the matrix element of hte Lipatov operator, large rapidity logs arise due to the

tension between the the collinear modes whose natural rapidity scale is ⌫c ⇠
p
ŝ and the the soft

mode for which ⌫s ⇠ p| t |. For simplicity we will choose ⌫ = ⌫c so that all the large logs reside

in the soft part of the matrix element. These logs are summed by running the soft function in

rapidity space from ⌫s to ⌫c.

We will be working in the limit where t � ⇤QCD so that we may treat Glauber exchange

pertubratively. That is, at leading order the Lipatov operator e↵ectively acts like an external

current not as part of the action. We will discuss the more general case where we allow an

arbitrary number of insertions of the Lipatov operator below.

We label the soft piece of the Lipatov operator in terms of the incoming/outgoing by l0?/l? such

that the tree Feynman rule is given by

h0 | 1

l2?
Oab

s (l?, l0?)
1

l0?
2

| 0i = �8⇡↵

l2?
�ab�2(l? � l0?), (178)

where Oab
s (l?, l0?) is the two dimensional Fourier transform of (31). Thus at the level of the

insert
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where L(0)

nn̄s = L(0)

n +L(0)

n̄ +L(0)

s is the non-Glauber parts of the SCET Lagrangian, a, b indicate the

field boundary conditions at time t = �T,+T , and [D�] is a short hand to indicate the functional

integral over all relevant SCET soft and collinear fields. We will only be interested in the large T

limit, T ! 1(1� i0). All these terms are leading order in the power counting. In order to consider

the rapidity renormalization it is convenient to expand out the Glauber interactions

U(a, b;T ) =

Z

⇥D�
⇤

exp
h

i

Z

d4x L(0)

nn̄s(x)
i

⇥


1 + i

Z

d4x
1

LII

G(x1) +
i2

2!

Z

d4x
1

d4x
2

LII

G(x1)LII

G(x2) + . . .

�

. (172)

V. BFKL AND THE RAPIDITY RENORMALIZATION GROUP

In the previous section we studied the running of the forward scattering operators. While

Reggeization gives us some physical insight, the calculation in itself is unphysical and IR divergent.

Now we would like to consider how the rapidity renormalization group can be used to sum logs

in physical observalbes. Thus we must either consider an IR safe inclusive obervable or a less

inclusive observabale which includes some non-pertubative function which encapsulates the infrared

divergences.

A. Factorization with the Glauber Lagrangian

In this section we consider how to include the Glauber Lagrangian into a factorized analysis

for situations where the Glauber exchange is important and does not cancel out, such as forward

scattering. Since the Glauber Lagrangian couples together soft and collinear modes we can only

factorize it if we expand the Glauber Lagrangian insertions in a Taylor series. To organize this

factorization we expand the time evolution generated by the Glauber Lagrangian as

exp i

Z

d4xLII(0)

G (x) =



1 + i

Z

d4y
1

LII(0)

G (y
1

) +
i2

2!

Z

d4y
1

d4y
2

LII(0)

G (y
1

)LII(0)

G (y
2

) + . . .

�

(173)

= 1 +
1
X

k=1

1
X

k0=1

1

k!

1

k0!

 k
Y

i=1

Z

d4xi(OqAi
n +OgAi

n )(xi)

�

⇥
 k0
Y

i0=1

Z

d4xi0(OqBi0
n̄ +OgBi0

n̄ )(xi0)

�

O
A1·Ak,B1···Bk0
s(k,k0) (x

1

, . . . , xk0) .

For the first nontrivial term where k = k0 = 1 the soft operator is

OAB
s(1,1)(x1, x10) = �4(x

1

� x
1

0)OAB
s (x

1

) +
⇥OqnA

s (x
1

) +OgnA
s (x

1

)
⇤⇥Oqn̄A

s (x
1

0) +Ogn̄A
s (x

1

0)
⇤

. (174)

In momentum space

OAB
s(1,1)(q?, q

0
?) = OAB

s (q?, q0?) +
Z

d4x T
⇥OqnA

s (q?) +OgnA
s (q?)

⇤⇥Oqn̄A
s (q0?) +Ogn̄A

s (q0?)
⇤

. (175)
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setting x̃ = x̃0 = x̃00 = x̃000 = 0. The relevant soft operator for this calculation is therefore

OAB
s(1,1)(q?, q

0
?) ⌘ 2

X

k±

Z

[dx±][dx0±]�(x+)�(x0�)OAB
s(1,1),�k±(q?, q

0
?)(x̃, x̃

0) (203)

= (2⇡)2 OAB
s (q?,�q0?)(x̃ = 0)

+
i

2
(2⇡)2

Z

dx�dx0+ T e
i
2x

0+·P̂ X

i,j=q,g

OinA
s (q?)

⇣n

2
x�� n̄

2
x0+

⌘

Ojn̄B
s (�q0?)(0)e

� i
2x

0+·P̂ .

Here the soft operators appear without k± labels and therefore are unrestricted in these momenta.

The squared soft matrix element is then given by

1

V2

1

q2?q
02
?q

002
? q0002?

X

Xs

⌦

0
�

�O†A0B0

s(1,1) (q
00
?, q

000
?)

�

�Xs

↵⌦

Xs

�

�OAB
s(1,1)(q?, q

0
?)

�

�0
↵

= SAA0BB0
G (q?, q0?, q

00
?, q

000
?) ,

(204)

where V2 = (2⇡)2�2(0) includes the remaining part of the volume factor. The contraction of color

indices and ? �-functions from the collinear sectors in Eq. (201) allows us to reduce the form of

the required soft function further to

SG(q?, q0?) =
Z

d2q00?d
2q000? �AA0

�BB0
�2(q?�q00?)�

2(q0?�q000?)S
AA0BB0
G (q?, q0?, q

00
?, q

000
?)

=
1

V2

�AA0
�BB0

(~q 2
? ~q 0 2

? )2

X

X

⌦

0
�

�OAB
s(1,1)(q?, q

0
?)

�

�X
↵⌦

X
�

�O†A0B0

s(1,1) (q?, q
0
?)

�

�0
↵

. (205)

The �AA0
�BB0

contraction in Eq. (205) implies that the combined Glauber exchanges on either side

of the cut are in a color singlet state. In some applications one may be required to consider a

color-octet configuration and/or a ?-momentum configuration with q? 6= q̃? and q0? 6= q̃0?, but we

will not examine a case like this here.

Combining all these results, the squared forward transition matrix at lowest order in the Glauber

exchange is given by

T(1,1) =

Z

d2q?d2q0? Cn(q?, p�)SG(q?, q0?)Cn̄(q
0
?, p

0+) , (206)

Here Cn(q?, p�) = Cn(q?, p�, 0, 0) and Cn̄(q0?, p
0+) = Cn̄(q0?, p

0+, 0, 0) in terms of the matrix

elements in Eq. (201). Finally, we note that conjugation relation in Eq. (78) implies

OAB
s(1,1)(q?, q

0
?) = OBA

s(1,1)(q
0
?, q?)

�

�

�

n$n̄
. (207)

Since we integrate over soft ±-momenta to define SG(q?, q0?) it only has the trivial n · n̄ = 2

dependence on the collinear directions that show up in the soft operator Wilson lines, and hence

its definition implies that it is a symmetric function

SG(q?, q0?) = SG(q
0
?, q?) . (208)
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Since we integrate over soft ±-momenta to define SG(q?, q0?) it only has the trivial n · n̄ = 2

dependence on the collinear directions that show up in the soft operator Wilson lines, and hence

its definition implies that it is a symmetric function

SG(q?, q0?) = SG(q
0
?, q?) . (208)

Collinear Matrix Elements
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n-collinear

n-collinear

soft

FIG. 24. Pictoral representation of the soft-collinear factorization of the lowest order forward scattering

Glauber interaction. This factorization is linear in the interaction and leads to the BFKL equation.

Note that here we have not factorized in the scales t and ⇤2
QCD, so the collinear and soft functions

contain both of these scales, with the dependence on t appearing through q? or q0?. The factoriza-

tion in Eq. (206) for T(1,1) separates the modes in rapidity, allowing for a resummation of ln(s/t)’s,

but does not include a factorization from expanding in ⇤2
QCD/t ⌧ 1.

The result in Eq. (206) gives a factorized form for the forward scattering process at lowest order

in the Glauber exchange operators, but to all orders in the soft and collinear Lagrangians, L(0)
S

and L(0)
n,n̄. Therefore the functions Cn(q?), Cn̄(q0?), and SG(q?, q0?) each have non-trivial series in

↵s. In the next two sections, Secs. VIII B and VIIIC we will consider the renormalization of the

lowest order transition amplitude T(1,1), which at leading logarithmic order simply involves the

rapidity renormalization of these soft and collinear functions, and only requires O(↵s) real and

virtual calculations. For the full scattering corrections at this same order in ↵s also occur from a

term with more insertions of the Glauber operators:

T(2,1) + T(1,2) =
1

V

X

X

h

⌦

pp0
�

�U(2,2)

�

�X
↵⌦

X
�

�U †
(1,1)

�

�pp0
↵

+
⌦

pp0
�

�U(1,1)

�

�X
↵⌦

X
�

�U †
(2,2)

�

�pp0
↵

i

. (209)

At this order in ↵s we can either contract both the Oi
nO

i
n and Oj

n̄O
j
n̄ in U(2,2) to give a Glauber

box diagram as in Fig. 12 or we could attach the two forward collinear lines in each of Oi
nO

i
n

and Oj
n̄O

j
n̄ to di↵erent partons in the incoming hpnp0̄n| state. Neither of these contributions has

a logarithmic rapidity divergence, and hence it su�ces to consider just T(1,1) when deriving the

leading-logarithmic renormalization equations.

Introducing the rapidity cuto↵ ⌫ and renormalized collinear and soft functions we have

T(1,1) =

Z

d2q?d2q0? Cn(q?, p�, ⌫)SG(q?, q0?, ⌫)Cn̄(q
0
?, p

0+, ⌫) . (210)

The physical picture for this factorization of the forward cross section is given in Fig. 24. In the

next section we derive the leading-logarithmic evolution equation for the soft function SG(q?, q0?, ⌫)

and show that it is the BFKL equation. Then in Sec. VIII C we will derive the BFKL equations
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for Cn(q?, p�, ⌫) and Cn̄(q0?, p
0+⌫) by using renormalization group consistency. We will further

discuss the more general set of matrix elements for the U(k,k0) case, where we allow an arbitrary

number of insertions of the forward scattering operators, in Sec. ?? below.

B. BFKL Equation for the Soft Function

In evaluating matrix elements of the forward scattering operator, large logs arise due to the

tension between the collinear modes whose natural rapidity scale is ⌫c ⇠
p
ŝ and the soft mode for

which ⌫s ⇠ p�t. Thus the large logs can not be minimized with a single choice of the rapidity

scale ⌫ in the SCET matrix elements. Since the final result is independent of which ⌫ we choose, we

will take ⌫ = ⌫c so that all the large logs reside in the soft part of the matrix element. These logs

are summed up by running the soft function in rapidity space from ⌫s to ⌫c. For the calculations

in this section we set the IR mass regulator m = 0 since infrared divergences will cancel in the sum

of real and virtual diagrams. We also set d = 4 since only the rapidity divergences will be relevant

for our RGE analysis.

We will be working in the limit where t � ⇤QCD so that we may treat Glauber exchange

perturbatively. To sum the logarithms at leading logarithmic order (LL) we only need to consider

the k = k0 = 1 term in Eq. (196), and this Glauber operator e↵ectively acts like an external current.

We label the soft piece of the forward scattering operator in terms of the incoming q? and

outgoing q0? such that the lowest order Feynman rule is given by
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s(1,1) was defined in Eq. (203), and this lowest order contribution comes from OAB
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which was defined in Eq. (57). Thus at the level of the amplitude squared
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Here the solid vertical line denotes the final state cut. The color factor �AA = N2
c � 1.

To renormalize the SG(q?, q0?) matrix element we must consider the O(↵s) real and virtual

corrections. The real radiation correction is calculated using the one-soft gluon Feynman rule of

OAB
s (q?, q0?) (equivalent to the Lipatov vertex) which was given in Eq. (6), and implementing

the prefactors in the definition in Eq. (205). We let the outgoing momentum of the soft gluon

be k = q + q0, and note that the multipole expansion for collinear particles restricts the O(�)

This form will allows to renormalize 
through a convolution
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FIG. 24. Pictoral representation of the soft-collinear factorization of the lowest order forward scattering

Glauber interaction. This factorization is linear in the interaction and leads to the BFKL equation.

Note that here we have not factorized in the scales t and ⇤2
QCD, so the collinear and soft functions

contain both of these scales, with the dependence on t appearing through q? or q0?. The factoriza-

tion in Eq. (206) for T(1,1) separates the modes in rapidity, allowing for a resummation of ln(s/t)’s,

but does not include a factorization from expanding in ⇤2
QCD/t ⌧ 1.

The result in Eq. (206) gives a factorized form for the forward scattering process at lowest order

in the Glauber exchange operators, but to all orders in the soft and collinear Lagrangians, L(0)
S

and L(0)
n,n̄. Therefore the functions Cn(q?), Cn̄(q0?), and SG(q?, q0?) each have non-trivial series in

↵s. In the next two sections, Secs. VIII B and VIIIC we will consider the renormalization of the

lowest order transition amplitude T(1,1), which at leading logarithmic order simply involves the

rapidity renormalization of these soft and collinear functions, and only requires O(↵s) real and

virtual calculations. For the full scattering corrections at this same order in ↵s also occur from a

term with more insertions of the Glauber operators:
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At this order in ↵s we can either contract both the Oi
nO

i
n and Oj

n̄O
j
n̄ in U(2,2) to give a Glauber

box diagram as in Fig. 12 or we could attach the two forward collinear lines in each of Oi
nO

i
n

and Oj
n̄O

j
n̄ to di↵erent partons in the incoming hpnp0̄n| state. Neither of these contributions has

a logarithmic rapidity divergence, and hence it su�ces to consider just T(1,1) when deriving the

leading-logarithmic renormalization equations.

Introducing the rapidity cuto↵ ⌫ and renormalized collinear and soft functions we have

T(1,1) =
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discuss the more general set of matrix elements for the U(k,k0) case, where we allow an arbitrary

number of insertions of the forward scattering operators, in Sec. ?? below.
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in this section we set the IR mass regulator m = 0 since infrared divergences will cancel in the sum

of real and virtual diagrams. We also set d = 4 since only the rapidity divergences will be relevant

for our RGE analysis.

We will be working in the limit where t � ⇤QCD so that we may treat Glauber exchange

perturbatively. To sum the logarithms at leading logarithmic order (LL) we only need to consider

the k = k0 = 1 term in Eq. (196), and this Glauber operator e↵ectively acts like an external current.
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Here OAB
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Here the solid vertical line denotes the final state cut. The color factor �AA = N2
c � 1.

To renormalize the SG(q?, q0?) matrix element we must consider the O(↵s) real and virtual

corrections. The real radiation correction is calculated using the one-soft gluon Feynman rule of

OAB
s (q?, q0?) (equivalent to the Lipatov vertex) which was given in Eq. (6), and implementing

the prefactors in the definition in Eq. (205). We let the outgoing momentum of the soft gluon

be k = q + q0, and note that the multipole expansion for collinear particles restricts the O(�)
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momentum flow as discussed in Sec. VB2. This gives n · q = n · k and n̄ · q0 = n̄ · k. Summing over

polarizations in Feynman gauge, the square of the one-gluon Feynman rule is
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where in the last equality we used the soft gluon equations of motion 0 = k2 = (q + q0)2 =

n · q n̄ · q0� (~q?+ ~q 0
?)

2 to eliminate all but the last term in the large round brackets, and to replace

the product n · q n̄ · q0. Note that this squared matrix element is independent of the longitudinal

gluon momentum. Since the surviving term in Eq. (213) was generated by the soft Wilson lines in

the operator OAB
s (q?, q0?) we must also include appropriate factors of the rapidity regulator, giving

w2|2kz|�⌘⌫⌘. This factor regulates the soft gluons phase space integral, which is
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Here C(k) = �(k2)✓(k0). Putting these pieces together, and keeping only the 1/⌘ divergent contri-

bution, for the contribution to the O(↵s) correction to SG(q?, q0?) we have
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where in the second equality we took ~k? ! ~q?�~k?. In the last equality we used d�2k? = d2k?/(2⇡)2

and the tree level S(0)
G from Eq. (340).

For the soft virtual corrections we have contributions from the flower and eye graphs, which we

must incorporate at a level where we have not yet performed the k? loop integration. To obtain

results for
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where in the second equality we took ~k? ! ~q?�~k?. In the last equality we used d�2k? = d2k?/(2⇡)2

and the tree level S(0)
G from Eq. (340).

For the soft virtual corrections we have contributions from the flower and eye graphs, which we
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2un)(v̄n̄T̄

B n/
2 vn̄)/(~q

2
?)

2 from the soft

98

to give the full O(↵s) virtual correction to SG(q?, q0?)
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where in the last line we used d�2k? = d2k?/(2⇡)2 and the tree level S(0)
G from Eq. (340). The

factors of 2 next to the graphs appear because we get the same contribution when the virtual loop

appears on either side of the cut.

To derive the canonical form of the BFKL equation we define the soft function with a slightly

di↵erent normalization,
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With this modified normalization, the results up to O(↵s) from Eqs. (340,215,219) can be summa-

rized as yielding
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(221)

The rapidity divergence in the soft function is renormalized by a standard SCET soft function

counterterm Z(q?, q0?) through the convolution
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To cancel the 1/⌘ divergence we require
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The rapidity renormalization group (RRG) equation then follows from the ⌫-independence of the

bare soft function,
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where in the last line we used d�2k? = d2k?/(2⇡)2 and the tree level S(0)
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The rapidity divergence in the soft function is renormalized by a standard SCET soft function

counterterm Z(q?, q0?) through the convolution
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The rapidity renormalization group (RRG) equation then follows from the ⌫-independence of the
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The rapidity divergence in the soft function is renormalized by a standard SCET soft function

counterterm Z(q?, q0?) through the convolution

eSG(~q?, ~q 0
?, ⌫) =

Z

d2k? Z(q?, k?) S̃bare
G (k?, q0?) . (222)

To cancel the 1/⌘ divergence we require

Z(q?, k?) = �2(~q? � ~k?)� 2CA↵s(µ)w2(⌫)

⇡2 ⌘



1

(~k? � ~q?)2
� �2(~q? � ~k?)

Z

d2k?~q 2
?

2~k 2
?(~k? � ~q?)2

�

. (223)

The rapidity renormalization group (RRG) equation then follows from the ⌫-independence of the

bare soft function,

0 = ⌫
d

d⌫
eSbare
G (q?, q0?) = ⌫

d

d⌫

Z

d2k? Z�1(q?, k?) eSG(k?, q0?, ⌫) . (224)

98

to give the full O(↵s) virtual correction to SG(q?, q0?)

2

S

q

q'
+ 2

S

q

q'

(219)

= �2(8⇡↵s)2↵s

(~q 2
?)3

CA�
ABw2�

⇣⌘

2

⌘

Z

d�2k? (~q 2
?)

2

~k 2
? (~k?�~q?)2

(2⇡)2�(~q?+~q 0
?)

= �CA↵s

2⇡2
w2�

⇣⌘

2

⌘

Z

d2k?
~q 2
?

~k 2
?(~k? � ~q?)2

S(0)
G (q?, q0?) ,

where in the last line we used d�2k? = d2k?/(2⇡)2 and the tree level S(0)
G from Eq. (340). The

factors of 2 next to the graphs appear because we get the same contribution when the virtual loop

appears on either side of the cut.

To derive the canonical form of the BFKL equation we define the soft function with a slightly

di↵erent normalization,

eSG(q?, q0?) = ~q 2
? SG(q?, q0?) ~q

0 2
? (220)

=
1

V

�AA0
�BB0

~q 2
? ~q 0 2

?

X

X

⌦

0
�

�OAB
s(1,1)(q?, q

0
?)

�

�X
↵⌦

X
�

�OA0B0

s(1,1)(q?, q
0
?)

�

�0
↵

.

With this modified normalization, the results up to O(↵s) from Eqs. (340,215,219) can be summa-

rized as yielding

eSbare
G (q?, q0?) ⌘ eS(0)

G (q?, q0?) +
↵sCA

⇡2
w2�

⇣⌘

2

⌘

Z

d2k?
(~k? � ~q?)2



eS(0)
G (k?, q0?)�

~q 2
?

2~k 2
?
eS(0)
G (q?, q0?)

�

.

(221)

The rapidity divergence in the soft function is renormalized by a standard SCET soft function

counterterm Z(q?, q0?) through the convolution

eSG(~q?, ~q 0
?, ⌫) =

Z

d2k? Z(q?, k?) S̃bare
G (k?, q0?) . (222)

To cancel the 1/⌘ divergence we require

Z(q?, k?) = �2(~q? � ~k?)� 2CA↵s(µ)w2(⌫)

⇡2 ⌘



1

(~k? � ~q?)2
� �2(~q? � ~k?)

Z

d2k?~q 2
?

2~k 2
?(~k? � ~q?)2

�

. (223)

The rapidity renormalization group (RRG) equation then follows from the ⌫-independence of the

bare soft function,

0 = ⌫
d

d⌫
eSbare
G (q?, q0?) = ⌫

d

d⌫

Z

d2k? Z�1(q?, k?) eSG(k?, q0?, ⌫) . (224)

98

to give the full O(↵s) virtual correction to SG(q?, q0?)

2

S

q

q'
+ 2

S

q

q'

(219)

= �2(8⇡↵s)2↵s

(~q 2
?)3

CA�
ABw2�

⇣⌘

2

⌘

Z

d�2k? (~q 2
?)

2

~k 2
? (~k?�~q?)2

(2⇡)2�(~q?+~q 0
?)

= �CA↵s

2⇡2
w2�

⇣⌘

2

⌘

Z

d2k?
~q 2
?

~k 2
?(~k? � ~q?)2

S(0)
G (q?, q0?) ,

where in the last line we used d�2k? = d2k?/(2⇡)2 and the tree level S(0)
G from Eq. (340). The

factors of 2 next to the graphs appear because we get the same contribution when the virtual loop

appears on either side of the cut.

To derive the canonical form of the BFKL equation we define the soft function with a slightly

di↵erent normalization,

eSG(q?, q0?) = ~q 2
? SG(q?, q0?) ~q

0 2
? (220)

=
1

V

�AA0
�BB0

~q 2
? ~q 0 2

?

X

X

⌦

0
�

�OAB
s(1,1)(q?, q

0
?)

�

�X
↵⌦

X
�

�OA0B0

s(1,1)(q?, q
0
?)

�

�0
↵

.

With this modified normalization, the results up to O(↵s) from Eqs. (340,215,219) can be summa-

rized as yielding

eSbare
G (q?, q0?) ⌘ eS(0)

G (q?, q0?) +
↵sCA

⇡2
w2�

⇣⌘

2

⌘

Z

d2k?
(~k? � ~q?)2



eS(0)
G (k?, q0?)�

~q 2
?

2~k 2
?
eS(0)
G (q?, q0?)

�

.

(221)

The rapidity divergence in the soft function is renormalized by a standard SCET soft function

counterterm Z(q?, q0?) through the convolution

eSG(~q?, ~q 0
?, ⌫) =

Z

d2k? Z(q?, k?) S̃bare
G (k?, q0?) . (222)

To cancel the 1/⌘ divergence we require

Z(q?, k?) = �2(~q? � ~k?)� 2CA↵s(µ)w2(⌫)

⇡2 ⌘



1

(~k? � ~q?)2
� �2(~q? � ~k?)

Z

d2k?~q 2
?

2~k 2
?(~k? � ~q?)2

�

. (223)
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Writing out the derivatives of the two terms and inverting, we find that the renormalized soft

function obeys the RGE equation

⌫
d

d⌫
eSG(q?, q0?, ⌫) =

Z
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(q?, k?) eSG(k?, q0?, ⌫) , (225)

where the anomalous dimension is given by

�SG
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Z�1(k?, q0?) . (226)

Inserting the one-loop result from Eq. (223) and using (⌫d/d⌫)w2(⌫) = �⌘w2(⌫) then sending

w2(⌫) ! 1 this gives
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Note that this anomalous dimension is not just a function of the di↵erence q? � q0?, but it is easy

to check from Eq. (227) that it is symmetric,

�SG
(q?, q0?) = �SG

(q0?, q?) . (228)

The anomalous dimension �SG
yields an RGE for SG(q?, q0?, ⌫) which is precisely the leading

logarithmic BFKL equation,
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The BFKL equation is often written in terms of the derivative of a rapidity, Y = ln(⌫2). The fact

that @/@Y = (1/2)⌫d/d⌫ explains our factor of 2 in the prefactor on the RHS of Eq. (229). Note

that in our SCET calculation, the fact that Eq. (229) is obtained for the all orders soft function

SG (rather than just the one-loop soft function) follows immediately from the structure of the

e↵ective field theory operators and the form of the rapidity renormalization in Eq. (222). In classic

derivations of the BFKL equation, this step is often quite involved.

C. BFKL Equations for the Collinear Functions via Consistency

At leading logarithmic order the ⌫ dependence in the soft and collinear functions of the transition

matrix T(1,1) must cancel, so

⌫
d
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Z

d2q?d2q0? Cn(q?, p�, ⌫)SG(q?, q0?, ⌫)Cn̄(q
0
?, p

0+, ⌫) = 0 . (230)

This result su�ces to derive the LL RGE equation for Cn and Cn̄, which will also be given by

BFKL equations. Generically, the form of the SCET matrix elements implies that we can have

⌫
d

d⌫
Cn(q?, p�, ⌫) =
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d2k? �C(q?, k?) Cn(k?, p�, ⌫) , (231)
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Note that the same anomalous dimension �C(q?, k?) appears for both collinear functions. This

follows from the fact that Cn $ Cn̄ if we take n $ n̄, and that the anomalous dimensions can

not involve convolutions in the large conserved collinear momenta, and hence are independent of

n and n̄. To exploit Eq. (230) it is useful to write the RGE for the soft function in a symmetric

form. Using the fact noted above, that both SG and �SG
are symmetric in their two arguments,

the BFKL equation for the soft function can be written as

⌫
d

d⌫
SG(q?, q0?, ⌫) =

1

2
⌫
d

d⌫
SG(q?, q0?, ⌫) +

1

2
⌫
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SG(q

0
?, q?, ⌫)

=
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2

Z

d2k?
h

�SG
(q?, k?)SG(k?, q0?, ⌫) + SG(q?, k?, ⌫)�SG

(k?, q0?)
i

. (232)

Plugging Eqs. (231) and (232) into Eq. (230) we then have

0 =

Z

d2q?d2q0?d
2k?

h

Cn(k?, p�, ⌫)�C(q?, k?)SG(q?, q0?, ⌫)Cn̄(q
0
?, p

0+, ⌫) (233)

+ Cn(q?, p�, ⌫)SG(q?, q0?, ⌫)�C(q
0
?, k?)Cn̄(k?, p0+, ⌫)

+
1

2
Cn(q?, p�, ⌫)�SG

(q?, k?)SG(k?, q0?, ⌫)Cn̄(q
0
?, p

0+, ⌫)

+
1

2
Cn(q?, p�, ⌫)SG(q?, k?, ⌫)�SG

(k?, q0?)Cn̄(q
0
?, p

0+, ⌫)
i

.

Using our ability to swap around the three integration variables we see that this equation can only

be satisfied for arbitrary Cn, SG, and Cn̄ functions if �C(q?, k?) = �1
2�SG

(k?, q?) and �C(q0?, k?) =

�1
2�SG

(q0?, k?), which implies that �C is also a symmetric function and is given by

�C(q?, q0?) = �1

2
�SG

(q?, q0?) . (234)

Therefore the RGE equations for Cn and Cn̄ are also given by the BFKL equation. Writing this

out explicitly we have

⌫
d

d⌫
Cn(q?, p�, ⌫) = �CA↵s

⇡2

Z

d2k?


Cn(k?, p�, ⌫)
(~k? � ~q?)2

� ~q 2
? Cn(q?, p�, ⌫)
2~k2?(~k? � ~q?)2

�

, (235)

and we have the same form of BFKL equation for Cn̄(q?, ⌫). Note that there is a factor of (�1/2)

for the BFKL equations for the collinear functions as compared to the soft function. The sign comes

from the fact that they run in the opposite direction in rapidity space, from ⌫ ' p� =
p
s down

to ⌫ ' p
t, and the 1/2 comes from the fact that two collinear functions must balance against

a single soft function. Again both virtual and real collinear diagrams contribute if we directly

compute the diagrams needed to obtain these RGE equations. The direct computation for the

virtual contributions was carried out in Sec. VIIB and agrees with the factor of (�1/2) that we

determined here by the renormalization group consistency argument.
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a single soft function. Again both virtual and real collinear diagrams contribute if we directly

compute the diagrams needed to obtain these RGE equations. The direct computation for the

virtual contributions was carried out in Sec. VIIB and agrees with the factor of (�1/2) that we

determined here by the renormalization group consistency argument.
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IX. GLAUBER EXPONENTIATION AND EIKONAL PHASES

In Sec. IXA we carry out the all order resummation of Glauber boxes in forward scattering,

demonstrating that the rapidity regulator yields an eikonal phase. The precise connection to the

semi-classical interpretation of this scattering in terms of shock wave solutions is discussed and

reviewed in Sec. IXB.

A. Glauber Exponentiation for Boxes with Rapidity Regulator

In Sec. VB1 we showed how the rapidity regulator leads to a well defined integral for the

one-loop box and cross-box graphs, with the latter vanishing. In this section we will sum up all

the Glauber exchange box diagrams with the rapidity regulator, and show that the eikonal phase

is correctly reproduced. The connection of this sum of diagrams to the classical coherent state

generated by each of the collinear partons is explored further in Sec. IXB. (In the abelian limit

this phase can be reproduced at the integrand level, as demonstrated explicitly in App. A, since

soft contributions vanish and hence there is no need to separate them from the Glaubers.)

We begin by noting that the argument given in section (VB1) for the vanishing of the one-loop

cross box holds for all non-ladder type topologies. Rapidity divergences are regulated by factors

|2k1z|�⌘ · · · |2kzN |�⌘, so we can consider the k0i integrals to be done by contours without concern

that the remaining integral might be unregulated. For any diagram with one or more crossed

Glauber exchange lines there is are one or more k0i integrals for which the poles are all on the same

side of the real axis (and converge at 1). Thus, all diagrams with crossed Glauber rungs vanish

with our rapidity regulator, and we only need to consider the sum of the ladder graphs.

To show exponentiation we will maniplate an N -Glauber exchange diagram into the product of

single exchanges with a factor of 1/N !. The product form arises when we tranform from q? to the

impact parameter space b?. In impact parameter space the phase of the amplitude is given by the

Fourier transform of the 1/q2? potential between particles 1 and 2,

�(b?) = �TA
1 ⌦TA

2 g2(µ)

Z

d�d�2q? (◆✏µ2✏)

~q 2
?

ei~q?·~b? (236)

= �TA
1 ⌦TA

2 g2(µ)
�(�✏)

4⇡

✓

µ|~b?|e�E
2

◆2✏

.

The result is a matrix in the color space with TA
1 and TA

2 being the color matrix generators that

commute with each other, and act on particle 1 and 2 respectively (see e.g. [66]). Recall that

d = 4 � 2✏ and that ◆✏ = e✏�E/(4⇡)✏ is our notation for the factor that enters with each µ2✏ when

the coupling is in the MS scheme. The �(�✏) infrared divergence will be discussed further at the

end of this section.
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To be definite we again consider quark-antiquark scattering, where

TA
1 ⌦TA

2 = TA ⌦ T̄A . (237)

For convenience we define the Fourier transform operation as the application of the integral:

=)
F.T.?

=

Z

d�d�2q? ei~q?·~b? . (238)

The Fourier transform of one Glauber exchange result is then given in terms of �(b?) by

n

n

n

n

q
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p4

p2

p1

=
�2ig2

~q 2
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h

ūn
n̄/

2
TAun

ih

v̄n̄
n/

2
T̄Avn̄

i

=)
F.T.?

2Snn̄ i�(b?) , (239)

where the spinor factor is

Snn̄ =
h

ūn
n̄/

2
un

ih

v̄n̄
n/

2
vn̄

i

(240)

and the color matrix inside �(b?) operates on this spinor product. In general we will let

(TA1 · · ·TAN )⌦ (T̄A1 · · · T̄AN )Snn̄ =
h

ūn
n̄/

2
TA1 · · ·TANun

ih

v̄n̄
n/

2
T̄A1 · · · T̄AN vn̄

i

⌘ Snn̄
(N) , (241)

which is the color structure that appears from N Glauber rungs. We also define the product rule

for the matrix multiplication in �N (b?) via (TA ⌦ T̄A)NSnn̄ = Snn̄
(N). These same definitions apply

equally well for a general choice of scattering particles, using (TA
1 ⌦TA

2 )
N times a generic Snn̄.

The loop integrals carried out by doing the energy integrals by contours, and then treating the

kz integrals in Fourier space. Therefore we need to transform the ⌘ regulator to Fourier space, as

well as the kz dependent propagators. To do this we can use the transforms
Z +1

�1
d�kz eixk

z |2kz|�⌘ = ⌘
⌘

2
|x|�1+⌘ ,

Z 1

�1
dx e�ixkz⌘

⌘

2
|x|�1+⌘ = |2kz|�⌘ , (242)

Z +1

�1
d�kz e�i↵kz

kz +�+ i0
= �i ✓(↵)ei↵� ,

Z 1

�1
d↵ ei↵k

z
(�i)✓(↵)ei↵� =

1

kz +�+ i0
.

Here ⌘ = 2�⌘ �(1� ⌘) sin(⇡⌘/2)/(⇡⌘/2) = 1 +O(⌘). Another integral that will be relevant is the

Fourier transform of (N + 1) Glauber rungs,
Z

d�d�2q? ei~q?·~b?
Z

d�d�2k1? · · · d�d�2kN?
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First consider redoing the box graph considered in Sec. VB1 using this Fourier approach. After

performing the energy integral by contours, defining 2� = p+3 +p�4 �(~k?+~p3?)2/p�3 �(~k?�~p4?)2/p+4 ,

and then using Eq. (242), we have

n
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n
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pk 41
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, (244)

where we defined

I(1)? (q?) =
Z

d�d�2k? (◆✏µ2✏)2

~k2?(~k? + ~q?)2
. (245)

To get to the third equality in Eq. (244) we performed the dkz to get a �-function, and then did

the d↵ integral. For the last equality in Eq. (244) we note that due to the presence of the ⌘2 in the

prefactor, only the ultraviolet part of the integrals from x ! 0 and y ! 0 contributes at leading

order in the ⌘ expansion, and therefore the result is independent of � at this order. The integral

can be done directly, or we can note that the limit x, y ! 0 allows us to symmetrize the theta

function as, ✓(�x� y) ! [✓(y � x) + ✓(x� y)]/(2!) = 1/(2!). Performing the ? Fourier transform

of the integral in Eq. (245) using Eq. (243) we find

n
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n

qk1

pk 31

pk 41

k1 =)
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2Snn̄ 1
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⇤2

. (246)

As anticipated, comparing Eq. (246) to Eq. (239) we see that this is the second term in the

expansion of an exponential.

Next consider the double box diagram. Again performing the contour integrals over the energies,

and then using Eq. (242) we find
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First consider redoing the box graph considered in Sec. VB1 using this Fourier approach. After

performing the energy integral by contours, defining 2� = p+3 +p�4 �(~k?+~p3?)2/p�3 �(~k?�~p4?)2/p+4 ,

and then using Eq. (242), we have
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where we defined
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. (245)

To get to the third equality in Eq. (244) we performed the dkz to get a �-function, and then did

the d↵ integral. For the last equality in Eq. (244) we note that due to the presence of the ⌘2 in the

prefactor, only the ultraviolet part of the integrals from x ! 0 and y ! 0 contributes at leading

order in the ⌘ expansion, and therefore the result is independent of � at this order. The integral

can be done directly, or we can note that the limit x, y ! 0 allows us to symmetrize the theta

function as, ✓(�x� y) ! [✓(y � x) + ✓(x� y)]/(2!) = 1/(2!). Performing the ? Fourier transform

of the integral in Eq. (245) using Eq. (243) we find
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As anticipated, comparing Eq. (246) to Eq. (239) we see that this is the second term in the

expansion of an exponential.

Next consider the double box diagram. Again performing the contour integrals over the energies,

and then using Eq. (242) we find
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To be definite we again consider quark-antiquark scattering, where

TA
1 ⌦TA

2 = TA ⌦ T̄A . (237)

For convenience we define the Fourier transform operation as the application of the integral:

=)
F.T.?

=

Z

d�d�2q? ei~q?·~b? . (238)

The Fourier transform of one Glauber exchange result is then given in terms of �(b?) by
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where the spinor factor is
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and the color matrix inside �(b?) operates on this spinor product. In general we will let

(TA1 · · ·TAN )⌦ (T̄A1 · · · T̄AN )Snn̄ =
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which is the color structure that appears from N Glauber rungs. We also define the product rule

for the matrix multiplication in �N (b?) via (TA ⌦ T̄A)NSnn̄ = Snn̄
(N). These same definitions apply

equally well for a general choice of scattering particles, using (TA
1 ⌦TA

2 )
N times a generic Snn̄.

The loop integrals carried out by doing the energy integrals by contours, and then treating the

kz integrals in Fourier space. Therefore we need to transform the ⌘ regulator to Fourier space, as

well as the kz dependent propagators. To do this we can use the transforms
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2
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First consider redoing the box graph considered in Sec. VB1 using this Fourier approach. After

performing the energy integral by contours, defining 2� = p+3 +p�4 �(~k?+~p3?)2/p�3 �(~k?�~p4?)2/p+4 ,

and then using Eq. (242), we have
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where we defined
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Z
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~k2?(~k? + ~q?)2
. (245)

To get to the third equality in Eq. (244) we performed the dkz to get a �-function, and then did

the d↵ integral. For the last equality in Eq. (244) we note that due to the presence of the ⌘2 in the

prefactor, only the ultraviolet part of the integrals from x ! 0 and y ! 0 contributes at leading

order in the ⌘ expansion, and therefore the result is independent of � at this order. The integral

can be done directly, or we can note that the limit x, y ! 0 allows us to symmetrize the theta

function as, ✓(�x� y) ! [✓(y � x) + ✓(x� y)]/(2!) = 1/(2!). Performing the ? Fourier transform

of the integral in Eq. (245) using Eq. (243) we find
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As anticipated, comparing Eq. (246) to Eq. (239) we see that this is the second term in the

expansion of an exponential.

Next consider the double box diagram. Again performing the contour integrals over the energies,

and then using Eq. (242) we find
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First consider redoing the box graph considered in Sec. VB1 using this Fourier approach. After
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where we defined
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To get to the third equality in Eq. (244) we performed the dkz to get a �-function, and then did

the d↵ integral. For the last equality in Eq. (244) we note that due to the presence of the ⌘2 in the

prefactor, only the ultraviolet part of the integrals from x ! 0 and y ! 0 contributes at leading

order in the ⌘ expansion, and therefore the result is independent of � at this order. The integral

can be done directly, or we can note that the limit x, y ! 0 allows us to symmetrize the theta
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As anticipated, comparing Eq. (246) to Eq. (239) we see that this is the second term in the

expansion of an exponential.

Next consider the double box diagram. Again performing the contour integrals over the energies,

and then using Eq. (242) we find
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First consider redoing the box graph considered in Sec. VB1 using this Fourier approach. After

performing the energy integral by contours, defining 2� = p+3 +p�4 �(~k?+~p3?)2/p�3 �(~k?�~p4?)2/p+4 ,

and then using Eq. (242), we have
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where we defined
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To get to the third equality in Eq. (244) we performed the dkz to get a �-function, and then did

the d↵ integral. For the last equality in Eq. (244) we note that due to the presence of the ⌘2 in the

prefactor, only the ultraviolet part of the integrals from x ! 0 and y ! 0 contributes at leading

order in the ⌘ expansion, and therefore the result is independent of � at this order. The integral

can be done directly, or we can note that the limit x, y ! 0 allows us to symmetrize the theta

function as, ✓(�x� y) ! [✓(y � x) + ✓(x� y)]/(2!) = 1/(2!). Performing the ? Fourier transform

of the integral in Eq. (245) using Eq. (243) we find
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As anticipated, comparing Eq. (246) to Eq. (239) we see that this is the second term in the

expansion of an exponential.

Next consider the double box diagram. Again performing the contour integrals over the energies,

and then using Eq. (242) we find
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First consider redoing the box graph considered in Sec. VB1 using this Fourier approach. After
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of the integral in Eq. (245) using Eq. (243) we find

n

n

n

n

qk1

pk 31

pk 41

k1 =)
F.T.?

2Snn̄ 1

2!

⇥

i�(b?)
⇤2

. (246)

As anticipated, comparing Eq. (246) to Eq. (239) we see that this is the second term in the

expansion of an exponential.

Next consider the double box diagram. Again performing the contour integrals over the energies,

and then using Eq. (242) we find
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where to obtain the third equality we performed the kz1 and kz2 integrals to get �(x� y + ↵1)�(y �
z + ↵2) and then performed the ↵1 and ↵2 integrals. Again due to the ⌘3 term in the prefactor

only the leading ultraviolet divergent from the dxdydz integral contributes, which comes from the

limit x, y, z ! 0 where the �1 = �1(k1?) and �2 = �2(k2?) dependence drops out. In this

limit we can either do the integral directly to give the 1/3!, or note that we can symmetrize as
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Performing the ? Fourier transform of this integral using Eq. (243) gives
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which is the third term in the expansion of the exponential. This naturally generalizes to the case

of the N -loop box graph with (N + 1)-rungs. Doing the energy integrals by contours and using

Eq. (242) we have
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where to obtain the third equality we performed the kz1 and kz2 integrals to get �(x� y + ↵1)�(y �
z + ↵2) and then performed the ↵1 and ↵2 integrals. Again due to the ⌘3 term in the prefactor

only the leading ultraviolet divergent from the dxdydz integral contributes, which comes from the

limit x, y, z ! 0 where the �1 = �1(k1?) and �2 = �2(k2?) dependence drops out. In this

limit we can either do the integral directly to give the 1/3!, or note that we can symmetrize as
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Performing the ? Fourier transform of this integral using Eq. (243) gives
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which is the third term in the expansion of the exponential. This naturally generalizes to the case

of the N -loop box graph with (N + 1)-rungs. Doing the energy integrals by contours and using

Eq. (242) we have
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where to obtain the third equality we performed the kz1 and kz2 integrals to get �(x� y + ↵1)�(y �
z + ↵2) and then performed the ↵1 and ↵2 integrals. Again due to the ⌘3 term in the prefactor

only the leading ultraviolet divergent from the dxdydz integral contributes, which comes from the

limit x, y, z ! 0 where the �1 = �1(k1?) and �2 = �2(k2?) dependence drops out. In this
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Performing the ? Fourier transform of this integral using Eq. (243) gives
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which is the third term in the expansion of the exponential. This naturally generalizes to the case

of the N -loop box graph with (N + 1)-rungs. Doing the energy integrals by contours and using

Eq. (242) we have
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where to take the final Fourier transform we used Eq. (243) for the integral

I(N)
? (q?) =

Z

d�d�2k1? · · · d�d�2kN? (◆✏µ2✏)N+1

(~k1? + ~q?)2(~k2? � ~k1?)2 · · · (~kN? � ~k(N�1)?)2 ~k 2
N?

. (251)

The final result in Eq. (250) is the (N +1)’th term in the expansion of the exponential. Therefore

the sum of Glauber box graphs for 2-to-2 n-n̄ scattering exponentiates to give
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where the position space Glauber function is given by

G̃(b?) = ei�(b?) , (253)

and where the phase �(b?) defined in Eq. (236) is purely real. The same (ei�(b?) � 1) result is ob-

tained if we consider the sum of box diagrams for the soft-n two parton scattering since the Glauber

light cone momenta will still be parameterically smaller then corresponding soft momentum. For

convenience we also define the momentum space Glauber function

G(q?) =
Z

d2b? e�i~q?·~b? ei�(b?) . (254)

While the phase �(b?) in Eq. (236) has an infrared divergence, this is simply an overall phase

in the scattering amplitude and hence drops out from the physical forward scattering cross section.

To see this explicitly we project onto the color singlet channel, TA ⌦ T̄A ! �CF , and switch to

using the (slightly simpler) gluon mass IR regulator setting d = 4, so
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Then taking the inverse Fourier transform of Eq. (252) we get
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The momentum space Glauber function corresponds to the sum of Glauber exchange diagrams,

including the diagram with no-exchange,
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G(q?) =
Z

d2b? e�i~q?·~b? ei�(b?) . (254)

While the phase �(b?) in Eq. (236) has an infrared divergence, this is simply an overall phase

in the scattering amplitude and hence drops out from the physical forward scattering cross section.

To see this explicitly we project onto the color singlet channel, TA ⌦ T̄A ! �CF , and switch to

using the (slightly simpler) gluon mass IR regulator setting d = 4, so
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Then taking the inverse Fourier transform of Eq. (252) we get
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The momentum space Glauber function corresponds to the sum of Glauber exchange diagrams,

including the diagram with no-exchange,
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where to take the final Fourier transform we used Eq. (243) for the integral
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The final result in Eq. (250) is the (N +1)’th term in the expansion of the exponential. Therefore

the sum of Glauber box graphs for 2-to-2 n-n̄ scattering exponentiates to give
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Then taking the inverse Fourier transform of Eq. (252) we get

1
X

N=0

G.Box 2!2
N (q?) = 2Snn̄

⇥

G(q?)� (2⇡)2�2(q?)
⇤

, (256)

The momentum space Glauber function corresponds to the sum of Glauber exchange diagrams,

including the diagram with no-exchange,

G(q?) = (2⇡)2�2(q?) +
Z

d2b? e�i~q?·~b?�ei�(b?) � 1
�

(257)

= (2⇡)2�2(q?) +
i4⇡CF↵s(µ)

(�t)

�
�

1� iCF↵s(µ)
�

�
�

1 + iCF↵s(µ)
�

⇣ �t

m2e2�E

⌘iCF↵s(µ)

= (2⇡)2�2(q?) +
i4⇡CF↵s(µ)

(�t)
ei�(t,↵s) ,



105

= 2(�ig2)N+1Snn̄
(N+1)I

(N)
? (q?)

1

(N + 1)!

h

1 +O(⌘)
i

=)
F.T.?

2Snn̄ 1

(N + 1)!

⇥

i�(b?)
⇤N+1

, (250)

where to take the final Fourier transform we used Eq. (243) for the integral

I(N)
? (q?) =

Z

d�d�2k1? · · · d�d�2kN? (◆✏µ2✏)N+1

(~k1? + ~q?)2(~k2? � ~k1?)2 · · · (~kN? � ~k(N�1)?)2 ~k 2
N?

. (251)

The final result in Eq. (250) is the (N +1)’th term in the expansion of the exponential. Therefore

the sum of Glauber box graphs for 2-to-2 n-n̄ scattering exponentiates to give

Z

d�d�2q? ei~q?·~b?
1
X

N=0

G.Box 2!2
N (q?) = 2Snn̄

�

G̃(b?)� 1
�

(252)

where the position space Glauber function is given by

G̃(b?) = ei�(b?) , (253)

and where the phase �(b?) defined in Eq. (236) is purely real. The same (ei�(b?) � 1) result is ob-

tained if we consider the sum of box diagrams for the soft-n two parton scattering since the Glauber

light cone momenta will still be parameterically smaller then corresponding soft momentum. For

convenience we also define the momentum space Glauber function

G(q?) =
Z

d2b? e�i~q?·~b? ei�(b?) . (254)

While the phase �(b?) in Eq. (236) has an infrared divergence, this is simply an overall phase

in the scattering amplitude and hence drops out from the physical forward scattering cross section.

To see this explicitly we project onto the color singlet channel, TA ⌦ T̄A ! �CF , and switch to
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including the diagram with no-exchange,
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where t = q2? = �~q 2
? < 0 and the momentum space phase is given by the real expression

�(t,↵s) = CF↵s(µ) ln
⇣�t

m2

⌘

+ 2
1
X

k=1

(�1)k⇣2k+1

2k + 1

�

CF↵s(µ)
�2k+1

. (258)

From Eq. (257) the result for the scattering is given by the lowest order Glauber exchange potential

(tree-level) times a phase. Unlike in position space, this momentum space phase � is an infinite

series in ↵s. Since the infrared divergence only appears in �, it will drop out of physical predictions

for scattering cross sections (just like the IR divergent Coulomb phase for scattering with a Coulomb

potential drops out of the cross section).

Note that the same results for the summation of box graphs is obtained for situations where

the small plus and minus momenta of the collinear lines are not equal, p+2 6= p+3 and p�1 6= p�4 or

where the exchanged ?-momentum is not evenly split, p?2 6= �p?3 and p?1 6= �p?4 . The only place

that p?2,3 and p?1,4 appeared was in the �i factors in the collinear fermion propagators, but the

result was independent of these factors. When q+ = p+3 � p+2 6= 0 and q� = p�1 � p�4 6= 0 we have

both a modification to the �i factors, and nonzero exchanged momenta q+ and q�. The smaller

q+q� ⌧ q2? do not modify the Glauber potentials, and again the change to �i does not e↵ect the

result. So the only possible change induced by the non-zero q± is to the rapidity regulator for

(say) the first rung of the ladder graphs. This implies that the same results for this summation

are obtained even when the ladder graphs are considered inside of another loop in SCET, as long

as that additional loop does not need a rapidity regulator. To leave the propagators onshell the

extra loop can only have Glauber (or ultrasoft) scaling. We will exploit this property for some of

our calculations in Sec. XI below.

The independence of the �i in Eq. (250) implies that the collinear lines in these box diagrams

are e↵ectively behaving as if they were eikonal and hence classical. However, we stress that this

is not a general property of collinear propagators in the presence of Glauber exchange. Examples

where it is not true include for spectator interactions with a hard scattering vertex as discussed

in Sec. XI, and for mixed graphs contained a 1/⌘ from a soft or collinear loop where the O(⌘)

term from the Glauber loop integral in Eq. (244) or Eq. (250) must be considered. The fact that

the Glauber box diagrams are classical can be understood by noting that the Glauber potential is

classical and that, as long as we consider only only two to two scattering the partons e↵ectively

act as classical sources. This will no longer be true when we consider scattering between hadrons

where the open ends of the box are closed o↵ by the interpolating field for the hadrons, since in

this case the transverse momentum dependence in the collinear lines can no longer be ignored.

It is interesting to ask about higher order corrections to �(b?), and in particular about the form

of higher order non-Abelian corrections to this phase. Non-Abelian corrections at one-loop can be

generated by the soft and collinear loop graphs shown in Fig. 21. The �0 ln(µ2/ � t) logarithm

associated to the running of the ↵s(µ) that appears in the lowest order �(b?) comes from the

soft sector and must exponentiate in the same manner. For n-n̄ scattering it is actually clear

This result holds even if we place insert in greens 
functions, as long as additional loop does not need 
rapidity regularization, will use this property later on.

Also note that source lines eikonalize, 
however this is not a general property of 

Glaubers (e.g. include interpolating fields for 
hadrons).
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FIG. 21. SCETII graphs for the matching calculation of quark-quark forward scattering at one-loop. The

first two graphs involve the Glauber potential. The next three graphs involve soft gluon or soft quark loops.

The second and third rows involve collinear loops with either the quark-gluon Glauber scattering operators

or the quark-quark Glauber scattering operator, plus wavefunction renormalization.
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FIG. 22. a) Additional collinear graphs with the fermion two-gluon vertex from L(0)
n,n̄ which vanish. b)

Additional tadpole collinear loops graphs for forward scattering. These graphs do not contribute to the

matching calculation since they vanish due to their soft zero-bin subtractions.

the mass IR regulator), and

Glauber Loops = Fig. 21a

= (�4g4) Snn̄
1 IGbox = (�4g4) Snn̄

1

⇣�i

4⇡

⌘

Z

d�d�2k? (�i⇡)

[~k 2
? +m2][(~k?+~q?)2 +m2]

=
i↵2

s

t
Snn̄
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

8i⇡ ln
⇣�t

m2

⌘

�

. (109)

Thus we already see that iterated Glauber exchange reproduces the full Snn̄
1 piece of Eq. (108).

Next we consider the SCET graphs contributing to the CFTA ⌦ T̄A color structure, ie. that

have terms involving Snn̄
2 . This occurs only in the collinear loop graphs in Figs. 21i,j,n,o. The

loops in these graphs involve only Lagrangian insertions and a single collinear sector, therefore it

is easy to check that they contribute the same result as in full QCD, which is the sum of Eqs. (104)

Soft graphs dress Glauber kernel lead to running of coupling
Therefore at least part of collinear must also 

exponentiate, but could be a remainder.



Role of Glaubers in Hard 
Matching

Empirically Glaubers are not needed in hard 
matching (active only), but from the point of 

view of EFT (formally), they should be 
included as they are part of the theory.
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FIG. 26. One loop soft gluon and Glauber potential exchange with a Hard Scattering vertex ⌦ in SCETII.

The solid green lines denote eikonal propagators from soft Wilson lines. Graphs a) and b) are for 2-particle

production, while c) and d) involve one incoming and one outgoing particle.

implies that the same results are obtained with or without Glauber operators as long as the correct

directions for soft Wilson lines are taken.

A. Hard Matching: the Cheshire Glauber

In carrying out hard matching calculations from full QCD onto SCET at one, two, and even three

loops, it is known that Glauber exchange graphs are not needed to reproduce the infrared structure

of the full theory result and obtain a Wilson coe�cient that is independent of the infrared. In this

section we demonstrate that the hidden nature of Glauber exchange for calculations involving active

lines that participate in the hard scattering, is explained by the need to modify soft diagrams by

including 0-bin subtractions from the Glauber region once Glauber interactions are included in

SCET. In particular, in SCETII the Glauber exchange contribution G is also present as part of the

result from soft gluon exchange between pairs of active lines, but this soft graph also has a Glauber

subtraction, S(G), which removes this contribution. These Glauber subtractions are non-zero for

soft diagrams involving pairs of soft Wilson lines that are both outgoing or both incoming, and in

general there is a precise connection between the subtractions, active-active Glauber graphs, and

the direction of soft Wilson lines. In contrast, in SCETI the Glauber exchange contributions G

between active lines are scaleless, and are exactly canceled by the ultrasoft 0-bin subtraction on

the Glauber graph, G(U). In the remainder of this section we explore the above connections in

detail at one-loop. We will continue this discussion at higher orders in Sec. XC.

We begin our discussion in SCETII, considering the one-loop graphs shown in Fig. 26 with a

mass IR regulator m. We take the physical momenta to be p for the n-collinear quark, and p̄ for

the n̄-collinear (anti)quark. The soft diagrams drawn here arise from the contraction between two

gluons taken from the soft Wilson lines that appear in the SCET hard current

J� = (⇠̄nWn)S
†
n�Sn̄(W

†
n̄⇠n̄) . (270)

The directions for the soft Wilson lines in this current are both (0,1) for n-n̄ production as in

Fig. 26a, while we have Sn̄(�1, 0) and S†
n(0,1) when the n̄ quark is in the initial state, as in
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FIG. 26. One loop soft gluon and Glauber potential exchange with a Hard Scattering vertex ⌦ in SCETII.

The solid green lines denote eikonal propagators from soft Wilson lines. Graphs a) and b) are for 2-particle

production, while c) and d) involve one incoming and one outgoing particle.

implies that the same results are obtained with or without Glauber operators as long as the correct

directions for soft Wilson lines are taken.

A. Hard Matching: the Cheshire Glauber

In carrying out hard matching calculations from full QCD onto SCET at one, two, and even three

loops, it is known that Glauber exchange graphs are not needed to reproduce the infrared structure

of the full theory result and obtain a Wilson coe�cient that is independent of the infrared. In this

section we demonstrate that the hidden nature of Glauber exchange for calculations involving active

lines that participate in the hard scattering, is explained by the need to modify soft diagrams by

including 0-bin subtractions from the Glauber region once Glauber interactions are included in

SCET. In particular, in SCETII the Glauber exchange contribution G is also present as part of the

result from soft gluon exchange between pairs of active lines, but this soft graph also has a Glauber

subtraction, S(G), which removes this contribution. These Glauber subtractions are non-zero for

soft diagrams involving pairs of soft Wilson lines that are both outgoing or both incoming, and in

general there is a precise connection between the subtractions, active-active Glauber graphs, and

the direction of soft Wilson lines. In contrast, in SCETI the Glauber exchange contributions G

between active lines are scaleless, and are exactly canceled by the ultrasoft 0-bin subtraction on

the Glauber graph, G(U). In the remainder of this section we explore the above connections in

detail at one-loop. We will continue this discussion at higher orders in Sec. XC.

We begin our discussion in SCETII, considering the one-loop graphs shown in Fig. 26 with a

mass IR regulator m. We take the physical momenta to be p for the n-collinear quark, and p̄ for

the n̄-collinear (anti)quark. The soft diagrams drawn here arise from the contraction between two

gluons taken from the soft Wilson lines that appear in the SCET hard current

J� = (⇠̄nWn)S
†
n�Sn̄(W

†
n̄⇠n̄) . (270)

The directions for the soft Wilson lines in this current are both (0,1) for n-n̄ production as in

Fig. 26a, while we have Sn̄(�1, 0) and S†
n(0,1) when the n̄ quark is in the initial state, as in

BUT: If we include Glaubers we must make sure to 
subtract the Zero Bin from soft contribution



Once we include Glaubers, the direction 
of the soft Wilson line (in or out to 

infinity) becomes irrelevant. Glaubers 
measure whether FF is space like or 

timelike
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Fig. 26c. (See App. C 3 for explicit formulas.) Often in SCET one would draw the soft diagram in

Fig. 26a with the eikonal lines contracted to a point. However, for clarity we leave these extended

as solid green lines since at higher orders drawing things in this way allows us to make explicit the

ordering of the color matrices in our diagrams.

First consider n-n̄ production in SCETII, defining the spinor matrix element

S� = ūn�v
⇤
n̄ , (271)

where the complex conjugation on vn̄ appears due to our convention for the antiquark spinors. The

naive loop integral with a soft gluon exchange is

S̃(Fig. 26a) = �2ig2CFS�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)
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(272)
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,

where d0 = d � 2 = 2 � 2✏. In writing down Eq. (272) we establish a notation, namely that a

tilde over a symbol such as S̃ denotes a completely unsubtracted integral, which we will refer

to as the naive or unsubtracted result. To obtain the second line of Eq. (272) we evaluated the

integrand by contours in k0, obtaining the first term from the pole from the relativistic propagator

k0 = �(~k 2 + m2)1/2 + i0, and the second term proportional to (i⇡) from the pole in the eikonal

propagator k0 = �kz + i0. The result for these integrals is shown separately in the third equality,

and can be combined by introducing a (�1 � i0) in the rapidity logarithm, as shown in the final

line. If we consider the Glauber zero-bin subtraction integral for this soft loop, then we have

S(G)(Fig. 26a) = �2ig2CF S�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)

[k2? �m2][n · k + i0][n̄ · k � i0]

= 2g2CFS�

Z

d�kz d�d
0
k?

(◆✏µ2✏ |kz|�⌘ ⌫⌘)

(~k 2
? +m2)(2kz � i0)

= S�
CF↵s

2⇡



(i⇡)
⇣1

✏
+ ln

µ2

m2

⌘

�

. (273)

Therefore the full result for the soft graph in a theory with Glauber exchange is given by the result

without the (i⇡) contribution

S(Fig. 26a) = S̃ � S(G) (274)

= S�
CF↵s

2⇡

�2h(✏, µ2/m2)
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The solid green lines denote eikonal propagators from soft Wilson lines. Graphs a) and b) are for 2-particle

production, while c) and d) involve one incoming and one outgoing particle.

implies that the same results are obtained with or without Glauber operators as long as the correct

directions for soft Wilson lines are taken.

A. Hard Matching: the Cheshire Glauber

In carrying out hard matching calculations from full QCD onto SCET at one, two, and even three

loops, it is known that Glauber exchange graphs are not needed to reproduce the infrared structure

of the full theory result and obtain a Wilson coe�cient that is independent of the infrared. In this

section we demonstrate that the hidden nature of Glauber exchange for calculations involving active

lines that participate in the hard scattering, is explained by the need to modify soft diagrams by

including 0-bin subtractions from the Glauber region once Glauber interactions are included in

SCET. In particular, in SCETII the Glauber exchange contribution G is also present as part of the

result from soft gluon exchange between pairs of active lines, but this soft graph also has a Glauber

subtraction, S(G), which removes this contribution. These Glauber subtractions are non-zero for

soft diagrams involving pairs of soft Wilson lines that are both outgoing or both incoming, and in

general there is a precise connection between the subtractions, active-active Glauber graphs, and

the direction of soft Wilson lines. In contrast, in SCETI the Glauber exchange contributions G

between active lines are scaleless, and are exactly canceled by the ultrasoft 0-bin subtraction on

the Glauber graph, G(U). In the remainder of this section we explore the above connections in

detail at one-loop. We will continue this discussion at higher orders in Sec. XC.

We begin our discussion in SCETII, considering the one-loop graphs shown in Fig. 26 with a

mass IR regulator m. We take the physical momenta to be p for the n-collinear quark, and p̄ for

the n̄-collinear (anti)quark. The soft diagrams drawn here arise from the contraction between two

gluons taken from the soft Wilson lines that appear in the SCET hard current

J� = (⇠̄nWn)S
†
n�Sn̄(W

†
n̄⇠n̄) . (270)

The directions for the soft Wilson lines in this current are both (0,1) for n-n̄ production as in

Fig. 26a, while we have Sn̄(�1, 0) and S†
n(0,1) when the n̄ quark is in the initial state, as in
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Fig. 26c. (See App. C 3 for explicit formulas.) Often in SCET one would draw the soft diagram in

Fig. 26a with the eikonal lines contracted to a point. However, for clarity we leave these extended

as solid green lines since at higher orders drawing things in this way allows us to make explicit the

ordering of the color matrices in our diagrams.

First consider n-n̄ production in SCETII, defining the spinor matrix element

S� = ūn�v
⇤
n̄ , (271)

where the complex conjugation on vn̄ appears due to our convention for the antiquark spinors. The

naive loop integral with a soft gluon exchange is

S̃(Fig. 26a) = �2ig2CFS�

Z
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where d0 = d � 2 = 2 � 2✏. In writing down Eq. (272) we establish a notation, namely that a

tilde over a symbol such as S̃ denotes a completely unsubtracted integral, which we will refer

to as the naive or unsubtracted result. To obtain the second line of Eq. (272) we evaluated the

integrand by contours in k0, obtaining the first term from the pole from the relativistic propagator

k0 = �(~k 2 + m2)1/2 + i0, and the second term proportional to (i⇡) from the pole in the eikonal

propagator k0 = �kz + i0. The result for these integrals is shown separately in the third equality,

and can be combined by introducing a (�1 � i0) in the rapidity logarithm, as shown in the final

line. If we consider the Glauber zero-bin subtraction integral for this soft loop, then we have

S(G)(Fig. 26a) = �2ig2CF S�
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Therefore the full result for the soft graph in a theory with Glauber exchange is given by the result

without the (i⇡) contribution

S(Fig. 26a) = S̃ � S(G) (274)
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Fig. 26c. (See App. C 3 for explicit formulas.) Often in SCET one would draw the soft diagram in

Fig. 26a with the eikonal lines contracted to a point. However, for clarity we leave these extended

as solid green lines since at higher orders drawing things in this way allows us to make explicit the

ordering of the color matrices in our diagrams.

First consider n-n̄ production in SCETII, defining the spinor matrix element

S� = ūn�v
⇤
n̄ , (271)

where the complex conjugation on vn̄ appears due to our convention for the antiquark spinors. The

naive loop integral with a soft gluon exchange is

S̃(Fig. 26a) = �2ig2CFS�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)
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where d0 = d � 2 = 2 � 2✏. In writing down Eq. (272) we establish a notation, namely that a

tilde over a symbol such as S̃ denotes a completely unsubtracted integral, which we will refer

to as the naive or unsubtracted result. To obtain the second line of Eq. (272) we evaluated the

integrand by contours in k0, obtaining the first term from the pole from the relativistic propagator

k0 = �(~k 2 + m2)1/2 + i0, and the second term proportional to (i⇡) from the pole in the eikonal

propagator k0 = �kz + i0. The result for these integrals is shown separately in the third equality,

and can be combined by introducing a (�1 � i0) in the rapidity logarithm, as shown in the final

line. If we consider the Glauber zero-bin subtraction integral for this soft loop, then we have

S(G)(Fig. 26a) = �2ig2CF S�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)
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Therefore the full result for the soft graph in a theory with Glauber exchange is given by the result

without the (i⇡) contribution

S(Fig. 26a) = S̃ � S(G) (274)

= S�
CF↵s
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Fig. 26c. (See App. C 3 for explicit formulas.) Often in SCET one would draw the soft diagram in

Fig. 26a with the eikonal lines contracted to a point. However, for clarity we leave these extended

as solid green lines since at higher orders drawing things in this way allows us to make explicit the

ordering of the color matrices in our diagrams.

First consider n-n̄ production in SCETII, defining the spinor matrix element

S� = ūn�v
⇤
n̄ , (271)

where the complex conjugation on vn̄ appears due to our convention for the antiquark spinors. The

naive loop integral with a soft gluon exchange is

S̃(Fig. 26a) = �2ig2CFS�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)

[k2 �m2][n · k + i0][n̄ · k � i0]
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where d0 = d � 2 = 2 � 2✏. In writing down Eq. (272) we establish a notation, namely that a

tilde over a symbol such as S̃ denotes a completely unsubtracted integral, which we will refer

to as the naive or unsubtracted result. To obtain the second line of Eq. (272) we evaluated the

integrand by contours in k0, obtaining the first term from the pole from the relativistic propagator

k0 = �(~k 2 + m2)1/2 + i0, and the second term proportional to (i⇡) from the pole in the eikonal

propagator k0 = �kz + i0. The result for these integrals is shown separately in the third equality,

and can be combined by introducing a (�1 � i0) in the rapidity logarithm, as shown in the final

line. If we consider the Glauber zero-bin subtraction integral for this soft loop, then we have

S(G)(Fig. 26a) = �2ig2CF S�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)
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Therefore the full result for the soft graph in a theory with Glauber exchange is given by the result

without the (i⇡) contribution

S(Fig. 26a) = S̃ � S(G) (274)
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FIG. 26. One loop soft gluon and Glauber potential exchange with a Hard Scattering vertex ⌦ in SCETII.

The solid green lines denote eikonal propagators from soft Wilson lines. Graphs a) and b) are for 2-particle

production, while c) and d) involve one incoming and one outgoing particle.

implies that the same results are obtained with or without Glauber operators as long as the correct

directions for soft Wilson lines are taken.

A. Hard Matching: the Cheshire Glauber

In carrying out hard matching calculations from full QCD onto SCET at one, two, and even three

loops, it is known that Glauber exchange graphs are not needed to reproduce the infrared structure

of the full theory result and obtain a Wilson coe�cient that is independent of the infrared. In this

section we demonstrate that the hidden nature of Glauber exchange for calculations involving active

lines that participate in the hard scattering, is explained by the need to modify soft diagrams by

including 0-bin subtractions from the Glauber region once Glauber interactions are included in

SCET. In particular, in SCETII the Glauber exchange contribution G is also present as part of the

result from soft gluon exchange between pairs of active lines, but this soft graph also has a Glauber

subtraction, S(G), which removes this contribution. These Glauber subtractions are non-zero for

soft diagrams involving pairs of soft Wilson lines that are both outgoing or both incoming, and in

general there is a precise connection between the subtractions, active-active Glauber graphs, and

the direction of soft Wilson lines. In contrast, in SCETI the Glauber exchange contributions G

between active lines are scaleless, and are exactly canceled by the ultrasoft 0-bin subtraction on

the Glauber graph, G(U). In the remainder of this section we explore the above connections in

detail at one-loop. We will continue this discussion at higher orders in Sec. XC.

We begin our discussion in SCETII, considering the one-loop graphs shown in Fig. 26 with a

mass IR regulator m. We take the physical momenta to be p for the n-collinear quark, and p̄ for

the n̄-collinear (anti)quark. The soft diagrams drawn here arise from the contraction between two

gluons taken from the soft Wilson lines that appear in the SCET hard current

J� = (⇠̄nWn)S
†
n�Sn̄(W

†
n̄⇠n̄) . (270)

The directions for the soft Wilson lines in this current are both (0,1) for n-n̄ production as in

Fig. 26a, while we have Sn̄(�1, 0) and S†
n(0,1) when the n̄ quark is in the initial state, as in
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Fig. 26c. (See App. C 3 for explicit formulas.) Often in SCET one would draw the soft diagram in

Fig. 26a with the eikonal lines contracted to a point. However, for clarity we leave these extended

as solid green lines since at higher orders drawing things in this way allows us to make explicit the

ordering of the color matrices in our diagrams.

First consider n-n̄ production in SCETII, defining the spinor matrix element

S� = ūn�v
⇤
n̄ , (271)

where the complex conjugation on vn̄ appears due to our convention for the antiquark spinors. The

naive loop integral with a soft gluon exchange is

S̃(Fig. 26a) = �2ig2CFS�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)
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where d0 = d � 2 = 2 � 2✏. In writing down Eq. (272) we establish a notation, namely that a

tilde over a symbol such as S̃ denotes a completely unsubtracted integral, which we will refer

to as the naive or unsubtracted result. To obtain the second line of Eq. (272) we evaluated the

integrand by contours in k0, obtaining the first term from the pole from the relativistic propagator

k0 = �(~k 2 + m2)1/2 + i0, and the second term proportional to (i⇡) from the pole in the eikonal

propagator k0 = �kz + i0. The result for these integrals is shown separately in the third equality,

and can be combined by introducing a (�1 � i0) in the rapidity logarithm, as shown in the final

line. If we consider the Glauber zero-bin subtraction integral for this soft loop, then we have

S(G)(Fig. 26a) = �2ig2CF S�

Z
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Therefore the full result for the soft graph in a theory with Glauber exchange is given by the result

without the (i⇡) contribution

S(Fig. 26a) = S̃ � S(G) (274)
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Fig. 26c. (See App. C 3 for explicit formulas.) Often in SCET one would draw the soft diagram in

Fig. 26a with the eikonal lines contracted to a point. However, for clarity we leave these extended

as solid green lines since at higher orders drawing things in this way allows us to make explicit the

ordering of the color matrices in our diagrams.

First consider n-n̄ production in SCETII, defining the spinor matrix element

S� = ūn�v
⇤
n̄ , (271)

where the complex conjugation on vn̄ appears due to our convention for the antiquark spinors. The

naive loop integral with a soft gluon exchange is

S̃(Fig. 26a) = �2ig2CFS�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)
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where d0 = d � 2 = 2 � 2✏. In writing down Eq. (272) we establish a notation, namely that a

tilde over a symbol such as S̃ denotes a completely unsubtracted integral, which we will refer

to as the naive or unsubtracted result. To obtain the second line of Eq. (272) we evaluated the

integrand by contours in k0, obtaining the first term from the pole from the relativistic propagator

k0 = �(~k 2 + m2)1/2 + i0, and the second term proportional to (i⇡) from the pole in the eikonal

propagator k0 = �kz + i0. The result for these integrals is shown separately in the third equality,

and can be combined by introducing a (�1 � i0) in the rapidity logarithm, as shown in the final

line. If we consider the Glauber zero-bin subtraction integral for this soft loop, then we have

S(G)(Fig. 26a) = �2ig2CF S�

Z

d�dk
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Therefore the full result for the soft graph in a theory with Glauber exchange is given by the result

without the (i⇡) contribution

S(Fig. 26a) = S̃ � S(G) (274)
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it is exactly canceled by its ultrasoft subtraction TODO:

Remove m

here.

(TODO)

G̃(Fig. 26b) = �2ig2CF S�

Z
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For the n-n̄ hard scattering graph we have G = G(U) = 0. Therefore for both cases in SCETI

the Glauber graphs G = G̃ � G(U) do not contribute, and hence the result for the one-loop hard

scattering SCET graphs are the same with or without the inclusion of Glauber gluons. In this

situation the (i⇡) factors are carried by the ultrasoft diagrams. Again these factors are necessary

to correctly reproduce the hard scattering Wilson coe�cients in Eq. (281), which for this current

are the same in SCETI as in SCETII.

B. One Loop Soft Real Emission for Soft-Glauber Correspondence

We next show that the correspondence between Glauber contributions and Glauber subtractions

for soft graphs discussed in Sec. XA, also holds for the situation with two active quarks participating

in a hard interaction plus one soft gluon emission. This case is interesting because there are three

di↵erent physical situations, corresponding to an outgoing quark/anti-quark pair, an incoming and

then outgoing quark, or an incoming quark/anti-quark pair. We will refer to these as ee, ep and

pp respectively, since the underlying hard scattering would be relevant for each of these three

hard collision processes. Since our soft gluon is always outgoing, these processes involve either 3

outgoing particles, 2 outgoing and 1 incoming particle, or 1 outgoing and 2 incoming particles. The

relevant diagrams with soft or Glauber loops are shown in Figs. 27, 28, and 29. As usual, these

SCET graphs also contain subtraction contributions as in Eq. (68). In the case being considered

here these subtractions ensure that the soft propagators in the loop are truly soft, and hence do

not give contributions from the region where the propagators momentum becomes Glauber.

The contribution of the ith diagram from Figs. 27- 29 can be written as

iAchan
i = (i⇡)

g3

⇡
TA

⇣ nµ

n·k � n̄⌫

n̄·k
⌘



� 1

2
achani CA n·k n̄·k I(1)? (k?) + bchani CF I

(0)
? � 1

2
cchani CAI

(0)
?

�

.

(284)

Here k is the outgoing momentum of the soft gluon which has color A and vector index µ, and the

integrals that appear are

I(0)? =

Z

d�d�2`? (◆✏µ2✏)
~̀2
?

, I(1)? (k?) =
Z

d�d�2`? (◆✏µ2✏)2

~̀2
? (~̀? + ~k?)2

, (285)

General form of two loop soft current 
for three different kinematic situations 

(pp,ep,e+e-)
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it is exactly canceled by its ultrasoft subtraction TODO:

Remove m

here.

(TODO)

G̃(Fig. 26b) = �2ig2CF S�

Z

d�dk
(◆✏µ2✏ |kz|�⌘ ⌫⌘)

[k2? �m2][n · k ��(k?) + i0][n̄ · k +�0(k?)� i0]

= S�
CF↵s

2⇡



(i⇡)
⇣1

✏
+ ln

µ2

m2

⌘

�

= G(U)(Fig. 26b) ,

G̃�G(U) = 0 . (283)

For the n-n̄ hard scattering graph we have G = G(U) = 0. Therefore for both cases in SCETI

the Glauber graphs G = G̃ � G(U) do not contribute, and hence the result for the one-loop hard

scattering SCET graphs are the same with or without the inclusion of Glauber gluons. In this

situation the (i⇡) factors are carried by the ultrasoft diagrams. Again these factors are necessary

to correctly reproduce the hard scattering Wilson coe�cients in Eq. (281), which for this current

are the same in SCETI as in SCETII.

B. One Loop Soft Real Emission for Soft-Glauber Correspondence

We next show that the correspondence between Glauber contributions and Glauber subtractions

for soft graphs discussed in Sec. XA, also holds for the situation with two active quarks participating

in a hard interaction plus one soft gluon emission. This case is interesting because there are three

di↵erent physical situations, corresponding to an outgoing quark/anti-quark pair, an incoming and

then outgoing quark, or an incoming quark/anti-quark pair. We will refer to these as ee, ep and

pp respectively, since the underlying hard scattering would be relevant for each of these three

hard collision processes. Since our soft gluon is always outgoing, these processes involve either 3

outgoing particles, 2 outgoing and 1 incoming particle, or 1 outgoing and 2 incoming particles. The

relevant diagrams with soft or Glauber loops are shown in Figs. 27, 28, and 29. As usual, these

SCET graphs also contain subtraction contributions as in Eq. (68). In the case being considered

here these subtractions ensure that the soft propagators in the loop are truly soft, and hence do

not give contributions from the region where the propagators momentum becomes Glauber.

The contribution of the ith diagram from Figs. 27- 29 can be written as

iAchan
i = (i⇡)

g3

⇡
TA

⇣ nµ

n·k � n̄⌫

n̄·k
⌘



� 1

2
achani CA n·k n̄·k I(1)? (k?) + bchani CF I

(0)
? � 1

2
cchani CAI

(0)
?

�

.

(284)

Here k is the outgoing momentum of the soft gluon which has color A and vector index µ, and the

integrals that appear are

I(0)? =

Z

d�d�2`? (◆✏µ2✏)
~̀2
?

, I(1)? (k?) =
Z

d�d�2`? (◆✏µ2✏)2

~̀2
? (~̀? + ~k?)2

, (285)
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FIG. 27. Single Soft emission graphs for an e+e� annihilation current with a soft or Glauber loop. Solid

green lines are eikonal propagators from soft Wilson lines, dashed black lines are collinear propagators,

springs are soft gluons, and Glauber exchange is a dotted red line.

to which we can also freely add a suitable IR regulator. For example, with a gluon mass the

integral I(0)? is not scaleless. The only diagram and channel dependent factors in Eq. (284) are the

constants achani , bchani , cchani , where i determines which Glauber or soft diagram is being considered,

and chan = ee, ep, or pp.

In Table III we show the results for the achani , bchani , and cchani coe�cients for the Glauber graphs

Gi for each of the three processes. We also show results for the terms we wish to compare them

to, namely the results for the Glauber subtractions of the soft graphs, S(j)
i . Here the superscript

(j) indicates which legs are taken to be near mass shell with virtuality of order �2. TODO:

Fix which

limits these

are more

precisely.

(TODO)

For example, S(2)
1 is the graph S1 with propagator 2’s momentum taken to have scaling of �2. In

general both the graphs Gi and Si will have Glauber subtractions to ensure that soft propagators

are truly soft. Since di↵erent Glauber limits for the soft graphs may overlap, the soft diagrams

may also contain double subtractions that remove the overlapping contributions. We use a double

superscript to denotes these double subtractions. For example, if we are considering the limit

where the 3 propagator is going on-shell S(3) then we must add back the contribution where 2 also

goes on shell since that contribution is part of S(23). Thus S(3)(2) corresponds to the contribution

that must be added back to ensure that we are not over-subtracting. For our discussion here it is
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G1 G2+3 G4+5 G6 G7 S(2,3)
1 S(23)

1 S(13,24)
2+3 S(23)

2+3 S(1,..,4)
2+3 S(23)

4+5 S(2,3)
4+5 S(1,4)

6+7

CAI
(1)
? : aeei � 1

4 0 0 + 1
4 + 1

4 + 1
2 � 1

4 0 0 0 0 0 0

aepi 0 0 0 + 1
4 0 + 1

4 0 0 0 0 0 0 0

appi � 1
4 0 0 0 0 0 � 1

4 0 0 0 0 0 0

CF I
(0)
? : beei 0 � 1

2 0 0 0 0 0 � 1
2 + 1

2 � 1
2 � 1

2 + 1
2 0

bepi 0 0 0 0 0 0 0 0 0 � 1
2
⇤ 0 + 1

2
⇤ 0

bppi 0 � 1
2 0 0 0 0 0 � 1

2 + 1
2 0 � 1

2 0 0

CAI
(0)
? : ceei + 1

2 � 1
2 0 0 0 + 1

4 0 � 1
2 + 1

2 � 1
2 0 0 + 1

4

cepi 0 0 0 0 0 + 1
4
⇤ 0 0 0 � 1

2
⇤ 0 0 + 1

4
⇤

cppi + 1
2 � 1

2 0 0 0 0 0 � 1
2 + 1

2 0 0 0 0

TABLE III. Coe�cients appearing in Eq. (284) for the Glauber graphs and subtractions for Soft graphs in

Figs. 27,28, and 29. Here the ⇤ superscript indicates results which should have n̄µ ! 0 in the prefactor they

multiply. These terms are not gauge invariant on their own, but sum to zero.

convenient to include these double subtractions into the soft single subtraction results. Therefore

the result for the full soft graph in SCET is obtained by the naive soft graph eSi minus just these

single subtractions. The Glauber loop graphs Gi do not have double subtractions and hence are

also obtained by removing single subtraction contributions from the naive contribution eGi,

Si = S̃i �
X

j

S(j)
i , Gi = G̃i �

X

j

G(j)
i . (286)

In several cases the column labels in Table III indicate a sum of diagrams:

G2+3 = G2 +G3 , G4+5 = G4 +G5 , S(2,3)
1 = S(2)

1 + S(3)
1 , S(13,24)

2+3 = S(13)
2 + S(24)

3 ,

S(23)
2+3 = S(23)

2 + S(23)
3 , S(1,2,3,4)

2+3 = S(1)
2 + S(2)

2 + S(3)
2 + S(2)

3 + S(3)
3 + S(4)

3 ,

S(23)
4+5 = S(23)

4 + S(23)
5 , S(2,3)

4+5 = S(2)
4 + S(3)

4 + S(2)
5 + S(3)

5 , S(1,4)
6+7 = S(1)

6 + S(4)
7 . (287)

For the Glauber loop graphs Gi, only G6 and G7 have non-zero subtractions. Therefore the

results we obtain for the graphs G1,··· ,5 are simply given in Table III. Note that G2,4 and G3,5

produce the nµ and n̄µ structures in Eq. (284) respectively, while G1 alone produces both of these

structures. For G6,7 we have

G6 = G̃6 �G(3)
6 , G7 = G̃7 �G(4)

7

aeei :
1

4
= 0 +

1

4
,

1

4
= 0 +

1

4
,

aepi :
1

4
=

1

4
+ 0 , 0 = 0 + 0 , (288)
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FIG. 30. Two loop graphs that have abelian contributions and either soft gluons or Glauber exchange with

a Hard Scattering vertex ⌦ in SCETII. We refer to these graphs as S1, S2, SG, and G, and we number the

collinear/eikonal fermion propagators (1), (2), (3), (4) as shown.

discussion.) The subtraction S(G1234)
i simultaneously considers both loop momenta to have Glauber

scaling. The SCET graph SG shown in Fig. 30c contains a soft loop, and hence also has a Glauber

subtraction given by SG(G23).

Since the Abelian soft graphs have trivial numerators, it su�ces to study these overlaps by

listing the denominator propagators for the integrands for the graphs shown in Fig. 30, and for

their 0-bin subtractions. For the original graphs these are

S̃1 :
⇥

n · k1
⇤⇥

n · (k1+k2)
⇤⇥� n̄ · (k1+k2)

⇤⇥� n̄ · k1
⇤⇥

k21
⇤⇥

k22
⇤

(299)

=
⇥

n · k1
⇤⇥

n · k02
⇤⇥� n̄ · k02

⇤⇥� n̄ · k1
⇤⇥

k21
⇤⇥

(k02�k1)
2
⇤

,

S̃2 :
⇥

n · k1
⇤⇥

n · (k1+k2)
⇤⇥� n̄ · (k1+k2)

⇤⇥� n̄ · k2
⇤⇥

k21
⇤⇥

k22
⇤

=
⇥

n · k1
⇤⇥

n · k02
⇤⇥� n̄ · k02

⇤⇥

n̄ · (k1�k02)
⇤⇥

k21
⇤⇥

(k02�k1)
2
⇤

=
⇥

n · (k02�k01)
⇤⇥

n · k02
⇤⇥� n̄ · k02

⇤⇥� n̄ · k01)
⇤⇥

k021
⇤⇥

(k02�k01)
2
⇤

,

gSG :
⇥

n · k1��1
⇤⇥

n · k2
⇤⇥� n̄ · k2

⇤⇥� n̄ · k1��0
1

⇤⇥

k21?
⇤⇥

k22
⇤

,

G :
⇥

n·k1��1
⇤⇥

n·(k1+k2)��2
⇤⇥� n̄·(k1+k2)��0

2

⇤⇥� n̄·k1��0
1

⇤⇥

k21?
⇤⇥

k22?
⇤

.

where we show the eikonal propagators listed from (1) to (4), and multiple momentum routings

are shown for the purely soft graphs for later convenience. Here and below, all propagators in

square brackets include a +i0. The results are all regulated with |kz1|�⌘|kz2|�⌘ (using the notation

of the first momentum routings) and these regulator factors are not modified when taking the 0-bin

limits, and hence need not be written out explicitly in the analysis below. It should be evident

from Fig. 30 that the gSG diagram has the same propagator scaling as S(G14)
1 , while the G diagram

has the same scaling as S(G1234)
1 .

First consider the Abelian terms in the (23) limit. Since there are no Glauber graphs that

correspond to this limit we anticipate that the soft box and cross-box diagrams will cancel. Using

Eq. (299) we find

S(G23)
1 :

⇥

n · k1
⇤⇥

n · k02
⇤⇥� n̄ · k02

⇤⇥� n̄ · k1
⇤⇥

k21
⇤⇥

k+1 k
�
1 �(~k02?�~k1?)2

⇤

, (300)
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The third result follows from the second. Just like at one-loop, the choice of soft Wilson line direc-

tions in the hard operator are important for the correspondence in Eq. (307) to be true. Combining

all the above results, we find that the sum of all Abelian diagrams with their subtractions are equal

to the Abelian part of the naive soft graphs

S1 + S2 + SG+G = S̃1 + S̃2 , (308)

as anticipated.

2. Two Loop Non-Abelian Soft-Glauber Correspondence

Next we consider the graphs with the non-Abelian CFCA or CFnf color factors. Using Feynman

gauge for the soft gluons, the nonzero graphs are shown in Fig. 31. Here S3 denotes the same cross

box graph called S2 above, just now with the non-abelian part of its color factor. It has four

eikonal propagators. Therefore we have S(G1234)
3 = 0 and S(G14)

3 � S(G14)(G23)
3 = 0, and must only

consider the (23), (13), and (24) limits for S3. For S4 the 3-gluon vertex yields two terms in the

numerator that cancel one or the other of the two n-eikonal propagators, and likewise for S5 with

the two n̄-eikonal propagators. Therefore these graphs each have two terms, both with two eikonal

propagators. It is convenient to consider these pieces separately so we write

S4 = S4h + S4r , S5 = S5h + S5r , (309)

where the “h” subscript indicate terms with two eikonal propagators next to the hard vertex which

can have a (23) subtraction limit, whereas the two remaining eikonal propagators in S4r and S5r

are such that they only have (13) and (24) limits respectively. Finally, S6 includes both the vertex

graph and Wilson line self energy graphs, and only has a nontrivial (23) limit. The role of the self

energy contribution here is to cancel the kµ2 k
⌫
2 vacuum polarization numerator term in the vertex

graph.

The graphs in the second row of Fig. 31 involve Glauber operators. Here GS1 always has two

collinear propagators, and has an internal eye-graph involving terms with both zero and two eikonal

propagators. For the numerator from the eye-graph vertices in GS1, see Eq. (113), we write

(d� 2)n · k1 n̄ · k1 + 2(k1? + k2?)2 + 2k21? +
4[k1? · (k1? + k2?)]2

n̄ · k1 n · k1
=

n

(d� 2)n · k1 n̄ · k1 + 4k22? � 2(k1 + k2?)2 � 2k21

o

+
4[k1 · (k1 + k2?)]2

n̄ · k1 n · k1 , (310)

and then split the two-loop GS1 graph into two parts by defining

GS1 = GS1h +GS1f . (311)

Here GS1h is the result involving the terms in curly brackets in Eq. (310), while GS1f refers to the

term on the second line with the n̄ · k n · k eikonal propagators. The graphs with a Lipatov vertex,

naive soft 
graph

subtracted

Abelian

i.e. soft 
subtractions= 

Glaubers 129
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FIG. 31. Non-abelian two loop graphs with soft gluons and Glauber exchange with a Hard Scattering vertex

⌦ in SCETII. Only graphs that are non-vanishing in Feynman gauge are shown. We will refer to them as

S3, S4, S5, S6, GS1, GS2, GS3, LS1, LS2, and we number the collinear/eikonal fermion propagators (1),

(2), (3), (4) as shown.

LS1 and LS2, have two collinear propagators and terms with both both two and zero eikonal

propagators (depending on whether the Lipatov vertex cancels the soft eikonal propagator or adds

an additional one). Since these terms also need to be considered separately we divide the graphs

up as

LS1 = LS1r + LS1f , LS2 = LS2r + LS2f , (312)

where the “f” subscript refers to terms with two eikonal plus two collinear propagators, and the “r”

subscript refers to terms with just the two (black-dashed) collinear propagators that are explicit

in Fig. 31. To summarize the nontrivial Glauber subtractions for these contributions we write

S3 = S̃3 �
⇥

S(G23)
3 � S(G23)(G14)

3

⇤� ⇥

S(G13)
3 � S(G13)(G24)

3

⇤� ⇥

S(G24)
3 � S(G24)(G13)

3

⇤

,

S4h = S̃4h � S(G23)
4h , S4r = S̃4r � S(G13)

4r , S5h = S̃5h � S(G23)
5h , S5r = S̃5r � S(G24)

5r ,

S6 = S̃6 � S(G23)
6 , GS1f = gGS1f �GS(G14)

1f , GS3 = gGS3 �GS(G14)
3 ,

LS1f = fLS1f � LS(G24)
1f , LS2f = fLS2f � LS(G13)

2f , (313)

whereas there are no nontrivial subtractions for GS1h, GS2, LS1r, or LS2r.

The simplest soft two loop contributions are those that only have eikonal propagators next to

the hard vertex, for (2) and (3). This includes the entire S6, as well as S4h and S5h where the

momentum factor from the 3-gluon vertex cancels propagators (1) and (4) respectively. For these

terms, (G23) is the only nontrivial Glauber subtraction on these soft graphs, and the equivalence

non-Abelian
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FIG. 31. Non-abelian two loop graphs with soft gluons and Glauber exchange with a Hard Scattering vertex

⌦ in SCETII. Only graphs that are non-vanishing in Feynman gauge are shown. We will refer to them as

S3, S4, S5, S6, GS1, GS2, GS3, LS1, LS2, and we number the collinear/eikonal fermion propagators (1),

(2), (3), (4) as shown.

LS1 and LS2, have two collinear propagators and terms with both both two and zero eikonal

propagators (depending on whether the Lipatov vertex cancels the soft eikonal propagator or adds

an additional one). Since these terms also need to be considered separately we divide the graphs

up as

LS1 = LS1r + LS1f , LS2 = LS2r + LS2f , (312)

where the “f” subscript refers to terms with two eikonal plus two collinear propagators, and the “r”

subscript refers to terms with just the two (black-dashed) collinear propagators that are explicit

in Fig. 31. To summarize the nontrivial Glauber subtractions for these contributions we write

S3 = S̃3 �
⇥

S(G23)
3 � S(G23)(G14)

3

⇤� ⇥

S(G13)
3 � S(G13)(G24)

3

⇤� ⇥

S(G24)
3 � S(G24)(G13)

3

⇤

,

S4h = S̃4h � S(G23)
4h , S4r = S̃4r � S(G13)

4r , S5h = S̃5h � S(G23)
5h , S5r = S̃5r � S(G24)

5r ,

S6 = S̃6 � S(G23)
6 , GS1f = gGS1f �GS(G14)

1f , GS3 = gGS3 �GS(G14)
3 ,

LS1f = fLS1f � LS(G24)
1f , LS2f = fLS2f � LS(G13)

2f , (313)

whereas there are no nontrivial subtractions for GS1h, GS2, LS1r, or LS2r.

The simplest soft two loop contributions are those that only have eikonal propagators next to

the hard vertex, for (2) and (3). This includes the entire S6, as well as S4h and S5h where the

momentum factor from the 3-gluon vertex cancels propagators (1) and (4) respectively. For these

terms, (G23) is the only nontrivial Glauber subtraction on these soft graphs, and the equivalence

132

LS1f � S(G13)
3 = 0 or LS1f � S(G13)

3 is proportional to �(n̄ · `) which is killed by the terms with a

further Glauber 0-bin subtraction on this momentum. Similarly the result for LS2f is the same as

S(G24)
3 . Here when we subtract, LS2f �S(G24)

3 is zero or proportional to �(n ·`). In both cases these

�-functions force the `-momentum in these di↵erences into a Glauber region, making the results

equal to their (24) and (13) subtractions respectively. Rearranging, these results we have

S(G13)
3 � S(G13)(G24)

3 = LS1f � LS(G24)
1f , S(G24)

3 � S(G24)(G13)
3 = LS2f � LS(G13)

2f . (323)

Putting all these results together we find that

S3 + S4 + S5 + S6 +GS1 +GS2 +GS3 + LS1 + LS2 = S̃3 + S̃4 + S̃5 + S̃6 . (324)

So the non-Abelian two-loop result is again simply given by the sum of the naive soft graph results.

From Eqs. (308) and (324) we see that, just as in the one loop case, the same result is obtained

for hard production graphs at two-loops in theories with or without the inclusion of Glauber gluon

exchange, as long as the proper subtractions are performed on the soft graphs.

3. Two Loop Soft-Glauber Correspondence For More Than Two Active Lines

The pattern established above continues to all orders in the diagrams which involve soft and

Glauber rungs that go between an active n-collinear and active n̄-collinear line. The nontrivial

Glauber regions of the soft diagrams occur when the momenta of one or more pairs of propagators

(one from the n line and one from the n̄ line) scale into the Glauber region. For the purely Abelian

graphs, the box and cross-box subtraction terms continue to cancel unless the soft loops all occur

on the internal side next to the hard vertex, with Glauber loops on the outside. When we consider

Glauber 0-bin subtractions on any soft graph, we must do so by considering soft gluons from the

outside-in, otherwise we again have vanishing contributions. These 0-bin subtractions are then in

one-to-one correspondence with a graph where that rung is replaced by a Glauber gluon from the

start. 0-bin contributions from simultaneous Glauber limits of two rungs again are only nonzero

when considered from the outside-in, and correspond precisely with the replacement of those two

rungs by Glauber gluons. The same is true if we consider the 0-bin subtractions for the simultaneous

limit of N -rungs. Given this correspondence for the once subtracted loop integrals, we can also

immediately conclude that there is a correspondence on additional iterated subtractions that are

considered for these integrands (as in our two-loop example of S(G2)(G1) = SG(G1) above). For the

nonabelian graphs (ADD PROOF HERE). Thus we conclude that the result at any order for the

n-n̄ production graphs will be the same in the theories with or without the inclusion of Glauber

gluon exchange. This implies that from the perspective of these diagrams, the Glauber could be

absorbed into the soft gluon degree of freedom. (This result does not however hold in general,

where graphs involving spectators are a clear counterexample. TODO:

IMPROVE.

(TODO))

As before we find that the 
Glaubers sit inside the softs
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FIG. 33. Spectator-specator interactions for the hard scattering correlator in Eq. (329). The Glauber

interaction labeled G indicates the sum of all ladder diagrams including the graph with 0 Glaubers as

indicated.

We will also show under what circumstances the phase cancels. Of course this cancellation

is a necessary TODO:

Check

(TODO) but not su�cient condition for a proof of factorization. Since there are

quantum corrections which break factorization that are not pure phases. A demonstration of how

complete proofs of factorization can be carried out using our Glauber theory will be given elsewhere.

TODO:

FIX THIS

OUTLINE

(TODO) In Sec. XIB we consider the same all order resummation of Glauber exchanges for

a hard scattering vertex, demonstrating that they again give a phase. In Sec. XIA we consider

Glauber gluons in diagrams involving spectators that do not directly participate in the hard scat-

tering.

A. Spectator-Spectator

We begin by considering the diagrams in Fig. 33 which we refer to as Spectator-Spectator (SS)

interactions. These occur between spectator particles which do not participate in the hard annihi-

lation. Since the hard scattering case with MDIS
� has only a single hadron, these SS contributions

only exist for the hard annihilation case with MDY
� , where the two participating spectators are

created by �n and �n̄ respectively. In these graphs the hard interaction is indicated by the ⌦, and

our routing for incoming and outgoing external momentum is shown in Fig. 33b. For simplicity

we take the limit where the mass of the incoming hadrons is ignored, so that P 2 = P̄ 2 = 0. This

is accomplished by taking Pµ = n̄ · P nµ/2 and P̄ = n · P̄ n̄µ/2 respectively. The tree level result

for Fig. 33b is then given by

Fig. 33b = S� i n̄ · (p1�P )

(P � p1)2
i n · (P̄ � p2)

(P̄ � p2)2
(330)

= S�



1

~p 2
1?

1

~p 2
2?

� 

n̄ · p1 n̄ · (P�p1)

n̄ · P
n · p2 n · (P̄�p2)

n · P̄
�

⌘ S� E(p1?, p2?),

where we have defined the spinor factor for the outgoing quark-antiquark as

S� = ūn�
µ
?v

⇤
n̄ . (331)

Note: no corresponding soft diagrams. Also 
fermions don’t eikonalize
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Note that n̄ · p1 > 0, n̄ · (P � p1) > 0, n · p2 > 0, and n · (P̄ � p2) > 0. To obtain the second line

of Eq. (330) we used momentum conservation, and the equation of motion to remove the small

momentum components, n·p1 = ~p 2
1?/n̄·p1 and n̄·p2 = ~p 2

2?/n·p2. The final momentum dependence

of the result is defined as the end-function E(p1?, p2?). We suppress the dependence on the light

cone momenta in its arguments since it is the ?-momenta that will play the prominent role for

our discussion here. The factor involving light-cone momenta that appears in E will often occur

at intermediate steps, so we define

 ⌘


n̄ · p1 n̄ · (P � p1)

n̄ · P
n · p2 n · (P̄ � p2)

n · P̄
�

. (332)

In terms of power counting we note that the tree level amplitude scales as E(p1?, p2?) ⇠ ��4 just

as expected for the scaling of MDY
� .

Next we dress the end E with SS Glauber exchanges as in Fig. 33. To do this we may utilize

the results from Sec. IXA for Glauber exchange in forward scattering diagrams. Here the hard

scattering end produces a pair of quarks that are then fed into the forward scattering. In particular,

the one-loop hard scattering graph in Fig. 33c is paired with the tree-level forward scattering graph,

the two-loop hard scattering graph in Fig. 33d is paired with the one-loop box-graph for forward

scattering, etc. Due to the extra loop present in hard scattering, the incoming quarks are o↵shell,

with O(�2) non-zero ± loop momenta flowing through the forward scattering part of the graph, and

unrelated ?-momenta for the two incoming lines. However, as discussed in Sec. IXA, the presence

of these modifications from the additional loop do not change the result for the sum of forward

scattering ladder graphs. Thus we can first perform all the forward scattering loop integrals to give

�2G(k?), with G(k?) from Eq. (257), leaving only the loop-integral with momentum that flows

through the end. This corresponds to evaluating Fig. 33a. The result is

Fig. 33a = S�i4
Z

d�dk
�2G(k?) (�1)2

[k+��0
1+i0][�k+��1+i0][k���2+i0][�k���0

2+i0]

=
�2(�i)2

2
S�

Z

d�d�2k?
G(k?)

(�1 +�0
1)(�2 +�0

2)

= S�

Z

d�d�2k?
G(k?)

(~k? + ~p1?)2 (~k? � ~p2?)2

= S�

Z

d�d�2k? G(k?) E(p1? + k?, p2? � k?) . (333)

To obtain the first line, note that the small k± loop momenta do not appear in the numerator of

the collinear propagators, so we can group these factors into the denominators, for example

n̄ · p1
n̄ · p1(k++n · p1)� (~k?+~p1?)2 + i0

=
1

k+ ��0
1 + i0

. (334)

Using momentum conservation and n ·P = n̄ · P̄ = 0, and the fact that the incoming hadrons have

vanishing ?-momenta so (P � p1)? = �p1? and (P � p2)? = �p2?, the various k? dependent

Sum over all 
boxes
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Note that n̄ · p1 > 0, n̄ · (P � p1) > 0, n · p2 > 0, and n · (P̄ � p2) > 0. To obtain the second line

of Eq. (330) we used momentum conservation, and the equation of motion to remove the small

momentum components, n·p1 = ~p 2
1?/n̄·p1 and n̄·p2 = ~p 2

2?/n·p2. The final momentum dependence

of the result is defined as the end-function E(p1?, p2?). We suppress the dependence on the light

cone momenta in its arguments since it is the ?-momenta that will play the prominent role for

our discussion here. The factor involving light-cone momenta that appears in E will often occur

at intermediate steps, so we define

 ⌘


n̄ · p1 n̄ · (P � p1)

n̄ · P
n · p2 n · (P̄ � p2)

n · P̄
�

. (332)

In terms of power counting we note that the tree level amplitude scales as E(p1?, p2?) ⇠ ��4 just

as expected for the scaling of MDY
� .

Next we dress the end E with SS Glauber exchanges as in Fig. 33. To do this we may utilize

the results from Sec. IXA for Glauber exchange in forward scattering diagrams. Here the hard

scattering end produces a pair of quarks that are then fed into the forward scattering. In particular,

the one-loop hard scattering graph in Fig. 33c is paired with the tree-level forward scattering graph,

the two-loop hard scattering graph in Fig. 33d is paired with the one-loop box-graph for forward

scattering, etc. Due to the extra loop present in hard scattering, the incoming quarks are o↵shell,

with O(�2) non-zero ± loop momenta flowing through the forward scattering part of the graph, and

unrelated ?-momenta for the two incoming lines. However, as discussed in Sec. IXA, the presence

of these modifications from the additional loop do not change the result for the sum of forward

scattering ladder graphs. Thus we can first perform all the forward scattering loop integrals to give

�2G(k?), with G(k?) from Eq. (257), leaving only the loop-integral with momentum that flows

through the end. This corresponds to evaluating Fig. 33a. The result is

Fig. 33a = S�i4
Z

d�dk
�2G(k?) (�1)2

[k+��0
1+i0][�k+��1+i0][k���2+i0][�k���0

2+i0]

=
�2(�i)2

2
S�

Z

d�d�2k?
G(k?)

(�1 +�0
1)(�2 +�0

2)

= S�

Z

d�d�2k?
G(k?)

(~k? + ~p1?)2 (~k? � ~p2?)2

= S�

Z

d�d�2k? G(k?) E(p1? + k?, p2? � k?) . (333)

To obtain the first line, note that the small k± loop momenta do not appear in the numerator of

the collinear propagators, so we can group these factors into the denominators, for example

n̄ · p1
n̄ · p1(k++n · p1)� (~k?+~p1?)2 + i0

=
1

k+ ��0
1 + i0

. (334)

Using momentum conservation and n ·P = n̄ · P̄ = 0, and the fact that the incoming hadrons have

vanishing ?-momenta so (P � p1)? = �p1? and (P � p2)? = �p2?, the various k? dependent
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factors in Eq. (333) include

�0
1 =

(~k? + ~p1?)2

n̄ · p1 � n · p1 , �1 =
(~k? + ~p1?)2

n̄ · (P�p1)
+ n · p1 , (335)

�0
2 =

(~k? � ~p2?)2

n · p2 � n̄ · p2 , �2 =
(~k? � ~p2?)2

n · (P̄�p2)
+ n̄ · p2 .

To obtain the second line of Eq. (333) we note that there are no rapidity divergences and hence

we simply perform the k+ and k� integrals by contours. The final lines simply follow from the

definitions in Eq. (335) and Eq. (332). Note that unlike in the forward scattering loop integrals

that the final result here depends on the non-vanishing �1 +�0
1 and �2 +�0

2, so the fermions are

not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (333) in Fourier space. If we

hold the photons q? = �p1? � p2? fixed, then we can consider Fourier transforming in �p? =

(p2? � p1?)/2, to give

ASS(�p?, q?) = Fig. 33b

= S�

Z

d�d�2k? G(k?) E
⇣

k? ��p? � q?
2
,�p? � k? � q?

2

⌘

⌘ S�

Z

d�d�2k? G(k?) E0(�p? � k?, q?)

= S�

Z

d�d�2k?
Z

dd�2b? e�i~k?·~b? G̃(b?)
Z

dd�2b0? e�i(�~p?�~k?)·~b0?Ẽ0(b0?, q?)

= S�

Z

dd�2b? e�i�~p?·~b? Ẽ0(b?, q?) ei�(b?). (336)

Thus the iterations of the spectator-spectator Glauber potentials produce a final rescattering state

scattering phase �(b?) where the distance b? is conjugate to the di↵erence of ?-momenta of the

two spectators.

It is interesting to ask: under what conditions this Glauber phase cancels? Considering the

modulus squared of the amplitude, the phase cancels as long as we carry out the phase space

integral over �p?,
Z

d�d�2�p?
�

�ASS(�p?, q?)
�

�

2
(337)

= |S� |2
Z

d�d�2�p?
Z

dd�2b? dd�2b0? ei�~p?·(~b0?�~b?) Ẽ0(b?, q?)Ẽ0†(b0?, q?) e
i�(b?)�i�(b0?)

= |S� |2
Z

dd�2b?
�

�Ẽ0(b?, q?)
�

�

2

= |S� |2
Z

d�d�2�p?
�

�E0(�p?, q?)
�

�

2
, (338)

where this is just the integral over the tree level result in Eq. (330). Thus the Glauber exchange

for these SS graphs cancel as long as the limits of integration for �p? are taken to infinity in the

e↵ective theory. Although this result does exhibit the cancellation of final state interactions, taken

Exponentiates in 
impact parameter 

space
�p = (p2? � p1?)/2q? = (�p2? � p1?)



When does this phase cancel?

As long as we integrate over 
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factors in Eq. (333) include

�0
1 =

(~k? + ~p1?)2

n̄ · p1 � n · p1 , �1 =
(~k? + ~p1?)2

n̄ · (P�p1)
+ n · p1 , (335)

�0
2 =

(~k? � ~p2?)2

n · p2 � n̄ · p2 , �2 =
(~k? � ~p2?)2

n · (P̄�p2)
+ n̄ · p2 .

To obtain the second line of Eq. (333) we note that there are no rapidity divergences and hence

we simply perform the k+ and k� integrals by contours. The final lines simply follow from the

definitions in Eq. (335) and Eq. (332). Note that unlike in the forward scattering loop integrals

that the final result here depends on the non-vanishing �1 +�0
1 and �2 +�0

2, so the fermions are

not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (333) in Fourier space. If we

hold the photons q? = �p1? � p2? fixed, then we can consider Fourier transforming in �p? =

(p2? � p1?)/2, to give

ASS(�p?, q?) = Fig. 33b

= S�

Z

d�d�2k? G(k?) E
⇣

k? ��p? � q?
2
,�p? � k? � q?

2

⌘

⌘ S�

Z

d�d�2k? G(k?) E0(�p? � k?, q?)

= S�

Z

d�d�2k?
Z

dd�2b? e�i~k?·~b? G̃(b?)
Z

dd�2b0? e�i(�~p?�~k?)·~b0?Ẽ0(b0?, q?)

= S�

Z

dd�2b? e�i�~p?·~b? Ẽ0(b?, q?) ei�(b?). (336)

Thus the iterations of the spectator-spectator Glauber potentials produce a final rescattering state

scattering phase �(b?) where the distance b? is conjugate to the di↵erence of ?-momenta of the

two spectators.

It is interesting to ask: under what conditions this Glauber phase cancels? Considering the

modulus squared of the amplitude, the phase cancels as long as we carry out the phase space

integral over �p?,
Z

d�d�2�p?
�

�ASS(�p?, q?)
�

�

2
(337)

= |S� |2
Z

d�d�2�p?
Z

dd�2b? dd�2b0? ei�~p?·(~b0?�~b?) Ẽ0(b?, q?)Ẽ0†(b0?, q?) e
i�(b?)�i�(b0?)

= |S� |2
Z

dd�2b?
�

�Ẽ0(b?, q?)
�

�

2

= |S� |2
Z

d�d�2�p?
�

�E0(�p?, q?)
�

�

2
, (338)

where this is just the integral over the tree level result in Eq. (330). Thus the Glauber exchange

for these SS graphs cancel as long as the limits of integration for �p? are taken to infinity in the

e↵ective theory. Although this result does exhibit the cancellation of final state interactions, taken

Much easier to prove violation then non-violation
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factors in Eq. (333) include

�0
1 =

(~k? + ~p1?)2

n̄ · p1 � n · p1 , �1 =
(~k? + ~p1?)2

n̄ · (P�p1)
+ n · p1 , (335)

�0
2 =

(~k? � ~p2?)2

n · p2 � n̄ · p2 , �2 =
(~k? � ~p2?)2

n · (P̄�p2)
+ n̄ · p2 .

To obtain the second line of Eq. (333) we note that there are no rapidity divergences and hence

we simply perform the k+ and k� integrals by contours. The final lines simply follow from the

definitions in Eq. (335) and Eq. (332). Note that unlike in the forward scattering loop integrals

that the final result here depends on the non-vanishing �1 +�0
1 and �2 +�0

2, so the fermions are

not eikonal.

To exhibit the rescattering phase it is convenient to express Eq. (333) in Fourier space. If we

hold the photons q? = �p1? � p2? fixed, then we can consider Fourier transforming in �p? =

(p2? � p1?)/2, to give

ASS(�p?, q?) = Fig. 33b

= S�

Z

d�d�2k? G(k?) E
⇣

k? ��p? � q?
2
,�p? � k? � q?

2

⌘

⌘ S�

Z

d�d�2k? G(k?) E0(�p? � k?, q?)

= S�

Z

d�d�2k?
Z

dd�2b? e�i~k?·~b? G̃(b?)
Z

dd�2b0? e�i(�~p?�~k?)·~b0?Ẽ0(b0?, q?)

= S�

Z

dd�2b? e�i�~p?·~b? Ẽ0(b?, q?) ei�(b?). (336)

Thus the iterations of the spectator-spectator Glauber potentials produce a final rescattering state

scattering phase �(b?) where the distance b? is conjugate to the di↵erence of ?-momenta of the

two spectators.

It is interesting to ask: under what conditions this Glauber phase cancels? Considering the

modulus squared of the amplitude, the phase cancels as long as we carry out the phase space

integral over �p?,
Z

d�d�2�p?
�

�ASS(�p?, q?)
�

�

2
(337)

= |S� |2
Z

d�d�2�p?
Z

dd�2b? dd�2b0? ei�~p?·(~b0?�~b?) Ẽ0(b?, q?)Ẽ0†(b0?, q?) e
i�(b?)�i�(b0?)

= |S� |2
Z

dd�2b?
�

�Ẽ0(b?, q?)
�

�

2

= |S� |2
Z

d�d�2�p?
�

�E0(�p?, q?)
�

�

2
, (338)

where this is just the integral over the tree level result in Eq. (330). Thus the Glauber exchange

for these SS graphs cancel as long as the limits of integration for �p? are taken to infinity in the

e↵ective theory. Although this result does exhibit the cancellation of final state interactions, taken
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FIG. 34. a) Active-Active interaction for the hard scattering correlator in Eq. (329). b) Corresponding

graph with two Wilson line interactions involving a soft gluon.

alone it is far from a proof of factorization, even in the Abelian case. What this resummation does

do however is to illuminate the semi-classical nature of the physics.

Notice that for these spectator-spectator interactions, as opposed to the active-active case pre-

viously discussed in Sec. XA, that there is no analogous diagrams in SCET where the Glauber

gluons are soft. If one of the Glauber gluons became soft then it would knock all other fermion

lines in the end loop integral o↵shell, and hence such interactions are power suppressed. There

are also no diagrams where a spectator-spectator Glauber exchange is replaced by and n-collinear

or n̄-collinear gluon, again these are power suppressed. Thus once we consider matrix elements

involving spectators lines the Glauber mode is necessary to reproduce the full theory result.

B. Active-Active and Soft Overlap

Next we will consider Glauber interactions between two partons that participate in the hard

scattering, namely active-active terms. In Secs. XA and XC we showed that in hard scattering

graphs without spectators, such Glauber interactions give the same contributions as the Glauber

zero-bin subtractions of soft Wilson line graphs. The Glauber exchange could therefore be absorbed

into these soft graphs as long as the correct directions for the soft Wilson lines are employed. In

this section we will demonstrate that all the results and conclusions about active-active Glauber

interactions from those sections carry over to the case when we include the interpolating fields for

the incoming hadrons.

The general reason for this can be discussed by looking at the example given in Fig. 34. In

any purely active-active loop graph with spectators present, the hadron interpolating fields are

always external to the loops. From the n- and n̄-collinear propagators that are outside of the loop,

we immediately get the same tree-level end factor E(p1?, p2?) as in Eq. (330). The only possible

changes to the calculations done in Secs. XA and XC are due to the fact that the active collinear

propagators entering the loops are now not onshell. This does not a↵ect any soft propagator from

a Wilson line (solid green in Fig. 34), since here only the soft gluon loop momentum appears.

This is immediate from the SCET Feynman rules, and is also clear from expanding a full-theory

propagator, since (pn + ps)2 = n̄ · pn n · ps + . . ., where the displayed leading O(�) term gives

precisely the eikonal propagator of the soft Wilson line, and the o↵shellness of the external collinear
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FIG. 33. Spectator-specator interactions for the hard scattering correlator in Eq. (329). The Glauber

interaction labeled G indicates the sum of all ladder diagrams including the graph with 0 Glaubers as

indicated.

We will also show under what circumstances the phase cancels. Of course this cancellation

is a necessary TODO:

Check

(TODO) but not su�cient condition for a proof of factorization. Since there are

quantum corrections which break factorization that are not pure phases. A demonstration of how

complete proofs of factorization can be carried out using our Glauber theory will be given elsewhere.

TODO:

FIX THIS

OUTLINE

(TODO) In Sec. XIB we consider the same all order resummation of Glauber exchanges for

a hard scattering vertex, demonstrating that they again give a phase. In Sec. XIA we consider

Glauber gluons in diagrams involving spectators that do not directly participate in the hard scat-

tering.

A. Spectator-Spectator

We begin by considering the diagrams in Fig. 33 which we refer to as Spectator-Spectator (SS)

interactions. These occur between spectator particles which do not participate in the hard annihi-

lation. Since the hard scattering case with MDIS
� has only a single hadron, these SS contributions

only exist for the hard annihilation case with MDY
� , where the two participating spectators are

created by �n and �n̄ respectively. In these graphs the hard interaction is indicated by the ⌦, and

our routing for incoming and outgoing external momentum is shown in Fig. 33b. For simplicity

we take the limit where the mass of the incoming hadrons is ignored, so that P 2 = P̄ 2 = 0. This

is accomplished by taking Pµ = n̄ · P nµ/2 and P̄ = n · P̄ n̄µ/2 respectively. The tree level result

for Fig. 33b is then given by

Fig. 33b = S� i n̄ · (p1�P )

(P � p1)2
i n · (P̄ � p2)

(P̄ � p2)2
(330)

= S�



1

~p 2
1?

1

~p 2
2?

� 

n̄ · p1 n̄ · (P�p1)

n̄ · P
n · p2 n · (P̄�p2)

n · P̄
�

⌘ S� E(p1?, p2?),

where we have defined the spinor factor for the outgoing quark-antiquark as

S� = ūn�
µ
?v

⇤
n̄ . (331)
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FIG. 33. Spectator-specator interactions for the hard scattering correlator in Eq. (329). The Glauber

interaction labeled G indicates the sum of all ladder diagrams including the graph with 0 Glaubers as

indicated.

We will also show under what circumstances the phase cancels. Of course this cancellation

is a necessary TODO:

Check

(TODO) but not su�cient condition for a proof of factorization. Since there are

quantum corrections which break factorization that are not pure phases. A demonstration of how

complete proofs of factorization can be carried out using our Glauber theory will be given elsewhere.

TODO:

FIX THIS

OUTLINE

(TODO) In Sec. XIB we consider the same all order resummation of Glauber exchanges for

a hard scattering vertex, demonstrating that they again give a phase. In Sec. XIA we consider

Glauber gluons in diagrams involving spectators that do not directly participate in the hard scat-

tering.

A. Spectator-Spectator

We begin by considering the diagrams in Fig. 33 which we refer to as Spectator-Spectator (SS)

interactions. These occur between spectator particles which do not participate in the hard annihi-

lation. Since the hard scattering case with MDIS
� has only a single hadron, these SS contributions

only exist for the hard annihilation case with MDY
� , where the two participating spectators are

created by �n and �n̄ respectively. In these graphs the hard interaction is indicated by the ⌦, and

our routing for incoming and outgoing external momentum is shown in Fig. 33b. For simplicity

we take the limit where the mass of the incoming hadrons is ignored, so that P 2 = P̄ 2 = 0. This

is accomplished by taking Pµ = n̄ · P nµ/2 and P̄ = n · P̄ n̄µ/2 respectively. The tree level result

for Fig. 33b is then given by

Fig. 33b = S� i n̄ · (p1�P )

(P � p1)2
i n · (P̄ � p2)

(P̄ � p2)2
(330)

= S�



1

~p 2
1?

1

~p 2
2?

� 

n̄ · p1 n̄ · (P�p1)

n̄ · P
n · p2 n · (P̄�p2)

n · P̄
�

⌘ S� E(p1?, p2?),

where we have defined the spinor factor for the outgoing quark-antiquark as

S� = ūn�
µ
?v

⇤
n̄ . (331)

only difference from previous calculation is that line is not longer 
on shell. Just shifts       which we know from Glauber loop 

computation does not effect result. 
�

So again Glauber absorbable into S Wilson line
Moreover, the entire series can be summed to generate a phase
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propagator only enters at O(�2). Thus, the only possible e↵ect on the active-active loop graphs

could be to modify the collinear propagators appearing in loop integrals with Glauber or collinear

momentum scaling. For Glauber loops like Fig. 34a the nonzero o↵shellness of external lines will

change the formula for the �i(k?) terms that appear from collinear propagators with Glauber

loop momenta running through them. However, for active-active Glauber loops these �i(k?)s all

drop out when we expand to O(⌘0). This fact was a key ingredient in making the correspondence

between Glauber contributions and the Glauber 0-bin subtractions from soft Wilson line graphs.

Here it su�ces to ensure that this correspondence remains true even when the external fermions

are o↵shell.

As an explicit example, for Fig. 34a we have

Fig. 34a = S�E(p1?, p2?)
Z

d�dk
(�2)G0(k?) |2kz|�⌘⌫⌘

[�k+��1(k?)+i0][k���2(k?)+i0]

= 2i S�E(p1?, p2?)
Z

dkz d�d�2k?
G0(k?) |2kz|�⌘⌫⌘

(2kz��1��2+i0)

=
1

2
S�E(p1?, p2?)

Z

d�d�2k? G0(k?) +O(⌘)

= S�E(p1?, p2?)
i

2
CF↵s

⇣1

✏
+ ln

µ2

m2

⌘

, (339)

where using momentum conservation �1 = (~k?+ ~p1?)2/(P�� p�1 )+ p+1 , �2 = (~k?� ~p2?)2/(P+�
p+2 ) + p�2 , and the kz integral was performed using Eq. (C2). We also used the fact that a single

Glauber exchange yields �2G0(k?), where

G0(k?) ⌘ ig2

~k 2
? +m2

TA ⌦ TA , (340)

and we’ve included the mass IR regulator. Since there is no dependence on the �i, the result

in Eq. (339) is identical to that in Eq. (275) multiplied by E(p1?, p2?), and so as discussed, the

correspondence G = S(G) goes through in the same manner here. The various correspondences

also remain true for active-active graphs where the hard vertex involves scattering or production,

rather than annihilation, and for higher loop orders.

From the second to last line in Eq. (339) we also see that the contribution of the active-

active Glauber graph corresponds to S�E(p1?, p2?) i�(0)/2 in the notation of Eq. (236), where

�(0) = �(b? = 0). If we were to sum up the Glaubers to all orders then these iterations again

produce a phase,

X

#rungs

n

n

n

n
... = S�E(p1?, p2?) ei�(0)/2 . (341)

For hard n-n̄ scattering with MDIS
� the Glauber graphs give zero, so there is no Glauber phase in

this case.

NOTE(Discuss what happens for SCETI for A-A.)
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it to be Wn(�1, 0) since in this case it is generated in the QCD to SCETII matching calculation

from integrating out o↵shell propagators along the incoming quark line plus non-abelian graphs.

We have

C̃n(Fig.35b) = S� n·(P̄�p2)

(P̄�p2)2

Z

d�dk
(2ig2CF )

(k2�m2+i0)

n̄ · (k�P+p1) n̄ · (k+p1) |n̄ · k|�⌘⌫⌘

[k� + i0][(k�P+p1)2 + i0][(k+p1)2 + i0]
.

(344)

From Eq. (68) this collinear loop graph potentially has both soft and Glauber subtractions. For

the soft subtraction we find that the soft limit kµ ⇠ � of Eq. (344) gives

C(S)
n (Fig.35b) = S� n·(P̄�p2)

(P̄�p2)2

Z

d�dk
(2ig2CF )

(k2�m2+i0)

(�1)|n̄ · k|�⌘⌫⌘

[k� + i0][�k+ + i0][k+ + i0]
, (345)

which scales as ⇠ �4/�7 = ��3 and hence is dropped since it is power suppressed relative to the

leading amplitude E ⇠ O(��4) (the overlap subtraction C(GS)
n vanishes for the same reason). The

reason for the vanishing of this soft subtraction is clear once we recall that the soft gluons can not

couple to collinear lines without knocking them o↵shell, and hence are only leading power for the

active attachments which generate soft Wilson lines. Thus there is no leading power soft diagram

that is analogous to the active-spectator interaction in Fig. 35b.

On the other hand, there is a leading power Glauber subtraction, given by taking the k± ⌧ ~k?
limit of Eq. (344),

C(G)
n (Fig.35b) = 2S� n·(P̄�p2)

(P̄�p2)2

Z

d�dk
G0(k?) |n̄ · k|�⌘⌫⌘

[k� + i0][�k+ ��1 + i0][k+ ��0
1 + i0]

. (346)

Comparing this integral with the active-spectator Glauber result in Eq. (342) we see that the two

are the same up to the presence of di↵erent rapidity regulators and the absence of �2(k?) in

Eq. (346). Decomposing ddk = (1/2)dk+dk�dd0k?, performing the k+ contour integral, and then

using
R

dk�|k�|�⌘/(k� + i0) = �i/2 +O(⌘) gives

C(G)
n (Fig.35b) = �1

2
S� n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

Z

d�d
0
k?

G0(k?)
�0

1 +�1

= �1

2
S�

Z

d�d
0
k? G0(k?)E(p1? + k?, p2?) . (347)

This result for the subtraction on the collinear graph is the same as the Glauber graph result in

Eq. (343), despite the lack of �2 and di↵erence in rapidity regulators,

C(G)
n (Fig.35b) = G(Fig.35a) . (348)

This equality is similar to the result obtained in our analysis of soft and Glauber exchange for

active-active lines in Sec. XA. Here the collinear subtraction result is sensitive to the direction of

the Wilson line Wn which is encoded by the sign in the propagator [k� + i0], and the Glauber

subtraction C(G)
n precisely removes this dependence. In order for the correspondence in Eq. (354)
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FIG. 35. One-loop graphs with Active-Spectator interactions related to the Glauber-Collinear overlap for

the hard annihilation Drell-Yan correlator in Eq. (329). a) and c) involve Glauber exchange, while b) and

d) are the corresponding graphs with a Wilson line interactions involving a collinear gluon.

C. Active-Spectator and the Collinear Overlap

Next we consider Glauber exchange for active-spectator type diagrams. We will show that

the Glaubers here can be absorbed into the direction of collinear Wilson lines, since there is

an exact overlap between these Glauber diagrams and the Glauber 0-bin subtractions of graphs

involving collinear Wilson lines from the hard scattering vertex. This Glauber-collinear Wilson line

correspondence is analogous to the Glauber correspondence with soft Wilson lines in the active-

active diagrams.

We start by considering hard production with MDY
� , that is, two incoming hadrons. The single

Glauber graphs are shown by the diagrams in Fig. 35a,c. Unlike the single Glauber exchange

graph with a spectator-spectator interaction, the results here need the rapidity regulator to be well

defined. The active-spectator Glauber exchange graph in Fig. 35a is given by

Fig.35a = 2S� n·(P̄�p2)

(P̄�p2)2

Z

d�dk
G0(k?)|2kz|�⌘⌫⌘

[k���2+i0][�k+��1+i0][k+��0
1+i0]

, (342)

where S� is given in Eq. (331) and a single Glauber exchange yields �2G0(k?), where G0 is given

in Eq. (340). The other k? dependent factors �1, �1, �0
1 are given above in Eq. (335). Performing

the k0 integration by contours gives

Fig.35a = 2i S� n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

Z

d�kzd�d
0
k?

G0(k?)|2kz|�⌘⌫⌘

[2kz��1��2+i0][��1��0
1+i0]

= �1

2
S� n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

Z

d�d
0
k?

G0(k?)
�1 +�0

1

= �1

2
S� n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

n̄·p1 n̄·(P�p1)

n̄·P
Z

d�d
0
k?

G0(k?)
(~k? + ~p1?)2

= �1

2
S�

Z

d�d
0
k? G0(k?)E(p1? + k?, p2?) , (343)

where d0 = d � 2. To obtain the second line, the kz integral was performed using Eq. (C2). The

final result here is written in terms of the end function defined in Eq. (330).

Now consider the collinear loop graph in Fig. 35b. Here the gluon entering the hard vertex has

momentum k and is generated by the Wilson line Wn[n̄ ·An] from the current in Eq. (282). We take
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FIG. 35. One-loop graphs with Active-Spectator interactions related to the Glauber-Collinear overlap for

the hard annihilation Drell-Yan correlator in Eq. (329). a) and c) involve Glauber exchange, while b) and

d) are the corresponding graphs with a Wilson line interactions involving a collinear gluon.

C. Active-Spectator and the Collinear Overlap

Next we consider Glauber exchange for active-spectator type diagrams. We will show that

the Glaubers here can be absorbed into the direction of collinear Wilson lines, since there is

an exact overlap between these Glauber diagrams and the Glauber 0-bin subtractions of graphs

involving collinear Wilson lines from the hard scattering vertex. This Glauber-collinear Wilson line

correspondence is analogous to the Glauber correspondence with soft Wilson lines in the active-

active diagrams.

We start by considering hard production with MDY
� , that is, two incoming hadrons. The single

Glauber graphs are shown by the diagrams in Fig. 35a,c. Unlike the single Glauber exchange

graph with a spectator-spectator interaction, the results here need the rapidity regulator to be well

defined. The active-spectator Glauber exchange graph in Fig. 35a is given by

Fig.35a = 2S� n·(P̄�p2)

(P̄�p2)2

Z

d�dk
G0(k?)|2kz|�⌘⌫⌘

[k���2+i0][�k+��1+i0][k+��0
1+i0]

, (342)

where S� is given in Eq. (331) and a single Glauber exchange yields �2G0(k?), where G0 is given

in Eq. (340). The other k? dependent factors �1, �1, �0
1 are given above in Eq. (335). Performing

the k0 integration by contours gives

Fig.35a = 2i S� n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

Z

d�kzd�d
0
k?

G0(k?)|2kz|�⌘⌫⌘

[2kz��1��2+i0][��1��0
1+i0]

= �1

2
S� n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

Z

d�d
0
k?

G0(k?)
�1 +�0

1

= �1

2
S� n·p2 n·(P̄�p2)

n·P̄ ~p 2
2?

n̄·p1 n̄·(P�p1)

n̄·P
Z

d�d
0
k?

G0(k?)
(~k? + ~p1?)2

= �1

2
S�

Z

d�d
0
k? G0(k?)E(p1? + k?, p2?) , (343)

where d0 = d � 2. To obtain the second line, the kz integral was performed using Eq. (C2). The

final result here is written in terms of the end function defined in Eq. (330).

Now consider the collinear loop graph in Fig. 35b. Here the gluon entering the hard vertex has

momentum k and is generated by the Wilson line Wn[n̄ ·An] from the current in Eq. (282). We take

Rapidity regulator makes differences irrelevant

Glauber Effect absorbed into Collinear Wilson line. 
These Glaubers are also benign



Conclusions
Set up systematic EFT to address the question of 

Glauber Gluons (Completes SCET)

Reproduced BFKL and Reggeization from EFT

Showed when and how Glaubers may be 
absorbed into Wilson line 

Glauber exponentiation and (non)eikonalization

EFT opens door for systematic treatment of power 
corrections.


